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Abstract

In this report, I will investigate some initial properties of polytopes
arising from ordered and unordered number partitions. In particular,
I will study their vertices, which give some interesting properties, and
how we can construct polytopes of constrained partitions.

1 Introduction

The permutohedron Pn is a well studied polytope, whose vertices correspond
to permutations of n elements, with many interesting properties. These poly-
topes encode information about permutations – a combinatorial object. On
the other hand, another interesting combinatorial object is number partitions
and we will try to construct polytopes corresponding to these. Some natural
questions are:

1) Are there polytopes naturally arising from integer partitions?

2) If so, can we characterize its faces?

3) Do they have any nice properties?

In this report, I will give two different constructions for ordered and un-
ordered integer partitions, respectively. (Unfortunately, it seems like a lot of
this work has been done before...)

2 Ordered Partition Polytopes

We begin with the simpler of the two polytopes. An ordered partition of an
integer n is a way to write n as a sum

n = λ1 + λ2 + ...+ λk

of positive integers where the order is remembered. For example, the parti-
tions 1 + 1 + 2 and 1 + 2 + 1 of 4 are different. Each λi above is a part.
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Lemma 1. The set of ordered partitions of n is in bijection with the set of
0, 1-vectors of length n− 1.

Proof. Let n = λ1 + λ2 + · · · + λn be an ordered partition. Then we will
associate it with the 0, 1-vector vλ:

vλ = (1, 1, . . . , 1︸ ︷︷ ︸
λ1−1

, 0, 1, 1, . . . , 1︸ ︷︷ ︸
λ2−1

, 0, · · · , 1, 1, . . . , 1︸ ︷︷ ︸
λk−1

) (1)

Analogously, for any 0, 1-vector vλ, we will associate it with the partition
n = λ1 + λ2 + ...+ λk.

This gives a bijection between the ordered partitions of n and the vertices
of the (n − 1)-cube and a proof that there are 2n−1 ordered partitions of n.
This initial construction seems a bit boring, however, the proof suggests a
more interesting construction. The idea is to associate entries in vλ with ′+′

signs in n = 1 + 1 + ... + 1. For k consecutive 1’s, we group the plus signs
together to form a part of size k + 1.

Lemma 2. No 0, 1-vector can be written as a convex combination of other
distinct 0, 1-vectors.

Proof. Let v be a 0, 1-vector and suppose that v can be written as a convex
combination of vi’s

v = c1v1 + c2v2 + · · ·+ ckvk

Then for every position j of v that is 0, all of the vi’s must also be 0 in
position j as well. Otherwise, the sum would contain a nonzero entry where
v was zero. This restricts the vi’s to have at most as many 1’s as v. Given
this, the vi’s must all have as many 1’s as v, else

v · (1, 1, ..., 1) 6=

(∑
i

civi

)
· (1, 1, ..., 1)

But there is only one vector containing as many 1’s as v with 0’s where v
has 0’s and this is v itself. Thus the only convex combination resulting in v
is v = 1(v), so v is not a linear combination of any other 0, 1-vectors.

Corollary 3. The n-cube has 2n vertices.
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Now, instead of letting vλ be any 0, 1-vector, let vλ come from the set

An,m = {x ∈ {0, 1}n−1 : x has no more than m− 1 consecutive 1’s}

Following the proof of lemma 1 tells us that A is in bijection with ordered
partitions of n with parts of at most size m. When m ≥ n, we recover
the (n− 1)-cube. Furthermore, we already know from lemma 2 that all the
elements of An,m cannot be written as a convex combination of other elements
in An,m.

Definition. LetOn,m (for ordered) be the polytope obtained from conv(An,m).

Some first properties of On,m are recorded below.

