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Abstract

In this paper we consider integral polytopes in Rn containing no
integral points other than its vertices. There is a really simple argu-
ment using the pigeonhole principle which shows that such a polytope
can have at most 2n vertices. Our goal is to see how far we can exploit
this argument to shed light on the combinatorics of polytopes with ex-
actly 2n vertices. We also describe a possible connection between this
question and the so-called flatness theorem in convex geometry, which
gives a bound depending on n only, of the integer lattice width of
an empty convex body in Rn. It is currently an open problem to
determine the best possible bound.

1 Introduction
We begin by reviewing some basic definitions.

Definition 1. A polytope P is called integral if every vertex of P is integral.

Definition 2. A polytope P is called empty if it has no integral points other
than its vertices.

One easy fact about empty integral polytopes is that they cannot have
too many vertices.

Proposition 3. Let P ⊂ Rn be an empty integral polytope. Then P has at
most 2n vertices.

1



Proof. Suppose P has more than 2n vertices. Then by the pigeonhole princi-
ple, some two vertices must have the same parity. The midpoint of those two
vertices is therefore an integral point in P , but this contradicts emptiness of
P .

In fact the argument says more; it shows that the vertices of an empty
integral polytope must all have different parities, and, in the particular case
when there are exactly 2n vertices, every possible parity is represented in one
of the vertices of P . We attempt to exploit these facts as much as possible. As
a first example of an application, we give a theorem first proved by Doignon
[5], see also [3, 10, 11].

Theorem 4 (Doignon, 1973; Bell, Scarf, 1977). Let K be a convex body in
Rn such that K ∩Zn is empty. Then K is contained in a polyhedron P with
at most 2n facets such that interior (P ) ∩ Zn is empty.

Proof. Let Q be a polytope containing K such that Q ∩ Zn is empty. Such
a polytope exists; consider, for instance the convex hull Q of the union of
little cubes εk + [0, ε]n, k ∈ Zn which intersect K. For small enough ε, Q
will contain no integral points. Now, perform the following operation to Q
as much as possible: while there is a facet F of Q that can be relaxed (or
removed entirely) without introducing integer points to the interior of Q,
relax F as much as possible until either F is removed from Q or F contains
an integral point in the relative interior of F . At the end of this process,
we obtain a (possibly unbounded!) polyhedron P containing Q with the
property that for every facet F of P , there exists an integral point pF ∈ F
contained in no other facet of P .

It remains to show that there are at most 2n facets in P . But this follows
from the previous proposition, as conv (pF : F is a facet of Q) is an empty
integral polytope.

The 2n bound is tight, as the following example shows: Let ♦n denote the
n-dimensional octahedron conv (±ei : i = 1, 2, . . . , n) where the ei’s are the
standard unit vectors in Rn. Let Pn = n

2♦n +
(

1
2 , . . . ,

1
2

)
. Then Pn contains

2n facets, has no integral points in its interior, but it is impossible to find a
larger polyhedron containing Pn which does not have interior integral points.
We will come back to this example, as it is conjectured to have the largest
possible integer lattice width of any polytope without interior integer lattice
points [6].
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Figure 1.1: The polytope P3.

2 The flatness theorem
For a convex set K ⊂ Rn and a nonzero row vector c ∈ (Rn)∗, let

wc (K) := sup
x∈K

cx− inf
x∈K

cx,

denote the width of K along c. Then define the lattice width of K to be the
quantity

w (K) := inf
c∈(Zn)∗

c 6=0

wc (K) ,

where (Zn)∗ ⊂ (Rn)∗ is the dual lattice of Zn generated by e∗i : i = 1, 2, . . . , n;
e∗i (ej) = δij for all j = 1, 2, . . . , n. These quantities can be interpreted geo-
metrically. Given a integral vector row c, where all components are coprime
(with respect to the basis e∗i : i = 1, 2, . . . , n), the lattice Zn can be covered by
the hyperplanes Hc,k = {x ∈ Rn : cx = k}, one for each k ∈ Z. Then wc (K)
measures (up to some rounding) the number of hyperplanes Hc,k : k ∈ Z
which intersect K. We then have that w (K) is the smallest such possi-
ble number over all nonzero integral row vectors c ∈ (Zn)∗. The following
theorem about w (K) is central in the geometry of numbers [8]:

Theorem 5 (Khinchine, 1948). Let K be a convex body such that the interior
of K has no integral points. Then w (K) ≤ γn, where γn is a number that
depends only on n.

It is a longstanding open problem to find upper and lower bounds on γn.
Currently the best known bounds are n ≤ γn ≤ O

(
n4/3

)
, where the lower

3



bound is attained by the octahedron example described previously, and the
upper bound has been refined over the decades [2, 1, 7].

