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Abstract. In this project I address some basic questions about
counting lattice paths under general restrictions in Zk

+. I present
some formulae in terms of determinants for paths that avoid a set of
points and paths that lie between general boundaries. Afterwards,
I discuss how useful these results are for the analysis of a speci�c
application and their practical performance.

1. Introduction and motivation

My interest in the lattice path enumeration comes from the fol-
lowing problem in design of experiments. The multinomial selection
problem [3] is to select the best out of k ≥ 2 competing alternat-
ives. There is an unknown probability vector p = (p1, . . . , pk) ∈ P ≡{
p ∈ (0, 1]k :

∑k
i=1 pi = 1

}
. The alternatives compete in successive in-

dependent trials. Each trial is won by one alternative, with alternative
i having probability pi > 0 of winning. Without loss of generality, let
p1 ≤ p2 ≤ . . . ≤ pk, with the understanding that this ordering of the
pi is not known during the trials. Alternative pk is called the best, or
most probable.
A long-standing research goal of the �eld is to �nd a policy that

conducts the minimum expected number of trials, subject to identifying
the best alternative with high probability and an upper bound on the
maximum allowed number of trials. As stated, the problem is poorly
posed because, for example with k = 2, any �nite upper bound u,
and any δ > 1

2
, it is impossible to succeed with probability ≥ δ for the

probability vector pi =
1
2
+ε(−1)i for ε > 0 su�ciently small. Bechhofer

[2] provided a workable formulation of the problem which has become
standard. For ρ > 1 de�ne the indi�erence zone to be

IZρ ≡
{
p ∈ P ; pi ≤ pi+1 ∀i ≤ k − 1;

pk
pk−1

< ρ

}
.

The idea is that ρ is the smallest di�erence worth detecting. Given
ρ > 1, Bechhofer's formulation is to minimize the worst-case expected
number of trials subject to given lower and upper bounds, respectively,
on the PCS and maximum number of trials. The worst case is taken
over all probability vectors not in IZρ.
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A policy is a decision rule which at the end of each trial, chooses
whether to terminate or run another trial. A policy must be legal, that
is, symmetric with respect to reordering the alternatives, because it has
no prior knowledge of the probability vector p. Upon termination the
policy decides which alternative to select. A policy is deterministic if it
chooses to terminate deterministically given the outcomes of the trials
that have already been run. Otherwise the policy is randomized. For a
policy Q and a probability vector p, the probability of correct selection,
denoted PCSQ(p), is the probability that Q selects alternative k for a
given p. Another measure of interest isEQ [N ;p], the expected number
of trials which Q runs before termination for a given p. In particular
one might want to �nd the extrema of these functions.
A state w = (w1 . . . , wk) is a non-negative integer vector denoting

that after
∑k

i=1wi trials alternative i has won wi times. A policy is
Markovian if its termination rule is only based on the current state.
One can show that it su�ces to restrict oneself to Markovian determ-
inistic policies in a sense that all other policies can be obtained by
taking a countable probabilistic mixture of such policies.
This is where the combinatorics comes into play. Markovian determ-

inistic policies are completely determined by their terminal states. If T
is a set of terminal states for policy Q then there is a straightforward
representation of the policy as a region in a lattice Zk+. For instance a
policy which says: perform trials until one of the two alternatives won
4 times can be represented as the following:

Figure 1.1. Policy example: at white dots the policy
runs another trial and at red dots it terminates.

Furthermore, PCSQ (p) and EQ [N ;p] can be speci�ed as:

PCSQ (p) =
∑
w∈T

wk≥wi,∀i

L (w)

m (w)
pw1
1 . . . pwk

k

EQ [N ;p] =
∑
w∈T

(∑
i

wi

)
L (w) pw1

1 . . . pwk
k

where L (w) is the number of paths from 0 to w in a k dimensional
lattice with steps set ei, i = 1, . . . , k, which avoid other points in T and
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m (w) = #argmax {w1, . . . wk}. The formula for PCS assumes that
the alternative selection is 'sane', i.e. the policy selects alternatives
with the most wins and randomizes in the case of ties. So, in a sense,
one only needs to know the lattice points at which one stops and the
number of paths to those points in order to fully describe the functions.
However, ultimately I proved the things that I wanted without ever

explicitly working with the paths. It turned out that the expressions
that I got were more cumbersome than illuminating. Nevertheless,
this line of attack did lead me to some quite interesting results and
questions which I will discuss in this project.

