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ABSTRACT. Definition of functions of a matrix given in Gantmacher’s
text is attained from a different aspect.

1. Functions of a matrix. After I have derived formulas in [1, 2] for power,
exponential, and logarithm functions of a matrix A, it is only natural that one wishes
to do so for more matric functions. From those results, a pattern will emerge for a
formula or a definition of a wider class of functions of A.

Suppose that the characteristic polynomial of a given matrix A is

8

p(A) = TT(A =A™

i=1

where m; is the multiplicity of the eigenvalue \;, and \; # \; if i # j. Recall that in [1],
the Herod’s projection matrices P;(A) can be obtained readily from the characteristic
polynomial of A. For readers’ convenience, we mention some of the properties of these
matrices:

YR = 1,

P(A)P(A) = P(A)sy;,
P(AYA—ND™ = [P(A(A—NI]™ =0, m; > 1.

Let N;(A) denote the nilpotent P;(A)(A — A\;I). The nonzero matrices of the set
{P,(A),N;(A),---,N™ A), fori =1,2,3,---,s,} will be used to serve as a basis
for all valid f(A) of a given matrix A. We first identify those nonzero elements and
then show their linear independence. Note that P;(A) can not be a zero matrix.

Suppose that
P(AY(A=NI) £0

then

If , on the other hand,
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then
AP(A) = \,Pi(A)

and a nonzero column of P;(A) is an eigenvector corresponding to the eigenvalue ); so
P;(A) can not be a zero matrix. However the nilpotent matrix N} (A) = P,(A)(A —
AiI)? may become a zero matrix for j < m;. Let n; (1 < n; < m;) be such that
NPi(A) = 0 but N '(A) # 0. (n; is the so-called index of nilpotency.) Thus none
of the set

{P.(A), Ni(A), -+, N*"H(A), 1 <i < s} (1)

is a zero matrix and now we can show the set to be linearly independent. Suppose
that

L]

> lewPi(A) + n; ¢ N (A)] = 0

=1

which means
S n,—,—l

>3 ey PA)YA— NI =0, 2)

i=1 j=0

Multiply the above equation by P;(A) and use the property
Pi(A)P,(A) = P(A)by;

to find

nk—l

’)’kal

Multiplying the above equation by (A — A1) , we get

croPr(A) (A — M\ )™ =0
because Py(A)(A — MI)™ = 0. But Pi(A)(A — X\e)™ ! # 0 so cxgo must be zero.
Repeatedly multiplying (3) by (A — A\pI)™~* with o = 2,3,4,---,n; — 1 and using
the same argument, we find all ¢;; = 0. The set (1) is thus linearly independent and
can be used as a basis for f(A).

2. A definition of f(A). In the following we summarize some results from [1,
2], from which a pattern for a formula of f(A) will emerge.

(i) Polynomials of A
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The formula for positive integral powers of A

i%ﬂ) AN (A= NIY

i=1 j=0

was obtained in [1]. Note here we made use of P;(A)(A — \;1)™ = 0. We can thus
formulate a polynomial of A. Let Q(\) be a polynomial of A,

N
Q(A) = chA”
n=0

= Y 3 cunln— D —2) - (n— j + DATP(AYA - AT

(ii) Taylor series

Suppose that

J=0 j
We assert
u(d) = i,u@(x (A~ NI)
=0
P(Au(4) = 3. FU(J)()\z’)Pi(A)(A - NI) since P;(A)(A—XNI)" =0
=0 J°

W) = XA kwéﬂwz
87%11

= ZZ—M P(A) (A= NI,
i=1 j=
In fact, there is no need to require u(\) to be analytic for each A;. We need only to
assume that the first m; derivatives exist and plus a Lagrange type remainder, i.e.,

u(A) = m; %U(J)(A YO = X) 4 RO ) (A = \)™
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That remainder will be annihilated upon multiplying it by P;(A).
(iii) The inverse of A

A~! does not belong to the above categories, yet it is perhaps one of the most
commonly used functions of A. In [2], we found

IR SOTD ) (}1>A;j‘1<A—M>ﬂ'

= ;B(A)%mg (=1)(=2) ... (=)A= NT)
- in,i_li i(A‘l)h:u_D(A)(A A

These results are sufficient to motivate the following definition:

S 7L1—1 1

fl4) = ZZ PN P(A)(A = NT)

2130
s n7711

= D lfn Z PN (4) (4)

i=1 !
for every f(A) defined on the spectrum of A, by which we mean that the set
fON) fori=1,2,3,---,sand j =0,1,2,---,n; — 1 (5)

exist. Each f(A) is a linear combination of the set of the basis (1) so that the
collection of all functions of a given A forms a finite dimensional space. I wish that
I could claim that I have discovered this definition of f(A). Actually I find it in
the treatise on matrices by Gantmakher [3]. It also appeared in other texts such as
those by Lancaster [4] and Lancaster and Tismenetsky [5]. Gantmakher defined f(A)
through interpolation polynomials (), which coincides with a given function f(\) at
the spectrum points of A. r(A) thus becomes f(A). Somehow I feel more comfortable
to arrive at it by generalization from those special cases.

