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Abstract. Total positivity serves as one of the main motivations for the develop-
ment of cluster algebras. In this expository paper we give a brief introduction to
total positivity through two examples – flag totally positive elements of SLn and
totally positive elements of GLn. We present a wiring diagram for SL4 and a double
wiring diagram for GL4. We then very informally sketch how cluster algebras may
prove useful for generalization results.

1. Introduction

Total positivity is a phenomenon studied with respect to applications in mechan-
ical systems, stochastic processes and approximation theory, representation theory
of the infinite symmetric group, and many other fields. In the 1990’s G. Lusztig [8]
highlighted an unexpected connection, based in representation theory, between total
positivity and canonical bases for quantum groups. These results lead Fomin and
Zelevinsky [3, 5, 6] to develop the theory of cluster algebras in the early 2000’s as an
attempt to better understand this connection in a more concrete and combinatorial
way.

In this paper, we focus on the relation between total positivity and cluster algebras.
In particular, how total positivity can be used as a motivation for the study of
cluster algebras, and how one may discover cluster algebras through the study of
total positivity. This paper closely follows the layout of the first of ten lectures on
cluster algebras given by Lauren K. William at Institute Henri Poincare in 2014 [10].

We describe two examples of totally positive objects, their connection to a type of
combinatorial object, and how this connection helps to create an efficient test for total
positivity. In other words, in the study of totally positive objects, one is frequently
interested in the answer to the question

What is the most efficient way to test an object for total positivity?
This paper attempts to answer this question for the flag totally positive elements

of the Special Linear Group, and the totally positive elements of the General Linear
Group. We do not include a discussion of the totally positive Grassmannian, however,
the interested Reader may refer to [9, 10]. We provide the necessary definitions,
figures, lemmas, theorems, some proofs, and lots of references to find the proofs not
included. We aim to be thorough and not to assume that the Reader has any prior
knowledge on this topic.

2. Flag Totally Positive Elements in SLn

We begin by defining flag minors and flag totally positive elements.

Definition 2.1. [3] Let x = (xij) be an element in SLn. We define flag minors to be

PI : x 7→ det(xij | i ≤ |I|, j ∈ I),
1
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where I is a nonempty proper subset of {1, . . . , n}. That is, we are taking minors
of initial, consecutive sets of rows 1, 2, . . . , |I|. An elements x ∈ SLn is flag totally
positive if all of the flag minors PI are positive real numbers. We denote the set of
flag totally positive elements SL+

n .

Example 2.2. Consider a matrix A in SL3,

A =

Ö
a b c
d e f
g h i

è
.

If we want to check whether A is flag totally positive, we must verify that the flag
minors of A are positive real numbers. That is, we need all of

P1 = a, P2 = b, P3 = c, P12 = ae− bd, P13 = af − cd, P23 = bf − ce

to be positive real numbers.

For this example we have to check only 6 minors. In general, for an n× n matrix,
we have 2n−2 flag minors. Suppose we wanted to determine if a given 7×7 matrix is
flag totally positive. This involves computing 126 flag minors, which is not a trivial
task. Hence, it is a natural question to ask if there is a more efficient way to determine
flag total positivity.

Let us return to Example 2.2 for a moment. Suppose that we have verified that
P1, P2, P3, P12 and P23 are positive real numbers. Then, we can write

(2.1) af − cd =
c(ae− bd) + a(bf − ce)

b
, implying P13 =

P3P12 + P1P23

P2

,

which is necessarily positive. This observation reduces the number of flag minors we
have to check down to 5. So we can refine our initial question.

Question 2.3. How many, and which flag minors must we calculate in order to verify
that an element x ∈ SLn is flag totally positive? [5, 10]

To answer this question, we consider a combinatorial object called a wiring diagram.

Definition 2.4. [10] A wiring diagram W consists of piecewise straight lines con-
necting i to i, i ∈ {1, . . . , n}, and each pair of lines connecting i to i and j to j
intersects exactly once. We label the lines n, . . . , 1 top to bottom on the left, and
1, . . . , n top to bottom on the right; see Figure 1. We define the order of W to be
n, the number of lines. Each chamber of a wiring diagram W is assigned a label, PI ,
where I ⊂ {1, . . . , n} and I is determined by the lines passing below the chamber;
see Figure 2.