2. Some counting results

In this section I discuss the enumeration of lattice paths with some
boundary conditions. The most famous result in this area is that the
number of paths which don't cross the diagonal are counted by Catalan
number. There are some nice results for paths between linear bound-
aries and paths [13] with a piecewise linear boundaries [7]. However, I
mostly look at paths with general boundaries in all their gory details.

De�nition. A path is a sequence of points (w0,w2, . . . ,wl) in Zk.
The point w0 is called a starting point and wl is the end point.
The vectors {wi −wi−1 : i ∈ {1, . . . l}} are steps of the paths.
I will only deal with paths that have simple stepsei, i = 1, . . . , k �

ith unit vectors. I will write L (w0 → wl|•) for the number of paths
with the starting point w0 and the end point wl which satisfy some
condition •.
First let's take a look at the paths on a two dimensional lattice.

A general continuous boundary condition would be paths sandwiched
between two other paths. A convenient way to represent a path (0, 0)→
(n,m) is to write it as a vector v = (v1, . . . , vn) with v1 ≤ v2 ≤ . . . ≤ vn.
The entry vi is the minimum height of the paths after taking i steps to
the right.

Figure 2.1. A path v = (0, 2, 4, 4, 5, 5) from (0, 0) to (6, 6)



MATH 7012 � COMBINATORICS PROJECT: LATTICE PATHS ENUMERATION4

Theorem 1. Let a = (a1, . . . , an) and b = (b1, . . . , bn) be paths with
b1 = 0 and bi ≤ ai for all i = 1, 2, . . . , n. Then the number of paths
from (0, 0) to (n, an) that (weakly) dominate b and are dominated by a
is given by

L ((0, 0)→ (n, an) |b ≤ v ≤ a) = det
1≤i,j≤n

((
ai − bj + 1

j − i+ 1

)
+

)
where

(
i
j

)
= 0 if j < 0 or i < j and normal binomial coe�cient

otherwise.

There are quite a few di�erent proofs of this result in the literature.
Originally it was proved by Kreweras [5] using recurrence relations.
Other proofs employ properties of determinants [6] and inclusion ex-
clusion principle [8]. The nicest one I found [4] uses a generalization of
hook content formula [11]: number of semi standard Young tableaux
with shape λ/µ where entries in row i are at most ai and at least bi,
with ai and bi non-decreasing is

(2.1) det
1≤i,j≤n

((
ai − bj + λi − µj − i+ j

λi − µj

))
Proof. To use this result, we can reformulate our problem to count
strictly increasing paths via a map (v1, . . . , vn)→ (v1 + 1, . . . , , vn + n).
Then the problems is equivalent to counting vectors v with v1 < v2 <
. . . < vn with bi + i ≤ vi ≤ ai + i. This is the same as the number of
semi standard Young tableaux with λ = 1, µ = 0 and given bounds on
row entries. Applying formula 2.1 we get the desired result. �

In higher dimension things become quite a bit more complicated. An
analogous de�nition of a boundary in Zk+1

+ can be stated as follows.

Consider functions a, b :
∏k

i=1 {0, 1, . . . , ni} → Z+ with a (v) ≥ b (v) for
all v in the domain. Furthermore, to make a and bmore 'pathlike', they
need to be increasing. In other words, a (v) ≥ a (w) and b (v) ≥ b (w)
for all v,w with vi ≥ wi, i = 1, . . . , k. Also, as before set b (0) = 0.
Then we are after the paths in Zk+1

+ from 0 to (n1, . . . , nk, a (n1, . . . , nk))
that are bounded by a and b in a sense that they have to stay in the
region {(v1, . . . , vk, vk+1) : b (v1, . . . , vk) ≤ vk+1 ≤ a (v1, . . . , vk)}. Then
the generalization reads as follows:

