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[ - The Hull as a Dynamical System

J. BELLISSARD, D. HERMMANN, M. ZARROUATL Hull of Aperiodic Solids and Gap Labelling Theorems
To appear in Directions in Mathematical Quasicrystals, M.B. Baake & R.V. Moody Eds, AMS, (2000).



[.1)- Point Sets

Equilibrium positions of atomic nuclei make up a point
set £ C RY the set of lattice sites. L may be:

1. Discrete.

2. Uniformly discrete: dr > 0 s.t. each ball of radius r contains
at most one point of L.

3. A Delone set: L is uniformly discrete and relatively dense :
JR > 0 s.t. each ball of radius R contains at least two points

of L.
4. A Meyerset: L and L — L are Delone sets.

Examples:

1. A random Poissonian set in R? is almost surely discrete but
not uniformly discrete nor relatively dense.

2. Due to Coulomb repulsion and Quantum Mechanics, lattices
of atoms are always uniformly discrete.

3. Impurities in semiconductors are not relatively dense.
4. In amorphous media £ is Delone.

5. In a quasicrystal £ is Meyer.



[.2)- Point Measures

M(RY) is the set of Radon measures on R% namely
the dual space to Ce(R%) (continuous functions with
compact support), endowed with the weak™ topology.

For £ a uniformly discrete point set in RY.

Vo= V£=Z5($—y) e MRY) .
yeL

The Hull is the closure in 9(RY)

() = {Tauﬁ;a € Rd} ,

where T?v is the translated of v by a.

Facts:

1. €2 1s compact and RY acts by homeomorphisms.

2.1t w € QQ, there is a uniformly discrete point set L,
in R? such that w coincides with v, = v/

3. If L is Delone (resp. Meyer) so are the L,’s.



[.3)- Properties

(a) Minimality

Proposition 1 RY gets minimaly on ) if and only
iof, for any w € ) and F C ) closed, the subset
Ll ={z e L£,; 7% € F} is a Delone set.

(b) Transversal

The closed subset X = {w € Q ; y,({0}) = 1} is
called the canonical transversal. Let G be the sub-
groupoid of {2 X R induced by X.

A Delone set L has finite type it L — L is closed and
discrete.

(¢c) Cantorian Transversal

Proposition 2 If L has finite type, then the trans-
versal is completely discontinuous (Cantor).



[ - Examples: Quasicrystals
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— The cut—and—project construction —
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- The octagonal tiling -
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- The transversal of the Octagonal Tiling -
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