Two wiring diagrams are considered isotopic if they have the same chamber minors.
In this text, we consider wiring diagrams up to isotopy. [3, 7]

3

3

2 2

1

1

Figure 1. Wiring diagram for n = 3.
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3

3

2 2

1

1

P1 P2 P3

P12 P23

Figure 2. Wiring diagram with labeled chamber minors for n = 3.

Each wiring diagram W gives rise to a collection of flag minors x̃W [3]. In the
example from Figure 2, the collection of flag minors is {P1, P2, P3, P12, P23}. Observe
that this is the same 5 flag minors as in the right-hand side of (2.1). This is not a
coincidence.

The remainder of this section studies in detail the flag total positivity of an element
of SL4. We begin this by constructing a wiring diagram W1 for an element in SL4

and we label the chamber minors. The diagram is displayed in Figure 3.

1

1

2

23

3

4

4
P1 P2 P3 P4

P12 P23 P34

P123 P234

Figure 3. Wiring diagram W1 for an elements of SL4.

From the wiring diagram W1 we obtain a collection of flag minors

x̃W1 = {P1, P4, P12, P34, P123, P234} ∪ {P2, P3, P23}.
We have separated the chamber minors into two subsets. The first subset represents
the unbounded chambers, and the second subset represents the bounded chambers.
The wiring diagram W1 is not unique. We can draw other wiring diagrams by chang-
ing the position of the intersections. It is a fact that the same unbounded chambers
are present in every wiring diagram for the same value of n [3, 10]. However, the
bounded chambers can change. If two wiring diagrams differ by a single bounded
chamber we can go between the two diagrams by performing what is called a local
move. A local move consists of dragging one of the straight line segments of a line
through an intersection of two other lines [3]. Note that the diagram W2 in Figure 4
differs from W1 (Figure 3) by only one bounded chamber minor – P3 ∈ W1 has been
replaced by P24 ∈ W2. This can also be described as dragging the edge bounding P3

from below in W1 to be above the intersection of lines 2 and 4 in W2.

Remark 2.5. [3, 10] For the group SLn, the total number of chamber minors in a
wiring diagram is

(n− 1)(n + 2)

2
.

Any wiring diagram will contain the following 2n − 2 flag minors (unbounded
chambers)

{P1, P12, P123, . . . , P123...n, Pn, Pn−1,n, P23...n}.
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1

1

2

23

3

4

4
P1 P2 P4

P12 P23 P24 P34

P123 P234

Figure 3.4. Wiring diagram W2 for an elements of SLn.

To highlight the connection to cluster algebras [3, 10], these flag minors corresponding
to the unbounded chambers are referred to as frozen variables. The rest of the
chamber minors (bounded) are called cluster variables. The collection x̃W of 2n− 2

frozen variables and (n−1)(n−2)
2

cluster variables is called an extended cluster.
Each wiring diagram gives rise to a positivity test [3, 5, 10]. Thus far we have

observed some interesting connections between the flag minors of an element of SLn

and the chamber minors of a wiring diagram of order n. These results are summarized
in the following theorem, which answers Question 2.3.

Theorem 2.6. [3, 5, 10] Let W be a wiring diagram and x̃W be the correspond-
ing collection of flag minors. Then every flag minor of SLn can be written as a
subtraction-free rational expression in the elements of x̃W . Thus, an element of SLn

is in SL+
n (is flag totally positive) if and only if

(n− 1)(n + 2)

2
chamber minors from x̃W are positive.

We ask the reader to note that it is always true that

N =
(n− 1)(n + 2)

2
� 2n − 2,

particularly for large n. Hence, the result of this theorem provides an efficient way
to test for membership of SL+

n .
The proof of Theorem 2.6 follows from three lemmas, which are stated below.

Lemma 2.7. [3, 5, 10] Any flag minor appears as a chamber minor in some wiring
diagram.

Proof. Let PI be a flag minor of x ∈ SLn. Then, I is a proper subset of {1, . . . , n}.
The numbers 1 through n also represent the lines in a wiring diagram of order n.
We can construct a wiring diagram W where exactly the lines i ∈ I pass below some
chamber labeled PI . In this manner, each chamber minor PI can be identified with
a flag minor indexed by the set I of lines passing below the chamber. �

Lemma 2.8. [3, 5, 10] Any two wiring diagrams can be transformed into each other
by a sequence of local moves of the type shown in Figure 5.