Theorem 2. Let n be a vector of non-negative integers. Let s :=∏k
i=1 (ni + 1) and w1, . . . ,ws ∈

∏k
i=1 {0, 1, . . . , ni} be ordered lexico-

graphically. The the number of lattice paths in Zk+1
+ from 0 to (n, a (n))

that stay in the region {(v, vk+1) : b (v) ≤ vk+1 ≤ a (v)} is

L (0→ (n, a (n)) |b ≤ v ≤ a) = (−1)
∑k

i=1 ni+s det1≤i,j≤s−1

((
a(wi)−b(wj+1)+1

wj+1−wi

)
+

)
�
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where
(
a(wi)−b(wj+1)+1

wj+1−wi

)
+
= 0 if any of the entries (wj+1 −wi)m < 0

or a (wi)−b (wj+1)+1 <
∑k

m=1 (wj+1 −wi)m. Otherwise it is a normal

multinomial coe�cient
(

a(wi)−b(wj+1)+1
(wj+1−wi)1...(wj+1−wi)k

)
�
The original proof is in [6]. A nice proof of the q-analogue of this

theorem using Gessel-Viennot Lemma is in [12]. However both of these
proofs are rather long and technical, so I won't present them here.
Although these results are quite general, it turned out that they

are not general enough. While working on my problem I realized that
there is another issue that can crop up. Sometimes, there are points
within the boundary that one wants to avoid. There was surprisingly
little attention to this topic. I was pretty much able to �nd only a
few sources looking at the problem [9, 11]. However, some results are
quite nice. For instance, there is another way Catalan numbers can
appear in lattice paths enumeration. The number of paths that avoid
'potholes' at odd points on the main diagonal is:

L ((0, 0)→ (2n, 2n) |path never intersects points (2i− 1, 2i− 1)) = C2n

I found the result in [9] but apparently the author posed this as a
problem much earlier. This paper with quite a few nice generating
functions for paths with di�erent step set that avoid the same set of
points.
Returning to the main question, how would one enumerate lattice

paths given a general set S ⊂ Zk+ of lattice points that one wants to
avoid? I was able to get a formula in terms of a determinant based on
inclusion-exclustion principle. It relies on the following result (slightly
modi�ed from Stanley [10])

Proposition 3. Let A = {A1, . . . , An} be a set of properties. Suppose
that for every B ⊆ A, B = {As1 , As2 , . . . Asm} where 1 ≤ s1 ≤ . . . ≤
sk ≤ n. Suppose that f≥ (T ) has the form

f≥ (T ) = h (n) e (s0, s1) e (s1, s2) . . . e (sm, sm+1)

for some functions h on N and e on N × N, where s0 = 0, sm+1 =
n+ 1, e (i, i) = 1 and e (i, j) = 0 if i < j. Then

f= (∅) = (−1)n+1 h (n) det
0≤i,j≤n

[e (si, sj+1)]

Proof. The proof follows from using inclusion-exclusion principle to
write

f= (∅) =
∑
B⊆A

(−1)#B f≥ (B)

and then applying the de�nition of determinant. Alternatively one
can prove it by induction on n. �

Using this one can prove the following result.
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Theorem 4. Let S = {w1, . . . ,wn} be a set of points in S ⊂ Zk+ one
wants to avoid ordered in increasing lattice distance from the origin.
Then then number of paths from w0 = 0 to wn+1 = n = (n1, . . . , nk)
can be written as

L (0→ n|don't intersect S) = (−1)n+1 det
0≤i,j≤n

(L (wi → wj+1))

The number of unrestricted paths is simply

L (wi → wj+1) =

(∑
m (wj+1 −wi)m
wj+1 −wi

)
+

Proof. Using inclusion-exclustion principle:

L (0→ n|don't intersect S) =
∑

Y⊂S (−1)
#Y L (0→ n|go through all points in Y )

With the given ordering the paths that go through all points in a
subset Y can be written in the form required by Proposition 3. �

3. Practicality

Originally, I had two goals for that I wanted to achieve with these for-
mulas. The main goal as I said was to be able to describe the PCSQ (p)
and EQ [N ;p] for the multinomial selection problem. I hoped that hav-
ing some expression for their coe�cients would give some insights into
their structure and behaviour. I haven't been able to accomplish this.
The determinans were the best that I could �nd. However, due to their
complexity I wasn't able to get any useful relations out of them. My
second, more modest goal was to at least use them to study things
numerically. But even a brief glance at the formulas makes one won-
der if they are computationally feasible. Computing determinants of
matrices with factorial entries just doesn't sound like a good idea. Fur-
thermore, it is relatively easy to calculate the number of paths to a
node using slightly modi�ed graph search algorithms. This section is
devoted to exploring the question whether these formulas which can be
compactly written on paper can be used for practical purposes.
For simplicity of notation lets count the paths from 0 to n = (n, . . . , n).

I'll treat the dimension k of the Zk as a constant. One can represent
a lattice as a directed graph G by mapping lattice points to nodes.
Naturally, the arc (u, v) ∈ E (G) only if we can move from u to v in
one step in the original lattice. Creating a graph a from the given
lattice with path boundary or avoiding points takes O

(
nk
)
time. The

algorithm for �nding the number of paths from 0 to n is described
below.
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Algorithm 1 Breadth-First-Search-Count

1: Inputs: A directed acyclic graph G, vertices 0 and n
2: Output: Number of paths from 0 to n
3:
4: for each node v in G: do

5: v.paths = 0
6: end for

7:
8: Initialize empty queue Q
9:
10: 0.paths = 1
11: Q.enqueue(0)
12:
13: while Q is not empty: do

14: v = Q.dequeue()
15: for each node u that is adjacent to v : do

16: if u.paths == 0: then

17: Q.enqueue(u)
18: end if

19: u.paths += v.paths
20: end for

21: end while

22:
23: return n.paths

Let's take a look at a very rough estimates for time complexity of
the algorithm compared to the determinant based formulas.
How big is the size of the input? That depends on what one is trying

to �nd. To encode the boundaries as in the Theorem 1 or Theorem2 in
Zk, one needs O

(
nk−1

)
bits. The Algorithm 1 iterates over all nodes

and vertices of the graph � O
(
nk
)
of them. The bound is tight in

the case where the boundary is exactly the size of the box
∏k

i=1 [0, n].
During each iteration of the second loop one adds two numbers which
are at most

(
kn
n...n

)
∼ C kn√

n
for some constants C. These numbers take

O (n) digits to represent, so the complexity of their addition is O (n).

So in this case the algorithm runs in O
(
m1+ 2

k−1

)
where m is the size

of the input.
In the case where one is given a set of points S with #S = s, the

size of the input is s log n. The number of nodes and vertices will
be O

(
nk − s

)
. Again during each iteration the algorithm has to add

numbers that require O (n) bits to encode. Therefore, given inputs of

size s and m the algorithm runs in O
(
s2m

k
)
.
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What about determinant formulas? First one needs to calculate
their entries but this time is dwarfed by the determinant calculation,
so I'll ignore it.Given an m × m matrix with entries encodable in L
bits, the time complexity of �nding determinant is O

(
m4+o(1)L2+o(1)

)
[1], where o (1)capture missing log terms. Therefore in the �rst case

we get bit complexity of O
(
m4+ 4

k−1

)
and for the second case we get

the complexity O
(
s42m

2
)
. It seems that the �rst two formulas are not

terribly useful under most circumstances. The usefulness of the second
one depends on the size of the set S,n and k.
To check if these conjectures are true, I ran some numerical experi-

ments. However, I ran into an unexpected issue. If I used my own code
for calculating the determinant using Gaussian elimination the results
were pretty much as I described. However, Gaussian has exponential
bit complexity for intermediate values, so it is technically not applic-
able. When I used numpy library in python, the determinant based
formulas were unexpectedly much faster than the breadth-�rst-search.
However, I wasn't able to achieve numerical stability even for n = 20,
k = 2, so the result are void. If I had more time I would have looked at
the implementation more closely but as it is, this is as far as I've got.
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