MATH 4280 — Exam 2 — 4/2/08

Hurley Name: SO\O k—i ons.

All answers must be justified to receive full credit.

1. (10 points) Let S be a source, C) be a binary Shannon-Fano code for § and s be an
optimal code for S.

Put the following in non-decreasing order: L(C,}, L{Cs), H.(S) and H,(S) + 1.
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2. (25 points)

{a) State Shannon’s First Theorem for a source S. ‘
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(b} Let & be a source with alphabet S = {s,.s,} and probabilities p; = i—g and
P2 = 5.
Construct (or describe how to construct) a binary encoding of & so that the
difference between the average word-length of the encoding and the binary entropy

of § is less than or equal to 3.

For awua Shawnon - Fano coda (N‘ 0?’\;'“’\"1 CD"L"‘\) Cﬂ
S ST He(9) ¢ EE HUR) e w L

- So S n= =X 3
_ focn= Ll fle) <3

SO 0\-““-6 g‘f\ﬁ\AV\DM"FﬁV\D CDGLL o G?'hMAy\,
cde €% 8 i) ot Ao desived property



3. (30 points) Let T be a binary channel with input probabilities {1,2} and channel
T 1
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{a) Compute the binary entropies of the input source A, the output source B and
H(B|.A), the equivocation of B with respect to A.
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(b} Compute the mutual informat®n of A and B, I{A,B). 'd
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(c) Give three different formulas for the mutual information of A and B in terms of
the system entropies of I".
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(i) 104,8) = H(A) +H (8- (A,B).

{d) Compute H(A|B), the egunivocation of A with respect to B, and H(A, B), the
joint entropy of A and B.
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4. (20 points) Let I' be a channel with input source A and output source B. Suppose

that all the input probabilities are positive, i.e., p; > 0 for all 7, and suppose that
H{B|A) =0.

(2) What does H(B{A} = 0 mean from the point of view of the sender?
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(b) Show that i in this case [" actually defines a function from the input alphabet A to
the output alphabet B, and show how to define the function.
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5. (15 points) Prove that for a binary symetric channel an ideal observer rule has Prp =
max{p,p, P, P}.
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