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Abstract. These notes are proposing a program liable to provide physicists working in mate-
rial science, especially metallic liquids and glasses, the mathematical tools they need to build
an atomic scale theory of Continuous Mechanics including plasticity, fluidity and, hopefully,
fractures. Using the long list of datas and numerical simulations accumulated during the last
forty years, physicists have identified a new class of degrees of freedom, besides the elastic ones,
which will be called anankeons here [7]. They are dominant in the liquid phase and they explain
the properties related to plastic deformations of the solid phase. It is advocated that Delone
sets provide a natural frame within which such a theory can be expressed. The use of Voronoi
tiling and its dual construction, called the Delaunay triangulation, gives a discretization of the
data. The concept of Pachner move or Delaunay flips permits to describe very precisely what
the anankeons are. A partition of the configuration space into contiguity domains leads to a
graph on which a Markov process can be built to describe the anakeon dynamics. At last, a
speculative Section is giving an attempt to describe the Continuous Mechanics of a condensed
material in terms of a Noncommutative Geometry of the configuration space.

1. Introduction

This article is an attempt to explain how the mathematical tools used in the study of tiling spaces
can be used to describe very concrete materials like liquids and glasses. The text will then have a
part describing the situation viewed from the eye of the physicists or the material scientist, and
another part consisting in describing the mathematical material. As a consequence, the reader
who is not an expert in Physics or in Statistical Mechanics, may need some time to adjust
and understand the content. The author apologizes for demanding so much from the reader.
However, developing a mathematical tool liable to describe the real world is never an easy task
because it always includes several important aspects requiring to use pieces of Mathematics that
have usually little to do with each other.

1.1. A Program. Describing a material in a condensed phase, solid or liquid, from the atomic
scale on is still a challenge today. These notes provide a guideline liable to fill this gap in the
future. The main new ingredient is the concept of anankeon [1, 7]. This is the dominant degree
of freedom for liquids, while anankeons play a crucial role in solids to account for their plasticity.
As will be seen, this concept of anankeon fits with a description of atomic configurations in terms
of Delone sets, Voronoi tiling, Delaunay triangulation. Anankeon then appear to be any of the
individual simplex of this triangulation. Changes in the local triangulations, known as Pachner
moves or Delaunay flips, give a way to describe the anankeon dynamics. However the latter is
essentially unpredictable and has to be given through a Markov process. Numerical simulations,
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based on molecular dynamics are suggesting various phenomenological forms for this Markov
process.

In the last Section of these notes a list of speculations will be presented in form of a program.
The author believes, indeed, that the mechanical properties of a condensed material should have
a geometrical interpretation. He will argue that the Geometry is not in the usual space but in
the Transversal direction of the Hull of the set of atomic configurations. The argument will
be given along the following lines. The generator of a Markov process is usually considered
as a Dirichlet form acting on a Hilbert space [51, 52, 59]. In the present situation, however,
it is expected to be rather the generator of a Markov semigroup on an abelian C∗-algebra A
attached to Transversal. The invariance of A by the Markov semigroup is the analog of the
Feller property in the theory of Markov Processes. It will be argued that, in such a case, it
should be possible to define a metric on the tiling space in a way similar to the constructions
of Kantorovich [61, 62] or Connes [55]. It is then expected to provide the tiling space with
a Noncommutative analog of a Riemannian manifold. The main issue discussed at the end is
the definition of the curvature. This concept is still ill-defined in Noncommutative Geometry.
However, the curvature is expected to be related to the mechanical properties of the material,
through some kind of Einstein equation:

Curvature = Stress

1.2. Some Physics Background. The usual approach to solids and liquids is to distinguished
between scales: length scales, time scale, energy scales. At macroscopic length scales either the
Elasticity Theory for solids (see for instance [14, 8]), or the Navier-Stokes equation for fluids,
give the standard description. At a lower scale, a kinetic theory approach, using the Bolztmann
equation or the BBGKY hierarchy, is also considered (see for instance [11]). While kinetic
theories have been successful for gas, they are more difficult to manipulate for liquids. Since the
late nineties two major theoretical contributions were made to improve the description of solids
at large scale. The first is due to a group of physicists led by J. Langer, and is called the STZ
Theory, where STZ stands for shear-transformation zones [9, 10, 15, 16, 17]. It proved to be
very efficient in describing the plasticity region in the strain-stress curve, to describe also the
evolution of fractures [20, 19] in glassy systems. The other one, more phenomenological, is called
Peridynamics Theory and was initiated by Silling [21, 22, 23]. It became recently important in
particular to describe solid under extreme stress, like explosives.

The discovery of a new class of materials, during the nineties, called bulk metallic glasses (BMG),
like the vitalloys containing mostly copper and zirconium, has been an experimental and a
technological breakthrough [12, 13]: these materials have exceptional mechanical properties, a
very high limit of elasticity and an exceptional resistance to rupture. They are now used in
various devices including sport material (i-Phone6, golf clubs, ... ) and medical tools. The
development of these materials has triggered more research, has attracted funding and therefore
it provides a window of opportunity for theoreticians and experimentalists alike to test ideas
and models liable to give access to a better understanding of both glass and liquid phases.

1.3. Lessons from Available Datas. Several experts in the field of BMG have expressed
the wish to develop a more universal modeling valid from the atomic scale on with the help of
mathematicians. There are several layers of difficulties in this problem. In the fifties, Bernal used
a Voronoi construction to describe the atomic configurations of such materials [3]. In the early
eighties, the local cluster theory provided a more detailed description of the local environment
of a typical atom. This was initiated by T. Egami et al. [6] and was completed by Miracle [18]
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during the last decade. The main experimental tool to analyze the results of this approach is
the diffraction spectrum (X-ray, electrons or neutrons), the Fourier transform of which permits
to compute the pair distribution function (PDF).