Proof. A pseudoline arrangements is a collection of n pseudolines, which are graphs of
continuous functions on the interval [0, 1]. Each pair of pseudolines must have exactly
one intersection. Such pseudoline arrangements are considered up to isomorphism.
In 1957, G. Ringel [5, 4, 7] proved his Homotopy Theorem, which states that two
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A Y D

B C ←
→

A

Z

D

B C

Figure 5. Local moves for wiring diagrams.

simple pseudoline arrangements can be transformed from one to the other by a finite
sequence of steps, each consisting of moving one pseudoline continuously across the
intersection of two others (triangle-flip). A later result by Goodman and Pollack
[7] shows that every pseudoline arrangement can be continuously deformed (through
isomorphic arrangements) to a wiring diagram. Combining these two results, we
obtain the lemma as a corollary to Ringel’s Homotopy Theorem, where each triangle-
flip is identified with a local move. �

Lemma 2.9. [3, 10] Under each local move, the corresponding collections of minors
are obtained by exchanging minors Y and Z and they satisfy the exchange relation
AC + BD = Y Z, (see Figure 5).

Proof. This is a special case of Lemma 3.8, for x ∈ SLn, and xi′j′

ij corresponding to
only the flag minors of x. �

We can now sketch out the proof of Theorem 2.6.

Proof. (Theorem 2.6) Suppose we have a wiring diagram W of order n and the cor-
responding collection of flag minors x̃W . By Lemma 2.7, each chamber minor of a
wiring diagram corresponds to a flag minor of an element of SLn. And by Lemma
2.8 we can move from the given W to any other wiring diagram W ′ by series of local
moves. For each local move, two chamber minors are exchanged by the exchange
relation AC + BD = Y Z (this result follows from Lemma 2.9), where the bounded
chamber minor Y is replaced by the bounded chamber

Z =
AC + BD

Y
, (see Figure 5).

This implies, that we can represent each chamber minor occuring in any wiring di-
agram, and hence each flag minor of an element in SLn, as a square-free rational
expression in the elements of x̃W . If we have an element x ∈ SL+

n , then all of its
flag minors are positive. As each flag minor directly corresponds to a chamber minor
in a wiring diagram, it follows that any combination of N chamber minors will be
positive. Hence, we can select the exact set of chamber minors corresponding to x̃W ,
which will necessarily be positive. Conversely, suppose that all chamber minors of
x̃W are positive. Then by Lemmas 2.7, 2.8, and 2.9 we can represent all flag minors of
x ∈ SLn as subtraction-free rational expressions consisting only of positive elements
of N . Therefore, x ∈ SL+

n is flag totally positive. �

3. Totally Positive Elements in GLn

The concept of flag total positivity in SLn can be generalized to totally positive
matrices in GLn.

Definition 3.1. [3, 5, 10] An n × n matrix x ∈ GLn is totally positive if all of its
minors are positive real numbers. That is, the determinants of all square sub-matrices
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of x are positive real numbers. We denote this set GL+
n . The minor of x ∈ GLn with

row set I and column set J , for I, J ⊆ {1, . . . , n} with |I| = |J | is denoted ∆I,J ,
where

∆I,J : x 7→ det(xij | i ∈ I, j ∈ J).

For x ∈ GLn there are (
2n

n

)
− 1 minors.

If we wanted to generalize the case of SL4 from Section 2 to GL4, that would require
computing 69 minors. Clearly, we want to avoid this much computation! Naturally,
the same question as in Section 2 arises (see Question 2.3).

Question 3.2. How many, and which minors must we check in order to determine
whether a given x ∈ GLn is totally positive? [5, 10]

Similarly to the example of flag total positivity, we use a combinatorial object to
help us answer this question. In this case we use a double wiring diagram.

Definition 3.3. [5] A double wiring diagram D consists of two wiring diagrams
superimposed over each other, where each diagram is of a different color (typically
red and blue). The lines of one color are numbered from 1 to n bottom to top on the
left and 1 to n top to bottom on the right. The lines of the other color diagram are
numbered in reverse order. We define D to be a diagram of order n, if it contains
two sets of n lines. The chambers in D are labeled ∆I,J , where the sets I and J ,
|I| = |J |, indicate which lines of the respective colors pass below that chamber. Only
chambers for which lines of both color pass below are labeled; see Figure 6.

