
Math 4107 — Many Uses of Elimination

1. (Solving equations.) Find all solutions of the following equations over complex
numbers.

x2 + 2y2 = 3,

x2 + xy + y2 = 3.

2. (Finding algebraic relations.) Write x5 + y5 as a polynomial in the elementary
symmetric polynomials x+ y and xy. Let T5 = x5 + y5, T2 = xy, T1 = x+ y. Eliminate
x and y from these three equations to get a relation between T1, T2, and T5.

3. (Implicitization.) A common problem in computational algebra is to find the “im-
plicit equations” of a set from a given parameterization.

(a) Consider the curve in R3 parameterized by x = t, y = t2, z = t3. Find equations
that define the curve. Hint: Eliminate t from these three equations.

(b) Consider the curve in R4 parameterized by x1 = t, x2 = t2, x3 = t3, x4 = t4. Find
equations that define the curve.

(c) The generalized curve in Rn is called the rational normal curve or the moment
curve. Make a conjecture about the defining equations.
Hint: They are 2× 2 sub-determinants of a nice matrix.

4. (Automatic geometric theorem proving: e.g. Heron’s formula.) Heron’s for-
mula is a formula for the area of a triangle in terms of its side lengths. It was discovered
by Hero of Alexandria in the 1st century AD. We’ll derive this using Gröbner basis.
Let a, b, c be side lengths of a triangle and A be the area of the triangle. We wish to
write A in terms of a, b, and c.
Draw a perpendicular line segment from a vertex onto the opposite edge. Give names
to line segments. Write down relations between them. Eliminate extra variables to
obtain an algebraic relation between a, b, c and A.



Some example M2 commands

• QQ[x,y,z, MonomialOrder => Lex] :
Instead of QQ, you can use finite fields such as ZZ/101.
Instead of Lex, you can use GLex for graded lex or Weights => 1,2,3 for dot product
ordering with a vector (ties are broken using graded reverse lex, which is the default
term ordering in M2).

• ideal(x,2*x*y+1): makes an ideal

• matrix {{1,2,3},{4,5,6}}: makes a matrix from a list of row vectors

• gens gb I: computes a Gröbner basis

• entries: entries of a matrix (list of the row vectors)

• eliminate(I,{x,y}): eliminates variables x and y from ideal I. You don’t need to
start with the Lex ordering.

• diff(x,x*y+2): partial derivative with respect to x

• viewHelp, toString

• oo: previous output. o5: output from line o5