Figure 1. Heat capacity as a function of temperature for an alloy made of Gold,
Germanium and Silicon signaling a glass-liquid transition [4]. In color a possible
contribution of phonons and anankeons

A liquid phase approach has also been advocated for a long time, in order to identify the most
relevant degrees of freedom. The heat capacity is an observable easy to measure in experiments.
It provides some informations about how the energy is stored within various degrees of freedom.
The behavior of the heat capacity of a typical disordered material (see Fig. 1) reveals a low
temperature regime in the solid phase (glass), a saturation at high temperature (liquid phase)
leading to a similarity with the law of Dulong-Petit and a transition region (liquid-glass tran-
sition) showing an increase of the heat capacity which looks like a phase transition without a
singularity. The Law of Dulong-Petit predicts that the heat capacity per unit volume of a solid
saturates at high temperature and is given by

(1) CV = MkB , M = number of degrees of freedom ,

and kB is the Boltzmann constant. Einstein assumed that the main degrees of freedom in a solid
where provided by phonons, namely the quantized version of acoustic waves, leading to M = 3.
However, it is known that phonons are mainly damped in liquids so that the experimental result
showed in Fig. 1 requires an explanation. The anakeon theory might give an interpretation of
these observations (see Section 3.1 below).

The second layer of difficulty is the time dependence of the response to mechanical strain. For
example diving into water by jumping from the edge of a swimming pool is possible because the
water moves fast enough to permit the diver’s body to enter smoothly. However, firing a bullet
in water results in the bullet being completely smashed like if water was a piece of concrete. In
the former case, the speed of the diver is low, permitting the water to react fast enough, while in
the latter case, the speed of the bullet is so high that the water is too slow to adjust around the
bullet and behave like a very hard solid. In more scientific terms, the response to shear involves
a time scale that is usually expressed through the viscosity of the medium. In particular, the
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main difference between liquid and glass is not seen in the equilibrium parameters like density
or heat capacity. It is mainly seen in a sudden increase of the viscosity. Namely the time scale
characterizing the response to shear increases by several orders of magnitude within a very small
interval of temperature at the transition. The challenge in this case is to provide a theory liable
to describe the dynamics of the atomic configurations.

1.4. Degrees of Freedom. Over the years, the work of Egami and his collaborators has permit
to identify two relevant classes of degrees of freedom at the atomic scale.

(1) the vibration degrees of freedom, the one at work in the theory of elasticity, at least for
long wave length or the ones with short wave-lengths that can eventually be quantized
and which has been called phonons by A. Einstein in 1908. In the glass phase, phonon
seem to give the dominant contribution. However in the liquid phase the high frequency
phonons are damped, with a very short lifetime.

(2) the topological degrees of freedom, representing the unpredictable sudden change in the
local configuration of atoms due to the local stress and the thermal motion. These degrees
of freedom are newcomers in the theoretical landscape and will be called anankeon here
[1]. They provide an explanation to the Dulong-Petit behavior of the heat capacity [5]
(see Fig. 1), namely the saturation at large temperature. They just freeze at the liquid-
glass transition. They reappear only if an external shear is applied as the atomic scale
version of the STZ proposed by Langer et al..

While the dynamics of phonons is well understood, including nonlinearity if necessary, the dy-
namics of anankeon is not. A model for this dynamics, using a Markov process, will be proposed.
The construction of such a process uses the Boltzmann-Gibbs factor for the equilibrium dynam-
ics as well as the Arrhenius law for the evaluation of waiting times. Recent numerical simulations
made by T. Egami and his group of collaborators, give a hint about the actual magnitude of the
various parameters, energy, length and time scales involved in such a modeling.

Figure 2. Left: a representation of the Lennard-Jones potential; Right: an
effective interatomic potential computed numerically for an Zn− Sc alloy.

2. Why Delone Sets ?

2.1. Interatomic potential. Even though atoms, especially in transition metals like copper
or zirconium, have a complicated structure with many electrons around the nucleus, it is a
convenient and usual approximation to consider them as individual particles interacting through
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a pair-potential. This potential is usually a function of the relative position of the atoms having
the following properties: (i) it is repulsive at short distance and (ii) attractive at large distance.
In addition, for most isotropic materials, it can be assumed that this potential is rotation
invariant, meaning that it is a function of the interatomic distance r. Examples used in numerical
simulations, using molecular dynamic, for instance, are the Lennard-Jones potential, valid mostly
for systems interacting with the van der Waals force, such as rare gases, the Johnson one which
is short range and exhibit oscillations or potential computed ab initio for metallic alloys (see
Fig. 2). Apparently the results of simulations are not strongly affected by the nature of the
potential. The origin of such potential, from first principle will not be discussed here. However
they provide some concrete length scales: (i) a short length scale σ such that for r < σ then
V (r) > 0, (ii) the minimum potential length a. It is expected that atomic configurations with
two atoms closer than σ are rare. In addition, atomic configurations with a vacancy bigger than
a are unstable w.r.t. shear (see Fig. 4 and a discussion in [25]), giving a limit for the typical size
of a vacancy.

2.2. Quasi-discrete Measures. A configuration of atoms can be represented by the positions
of its atomic nuclei. Namely, if A denotes the set of atomic species present in the material, the
position of atoms of the species a make up a discrete sets of points La ⊂ Rd where a ∈ A. Such
a set is topologically closed, meaning that it has no accumulation point. It is mathematically
better represented by the corresponding sum of Dirac measures δx located at the position of
the atomic nuclei, namely by νa =

∑
x∈La δx. Such a measure are called discrete and can be

characterized by the following properties [2]:

(i) it is a Radon measure on Rd,
(ii) given any ball B ⊂ Rd the measure νa(B) of this ball is an integer for each a ∈ A.
(iii) the measure of a point νa{x} is either 0 or 1.

