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Abstract

In [14], we have proposed two total variation (TV) minimization wavelet models for the problem of filling
in missing or damaged wavelet coefficients due to lossy image transmission or communication. The proposed
models can have effective and automatic control over geometric features of the inpainted images including
sharp edges, even in the presence of substantial loss of wavelet coefficients, including in the low frequencies.
In this paper, we investigate a modification of the model for noisy images to further improve the recovery
properties by using multi-level parameters in the fitting term. Some new numerical examples are also shown
to illustrate the effectiveness of the recovery.

1 Introduction

In [14], we have studied an image inpainting problem ( filling in missing or damaged regions in images) for which
data loss occurs in the wavelets domain. The primary motivation for us to study wavelet based image inpainting
is that more images are formatted and stored in terms of wavelet coefficients, due to the current international
compression standard JPEG2000, which is largely based on wavelet transforms. Minor damages to compact
discs coding JPEG2000 image files and data loss during wireless transmission processes, for example, could both
result in the need for filling-in the missing information in the wavelet domain instead of the pixel domain.

The notion of digital image inpainting was invented in [4], where the authors pioneered a novel inpaint-
ing technique based on a 3rd order nonlinear PDE. This work has stimulated the recent wave of interest in
geometric image interpolation and inpainting problems, for example, variational PDE models [11, 12, 13, 23],
Navier-Stokes equation and fluid dynamic system related methods [3], landmark based inpainting [26], texture
inpainting [5], inpainting by vector fields and gray levels [2], inpainting by corresponding maps [18], and mor-
phological component analysis for cartoon and texture inpainting [22]. The image inpainting is essentially an
interpolation problem, and thus directly overlaps with many other important tasks in computer vision and im-
age processing, including image replacement [24], disocclusion[30, 32], zooming and superresolution [12, 28], and
error concealment [25, 36].

As demonstrated in [14], working in the wavelet domain, instead of the pixel domain, changes the nature of
the inpainting problem, since damages to wavelet coefficients can create correlated damage patterns in the pixel
domain. For instance, for wavelet based image inpainting problems, there usually exists no corresponding regular
geometric inpainting pixel regions, which are however necessary for many PDE-based inpainting models in pixel
domains. Besides, depending on the scales or resolutions, missing or damaged wavelet coefficients could cause
degradation wide spread in the pixel domain. That is, even a few coefficients can potentially affect all pixels.
Moreover, unlike denoising problems in which the perturbation in the pixel domain is mostly homogeneous, the
pixel value degradation in wavelet inpainting problems is usually inhomogeneous (different regions can suffer
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different level of damages). This new phenomenon demands different treatments in different regions in the pixel
domain.

To meet the challenges of the wavelet inpainting problems, we have proposed two variational wavelet models
that combine the total variation (TV) minimization techniques with wavelet representations in [14]. One primary
motivation to use variational PDE techniques for the wavelet inpainting problems is their remarkable success
in numerous applications including segmentation [31, 9, 15, 37], restoration [16, 33], compression [10, 17, 20],
zooming [29], and conventional image inpainting [3, 4, 11, 13, 23]. In addition, recent efforts by different groups
which aim to combine PDE techniques with wavelets have demonstrated the great potential of gaining advantages
from both fields of wavelets and PDE techniques [17, 21, 6, 34, 27, 7, 8].

In [14], we have carefully investigated the existence and uniqueness of the proposed models. The associated
Euler-Lagrange equations lead to nonlinear partial differential equations (PDE’s) in the wavelet domain, and
proper numerical algorithms and schemes are designed to handle their computation. We have also demonstrated
that the models can have effective and automatic control over geometric features of the inpainted images including
sharp edges, even in the presence of substantial loss of wavelet coefficients, including in the low frequencies.

In this paper, we further extend the proposed model for noisy images to allow multilevel parameter selections
for the fitting term in the objective functional. This modification is based on the observation that noise affects
different wavelet frequencies differently due to the multiresolution structures of wavelet decompositions, For
instance, it is easy to see that noise is more visible in the fine resolutions and less noticeable in the coarser scales
because it can be averaged out by the low pass filters. Thus, it is natural to use different fitting parameters on
different resolutions to eliminate the noise more effectively. Besides, we show some new examples to illustrate
that the model can retain geometrical features regardless the inpainting regions are random or deterministic in
the wavelet domain.

This paper is arranged as follows. In Section 2, we discuss the modification of the model for the wavelet based
inpainting problems, and derive its Euler-Lagrange equation. We present a time marching numerical scheme for
solving the Euler-Lagrange equation, and show numerical examples in Section 3 to demonstrate the remarkable
inpainting ability of the model.

2 A TV Wavelet Inpainting Model with Multilevel Fitting Parame-

ters

In this section, we present a modification of the TV regularized wavelet based image inpainting model for noisy
images proposed in [14] by using multilevel parameters in the fitting term.