Lemma 4. (a) On,m is n− 1 dimensional when m > 1

(b) Every element of An,m is a vertex of On,m

Proof. (a) When m = 1, An,1 = {(0, 0, ..., 0)} is 0 dimensional independent of
n. In any other case, An,m contains all the n− 1 dimensional unit vectors as
well as the origin. The convex hull of this subset of An,m is n−1 dimensional
and An,m ⊂ Rn−1 so On,m is n− 1 dimensional.

(b) This statement is equivalent to the statement that no element of An,m
can be written as a convex combination of the others. This follows from
lemma 2.

Corollary 5. The vertices of On,m are in bijection with the ordered partitions
of n into parts of at most size m.

Already, we have established some basic properties of these polytopes.
Now we have a natural question: what do these polytopes look like? Some
low-dimensional images are provided below using polymake.
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Figure 1: O4,3, cube with truncated
corner

Figure 2: O3,3

O4,3 above is the convex hull of the following set of points:

{(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 0), (1, 0, 1), (0, 1, 1)}

Similarly, O3,3 can be identified with the convex hull of

{(0, 0, 0), (1, 0, 0), (1, 1, 0), (0, 1, 0)}

Note that if we project this representation onto the first two coordinates,
we obtain the usual description of O3,3 as all 0, 1 vectors of length 2. Not
pictured are O2,3, which can be identified with the line segment from (0, 0, 1)
to (1, 0, 1) and O1,3, which can be identified with the point (0, 1, 1).

Even in low dimension, we can make an interesting observation: the ver-
tices of O4,3 can be partitioned to give sets whose convex hulls are O3,3, O2,3,
and O1,3. Although it looks hopeless to try to partition O4,3 into smaller
polytopes of the form Ox,y since for x < 4 the dimension of Ox,3 is too small,
this small example suggests that we can still have hope of partitioning the
vertices into sets whose convex hulls are lower dimensional polytopes that
look like Ox,y.

Theorem 6 (Rispoli). The vertices of On,m, for m ≤ n can be partitioned
into m sets whose convex hulls can be identified with On−1,m, On−2,m, ..., On−m,m.

Proof. As we saw above, we obtained O3,3 from the vertices of O4,3 in a
suggestive way. The last coordinate was 0 for every vector in the partition
and projecting onto the first two coordinates gave exactly O3,3.
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This suggests the method for the proof. Consider the set of all vertices
ending in i 1’s, where 0 ≤ i ≤ m− 1:

(..., 0, 1, 1, ..., 1︸ ︷︷ ︸
i

)

Note that these points all lie on a codimension i + 1 hyperplane, so they
have the correct dimension for On−i−1,m. Furthermore, for any i 6= j the sets
described above are distinct since any vertex ending in exactly i 1’s cannot be
the same vertex as any vertex ending in exactly j 1’s. Finally, note that every
vertex matches exactly one of these (else, it has more than m−1 consecutive
1’s), so these sets form a partition of the vertices of On,m.

Now we need to argue that the convex hull of these points form On−1,m.
Fix some i, so that the set we consider has vertices ending in a 0 followed by
i 1’s. Then all the first n− i− 1 coordinates are free as long as there are no
m − 1 consecutive 1’s. This set is isomorphic to An−i,m (e.g. by projection
onto the first n− i− 1 coordinates) whose convex hull is On−i,m. Thus, the
convex hull of this set can be identified with On−i,m.

Thus, we have a partition of the vertices into m subsets whose convex
hulls can be identified with the polytopes On−1,m, On−2,m, ..., On−m,m.

In his work, Rispoli suggests a different name for these polytopes: Fi-
bonacci polytopes. This is due to the fact that the vertices can be par-
titioned into smaller subsets whose convex hulls are exactly the lower di-
mensional polytopes, giving a Fibonacci-like recurrence for the number of
vertices. Furthermore, he gives an example of where these might be used in
optimization.

One might ask for some further interesting properties of these polytopes
and although there is not much investigation, there is an interesting property
for On,1 due to Richard Stanley[2]: its volume is En/n! where En is the number
of alternating permutations of n elements.