What is a Radon measure ? It is a way to evaluate weighted integral of functions. Which
functions ? Any complex valued function f defined on the physical space Rd (i) which is
continuous and (ii) which vanishes outside of some bounded ball (namely F has compact support).
The space of such functions is denoted by Cc(Rd). Then the integral

µ(f) =

∫
Rd

f(x)µ(dx)

has the following properties: (i) µ(f) is linear in f , (ii) if (fn)∞n=1 is a sequence of function in
Cc(Rd) which are all supported a common ball B and converging uniformly on B to a function f
(that is to say limn→∞ supx∈B |f(x)− fn(x)| = 0), then µ(f) = limn→∞ µ(fn). In the previous
case

νa(f) =

∫
Rd

f(x)νa(dx)
def
=
∑
x∈La

f(x) .

The set of Radon measures is equipped with its weak∗-topology, meaning that a sequence (νn)n∈N
of such measures converges to a measure ν if and only if νn(f)→ ν(f) for any complex valued
continuous function f on Rd with compact support. As it turns out, the set of discrete measures
described above is not weak∗-closed. Its closure is made of measures of the form ν =

∑
x∈L nxδx,

where L ⊂ Rd is closed and discrete, while the nx’s are integers. Namely it describes configura-
tions of atoms in which a finite number of atoms are allowed to occupy the same position. This
weak∗-closure is denoted by QDA(Rd), where QD stands for quasi-discrete. It is a Polish space
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[2]: namely, its topology can be described through a metric for which it is complete, while such
a metric is neither unique nor canonical. Polish spaces allow for a good theory of probability
[36]. In addition, in the present case, given a family of pair-potentials (Vab)a,b∈A of the previous
type and a bounded open set U , it becomes possible to compute the local potential energy of a
discrete measure ν = (νa)a∈A as follows

EU,r,R(ν) =
∑
a,b∈A

∑
r<|x−y|<R ;x∈U

νa{x} νb{y} Vab(|x− y|) , EU (ν) = sup
r>0,R>0

EU,r(ν) .

It can be shown that EU,r,R is a weak∗-continuous function of ν as long as r > 0 and R < ∞.
Consequently EU is lower semicontinuous (in particular configurations with more than one atom
at the same point inside U have infinite local energy). The previous energy can be decomposed
into the energy internal to U , corresponding to the pairs x, y in U and the interaction between
U and its complement U c = Rd \ U . Hence

EU (ν) = EintU (ν) + EU ;Uc(ν) .

A real or complex valued function over QDA(Rd) will be called cylindrical if it is continuous and
if there is a bounded open set U such that F depends only upon the restriction of ν to U . Then
U will be set to support F .

Definition 1. A configuration of atoms, namely a point in QD, is Delone if there are 0 < r <
R < ∞ such that in any ball of radius r there is at most one atom, while in any ball of radius
R there is at least one atom. The family of Delone sets corresponding to the parameters r,R is
denoted by Delr,R(Rd).

Delone Set Hypothesis: The only physically relevant configuration are Delone sets.

This hypothesis is justified by two observations. First two atoms are unlikely to get too close to
each other, due to the strong repulsion at short distance. Second, in a condensed phase where
the atomic density is high, the attracting part of the potential makes unlikely the occurrence of
some large region void of atoms. That such an hypothesis is reasonable will be discussed in the
forthcoming sections. The following result is fundamental

Proposition 1 (see [2]). The space Delr,R(Rd) is a weak∗-compact and translation invariant

subspace of QDA(Rd). Any translation acts as an homeomorphism. In addition, given any
Delone measure ν and any open ball B with diameter larger than 2R, the number of atoms in
B is bounded by (

diam(B)

2R
− 1

)d
≤ ν(B) ≤

(
1 +

diam(B)

2r

)d
Definition 2. Given ν ∈ QDA(Rd) its Hull is the weak∗-closure of its orbit under the translation
group. In particular, if ν is (r,R)-Delone Hull(ν) ⊂ Delr,R(Rd) is compact and the translation
group acts by homeomorphism.

2.3. Thermal Equilibrium. Using a pair potential of the previous type, it becomes possible
to describe the thermal equilibrium in a rigorous way using a local Gibbs distribution. Let F be
a cylindrical function supported by U . Then the thermal average of F in U is usually defined
by [27, 28]
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EU (F )(ν) =
1

ZU (β, µ; ν)

∞∑
Na=0

∏
a∈A

eβµaNa

Na!

∫
xka∈U

∏
a∈A

Na∏
ka=1

dxka e
−β(Eint

U (x)+EU ;Uc (x,ν)) F (x)

where β = 1/kBT denotes the inverse temperature measure in units of energy, µ = (µa)a∈A
denotes the family of chemical potentials associated with each atomic species, x = ((xka)Na

ka=0)a∈A
denotes the (random) positions of the atoms of each species inside U , Na denotes the (random)
number of atoms of species a inside U , while ν ∈ QDA fixes the position of the atoms outside of
U . As it is usual, the chemical potential is fixed by the atomic densities of each atomic species at
a given temperature. Hence EU defines a probability measure on QDA(Rd) called (local or U -)
Gibbs state. It is worth noticing that the kinetic contribution to the Gibbs state factorizes out
and can be ignored here. It is also important to realize that since the configurations having two
atoms or more on top of each other inside U have an infinite energy, they have zero probability
w.r.t. the local Gibbs state.