1

1

2 2

3

3
3

3

2 2

1

1
∆3,1 ∆2,1 ∆2,3 ∆1,3

∆23,12 ∆23,13 ∆13,13 ∆12,23

det = ∆123,123

Figure 6. Double wiring diagram for n = 3.

Each double wiring diagramD gives rise to a collection of minors x̃D, which includes
frozen variables (appear in all double wiring diagrams of the same order), and cluster
variables (depend on the choice of D) [5]. Double wiring diagrams are considered
up to isotopy, where two double wiring diagrams are isotopic if they have the same
chamber minors [4]. Before we state some lemmas and a theorem, which answer
Question 3.2, we would like to return to the example of SL4 and generalize it to GL4.

Example 3.4. We only present one example of a double wiring diagram for x ∈ GL4.
In fact, there are 4,894 [2] double wiring diagrams for GL4! The other 4,893 are left
as an exercise for the Reader.

The set of 2n− 1 frozen variables for D (Figure 7) is

{∆4,1,∆1,4,∆34,12,∆12,34,∆234,123,∆123,234, det}
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1

1

2

23

3

4

4
4

4

3

32

2

1

1
∆4,1 ∆3,1 ∆3,2 ∆3,4 ∆1,4

∆34,12 ∆23,12 ∆23,24 ∆13,24 ∆13,34 ∆12,34

∆234,123 ∆234,124 ∆123,124 ∆123,234

det = ∆1234,1234

Figure 7. Double wiring diagram D for n = 4.

and the set of (n− 1)2 cluster variables is
{∆3,1,∆3,2,∆3,4,∆23,12,∆23,24,∆13,24,∆13,34,∆234,124,∆123,124},

together forming an extended cluster identified with the collection of 16 minors x̃D.
We can make an educated guess that, similarly to the example for flag totally positive
elements in SLn, each double wiring diagram gives rise to a positivity test for elements
in GLn. From Example 3.4 we see that there are 16 chamber minors in x̃D for n = 4.
This would possibly imply that we need only check n2 minors to determine total
positivity. (Note that dim GLn = n2.) If we were to make this guess, then we would
be very correct, as the following theorem shows! Theorem 3.5 gives an answer to
Question 3.2.

Theorem 3.5. [5, 10] Let D be a double wiring diagram and x̃D be the corresponding
collection of minors. Then every minor of a square matrix x ∈ GLn can be written as
a subtraction-free rational expression in the elements of x̃D. Thus, an n × n matrix
x ∈ GLn is in GL+

n (i.e. is totally positive) if and only if all n2 chamber minors in
x̃D are positive. That is, each double wiring diagram D provides a positivity test.

The proof of Theorem 3.5 follows from 3 lemmas.

Lemma 3.6. [5, 10] Any minor of x ∈ GLn appears as a chamber minor in some
double wiring diagram.

Proof. Each minor of an element x ∈ GLn can be identified with two sets of equal
size, I, J ⊆ {1, . . . , n}, representing the corresponding sets of rows and columns
respectively. But each pair of sets I and J can be identified with a set of red and
blue lines, respectively, in some double wiring diagram. The size and elements of each
set will remain the same. The chamber located above the two sets of lines will then
correspond to the that particular minor. Thus, there is a natural correspondence
between the minors of x ∈ GLn and the chamber minors of some double wiring
diagram D. �

Lemma 3.7. [4, 5, 10] Any two double wiring diagrams of the same order can be
obtained from each other by a sequence of local moves of the three different kinds
shown in Figure 8.

A Y D

B C
←
→

A

Z

D

B C
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A Y D

B C
←
→

A

Z

D

B C

A Y C

B

C

←
→

A Z C

B

C

Figure 8(a) - (c). Local moves.

Proof. The result for local moves of the form of 8(a) and 8(b) follows directly from
the proof of Lemma 2.8. We need only consider the case of 8(c). In 1956 Ringel
stated a theorem [4, 5, 7], which can be proven using the results of Goodman and
Pollack previously mentioned [7]. Ringel’s theorem states that any two isomorphic
pseudoline arrangements can be continuously transformed from one to the other.
Combining this with the result that any pseudoline arrangement can be transformed
into a wiring diagram, it follows that any two isomorphic wiring diagrams can be
continuously transformed into each other. Thus, if we only consider one color at a
time, then this applies directly to the local move of type 8(c). �

Lemma 3.8. [4, 5, 10] If two double wiring diagrams of the same order differ by
a single local move of one of the three types in Figure 8, then the chamber minors
appearing there satisfy the exchange relation AC + BD = Y Z.

