Let v denote a column vector of the nilpotent matrix
Bi(A)(A = ND)m!
where n; is the so called nilpotency. Theorem 3 in [1] shows that
AP(A)(A = NI)™ ™ = NP(A)(A = N)m

which means a column vector v of the matrix is an eigenvector corresponding
to the eigenvalue \;. The symbols are explained in [1]. However it is worth
noting that

Fi(A)(A = Ad).

That is

P(AA—ND)™ ' £ 0
but P(A)(A— \I)™ = 0.

We now use the formula for A® as derived in [2]

k b T+ A= N
AP =N"P(A)N : : “ ), assuming I* = [
; (4) j;ojlf‘(t—j—i—l)( N &
(0.1)
to compute Atv by,
i S T+1) AN

APAYA=NIT = [ RAN Y e e (VRN A = A

i=1 =0
b T41) 1

= P(AN Y ——————
(X 2 JITt—F+1) N

§=0

(A= ATy m]]
by Po(A)P(A) = P(A)bis
Note that by the property of the nilpotency, ng,
P,(A)(A— X\I)™ = 0.

Therefore the only nonzero term in the last sum is the leading term corre-
sponding to j = 0. It follows then

AP, (A)(A — N I)™ "t = NP (A) (A — N\ I)™
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which proves for each column vector, v, of the matrix P,(A)(A — \,JI)™~!
the result you mentioned

Alv =X

We will use Example 3 in [1] to help explain the notations used here and
to illustrate the result.

Let
-3 5 =5
A= 3 -1 3
8 -8 10
The characteristic polynomial is
p(A) = (A —2)°

and only one projection matrix is
P(A) =1
so that
At =2 + 2N (A - 21) + @QH(A —2I)%

More explicitly

25t 5t —5t
Al = 9t—1 3t 2—-3t 3t
8t —8 248t

The nilpotent matrix, P;(A)(A — A\;I) in this case is

5 5 —5

A—2l = | 3 -3 3 | and
| 8 -8 8 |
5 5 -51°

(A—21)? = 3 -3 3 | =0
| 8 -8 8 |

That means n; = 2 and then

Py(A)(A = A = A — 2]
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an eigenvector is

_1 5 =5
V2L 6
L[5 5]

- — |3 1 3
2V2| g g 12
1 57 =5
1
A’ = —| 3 1 3 3
V218 -8 12 ]| 8
L[ -2 -5
2V2 | 39 8
= )&ﬂv.
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