In principle, the infinite volume limit is rigorously controlled through the so-called Dobrushin-
Lanford-Ruelle equations (DLR) (see [26, 30, 27] for the DLR equations and [31, 27, 28] for
the formalism with classical particle systems). Namely a Gibbs state is a probability measure P
over QDA(Rd) admitting EU as conditional probability when conditioned by the configurations
outside U . In particular such a probability is locally absolutely continuous. It is known that,
under certain conditions on the pair-potentials, the set G of Gibbs states is a Choquet simplex,
namely it is compact and convex. In particular G admits extremal points and any Gibbs state
is a unique convex combination of extremal points. The same property occurs for the subset
Gt of translation invariant Gibbs states. As it turns out, the extremal states in Gt have two
important properties:

(i) they are ergodic under the translation group
(ii) they correspond to the pure homogeneous phases

2.4. The Ergodicity Paradox. The property of extreme translation invariant Gibbs states of
being ergodic under the translation group has several important consequences summarized as
follows

Proposition 2 (see [2]). Let P be a translation invariant ergodic measure on QDA(Rd). Then
(i) there is a weakly closed subset Ω ⊂ QDA(Rd) such that for P-almost every ν the Hull of ν
coincides with Ω;
(ii) If P is supported by the space of Delone measures, then there are 0 < r ≤ R <∞ such that
P{Delr,R(Rd)} = 1 and P{Delr′,R′(Rd)} = 0 if r′ ≤ r,R′ ≥ R and (r′, R′) 6= (r,R).

The main problem with this approach comes from the following remark: (i) the set Del(Rd) of all
Delone sets is translation invariant, (ii) it is a Borel subset of QDA(Rd) as a countable union of
compact sets. Hence the ergodicity of P implies that the set of Delone sets has either probability
zero or probability one. However it is quite standard to prove that at positive temperature, the
set of configurations having either an arbitrary big hole somewhere or an arbitrary number of
particles in a small ball somewhere else, has positive density. This can be done by evaluating
the probability of a big hole in a finite volume. This density is very small, but it is not zero.
Hence at positive temperature P(Del(Rd)) = 0 whenever P is a translation invariant pure phase.
Consequently the Delone set Hypothesis is mathematically incorrect.

There are two ways to reconcile Ergodicity with the Delone Hypothesis. The first one is to remark
that in the limit of zero temperature only the minimal energy configuration (groundstates)
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matter. If a big hole occurs, it is energetically more favorable to fill it. Similarly an accumulation
of particles in a small ball is energetically unfavorable. This is expressed by the following result
[24]

Theorem 1 (see [24]). Let the two-body potentials Vab be hard-core, namely there is r > 0 such
that Vab(x) = +∞ if |x| ≤ r. Then, whenever the chemical potentials belong to a range allowed
by the densities of each species, there is R > r such that each ground-state configuration belongs
to Delr,R(Rd).

In the previous statement, the hard-core hypothesis is artificial because it puts by hand a
property that should be spontaneously satisfied by the system. So the following problem is
expected to have a positive answer

Problem 1. Prove or disprove that there is a physically relevant class of rotation invariant pair
potentials such that, for a high enough density of atoms, given the concentration of each atomic
species, any zero temperature limit point of translation invariant Gibbs states gives probability
one to Del(Rd). 2

The second way to reconcile Ergodicity with the Delone Hypothesis is to appeal to the persistence
theory [29]. Namely rare events have a very short lifetime. This is why large vacancies are not
observed in liquids and solids [25]. Similarly concentration of many atoms in a small ball is
essentially impossible to observe. If, however, such extreme configurations were easy to observe,
then it could be possible, for instance, to force the fusion of nuclei, namely to allow for cold
fusion experiments. Hence there is a problem with the Thermal Equilibrium approach: no time
scale is present. Introducing the time evolution in the problem is not easy, but there should be
a way to do so in order to reconcile the observations with the mathematical approach.

Problem 2. Is it possible to develop a mathematically rigorous time dependent approach in
order to reconcile the Delone Hypothesis with the translation Ergodicity of Gibbs states ? More
generally, is it possible to formulate and to develop a finite time approximation of an ergodic
dynamical system permitting to neglect rare event with too short lifetime ? 2

3. The Anankeon Theory

This Section provides few arguments, found by physicists, leading to the concept of anankeon.

3.1. Glasses, Frustration, Local Stress. It is a known fact of practice that most materials,
in particular metals, have a tendency to crystallize. Hence producing glasses with metals has
been a real challenge (see [37] for a review). The earliest technique was melt quenching, namely
an ultrafast cooling with cooling rate of 105 − 106 K/s. This technique limits sample to thin
ribbons. Other techniques were developed later. Eventually a compound with low cooling rate
was produced by Inoue et. al. (see [12]). Later the class of vitalloy was produced by Johnson et.
al. (see [13]) and is nowadays the most studied class of bulk metallic glasses. Vitalloy can be
casted in large samples of several centimeters. It was quickly realized that these new materials
had exceptional mechanical properties, boosting the subject in the front stage of material science.