We start with a standard image model,

z(x) = u0(x) + n(x), (1)

where u0(x) is the original noise free image and n(x) the Gaussian white noise. We assume that the size of the
image is n×m. Let us denote the standard orthogonal wavelet transform of z(x) by,

z(α, x) =
∑

j,k

αj,kψj,k(x), j ∈ Z, k ∈ Z2. (2)

In wavelet based image representations, the coefficients α = {αj,k} are the values being stored. Here we
notice that the low and high frequency (or scale) coefficients are not distinguished, while standard wavelet
representations usually need to separate them. One reason to do so is for simplicity. A different reason is that
we allow the missing or damaged coefficients to be in both low and high frequency ranges. The proposed model
can automatically handle them differently if they belong to different frequency ranges, even though low frequency
coefficients have completely different properties than the high frequency ones.

Damages (scratches and scars) in the wavelet domain cause loss of wavelet coefficients of z(x) on an index
set I , i.e., {αj,k}’s with (j, k) ∈ I represent those wavelet components missing or damaged. The task of
wavelet inpainting is to restore the missing coefficients in a proper manner, so that the image will have as much
information being restored as possible.



We have proposed the following TV minimization wavelet inpainting model to restore the wavelet coefficients
in I while removing the noise in wavelet coefficients located outside I .

TV Wavelet Inpainting Model (for noisy images):

min
βj,k

F (u, z) =

∫

R2

|∇xu(β, x)|dx +
∑

(j,k)

λj,k(βj,k − αj,k)2, (3)

and the parameter λ(j,k) in the fitting term is zero if (j, k) ∈ I , the missing index set; otherwise, it equals a
positive constant λ selected depending on the noise level in the known coefficients.

We use the total variation (TV) norm in (3) because it can retain sharp edges while reducing the noise and
other oscillations, such as Gibbs’ phenomena, in the reconstruction [17].

We want to point out that the parameter λ is taken to be zero in the inpainting regions in the wavelet domain,
in contrast to the standard denoising and compression models, where λ is usually taken to be a constant. This
difference essentially puts no constraint on the missing wavelet coefficients so that they can change freely, and
therefore restore the missing information.

It is known that λ actually controls the smallest scale of features which are preserved in image processing
[35]. That is, for a given value of λ, there exists a size (depending on the intensity level and area) of features
such that the model treats all features smaller than this size as oscillations and eliminates them, while preserving
features which are larger than this critical scale.

On the other hand, it is easy to observe that noise affects wavelet coefficients in different frequency subbands
differently. For instance, Low pass wavelet filters usually have smoothing properties and can average out high
frequency noise. Thus, the coefficients in low frequency subbands are less noisy comparing to the ones in high
frequencies. Therefore, it is natural to use different parameter values λ to remove the noise in different subbands.
In this paper, we propose to use

λj,k = Cj , (4)

where Cj may be a different constant for each subband j.
With the new selections of multilevel parameter λj,k, the minimizers of (3) are certainly different from the

ones obtained by using constant λ for every frequency range. However, this modification still retains the basic
properties of the original TV wavelet inpainting model. For example, the existence and non-uniqueness of the
minimizers can be obtained by adapting the analysis in [14] properly. More importantly, this modification
preserves the geometrical properties of variational PDE techniques, and is able to restore the damaged edge and
shape information effectively.

Following the derivations in [14], we also get that the minimizers of (3) with multilevel fitting parameters
must satisfy the Euler-Lagrange equation which is stated as,

−

∫

R2

∇

(

∇u

|∇u|

)

ψj,k(x)dx + 2λj,k(βj,k − αj,k) = 0. (5)

This equation can be used as the starting point for us to design numerical schemes to achieve the minimizers,
which we shall address in the next section.

3 Numerical Algorithm and Examples

One way to find the minimizers of (3) is to design a time marching scheme for the Euler-Lagrange equation (5).
This is based on the gradient descent approach similar to the one used in [33]. For this purpose, we introduce
an artificial time variable and solve the following evolution equation to the steady state,

(βj,k)t =

∫

∇

(

∇u

|∇u|

)

ψj,k(x)dx − 2λj,k(βj,k − αj,k). (6)

At the steady states where (βj,k)t = 0, the gradient flow (6) is reduced to the Euler-Lagrange equation (5).
The following described algorithm is based on a simple explicit finite difference scheme.



We first note that the most important term to calculate in the equation (5) is the nonlinear term that projects
the curvature onto wavelet basis functions

WCURV ≡

∫

∇

(

∇u

|∇u|

)

ψj,k(x)dx.

