
Math 4107 — More Elimination and Gröbner Bases

1. Let I = 〈xy3 + x2 + y + 1, x3y2 + y2〉 ⊂ Q[x, y].

(a) For a few different term orderings of your choice (e.g. lex with x > y, lex with
y > x, the default term ordering in Macaulay2, Weights=>{4,3}, etc.), compute
the Gröbner basis and plot the monomials that are not divisible by the leading
terms in the Gröbner basis. (These monomials are called standard monomials
with respect to a given term ordering.)

(b) Do the number of standard monomials depend on the term ordering?

(c) Prove that the standard monomials form a basis for Q[x, y]/I as a vector space
over Q.

If it is finite, number of standard monomials is called the degree of the ideal I. It is an
upper bound for size of V (I) (common roots of polynomials in I).

2. (Cubic discriminant in one variable: a generalization of b2 − 4ac.)
The discriminant of a cubic (degree 3) polynomial ax3 + bx2 + cx+d is a polynomial in
a, b, c, d that vanishes (= 0) whenever ax3 + bx2 + cx + d has a double root. Compute
this cubic discriminant. Hint: Recall how double roots are related to derivatives.

3. (Discriminant of a quadratic polynomial in many variables: another gener-
alization of b2 − 4ac.) Consider the quadratic (degree 2) polynomial in two variables

Q(x, y) = ax2 + bxy + cy2 + dx + ey + f.

It defines a conic section V (Q) = {(x, y) : Q(x, y) = 0} on the plane. A singular point
of the conic section is a point (x0, y0) such that Q(x0, y0) = 0, ∂
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Q(x0, y0) = 0, i.e. a point in V (Q) at which the gradient vector of Q is zero.

(a) Find a polynomial in a, b, c, d, e, f that vanishes whenever V (Q) has a singular
point.

(b) Write the polynomial as (a scalar multiple of) the determinant of a nice 3 × 3
symmetric matrix. (You can first try writing b2 − 4ac as a determinant of a nice
symmetric 2× 2 matrix.)

(c) Conjecture a formula for the discriminant of a quadratic form in n variables.