Thanks to the theoretical modeling of spin-glass the concept of frustration emerged as a fun-
damental aspect of glassy states [35]. It was slowly understood that such a frustration occurs
in metallic glasses whenever several atomic species with different atomic radii where mixed to-
gether in such proportions as to force atoms of different size to be close to each other. In this
way the number of small clusters that can be formed in the melt is getting larger [6, 18] and
crystallization becomes unlikely.
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Another ingredient that should be included, advocated for a long time by Egami em et al., is
the local stress exercised by neighboring atoms on a single one. For indeed, as can be shown by
a Thomas-Fermi approximation [32, 34], atoms are not exactly hard ball. They can be squeezed
a little, however big is their resistance to pressure. This leads to associating with each atom a
stress tensor σi, by adding the contributions of forces acted upon by the neighboring atoms. An
important observation, made through numerical simulations using molecular dynamics, is the
following:

Egami-Srolovitz Principle: In the liquid phase, the atomic stress tensors behave like inde-
pendent identically distributed random Gaussian variables [33]

More precisely, a stress tensor σ is a 3× 3 real symmetric matrix. It is usually decomposed into
its trace part p = (1/3)Tr (σ), called the pressure, and its traceless part τ̂ = σ − p called the
deviatoric stress. Then the parameter τ , defined by τ2 = (3/2)Tr (σ̂2), is called the von Mises
stress. The atomic stress distribution is given by [33] the 6-dimensional integral

Prob{σi ∈ A} =
1

Z

∫
A
e−β(p

2/2B+τ2/2G) dσ .

where A ⊂M s
3 (R) is any Borel set, dσ denotes the usual Haar measure on M s

3 (R) and Z is the
normalization constant. The physical parameters B,G are called the bulk modulus and the shear
modulus respectively. This expression must, however, be renormalized at lower temperature,
when approaching the glass transition. This renormalization, proposed by Eshelby [8], is the
analog for continuum mechanics to the Clausius-Mossotti formula for dielectric. Namely the
long distance propagation of stress, due to the elasticity equation, creates a local effective stress
field on the local atom which can be summarized as a modification of the values of B,G. This
numerical study suggests that, in the liquid phase, the stress degrees of freedom are dominant and
behave like a free gas at equilibrium, in complete analogy with the Einstein theory of phonons
in crystals. In particular, the heat capacity becomes elementary to compute and behaves like
a constant at high temperature: this is the origin of the Law of Dulong-Petit, confirmed by
experiments [4] (see Fig. 1 and eq. (1) in Section 1.3). The main question is to give this finding
an explanation from first principle.

3.2. Anankeon. The intuitive reason why the local stress is actually random in the liquid phase
can be seen by imagining what the life of the local atom should be. The atom can never find a
position that minimizes all pair potential energy and this is the result of the local frustration.
Even in the ideal situation, for which the local cluster is made of identical atoms localized on
the center and the vertices of a perfect icosahedron, the distance between the central atom to
the vertex-ones is 5% less than between two vertex-atoms, meaning that it is not possible to
minimize all pair potentials simultaneously. The random thermal motion then intervenes to
move atoms around in search for a better position. Hence the corresponding stress tensor felt
by each atom is constantly varying under the stress of circumstances, a concept that can be
translated by the word αναγκεια (anagkeia) in Greek.

There is a a character of the Greek mythology that could fit with this concept, the goddess
Ananke, whose name comes from the greek word anagkeia. Ananke was representing a power
above all including the Gods of the Greek Mythology. It expresses the concepts of ”force,
constraint, necessity” and from there it also means ”fate, destiny” to lead to the concepts of
compulsion, torture (see the entry Ananke in Wikipedia). From this, the word anankeon can be
coined to describe the dominant degrees of freedom taking place in the liquid phase [1]. What
are these anankeons ? It is the purpose of what follows to make this concept more precise. In the
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physics literature focussing on this problem, these degrees of freedom are also called topological,
meaning that the local atomic arrangement, also called local clusters, or local patches in tiling
theory, is modified. Another way to put it is to describe the association of atoms in terms of
bonds in a way similar to chemical bonds. The movement of atoms corresponds to a random
change in the bonding between atoms.

4. Topology and Combinatoric of the Space of Delone Sets

It will be argued that a Voronoi construction [44] (also called Dirichlet tesselation) on the set
of configurations is the right mathematical tool liable to describe anankeons. In what follows,
the Delone set Hypothesis is assumed to hold and all atomic configurations will be chosen in
Delr,R(Rd) which will be denote by Del. For simplicity the specification of various atomic species

and of their relative concentration will be omitted here. Then Del0 will denote the set of such
configurations having one atom at the origin. This Section is a summary of a work in preparation
[38]. In particular all Theorems and other claims will be proved there. The author suspects that
several of these results are already known but did not find yet the corresponding references.

4.1. Delaunay Triangulation. The Voronoi tiling point of view, was already used by Bernal
[3]. Given a discrete Delone set L ⊂ Rd, define the Voronoi cell Vx of a point x ∈ L (called atoms
here) as the set of points in the space closer to x than to any other atom in L. Since L is Delone,
say with parameters (r,R), it follows that Vx is an open convex polytope containing the open ball
B(x; r) and contained in the ball B(x;R). The Voronoi tile at x is just the closure Tx = Vx. Two
distinct Voronoi cells have no point in common, while two distinct Voronoi tiles may intersect
only on a common face. Two distinct atoms x, y ∈ L will be called nearest neighbors whenever
their Voronoi tiles are touching along a common face of codimension one (namely of dimension
d− 1). The set E of pairs e = (x, y) of nearest neighboring atoms, called edge or bonds, defines
with L a graph G = (L,E) which will be called the Delone graph. It is known in the literature as
the Delaunay Triangulation [40]. It plays the role of a dual lattice. This graph is simple (between
any two vertices there is at most one edge), connected (any two vertices can be linked by a finite
path, namely a sequence of edges touching by a common vertex). Moreover the length of any
edge lies between 2r and 2R. Hence the graph distance dG(x, y) between two atoms, defined as
the length of the shortest path linking x to y, is equivalent to the Euclidean distance.