3 Polytopes similar to the octahedron exam-
ple

Given that the octahedron Pn := n
2♦n +

(
1
2 , . . . ,

1
2

)
provides the best-known

lower bound on γn, it is natural to ask what precisely allows for it to have
such a large lattice width while still remaining lattice-free. One observation
is that Pn contains an empty integral polytope with 2n vertices, namely the
vertices of the unit cube [0, 1]n. Moreover, every facet of Pn contains precisely
one of these vertices. It is perhaps interesting to study polytopes with this
particular strucutre. In particular, we are interested in polytopes P that
contains an empty integral polytope Q, where Q has 2n vertices and every
facet of P contains a unique vertex of Q.

There are a series of questions one can ask about such polytopes. One
might think that Q having 2n vertices is a strong restriction, and that the
behaviour of Q in P must reflect somehow the behaviour of [0, 1]n in Pn.
Thus, is every empty integral polytope with 2n vertices “essentially” a unit
cube? Another question we can ask is: Can P have any integral points other
than those of Q? This question is interesting because if the answer is no,
then we obtain a method of constructing polytopes which are similar to Pn in
that their interiors are lattice-free. This leads naturally to our next question:
Must such polytopes P have large lattice width as Pn does?

3.1 Is every empty integral polytope with 2n vertices
essentially a unit cube?

First we clarify what “essentially” means in this context. Many properties
about polytopes that we are interested in are invariant under linear maps
which are automorphisms of Zn. For instance, if P is any integral polytope,
and A ∈ GL (Rn) is a linear map which fixes Zn, then P is empty if and
only if AP is empty. Also, for a given nonzero c ∈ (Zn)∗ we have wc (P ) =
wcA−1 (AP ) and therefore w (P ) = w (AP ). We call two integral polytopes
P, P ′ isomorphic if P = AP ′ for some linear map A which fixes Zn.

For this question, then, we can be more precise and ask: Is every empty

4



Figure 3.1: There are many different types of empty polytopes with 2n ver-
tices.

integral polytope with 2n vertices isomorphic to the unit cube [0, 1]n? It is not
hard to see that when n = 2 the answer is yes. When n = 3, however, there
are already many different types of polytopes up to isomorphism. Two of
them are shown in Figure 3.1. It seems likely that in even higher dimensions
there are many more different types, and that classifying them is probably
very difficult.

3.2 What can be said about the integral points inside
polytopes similar to the octahedron example?

For the second question involving polytopes P and Q as described above, we
get a little bit luckier. We prove something of a converse of Theorem 4, and
show P and Q must share the same set of integral points.

Theorem 6. Let Q ⊂ Rn be an empty integral polytope with 2n vertices. Let
P be a polytope containing Q with the following property: For every vertex v
of Q there exists a facet F of P such that F contains v but no other vertices
of Q. Then P ∩ Zn = Q ∩ Zn.

Remark 7. It is interesting to note that the assumption that Q has 2n vertices
is essential. Indeed, it is not hard to find a counterexample in which Q has
fewer vertices and the theorem fails to hold, see Figure 3.2.

Proof. Suppose the statement is false, so that there exist P,Q as described,
and an integral point u ∈ P that is not a vertex of Q. Choose u ∈
(Zn ∩ P ) \Q so that

‖u−Q‖2 := min
y∈Q
‖u− y‖2
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Figure 3.2: The outer polygon contains an integral point not in the inner
polygon.

is as small as possible. Now u shares the same parity as a vertex w on Q.
Let v be the midpoint of u and w, which happens to be an integral point.
Then there are two cases:

Case 1. The point v is not inQ. Let y ∈ Q be a point inQ which minimizes
‖u− y‖2. Then since 1

2 (y + w) ∈ Q, we have

‖v − P‖2 ≤
∥∥∥1

2 (u+ w)− 1
2 (y + w)

∥∥∥
2

= 1
2 ‖u− y‖2 < ‖u−Q‖2

which contradicts minimality of u.

Case 2. The point v is in Q. Then v is a vertex of Q by assumption, which
is distinct from both u and w. Let F = P ∩{x ∈ Rn : cx = cv} be
the facet of P containing v, where c is a row vector such that cx ≤
cv for all x ∈ P . Then because v is the only integral point of Q in
F , we must have cw < cv. But then cu = c (2v − w) = 2cv−cw >
cw, which means u lies outside the halfspace {x : cx ≤ cv} and
therefore outside of P . This is a contradiction as u was assumed
to lie in P .
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3.3 What can be said about the lattice width of poly-
topes similar to the octahedron example?

3.3.1 Some basics of convex geometry.

For x ∈ Rn, and convex set K, let

‖x‖K := inf {t ≥ 0 : x ∈ tK}

denote how much K has to be dilated before it touches x. Assuming K is
a centrally symmetric convex body (i.e. K = −K), it is easy to verify that
‖·‖K is a norm on Rn.

Given a convex set K containing the origin, the polar body K◦ ⊂ (Rn)∗
of K is the convex set

K◦ := {x ∈ (Rn)∗ : xy ≤ 1 for all y ∈ K} .