For the proof of this lemma we use the Desnanot-Jacobi identity, for which we
provide a proof based on Bressoud [1].

Lemma 3.9. Desnanot-Jacobi (Lewis Carroll) identity. Let x be an n × n matrix,
and denote by xj

i the matrix with row i and column j deleted, and by xi′ji
ij the matrix

with rows i and j and columns i′ and j′ deleted. Then,

det(x) det(x1,n
1,n) = det(x1

1) det(xn
n)− det(xn

1 ) det(x1
n).

Proof. [1] Let x be an n × n matrix with entries (xij). We construct a new matrix
x′ of size n × n with entries ai,1 = (−1)i+1 det(x1

i ), and ai,n = (−1)i+n det(xn
i ) for

i = 1, . . . n, and ones along the diagonal of the interior. That is

x′ =



a11 0 · · · · · · 0 a1n

a21 1
... a2n

... 0
. . . ...

... . . . 0
...

an−1,1
... 1 an−1,n−1

an1 0 · · · · · · 0 ann


.



TOTALLY POSITIVE EXPOSITION OF TOTAL POSITIVITY 9

Consider the product xx′. We invite the Reader to check that this product results in
the matrix

xx′ =



det(x) x12 · · · x1,n−1 0

0 x22 x2,n−1
...

...
... . . . ...

...
... xn−1,2 xn−1,n−1 0
0 xn2 · · · xn,n−1 det(x)


.

Computing the determinant along the first column, we obtain

det(xx′) = (det(x))2 det(x1,n
1,n)

det(x) det(x′) = (det(x))2 det(x1,n
1,n)

det(x′) = det(x) det(x1,n
1,n).

Observe that expanding the determinant of x′ along the first row results in

det(x′) = a11ann − a1nan1 = det(x1
1) det(xn

n)− det(xn
1 ) det(x1

n).

The last two equations combined give the Desnanot-Jacobi identity. Applying this
identity repeatedly and rearranging the entries produces a more generalized result,
namely

(3.1) detx detxi′j′

ij = detxi′

i detxj′

j − detxj′

i detxj
i′ .

�

We are now ready to sketch a proof of Lemma 3.8.

Proof. (Lemma 3.8) By definition of a local move, all chamber minors except for one
remain the same. By Lemma 3.6, each chamber minor ∆I,J can be identified with a
minor indexed by the sets I, J . Note that each of the chamber minors A,B,C,D, Y ,
and Z from Figure 8 can be identified with a minor of x ∈ GLn. Now, consider
the Desnanot-Jacobi identity (Lemma 3.8) for some element x ∈ GLn. Applying
identity (3.1) to the appropriate submatrices of x will result in the desired relation
AC + BD = Y Z [5]. For more details see [4]. �

The three lemmas above provide all the necessary ingredients for the proof of
Theorem 3.5.

Proof. (Theorem 3.5) Let D be a double wiring diagram and x̃D be the corresponding
collection of minors. We outline the proof of the first statement of Theorem 3.5. By
Lemma 3.6, each minor of a matrix x ∈ GLn can be identified with a chamber minor
in some double wiring diagram D. Performing a local move in D will result in D′,
where the bounded chamber Y has been replaced with the bounded chamber Z (see
Figure 8). This follows directly from Lemma 3.7. Applying the result of Lemma 3.8
to the chamber minors Y and Z we obtain

Y =
AC + BD

Z
and Z =

AC + BD

Y
.

For the second statement of Theorem 3.5, suppose that x ∈ GL+
n . Then all minors

of x are positive. Since any minor appears a chamber minor in some double wiring
diagram, then we can choose the exact n2 elements of x̃D, and they will be positive.
Conversely, suppose we know that all n2 chamber minors in x̃D are positive. Then,
we can perform series of local moves to D while applying the exchange relations from
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Lemma 3.8. Each chamber minor of the transformed diagram D will be represented
as a subtraction-free rational expression in terms of the elements in D. This process
can be continued until all possible double wiring diagrams D, and respectively, allÄ
2n
n

ä
− 1 minors of x are obtained. It can be shown by induction that

n2 �
(

2n

n

)
− 1.