4.2. Voronoi Points, Delaunay Triangulation and the Empty Sphere Property. In
this work the name Voronoi point will be given to a vertex of one of the Voronoi tiles, namely
a face of dimension zero (see Fig. 3). An atomic neighbor (or a-neighbor) of a Voronoi point
is an atom with Voronoi tile containing this point. For example, in Fig. 3, the Voronoi point
indicated on the left has 4-a-neighbours, while a small deformation of the atomic positions, as
seen on the right shows that this Voronoi point has split and each of the new Voronoi points
has exactly 3-a-neighbors (generic situation). It is important to remark that atomic sites have
a material existence in a solid, while Voronoi points are just a convenient mathematical concept
that does not correspond to any material point in the solid.
The following result is classic and goes back to [40]

Theorem 2. Let L ∈ Del0.
(i) Any Voronoi points of L has at least d+1 a-neighbors. It belongs to the interior of the convex
hull of its a-neighbors. Generically, in Del0, all Voronoi points have exactly d+ 1 neighbors.
(ii) Empty sphere property: The set of a-neighbors of a Voronoi point y of L is contained
in a sphere centered at y the interior of which contains no other atoms. Conversely, any sphere
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in Rd defined by at least d+ 1 atoms of L which does not contained atoms in its interior admits
a Voronoi point at its center.

Figure 3

A Voronoi point will be called simple whenever it has exactly d + 1 a-neighbors. Generically,
all Voronoi points of L are simple. Hence they are at the center of an empty sphere and the
corresponding atoms give elementary d-simplex (triangles in 2D and tetrahedra in 3D) making
up a triangulation of the space, called the Delaunay triangulation.

4.3. Graph Balls and Local Topology. A graph ball is a subgraph G(x, n) = (V(x, n),E(x, n)),
where V(x, n) is the set of all atoms at a graph distance less than or equal to n ∈ N from x, and
E(x, n) is the set of all edges (y, z) ∈ E such that y, z ∈ V(x, n). Then x is the center and n the
radius of this graph ball. The support of a graph ball is the union of Voronoi tiles centered at
its vertices.

Two graphs G,G′ are called isomorphic if there are bijective maps φv : V → V′ and φe : E → E′

compatible with the edge-boundary, namely the vertices linked by the image φe(e) (the bound-
ary) of an edge e is the φv-image of the vertices liked by e. Equivalently a graph isomorphism
is an isometry of its vertex set endowed with the graph distance.

A local patch is an isomorphism class of graph balls. In particular all such balls have the same
radius. In this sense a local patch is topological, because it is likely to be insensitive to small
move of the corresponding atoms. It is essential to remark that

Proposition 3. The number of local patches of given radius is finite namely the Delone Graphs
have Finite Local Complexity.

In other words, when the atoms are moving a bit, the corresponding Delone graph is deformed,
but its isomorphism class does not change.

4.4. Alloys. If L represent the position of the atoms in an alloy with more than one species,
the Voronoi construction can be done provided the Euclidean distance is replaced by a local
metric taking care of the different atomic radii. Namely Vx is defined as the set of points z ∈ Rd
such that ‖z − x‖/ax < ‖z − y‖/ay for all y ∈ L distinct from x, where ax denotes the atomic
radius of the atom x. Then the Voronoi cells are curved polytopes, namely their faces are made
of pieces of spheres. But all the combinatorial aspect described here will persist.
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4.5. Acceptance Domains. Given a local patch P of radius n, its acceptance domain D(P) is
the set of all Delone sets in Del0 with graph ball of radius n, centered at the origin, given by P.
Given n ∈ N, the family of all acceptance domains of local patches of radius n is a partition of
of Del0. A local patch will be called generic whenever its acceptance domain is open.

Theorem 3 ([38]). A local patch P of radius n is generic if and only if the support of the n-graph
ball centered at the origin of any atomic configuration in its acceptance domain contains only
simple Voronoi points.

The closure of an open acceptance domain will be called a domain of contiguity

Theorem 4 ([38]). The set of domains of contiguity of patches of radius n is a finite cover of
Del0.

In a sense the family of generic patches of given radius generates a finite tiling of Del0, if the tiles
are the domain of contiguity while their interiors are the open acceptance domains. Moreover
passing from n to n+1 gives a refinement of this tiling, namely any contiguity domain of radius n
is tiled by the contiguity domains of radius n+1 it contains. The following shows that genericity
coincides with full probability with respect to any Gibbs state,

Theorem 5 ([38]). Given P a locally absolutely continuous probability measure on Del0 the
boundary of a contiguity domain has zero probability.

4.6. Graph of Contiguity. Given n ∈ N, two contiguity domains of radius n are contiguous
if their intersection contains a subset of co-dimension one. Then the graph of contiguity Gn =
(Vn,En) is defined as the graph with set of vertices Vn given by all domain of contiguity of
radius n (or equivalently by the set of generic patches) and edge set En given by contiguous pair
of domains of contiguity in Vn. As it turns out

Theorem 6 ([38]). Gn is a finite, simple and connected graph. The number of its vertices
increases exponential fast with n.

Figure 4. Pachner move in dimension 2: a 2↔ 2 Voronoi point collision

4.7. Contiguity and Pachner Moves. The previous description makes sense from a math-
ematical standpoint. But it looks extremely complicate at first sight, since the space Del0 is
infinite dimensional: indeed, the restriction of Del0 to any bounded domain U can be seen as
the disjoint union of a family of open sets in Rnd, where n denotes the number of atoms inside
U . It is actually simple to describe a transition from a domain of contiguity to a contiguous one.
For indeed, such a move requires only one local change in the Delone set. To express this fact
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more precisely let n ∈ N be chosen as the radius of patches. Then a generic atomic configuration
belonging to the intersection T0 ∩ T1 of two contiguous domains of contiguity is one with only
one non simple Voronoi point within the ball of radius n centered at the origin. In addition, this
Voronoi points admits exactly d+ 2 a-neighbors. In particular:

(i) in dimension 2, this Voronoi point admits 4 atomic neighbors (see Fig. 4),
(ii) in dimension 3 it has 5 atomic neighbors (see Fig. 5).