3 Unordered Partition Polytopes

We now shift our attention to unordered partition polytopes. An unordered
partition of an integer n is a way to write n as a sum

n = λ1 + λ2 + ...+ λk
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of positive integers where the order of the summands is unimportant. As
before, each λi is a part.

As before, we’d like to associate a polytope to the integer partitions of
a number n. Given the previous section, we might try something like iden-
tifying partitions that are reorderings of each other. For example, on O4,3,
we would want to identify the vertices (1, 1, 0) and (0, 1, 1) corresponding to
the ordered partitions 3 + 1 and 1 + 3 respectively. However, this gets messy
quickly.

A simpler construction is to associate any partition of n

n = µ1 ∗ (1) + µ2 ∗ (2) + ...+ µn ∗ (n)

with the vector (µ1, µ2, ..., µn). Now, define the set

Bn = {x ∈ Zn≥0 : (1, 2, ..., n) · x = n}
where · is the usual dot product. Then we’ll construct a polytope:

Definition. Let Un (for unordered) be the polytope obtained from conv(Bn).

There are other representations of Un. For example, we could have chosen

Cn = {x ∈ Zn≥0 : x1 ≥ x2 ≥ · · · ≥ xn and
∑

xi = n}

where xi = λi. Here, the representation is n = λ1 + · · ·+ λk. The usefulness
of the representation we chose will become more obvious later. However,
it is helpful to keep in mind that there are different representations since
some questions that are hard on our representation may become easy under
tranformation to a different representation.

Remark. The µ representation (n = µ1(1)+µ2(2)+· · ·+µn(n)) is isomorphic
to the λ′ representation (n = λ′1 + ...+ λ′k). (λ′ denotes the conjugate of λ.)

Proof. First, observe that for every partition of n, its conjugate is a partition
of n, so the action of conjugation takes Cn to Cn. Thus it is okay to consider
the conjugates λ′ instead of the partitions λ since conjugation is an involution
on Cn.

Considering all the elements of Bn and Cn as column vectors, we have a
bijection between the sets that is given by:

1 1 1 · · · 1
0 1 1 · · · 1
0 0 1 · · · 1
...

... · · · . . . 1
0 0 · · · 0 1

Bn = Cn
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This is a linear transformation taking Bn to Cn. Thus, it extends to a linear
transformation from conv(Bn) to conv(Cn) so these two representations are
isomorphic.

Using hints from the previous construction, we can already ask some
interesting questions:

1) What is the dimension of Un?

2) Can Un be partitioned like On,m?

3) What are the faces of Un?

The first question is easy to answer and will provide some insight into an-
swering the second question.

Proposition 7. Un is n− 1 dimensional.

Proof. The proof is by induction. For n = 1, U1 is just the point 1 ∈ R
with dimension 0. Now suppose that dimUn−1 = n − 2. We will show that
dimUn = n− 1.

It is easy to see that Un is at most n − 1 dimensional: All the points of
Un lie on the hyperplane defined by

∑
i ixi = n. Thus dimUn ≤ n− 1.

For the other direction, first note that there is only one vector in Bn

whose last coordinate is nonzero. This is the vector (0, 0, ..., 0, 1) since any
other vector with nonzero last coordinate does not correspond to a partition
of n. (i.e. there is only one partition of n containing n itself)

Otherwise, the final coordinate of a vector in Bn is zero so all the other
vectors in Bn\{(0, 0, ..., 0, 1)} lie on a coordinate hyperplane (xn = 0). But
now these vectors lie on the intersection of two hyperplanes, so their dimen-
sion is at most n− 2.

