
Math 1512
Exam 2 Practice Problems

Exam 2 will be on October 22 (Wed) in recitation
It will cover Sections 4.1–4.6,4.9,5.1–5.3, and 6.1–6.3

1. True or False? Explain your answers.

(a) For every matrix, the row space and the column space have the same

dimension.

(b) The dimension of the null space of A cannot be greater than the

number of rows of A.

(c) The dimension of the null space of A cannot be greater than the

number of columns of A.

(d) The dimension of the column space of A cannot be greater than the

number of rows of A.

(e) The column space of any matrix equals the column space of its

reduced row echelon form.

(f) The row space of any matrix equals the row space of its reduced

row echelon form.

(g) If columns of a square n × n matrix A are orthonormal, then the

columns of A2 are also orthonormal.

(h) If matrices A and B are row equivalent, then rankB = rankA.

(i) If matrices A and B are row equivalent, then they have the same

eigenvalues.

(j) If matrices A and B are row equivalent, then they have the same

eigenvectors.

(k) If matrices A and B are row equivalent, then A and B are similar.

(l) If a matrix is diagonalizable, then it is invertible.
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(m) If u and v are eigenvectors of a square matrix A, then u + v is also

an eigenvector of A.

(n) If A and B are similar, then A2 and B2 are also similar.

(o) If e1, . . . , en are eigenvectors of an n×n matrix A, then A is diagonal.

(Hint: try to diagonalize A.)

(p) If the first two columns of a 4 × 4 matrix A are the same, then 0 is

an eigenvalue of A. (If it is true, can you find an eigenvector?)

(q) If a number λ is an eigenvalue of a square matrix A, then it is also

an eigenvalue of the transposed matrix AT .

(r) For any subspace W of R
n, dim(W ) + dim(W⊥) = n.

(s) If a square matrix has orthonormal columns, then it is invertible.

(t) If a square matrix has orthonormal columns, then it is diagonaliz-

able.

(u) Let A be a 2 × 2 rotation matrix for R
2. The columns of A are

orthonormal.

(v) Let A be a 2× 2 matrix that reflects R
2 across a line. The columns

of A are orthonormal.

(w) Let U be a matrix whose columns are orthonormal. If λ is a real

eigenvalue of U , then λ = ±1. (Hint: for the eigenvector x, what do you know

about the length of Ux and the length of x?).

2. Fill in the blanks.

(a) Suppose A is a 4 × 6 matrix whose REF contains 2 pivots. Then the null space

of A has dimension , and the column space of A has dimension

.

(b) Suppose A is a 4 × 6 matrix whose columns span R
4. Then the null space of A

has dimension .
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(c) Suppose A is a 4×6 matrix. What are the smallest and largest possible dimensions

for the null space of A?

(d) Suppose A is a 4×6 matrix. What are the smallest and largest possible dimensions

for the column space of A?

(e) Suppose A is a 6×4 matrix. What are the smallest and largest possible dimensions

for the null space of A?

(f) Suppose A is a 6×4 matrix. What are the smallest and largest possible dimensions

for the column space of A?

(g) A square matrix is not invertible if and only if is an eigenvalue.

(h) The characteristic polynomial of A is the determinant of .

3. For each of the following subsets of a vector space, either prove that it is a subspace
or explain why it is not a subspace. Let Pn be the vector space of all polynomials of
degree at most n in variable t.

(a) {f : f(1) = 0} in P3

(b) {f : f(1) = 2} in P3

(c) {(2s, t, s + t) : s, t are scalars} in R
3

(d) {(2s, t + 1, s + t) : s, t are scalars} in R
3

(e) {(x, y, z) : x + 2y + 3z = 0} in R
3

(f) {(x, y, z) : x + 2y + 3z = 1} in R
3

(g) {(x, y) : x ≥ y} in R
2

(h) {(x1, x2) : x2

1
= x2

2
} in R
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4. Let A =









1 2 3 4
1 2 1 2
0 0 1 1
−1 −2 0 1









, and b =









0
2
−1
−5









.

(a) Is b in Nul(A)?

(b) Find a basis for the column space, the row space, and the null space of A.

(c) Find the coordinate vector of b relative to the basis you found for Col(A).

5. Diagonalize the matrix A =





0 1 0
1 0 0
0 0 1



 or show that it is not diagonalizable.

6. Let L be the line in R
2 defined by ay = bx, where a and b are real numbers such that

at least one of them is not zero.

3



(a) Find a 2 × 2 matrix A that reflects R
2 across the line L. (You do not need to

compute inverses or multiply out matrices.)

(b) Find a 2 × 2 matrix that projects R
2 orthogonally onto the line L.

7. Suppose everybody in Atlanta uses either an Android or an iOS smart phone. In a
given year, 80% of Android users stick with Android, and 20% switch to iOS, while
90% of iOS users continue using iOS and 10% switches to Android.

(a) Find the stochastic matrix A for this situation.

(b) Suppose that Android has market share 60% in 2014. Find its market share in
2015, in 2016, and approximate market share after many years.

(c) Since the matrix A has a steady state vector, one of its eigenvalues is 1. What is
its other eigenvalue? (We saw in class that the sum of eigenvalues is equal to the
sum of the diagonal entries.)

(d) Find an eigenvector for each of these eigenvalues.

(e) Find an invertible matrix P and a diagonal matrix D such that A = PDP−1.

(f) Find a formula for Ak. (You don’t need to multiply out the matrices).

(g) Compute the limit of Ak as k → ∞. Multiply out the matrices for this one.
(Note: the columns of the limit matrix are the steady state vectors. This shows
why the Markov chain process approaches the steady state vector after a long
time, no matter which vector you started with.)

8. Let A be a 5 × 5 matrix all of whose entries are 1.

(a) Show that v = (1, 1, 1, 1, 1) is an eigenvector of A. What is its eigenvalue?

(b) Show that 0 is an eigenvalue of A. What is the dimension of the corresponding
eigenspace?

(c) Explain why A has no other eigenvalues.

(d) Compute the characteristic polynomial of A using the last three parts. (This is
easier than computing the determinant of A − λI.)

(e) What is the determinant of the 5× 5 matrix whose diagonal entries are 3 and the
off-diagonal entries are all 1? (Hint: plug in a number for λ in the characteristic
polynomial of A).

9. Let A and B be similar matrices, i.e. there is an invertible matrix P such that A =
PBP−1. Prove that a vector x is in the null space of B if and only if Px is in the null
space of A.
(Note: the map x → Px is in fact a one-to-one and onto linear transformation, i.e.
an isomorphism from Nul B to Nul A. It follows that Nul A and Nul B have the same
dimension, so the similar matrices A and B have the same rank.)
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