Hence Theorem 3.5 provides an efficient positivity test. �

4. How Do Cluster Algebras Emerge From Total Positivity

In the discussion of both SL+
n and GL+

n , there are some common features [10]. We
list them explicitly:

• A family of distinguished functions – flag minors and minors, respectively –
which generate a ring [4, 5, 9, 10].
• A finite number of frozen variables present in every positivity test.
• A grouping of the generators into overlapping extended clusters – labeling
wiring diagrams by flag minors and labeling double wiring diagrams by minors.
• Combinatorial data accompanying each extended cluster – wiring diagrams
and double wiring diagrams.
• A "mutation" rule for producing new combinatorial data from the old – local
moves for wiring and double wiring diagrams.
• An algebraic/exchange relation corresponding to each mutation/local move.

We may ask whether there is some way to unify and generalize these features. The
theory of cluster algebras provides an axiomatic way to generalize these results. Next,
we explore a small example the gives insight into how total positivity and cluster
algebras are related. We do not attempt to define cluster algebras, or be in any way
technical.

Recall the example of a double wiring diagram for x ∈ GL3 (see Figure 6). There
are 34 [5] possible double wiring diagrams for n = 3. The number is obtained by
identifying each intersection of each wiring diagram and shuffling the intersections
of the two superimposed diagrams. Next, we can make an exchange graph (see [5],
Figure 10) whose vertices correspond to the double wiring diagrams, with two vertices
being adjacent if the double wiring diagrams differ by a single local move. Each edge
of the graph corresponds to a local move, or mutation. This is equivalent to saying
that two adjacent vertices differ by a single cluster variable [5]. The resulting graph,
which has 34 vertices and 120 edges [2], is not regular, i.e. not all vertices have the
same number of adjacent vertices. We may ask the question whether it is possible to
make this graph regular. It turns out the theory of cluster algebras provides a way
to make this graph regular and turn it into a convex polytope [10].

Continuing with the example of x ∈ GL3 we describe how one may think of the
cluster algebra structure associated with 3 × 3 matrices. The cluster algebra A is a
commutative ring, which lives in the ambient field of rational functions with complex
coefficients in the matrix entries xij. That is A ⊂ C(x11, x12, . . . , x32, x33), where
the nine matrix entries are treated as the invariants. Looking at the cluster algebra
this way does not give any indication of the intricate cluster structure, i.e. this
commutative ring A seems rather boring. So we consider a different perspective.
Recall that each double wiring diagram D of order 3 gives rise to a collection, x̃D of
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nine chamber minors called an extended cluster, containing 5 frozen variables and 4
cluster variables. Using the example from Figure 6, we have the cluster

x̃D = {det(x),∆3,1,∆1,3,∆23,12,∆12,23,∆2,1,∆2,3,∆23,13,∆13,13}.
Note that each element of the cluster x̃D is a polynomial in the nine matrix entries.
Using this cluster and the exchange relation from Lemma 3.8, we can generate the
entire algebra A, which contains a total of 21 variables (the same 5 frozen variables
as in Figure 6 and 16 cluster variables) and 50 clusters. Note that there are only
34 possible double wiring diagrams, but 50 clusters. This is due to the fact that
applying the exchange relation axiomatically produces additional hidden clusters,
which do not occur as double wiring diagrams [4]. By Theorem 3.5 each minor of
x ∈ GL3, i.e. each element of A can be represented as a subtraction-free rational
expression of the nine elements of x̃D. That is, A ⊂ C(x̃D). Viewing the cluster
algebra A as a commutative ring in the field of rational functions in the elements of
the initial cluster displays several fascinating features of this structure. We only list a
few. First, we observe what is called the Laurent Phenomenon, that is every element
of A is a Laurent polynomial in the elements of the initial cluster [6, 9]. Secondly,
Fomin and Zelevinsky have conjectured that all of the Laurent polynomials for the
cluster variables will have positive coefficients [6]. Thirdly, the exchange graph of the
cluster algebra A associated with GL3 is a convex polytope [9] corresponding to the
type D4 associahedron [4]. These observations highlight the connections between the
geometric interpretations, the combinatorial and algebraic nature of cluster algebras
and the concept of total positivity.
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