We now outline an approach to bounding lattice width, a good reference for
which can be found in the paper of Kannan and Lovász [7]. The following
proposition is a matter of unpacking definitions:

Proposition 8. For a convex set K,

w (K) = inf
c∈(Zn)∗

c 6=0

‖c‖(K−K)◦ .

In other words, w (K) is how much (K −K)◦ has to be dilated before it
touches a nonzero integer point.

In the case when K is centrally symmetric, then this quantity can be
bounded in terms of the volume of K◦ via a classical theorem in convex
geometry [4, Chapter 2]:

Theorem 9 (Minkowski’s convex body theorem, 1889). Let K ⊂ Rn be a
centrally symmetric convex body. Then if vol (K) ≥ 2n, K contains a nonzero
integral point.

The connection between volume and lattice width is outlined in the fol-
lowing proposition:

Proposition 10. Suppose K is a centrally symmetric body such that vol (K◦) ≥
(c/n)n for some constant c > 0. Then w (K) ≤ 4n/c.
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Proof. Let t > 0 be the number so that vol (t (K −K)◦) = 2n. Then by
Minkowski’s convex body theorem, t (K −K)◦ contains a nonzero integral
point, and hence w (K) ≤ t by the previous proposition. But since K is
centrally symmetric, (K −K)◦ = (2K)◦ = 1

2K
◦ and thus

2n = vol (t (K −K)◦) = tn

2n
vol (K◦) ≥

(
tc

2n

)n

,

so t ≤ 4n/c.

Unfortunately, it is possible forK◦ to have arbitrarily small volume. How-
ever, if we consider instead the relative volume of K◦ ∩ {(x, y) : x = 0}, we
might be able to apply the previous proposition and still obtain an upper
bound on w (K).

More precisely, define the hereditary volume of a convex body K to be
the quantity

max
I⊆{1,2,...,n}

(
vol|I| (KI)

)n/|I|
,

where voli (K) is the i-dimensional volume of K and KI denotes the intersec-
tion of K with the linear subspace LI := {(x1, . . . , xn) : xj = 0 for all j /∈ I}.
This definition is similar to that of hereditary discrepancy in discrepancy
theory [9, Chapter 4]. The reason for introducing this variation of volume is
that it allows us to weaken the assumption of Proposition 10:

Proposition 11. Suppose K is a centrally symmetric convex body such that
K◦ has hereditary volume at least (c/n)n. Then w (K) ≤ 4n/c.

Proof. Let I ⊂ {1, 2, . . . , n} be an maximizing subset, so that vol|I| ((K◦)I) ≥
(c/n)i, where i = |I| ≤ n. Since (K◦)I = K◦ ∩ LI , the amount (K◦)I needs
to be dilated before hitting a nonzero integral point is at least the amount
K◦ needs to be dilated before hitting an integral point. Thus, w (K) ≤
wI (KI), where wI (KI) is the lattice width of KI in LI . But by the previous
proposition, wI (KI) ≤ 4n/c.

Now consider P,Q as above, where for simplicity we only look at the case
where Q = [0, 1]n and P has a center of symmetry at

(
1
2 , . . . ,

1
2

)
. To simplify

matters further, we translate P so that P = −P and Q =
[
−1

2 ,
1
2

]n
; it is easy

to see from the definition that lattice width is invariant under translation.
Now we wish to apply the above observations to P ; however, we first need
to get a handle on what P ◦ looks like.
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We know that P has 2n facets, thus P has a facet description P =
{x ∈ Rn : Ax ≤ b} for some 2n × n matrix A and vector b. Since 0 ∈ P ,
b must be nonnegative. In fact b must be strictly positive since the origin
lies in the interior of P . Thus, after rescaling the rows of A, we may write
P = {x ∈ Rn : Ax ≤ 1} where 1 is the all ones vector. Now, every vertex of
Q =

[
1
2 ,

1
2

]n
lies on a unique facet of P . Thus, if ai is the ith row of A, then

aix ≤ 1 for all x ∈ Q. The choice of x which maximizes aix is the vertex v
of Q whose sign pattern agrees with that of ai. This v must lie on the facet
corresponding to ai, and hence we conclude

1
2

n∑
j=1
|ai,j| = 1.

Now it is straightforward from the definitions that the polar body of P is
equal to the convex hull of the rows of A. What the preceding argument
further shows is that P ◦ is the convex hull of 2n vertices, each of which lies
in the interior of a unique facet of 2conv (±e∗1, . . . ,±e∗n) ⊂ (Rn)∗.

In summary, we have shown that if we can prove the following statement,
then we can find a bound linear in n on the lattice width of the class of
polytopes P considered in this section:

Conjecture 12. Let K ⊂ Rn be a centrally symmetric polytope with 2n

vertices with the property that each vertex of K lies in the interior of a
unique facet of 2♦n. Then the hereditary volume of K is at least (c/n)n for
some absolute constant c > 0.
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