Notice that Gantmakher built the definition of f(A) on the minimum polynomial
of A whereas we constructed the basis (1) by using n; in place of m;, so that the set
{N}(A),i=1,---,s,j=1,---,n; — 1} consists of nonzero matrices. The following
theorem will show they are equivalent.
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Theorem
The polynomial

L]

H()‘ - Al)klv

i—1
where n; < k; < m;, is the minimum polynomial of A if, and only if, the nilpotent
N/(A) in the expression

FA) = SR + 3 00N (A (©)
Proof

If N/(A) #0, let

so that

However if f(A) is of lower degree, say

F) = (A= A 11@ WS

then

s

FE ) = (k= D0 = A% #£0,  but all other — fO(X) =0,

=2

By (6),

flA) = (A= nD)H! f[Q(A =AD" = [[T(n = X)) NP (A), (7)

=2

which is not a zero matrix by our hypothesis N7(A) # 0 . The polynomial [Ti— (A —
Ai)¥i is thus the unique minimum polynomial of A. Conversely, if any Nj(A) ap-
peared in (6) is a zero matrix, say Ni(A) =0 for 1 < j < k; — 1, then NJ* 1(A) =
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[N/ (A)]#1=1=7 = 0. The above equation shows that the polynomial (A—A;)*1 = [T, (A—
X )¥i, of lower degree, annihilates A, so [T5_;(A — \;)¥ can not be the minimum poly-
nomial.

The theorem demonstrates that our using n; in the definition of f(A) is equiva-
lent to Gantmakher’s use of the minimum polynomial. It is known that finding the

minimum polynomial can be tedious. The following example illustrates a scheme to
find the index n; for each nilpotent N;(A) and thereby find f(A).

Example.
Let
1 0 -1 0
0 0 0 O
A= -1 0 1 0
0 0 0 2

The characteristic polynomial is p(\) = A*(\ — 2)2, by which (4) becomes
F(A) = F(O)P(A) + [(0)N1(A) + f(2)P2(A) + [(2)N2(A). (8)

Notice that the formula for f(A) is valid for all f(\) defined on the spectrum of A.
Therefore we can choose f(A) judiciously to determine P;(A) and N/(A). Naturally
one should start with the N (A) of the highest degree in the formula, not only because
it can be done readily also if it is zero, the formula will be simplified. So we start
with N1(A) in the current example. Choose

F) =AM\ = 2)%, so that f(0) = f(2) = f'(2) =0, f'(0) =4.
Thus substituting all these into (8), we get
Ni(A) = iA(A —20)* =0.

As we mentioned before that P;(A) # 0, therefore n; = 1. The formula (8) is simplified
to

f(A) = F(0)PA(A) + f(2)Po(A) + ['(2)N2(A).
Next determine No(A) by choosing

FO) = AA-2)
F0) = F2)=0,7(2) =2
No(A) = SA(A-21)=0,
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Thus ny = 1 and the minimum polynomial is m(A) = A(A — 2), and
f(A) = F(0)P(A) + f(2) Pa(A),
For P;(A), we choose

fA) = A=2
Pi(A) = —5(A-2])
Finally let
fFA) = A,
which gives us
&UD:%A
Therefore
f(A) = fO)P(A) + f(2)Pa(A)
= S /O)(A - 20) + 2 f(2)A.
Consider some simple matric functions:
(i) If £(\) = VA, the above formula gives us
1 A
(ii) If f(A) = cos(FA), then
1 1
amgAy:—EuxA—zn+w§x—wA:1—A.

The last equation seems to indicate that the cosine of A is not an even function
of A. In fact if we compute cos(5B) with B = —A, we will find

f(B) = SFO)B+20) - 2f(-2)B
cos(5B) = m%w+zn_%en3:1+3
= ] - A= COS(EA)
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3. A different basis.

Ting in [6] uses the set
{I7A7 A27 ) Amil}

to formulate all analytic functions, f(A), of an m by m matrix A, and defines
m—1
f(A) = Z a1 A*
k=0

as a consequence of Cayley-Hamilton Theorem. The coefficients a; can be deter-
mined by the spectral values of f()). For the matrix A in the last example, the four
coefficients a's are to be solved from the 4 equations

f(A) ay + as\ + as)\% + CL4)\§’
f'(A\) = ag + 2as\ + 3au\3
f(A2) = a1+ ahs + a3)\§ + a4)\§,
f'(A2) = as+2as)s + 3as)3.

It is complicated. However if, at the beginning, we know the minimum polynomial
for A is
m(A) = A(A—2),

so that
A(A—2I)=0.

No power higher than one is needed for f(A) and the formula becomes simply
fA) = a1 + a2\
(i) For the case f(\) = v/), we have

f()\l) = Ozal
fe) = V2 = a; + 2ay

SO

(ii) For the case f(\) = cos(5A),

f()\l) = 1:a1
f()\g) = —-1= aiq + 20,2
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from which we find
a; = 1, a9 = —1,

and -
COS(§A) =1-A
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