Figure 5. Pachner move in dimension 3: a 2↔ 3 Voronoi point collision

As soon as the configuration moves away from the T0 ∩ T1, this nongeneric Voronoi point splits
into a family of generic ones and this splitting is known in triangulation theory used in Geometry
as a Pachner move [43] or bistellar flips. More precisely (see Fig. 4 and Fig. 5),

(a) in dimension 2, two generic Voronoi points collide at the transition to give two other ones;
(b) in dimension 3, two generic Voronoi points collide to give three other ones or vice-versa.
(c) in higher dimension l Voronoi points collide at the transition to give m = d+ 2− l other

ones for 2 ≤ l ≤ d..

5. Applications to Material Science

The previous mathematical program can be applied in practical circumstances. Pachner moves,
seen as collisions of Voronoi points leads to several practical consequences. In a sense the
anankeon can be seen as the degree of freedom associated with the motion of Delaunay sim-
plex,(triangle in dimension 2, tetrahedron in dimension 3) formed by the d + 1 atoms around
the Voronoi point. Hence an anankeon can be labeled by this Voronoi point.

5.1. Pachner Moves in Materials. The previous results should apply in real material, apart
from taking energy considerations into account. A Pachner move corresponds to a mechanical
motion of the atomic configuration passing through a saddle point of the potential energy. In
particular if the atomic configuration corresponds to a point of the energy surface close enough to
the saddle point, it looks almost like the perfect nongeneric Voronoi point. In practice it means
that when several Voronoi points are very close to each other, then the configuration is physically
equivalent to a nongeneric unique Voronoi point. In the scheme described in Section 4.5, it means
that the boundary of a domain of continuity is actually thicken by the energetic considerations.
For this reason the number of atoms involved in a Pachner move is likely to be a random variable.
This is what has been observed recently in the Egami group [49] (see Figure 6).
It is remarkable that this distribution is Poissonian with average 5 as predicted by the Pachner
theory in dimension 3.
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Figure 6. Distribution of the number of atoms involved in a Pachner move [49]

5.2. Pachner Moves and STZ. The shear transformation zone theory (STZ) proposed by
Langer et al. [9, 10, 15, 16, 17], consists simply in remarking that indeed such Pachner moves
occur in glasses when submitted to a strong shear. In the glass phase, however, the atoms are
blocked in their position, so that the dominant degree of freedom is provided by the phonons only.
However, if a shear is applied, first the solid reacts elastically. But beyond some critical value
of the shear, the deformation becomes irreversible. At the atomic scale, this can be interpreted
as one Pachner move somewhere and the numerical simulations show that such a move does
not come alone, it is followed by a cascade of moves in the vicinity. In other words a small
region about the germ behaves like a liquid, and this is exactly what an STZ is. The spatial
distribution of such STZ is random, presumably Poissonian with a density depending upon the
applied shear. This is exactly the hypothesis made in the STZ theory. Each Pachner moved is
polarized, as can be figured out from Figures 4 and 5. In 2D a Pachner moves corresponds the
a switch of a diagonal bond from left to right or vice-versa. In 3D it corresponds to a collision
of 2 Voronoi points giving 3 or vice-versa. In both cases, there is a change between two types of
configurations, each of which being called a polarization. Then the local parameter is provided
by the numbers N± of each of these varieties of groups Voronoi points in the STZ. This number
is a random variable the time evolution of which is assumed to be Markovian, namely it follows a
Master Equation. As it turns out, this effect can be added to the equation of elasticity, including
the temperature effects. Eliminating the parameters N± from them leads to a non linear partial
differential equation which describe accurately the plasticity region in the strain-stress relation
for a metallic glass [10]. Using this equation it becomes possible to simulate numerically in a
realistic way a fracture of the material [20].

5.3. Atomic Scale Markov Process. In order to describe the anankeon dynamics, the previ-
ous considerations leads to represent it by a Markov process on the graph of contiguity Gn. The
radius n is simply a measure of the volume of the region under consideration. A Markov process
represents the dynamics of a random walker moving on the set of vertices of the graph through
the edges (standard references are [47, 48] for discrete time and [45, 46] for continuous time).
Since Gn is a finite graph, a Markov process can be equivalently described by its generator Ln,
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namely a linear operator acting of the linear space Hn of complex valued functions defined on
Vn, as follows

Ln(f)(P) =
1

TP

∑
Q∼P

PQ←P (f(P)− f(Q)) .

in such an expression, P,Q label patches of radius n which are contiguous, and PQ←P represent
the probability to jump from P to Q. Moreover TP represents the waiting time of the random
walker at the patch P. Since this Markov process is supposed to define the thermal equilibrium
motion, the jump probability is given by a Gibbs factor of the from

PQ←P =
1

Z
e−β(F (Q)−F (P)) ,

where F (P) represents the free energy of the configurations represented by P, while Z is a
normalization constant ensuring that the sum over Q of the r.h.s. equals 1. On the other hand,
the waiting time is provided by an Arrhenius law and depends only of the potential barrier
W (P→ Q) between the initial configuration and the saddle points during Pachner moves

T (P) = eβW (P→Q) .

Numerical simulations based on molecular dynamics permit to estimate precisely the previous
parameters [41, 42] and, in principle, to test the validity of such an approach. However, for the
previous description to be realistic, the atomic stress degrees of freedom must be introduced in
the Markov modeling.