Furthermore, the crucial observation is that Un contains an embedding
of Un−1. For every v = (x1, x2, ..., xn−1) ∈ Un−1, consider the embedding
sending v to v′ = (x1+1, x2, ..., xn−1, 0) ∈ Un by adding 1 to x1 and appending
a 0 to the end. Now v′ is a partition of n with xn = 0 and we have an
embedding of Un−1 in U ′n = conv(Bn\{(0, 0, ..., 0, 1)}) But Un−1 was n − 2
dimensional so U ′n is at least n− 2 dimensional, giving that dimU ′n = n− 2.
But Un is the convex hull of (0, 0, ..., 0, 1) and U ′n and since (0, 0, ..., 0, 1) only
shares one hyperplane with U ′n, the dimension of Un is exactly n− 1.
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Actually, this proof provides some insight. First, we see something of
the geometric structure of Un: namely that it is basically a ”pyramid” over
smaller Ui’s. (By pyramid here, I mean that Un is the convex hull of one
vertex at (0, 0, ..., 0, 1) and the others in the hyperplane xn = 0 and that
these vertices living in the hyperplane xn = 0 bear a ”strong resemblance”
– see proposition 9 for an idea of what this means – to other Ui for i < n.)
Furthermore, in the proof, we embedded Un−1 into Un by adding 1 to the
first coordinate of vectors in Un−1. This gives a way to embed Ui into Ui+1.
This suggests that we can form a chain of embeddings and this is stated as
a corollary.

Corollary 8 (Shlyk). Un contains embedded copies of smaller Ui given by
the chain U1 ⊂ U2 ⊂ ... ⊂ Un.

Proof. As we saw in the proposition, every Un has a copy of Un−1 embedded
into it. Therefore Un−1 ⊂ Un. But we have an embedding of Un−2 into
Un−1 so we can proceed like this down to U1 to get the desired chain of
embeddings.

Similarly, we can embed Ui into Ui+m by adding 1 to the mth coordinate.
This suggests that every vertex of Un comes from a vertex of a previous Ui
for i < n (with the exception of (0, 0, ..., 0, 1) because this comes from the 0
vector, which is not a partition of any positive integer). For example, every
vector in Un with nonzero first coordinate can be considered to come from
an embedding of Un−1. Similarly, every vector with nonzero ith coordinate
can be considered to come from an embedding of Un−i into Un. Thus, every
vertex except (0, 0, ..., 0, 1) comes from an embedding of a smaller Um.

On the other hand, we might ask if this embedding gives us a way to
partition Un into smaller Um. For example, which Um must the vertices come
from? The proposition below answers the latter question.

Proposition 9 (Shlyk). Let x 6= (0, 0, ..., 0, 1) be a vertex of Un. Then x
comes from the embedding of at least one Un−i for 1 ≤ i < dn+1

2
e.

Proof. Let x = (x1, x2, ..., xn) 6= (0, 0, ..., 0, 1) be a vertex of Un. Suppose at
least one of the xi is nonzero for 1 ≤ i < dn+1

2
e. Then xn = 0 and x comes

from the vertex x′ = (x1, x2, ...xn−1) ∈ Un−i via the embedding

x′ 7→ (x1, x2, ..., xi−1, xi + 1, xi+1, ..., xn−1, 0)

8



On the other hand, suppose that one of the xj is nonzero for dn+1
2
e ≤ j ≤

n − 1. Then for any other dn+1
2
e ≤ j′ ≤ n − 1 different from j, we have

xj′ = 0 (otherwise, x is not a partition of n and could not possibly be in Un.
Furthermore, xj = 1 because jxj > n when xj > 1 and such an x is not a
partition of n. Thus, there must be some xi which is nonzero and we reduce
to the above.

We might hope for this to provide some sort of partitioning of Un into
smaller polytopes. However, such an interpretation is unlikely because any
x with multiple nonzero xi for 1 ≤ i < dn+1

2
e comes from the embeddings of

multiple Un−i’s. While this does not give much hope for a partioning prop-
erty, we do have a chain of embeddings and furthermore a characterization
of (almost all) the vertices in terms of the previous Ui. This leads naturally
to questions about characterization of the faces of Un.