This is computed using the following straightforward procedure similar to the pseudo-spectral methods,
Procedure I: (Compute the curvature projections onto the wavelet basis)

(i) Use the inverse wavelet transform IWT to reconstruct u as

u = IWT(β), (7)

(ii) For all (i, j), compute

curvi,j = D−

1





D+
1 ui,j

√

|D+
1 ui,j |2 + |D+

2 ui,j |2 + ε



 (8)

+D−

2





D+
2 ui,j

√

|D+
1 ui,j |2 + |D+

2 ui,j |2 + ε



 ,

where D+
k , D−

k (k = 1, 2) are the standard forward, backward finite differences with respect to the k-th
components, and ε is a small positive number which is used to prevent the numerical blow-up when

√

|D+
1 ui,j |2 + |D+

2 ui,j |2 = 0,

which is a standard treatment in all TV based numerical schemes in the literature.

(iii) Compute the curvature projections onto the wavelet basis by

WCURV = FWT(curv), (9)

where FWT is the forward wavelet transform.

Then we are ready to give a complete algorithm.

Algorithm:

(1) Start with n = 0 and initial guess βnew
j,k = αj,kχj,k, where χj,k is the characteristic function of inpainting

regions I , i.e.

χj,k =

{

1 (j, k) ∈ I
0 (j, k) /∈ I

,

Set βold
j,k = 0, and the initial error E = ‖βnew − βold‖2.

(2) While i ≤ N or E ≤ δ, do

• Set βold = βnew .

• Calculate βTV = WCURV by Procedure I.

• For all (j, k), update

βnew
j,k = βold

j,k +
∆t

∆x

γj,k,

with γj,k defined by
γj,k = βTV

j,k − 2λ(βj,k − αj,k)(1 − χj,k),

where ∆t,∆x are temporal and spatial step sizes respectively.



Original Image

50 100 150 200 250

50

100

150

200

250

Damaged image

50 100 150 200 250

50

100

150

200

250

Figure 1: Left: Original Cameraman image. Right: Image reconstructed with damaged wavelet coefficients ,
including some low frequency ones, which results in large damaged regions in the pixel domain. Notice that
there are no well defined inpainting regions in the pixel domain. PSNR = 15.29(dB).

• Compute error E = ‖βnew − βold‖2, and set i = i+ 1.

• End the while loop.

We remark that there are many methods available in the literature to find the minimizers of the proposed
models (e.g., properly modifying the lagged-diffusivity fixed point iterative schemes [1, 19]). By no means the
time marching scheme in this paper is the most efficient.

To test the model with the multilevel fitting parameters, we apply the above algorithm to a standard Cam-
eraman image shown on the left of Figure 1. The classical Daubechies 7-9 biorthogonal wavelet is employed
throughout the computation. In addition to the visual quality comparison, we compute the standard Peak Signal
to Noise Ratio (PSNR) to quantify the performance of inpainting:

PSNR = 10 log10(
2552

‖u− u0‖2
2

)(dB),

where 255 is the maximum intensity value of gray scale images, u0 the noise free original image, and ‖ · ‖2 the
standard L2 norm. As usual, larger PSNR values signifies better performance.

We show the inpainting regions in the wavelet domain by a frequency index set picture plotted in Figure 2.
The frequency indexes have been arranged in the standard manner with upper left corner storing the low-low
frequencies, and lower right portion the high-high ones. Every black point in the frequency index set picture
indicates the corresponding wavelet coefficient being lost. We note that the inpainting regions in the wavelet
domain is not random, which differs from the examples presented in [14]. And there are large connected regions,
such as the black texts, to be inpainted. The picture on the right (PSNR = 15.29(dB)) is obtained by losing
(setting to zero) the wavelet coefficients according to the frequency index set picture. It is easy to observe that
there are no well defined inpainting regions in the pixel domain. The damaged low-resolution components results
in the chunky black “lines” and “spots” in the middle of the image. Moreover, different regions have different
severity of damage which are certainly inhomogeneous in the pixel domain.

The inpainted images using our Model are plotted in Figure 3. We show the inpainted image with constant
λ = 25 on the left (PSNR = 23.77(dB)) and with multilevel λ values for different frequency ranges on the right
(PSNR = 23.83(dB)). In addition to the clear improvement measured by PSNR, both images improve the visual
quality dramatically well. They fill in the inhomogeneous damaged black regions properly while removing the
noise. More importantly, they perform surprisingly well in restoring the geometrical features, such as the sharp
edges on the tower and the body, and the shapes of head and camera.



Figure 2: The frequency index set picture shows the locations (black) of missing wavelet coefficients. The upper
left corner stores the low-low frequencies and the lower right portion the high-high ones.
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Figure 3: Inpainted images by the TV wavelet inpainting model. Left: constant λ = 25 resulting PSNR =
23.77(dB). Right: multilevel fitting parameter λ = 50, 35, 25, 17.6 for different (from low to high) frequency
subbands respectively. PSNR = 23.83(dB). Both inpainted images surprisingly restore the large damaged
regions while removing the noise. More importantly, they retain and reconstruct the geometrical information
such as sharp edges of the body and the tower in the image.
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