5.4. Viscosity and Glass Transition. Once the Markov dynamics is defined and tested, it
becomes possible to compute the viscosity. It is defined as the linear response to an applied
shear in terms of the time derivative of the strain. Thanks to the Green-Kubo formula, it is
also equal to the stress-stress correlation function. As the temperature decreases, the thermal
activation moving the atoms around becomes less effective. In particular given some shear, it
takes more Pachner moves to achieve the same amount of strain variation. Hence the typical
time scale involved in the viscosity (called the Maxwell time) becomes much larger than the time
scale involved in the definition of the Markov process. The glass transition is achieved when the
the Maxwell time becomes so large as to make it impossible to observe. Using this principle it
becomes possible to give a formula for the temperature of the glass transition [39] fitting with
experimental datas.

6. Geometry on the Space of Delone Configurations

This Section is conjectural and proposes a program liable to define on the compact space Del0 a
geometry, namely a metric, liable to describe, in analogy with General Relativity, the dynamics
of a condensed material in terms of a geodesic flow with respect to this metric structure.

6.1. Infinite Volume Limit. In Section 5.3 a Markov process is proposed as a modeling of
the time evolution of a liquid or glassy material. This Markov process, though, is defined on
graph balls of a fixed finite radius n ∈ N. The question remains whether the sequence of such
process converges to some limit in the limit where the radius n tends to infinity. This is an
entirely open problem so far. However, there are indications that it could be possible to prove
the convergence. One strategy could be to use the martingale convergence Theorem [57, 58]. It
is a technique used elsewhere to prove the existence of a diffusion process on fractals like the
Sierpinski carpet [50]. If so, then the generator L of this limiting Markov process will acts on the
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entire Del0 space as a Dirichlet form [51, 52, 59]. Another strategy could be to use convergence
Theorem for Markov semigroups on C∗-algebras [53].

6.2. Dirichlet Forms and Gradient Operators. It is important though that the Markov
process have the so-called Feller property, namely that the image of a continuous function on
Del0 by the process stays continuous. If so, this Markov process should be represented as a
Markov semigroup on the C∗-algebra A = C(Del0), namely the space of continuous functions on
Del0. More is needed though: namely the domain of L should contain a dense ∗-subalgebra of
A. In a such a case, an extension of the Lindblad Theorem leads to the following: there are

(i) a C∗-right A-module E

(ii) a ∗-representation π : A → End(E)
(iii) a linear map ∂ : C(Del0)→ E

such that, for every f, g ∈ A

L(f∗g)− f∗L(g)− L(f∗)g = 〈∂f |∂g〉E
and that ∂ becomes a derivation, namely

∂(fg) = ∂(f)g + π(f)∂(g) .

In other words, ∂ is a candidate for a generalized version of the gradient operator. Since the
inner product 〈 · | · 〉E takes on values in A = C(Del0), it follows that

‖f‖Lip
def
= sup

ν∈Del0
|〈∂f |∂f〉E(ν)|1/2 ,

plays the role of a a Lipshitz norm. Hence, by the Kantorovich duality [61, 62] theory, it is likely
to define a metric on Del0 through the formula

dL(ν, ν ′) = sup
{
|f(ν)− f(ν ′| ; ‖f‖Lip ≤ 1

}
.

Problem 3. Prove that all conditions are fulfilled to make sure that the metric dL is well defined
and generates the weak∗-topology on Del0. 2

Such a problem has already been investigated in full generality by Rieffel in the context of
Quantum Metric Spaces [65, 66, 67, 68, 63], providing a criterion to answer positively to this
question.

6.3. The Curvature Problem. The previous construction, if it works, leads to a structure
of compact metric space on Del0 generated by the dynamics describing the time evolution for
glasses and liquids. One important question is to check whether such a structure share with
Riemannian manifolds a notion of curvature. In Noncommutative Geometry, thanks to the work
of I. Palmer [64], a Riemannian structure can be defined on any compact metric space using
the concept of spectral triple [55]. However since the Hausdorff dimension of Del0 is infinite, the
construction cannot be used very far. In particular it is likely that a Connes state, namely a
Dixmier trace, does not exist. Hence one can only expect a KMS state with respect to the Dirac
operator associated with the spectral triple.

Problem 4. Elucidate the meaning of the KMS condition produced in this way. Can one see the
Connes state as the equilibrium invariant state associated with the Markov dynamics generated
by L ? 2



DELONE SETS AND MATERIAL SCIENCE: A PROGRAM 17

In addition, the definition of the curvature has not yet reached a consensus in Noncommutative
Geometry [56]. So, it might be necessary to come back to the usual approach in Metric Geometry
[60, 54]. The celebrated Gromov Theorem asserts that the set of Riemannian manifolds with
uniformly bounded volume, curvature and injectivity radius, is precompact in the Hausdorff-
Gromov metric topology. It raises the question of what is a limit point in this topology. Examples
are given by Alexandrov spaces, namely path-metric spaces in which geodesic exist between any
pair of points, the concept of angle between two geodesic starting at the same point is well-
defined, and in which a concept of scalar curvature exists [54]. The curvature is obtained from
comparing geodesic triangles in this space with isometric ones in model Riemannian manifolds
with constant curvature [54].

Problem 5. If the construction of Section 6.2 can be made, is it possible to see Del0 as an
Alexandrov space ? If yes, is there an interpretation of the curvature in terms of the Continuum
Mechanics of the condensed material under scrutiny ? 2

Such a relation is exactly given by the Einstein equation in General relativity, linking the grav-
itational force to the Geometry of the Universe. This series of question suggests to look at
whether such an interpretation is likely to hold in the description of a condensed material.
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