Unfortunately, the situation is nowhere near as clear as in On,m. For
example, consider the point (2, 1, 0, 0) ∈ U4. Since this is an integer parti-
tion, we might hope that it is a vertex of Un. However, consider the points
(4, 0, 0, 0) and (0, 2, 0, 0). Then

(2, 1, 0, 0) =
1

2
((4, 0, 0, 0) + (0, 2, 0, 0))

is a convex combination of these two points, so it cannot be a vertex. So,
unlike the previous construction, not all partitions correspond to vertices.
We might hope that knowing that the vertices of Un come from previous Ui
would give us some information about which partitions are vertices. However,
this is also not the case.

Consider Un−1. There is a unique (integral) embedding into Un via

(x1, x2, ..., xn−1) 7→ (x1 + 1, x2, ..., xn−1, 0)

However, for even Un−2, there is ambiguity in which embedding we should
take. For example, either of the following is a viable embedding, but they
result in different vertices of Un:

(x1, x2, ..., xn−2) 7→ (x1 + 2, x2, ..., xn−2, 0, 0)

This gives, among others, the vertex (n, 0, 0, ..., 0) of Un while

(x1, x2, ..., xn−2) 7→ (x1, x2 + 1, ..., xn−2, 0, 0)
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does not. The situation is even more unclear for Un−3, Un−4, etc, where we
have even more embeddings. (In fact, there are as many embeddings of Un−i
into Un as there are ordered partitions of Ui...)

A natural question now is can we characterize which partitions do become
vertices? A partial answer is given by

Theorem 10 (Shlyk). We give two sufficient and two necessary conditions
(though no sufficient and necessary conditions)

1. (Sufficient) Let C = {c ∈ Zn : ci = i or ci = 0}\{0, 0, ..., 0} and fix
c ∈ C. Let · be the usual dot product. Then if c · x = n for x ∈ Zn≥0
has exactly one or two solutions, these solutions are vertices of Un.

2. (Sufficient) Let c ∈ C as above. Then let A = {a1, a2, ..., ak} be the set
of indices of nonzero components of c in increasing order (so that we
have a1 < a2 < · · · < ak). Then define x as follows:

xak = b n
cak
c, xak−1

= bn− xakcak
cak−1

c, xak−2
= b

n− xakcak − xak−1
cak−1

cak−2

c, etc.

and finally let xj = 0 for j /∈ A. Then x is a vertex of Un.

3. (Necessary) Let x be a vertex of Un. Then for all i, k with i|k, xk > 0,
and 1 ≤ i < k ≤ n we have ixi < k.

4. (Necessary) Let x be a vertex of Un. Then for all i, j, k with i|k − j,
xk, xj > 0, and 1 ≤ i < j < k ≤ n we have ixi < k − j.

Before giving a proof, we will note that these conditions are strong enough
to characterize the vertices Un for small n (Shlyk uses them to give all the
vertices up to U8), but they are not enough in general. It would be nice to
have sufficient and necessary conditions for a point to be a vertex of Un.

Proof. 1. Suppose that x1 is one of at most two solutions to c · x = n and
suppose that x1 is a convex combination x1 = λ1y1 +λ2y2 + · · ·+λkyk.
Since whenever x1i = 0 we also have y1i = y2i = ... = yki = 0, then
y1, y2, ..., yk are also solutions to c · x = n.

Thus x1 is actually a linear combination of x1 and x2:

x1 = λ1x1 + λ2x2 =⇒ (1− λ1)x1 = λ2x1 = λ2x2 =⇒ x1 = x2

and thus x1 can only be written as a convex combination of itself, so it
is a vertex.
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2. Suppose x = λ1y1+λ2y2+ · · ·+λmym is as described in condition 2 and
take ak to be the largest index where x is nonzero. Then observe that
xak is an upper bound for the athk component of any point of Un (any
larger does not give a partition of n). Thus y1ak = y2ak = ... = ymak =
xak else x could not be written as such a combination. Similarly, we
have y1ak−i

= y2ak−i
= ... = ymak−i

= xak−i
for all 0 ≤ i < k so in fact

y1 = y2 = ... = ym = x and x must be a vertex.

3. Suppose that x is a vertex with ixi ≥ k for some i, k as in the theorem.
Construct two new points y, z from x such that yi = xi − k

i
, zi =

xi + k
i
, yk = xk + 1, zk = xk − 1 and yj = zj = xj for j 6= i, k. By

our construction, we have y, z 6= x ∈ Un. But now we also have that
x = 1

2
y+ 1

2
z is a convex combination of two distinct points that are not

itself, a contradiction.

4. Now suppose that x is a vertex with ixi ≥ k − j for some i, j, k as
in the theorem. Then we’ll construct y, z similarly as before. Let
yi = xi − k−j

i
, zi = xi + k−j

i
and let yk = xk + 1, zk = xk − 1. Finally,

let yj = xj − 1 and zj = xj + 1 and yl = zl = xl for all l 6= i, j, k. As
before, x can be written as a convex combination of y, z 6= x ∈ Un, a
contradiction.

In a similar manner, one can construct many conditions on the vertices
of Un. However, this construction does not seem satisfactory because it’s
not clear that the set of these conditions is sufficient to determine whether a
point is a vertex and also because it is very cumbersome. Ideally, satisfactory
necessary and sufficient conditions for a point of Un to be a vertex should
have some connection (hopefully) to a partition identity. For example, maybe
a proof of the recurrence implied by Euler’s pentagonal number theorem
(p(n) = p(n − 1) + p(n − 2) − p(n − 5) − p(n − 7) + ...) can be seen from
some of the embeddings of smaller Um into Un. As of now, however, these
questions seem out of reach.

Whereas On was a cube, Un is much more complicated and already not
very well understood. However, we can still try to answer questions about
constrained ordered partitions and this question has a surprisingly easy an-
swer. Furthermore, we can actually do a bit more than with On,m, since the
construction here is so natural.
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Say, for example, that we wanted to study partitions of n into parts of at
most k. This means that for all vectors x we want xi = 0 for i > k. Then the
object we want is just the intersection of the hyperplane defined by xi = 0
for i > k with Un.

As another example, suppose that we wanted to study partitions of n
with exactly one 1. Then the vectors we want are x with x1 = 1. Then we
want the intersection of the hyperplane defined by x1 = 1 with Un. We’ll
generalize this construction.

Let S = {s1, s2, ..., sk} ⊂ [n]. These correspond to the constrained parts
(for example, to constrain only parts of size 1, we have S = {1}). Then let
C = {c1, c2, ..., ck} with

∑
i cisi ≤ n. The ci correspond to the contraints on

the constrained parts (for example, to obtain only 3 parts of size 1, we have
S = {1}, C = {3}.

Definition. Fix some S and C as described above. Then Un,S,C is the poly-
tope obtained by intersecting the hyperplane defined by xsi = ci for 1 ≤ i ≤ k.

When k = 0, then we obtain the regular Un. One caveat here is that we
may make an unreasonable constraint (e.g. partitioning n into parts only of
size greater than dn

2
e). Of course, we will see ”partitions” in the convex hull

corresponding to partitions into real numbers, but there may be no integral
partitions. Other than this, the construction is very natural and we can ask
some interesting questions.

Conjecture 11. All faces of Un come from Un,S,C for some S,C.

The proof is non-obvious. An intuitive idea is to take the hyperplanes
defined by facets (since it is easy to see that the facets, I think, come from
integral hyperplanes) and then look at all the facets which intersect at a face.
Then study the desired face as the intersection of all the facets that contain
it. The intersection of the corresponding hyperplanes should give exactly the
contrained partitions desired. However, I don’t have a rigorous way to say
this yet.

Regardless, it would be good to characterize these constrained partitions
because then we may be able to see combinatorial partition identities geo-
metrically from how these contrained partitions fit together inside Un.

To study the faces further, I computed some f and h-vectors for these
polytopes. The f -vectors were computed using polymake. They exhibit some
interesting properties, but I don’t know what to make of them at this point.
They are listed in the tables below. (1’s are excluded from the f -vector.)
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Un f -vector
n=3 (3,3)
4 (4,6,4)
5 (6,13,13,6)
6 (7,19,26,19,7)
7 (11,40,71,69,37,10)
8 (12,51,111,140,106,47,11)
9 (17,92,251,401,396,242,87,16)
10 (19,115,357,666,797,624,315,97,16)
11 (29,217,805,1788,2574,2480,1602,675,173,23)
12 (25,204,870,2287,3998,4816,4040,2335,897,212,26)
13 (41,409,2026,6099,12202,16955,16675,11612,5624,1816,359,36)
14 (41,439,2372,7883,17638,27843,31740,26319,15769,6677,1912,341,32)

These numbers may seem a bit meaningless, but there are a few inter-
esting observations: the number of vertices and the number of facets is not
monotonically nondecreasing. For example, U12 has fewer vertices than U11

and U14 has fewer facets that U13. I have no idea why this might be the
case, and studying the vertices and facets themselves did not reveal much.
Furthermore, up to n = 6, the f -vectors are actually symmetric. It is unclear
why this is the case and even more unclear why this stops being the case.
These polytopes are neither simple nor simplicial.

The h-vectors are produced below:

Un h-vector h-vector of dual
n=3 (1,1,1) (1,1,1)
4 (1,1,1,1) (1,1,1,1)
5 (1,2,1,1,1) (1,2,1,1,1)
6 (1,2,1,1,1,1) (1,2,1,1,1,1)
7 (1,5,0,1,1,1,1) (1,4,2,1,1,1,1)
8 (1,5,0,1,1,1,1,1) (1,4,2,1,1,1,1,1)
9 (1,9,1,0,1,1,1,1,1) (1,8,3,0,1,1,1,1,1)
10 (1,10,-1,0,1,1,1,1,1,1) (1,7,5,0,1,1,1,1,1,1)
11 (1,19,1,-7,3,1,1,1,1,1,1) (1,13,11,-1,-1,1,1,1,1,1)
12 (1,14,9,-6,1,1,1,1,1,1,1,1) (1,15,7,-6,1,1,1,1,1,1,1,1)
13 (1,29,24,-29,0,4,1,1,1,1,1,1,1) (1,24,29,-14,-10,4,1,1,1,1,1,1)
14 (1,28,25,-37,3,4,1,1,1,1,1,1,1,1) (1,19,35,-13,-13,4,1,1,1,1,1,1,1,1)
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The h-vectors are perhaps even more mysterious than the f -vectors. Unfor-
tunately, they are not even nonnegative. However, the last half of the entires
is always 1 and there is no obvious reason for this. Unfortunately, since the
polytope is neither simple nor simplicial, interpreting these is very difficult.
Trying to reverse engineer the kinds of f -vectors that give these h-vectors
does not seem very useful.

4 Conclusion

There are many possible directions to continue exploring. For example,
though we were able to give some characterization of the vertices, what do
other faces of these polytopes look like? Can we give a complete character-
ization of the vertices? What does it mean combinatorially that an integer
partition is a convex combination of other integer partitions? Rispoli and
Shlyk give characterizations of the facets, but no other faces, of these poly-
topes. Do these embeddings or partitions we uncovered correspond to some
natural combinatorial property of integer partitions? Are there other such
properties with some dual interpretation in the land of integer partitions?
What are interpretations of these h and f -vectors in terms of partition iden-
tities? (Or even any combinatorial interpretation at all?)
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