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Abstract. The lens of representation stability has shed light on phe-
nomena that were classically viewed as unstable in fields as varied as
topology, combinatorics, and algebraic geometry. In what follows, we
begin by describing the basic objects and structures required to define
representation stability and then lay out an important first example of
representation stability in action. We then proceed to describe a case of
homological instability within the study of tropical geometry and then
take first steps in analyzing this case with the tools of representation
stability.
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1. Spaces and Groups

One of the key endeavors in topology is computing algebraic invariants
of topological spaces. These computations can help us to distinguish spaces
and find relationships among them. Examples of algebraic invariants of
spaces include homotopy groups, homology groups, and cohomology groups.
There are a number of tools and theorems for computing these groups for
individual spaces. Many involve breaking the space into smaller components.
For instance, we may attempt to triangulate a space, so as to break it up
into a simplicial complex. If we are successful in doing so, we can then
compute its simplicial homology. Another such method is van Kampen’s
Theorem for homotopy groups. By breaking a spaces into overlapping open
subspaces, we can compute the homotopy group of the whole space in terms
of the homotopy groups of the subspaces and of the overlaps.
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This relationship with between spaces and groups can also be run the
other way around. Just as we can derive a group from a space, so also can
we derive a space from a group. In particular, we can aim to build a space
upon which a group acts faithfully. One such space is the Cayley graph of
a group. Once we associate a space to a group, it then makes sense to find
the homotopy, homology, and cohomology groups of this space. This means
that in general we may speak about, say, the homology of a group.

In this article, we will concern ourselves with the following situation.
There are many families of spaces that are related by inclusion. (Such is
also the case for groups.) That is, there are sequences of spaces that are
indexed by the natural numbers so that Xn can be included in Xn+1 in
a natural way. For example, consider the sequence of spheres Sn. Each
sphere can be included in the sphere one dimension higher as its equator.
The same is true for Euclidean spaces and for real projective spaces. There
are also many examples of sequences of groups that have natural inclusions.
For example, the symmetric group Σn is included in Σn+1, as we can return
to Σn by simply dropping the last label. Other examples of sequences of
groups are the braid groups (where we just add an additional strand at each
stage) and GLn(R) (where the inclusion map is padding an n × n matrix
with column and row of zeroes on the right and bottom, excepting for a 1
in the bottom right corner).

2. Stability and Instability in Topology

What happens when we consider the groups associated with a sequence
of spaces or a sequence of groups? What are the possible kinds of behavior?

Consider the first homology groups of spheres Sn. Over the integers
H1(S

0) = 0, H1(S
0) = Z, and H1(S

n) = 0 for all n ≥ 2, since all of
these are simply connected. Thus the first homology of spheres eventually
holds steady. (In this case, “eventually” happens rather quickly!) The same
pattern holds true for other homology groups of spheres, since for Sn only
H0(S

n) and Hn(Sn) are nonzero. Thus all of the homology groups of spheres
eventually stabilize. This is a first easy instance of a phenomenon known as
homological stability.

This behavior, however, is not universal. There are also cases where the
groups associated to a sequence of spaces do not stabilize. A famous and
particularly rich example is the homotopy groups of spheres. When the
sequence π2n−1(S

n) is taken, for instance, no discernible pattern has been
found by mathematicians. However, even in the case of homotopy groups
of spheres, there have been some stability results proven. In particular,
πn+k(Sn) are independent of n for n ≥ k+ 2, a result due to the suspension
theorem of Hans Freudenthal.

In 2010, Thomas Church and Benson Farb introduced a new lens that can
be used to examine cases of instability and to nevertheless find regularities
within them. Their insight was that while the groups associated to spaces
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may grow without stabilizing, this may happen not because essentially new
classes of complexity crop up but rather because of the ever-greater redupli-
cation of some fixed set of, for instance, homology classes. More technically,
they realized that if coefficients are taken in a field so as to make our groups
into vector spaces, we can only expect but for them to grow if ever-larger
groups act upon them. That is, if the homology groups of spaces are actually
representations of a growing family of groups—say, the symmetric groups—
then it is the symmetry of the spaces themselves that is causing the ranks
of their groups to grow. If we can tease out what these symmetries are, we
can recognize the steady, stable classes that are spun around and so recover
a kind of stability by keeping tracking of the symmetries. Church and Farb
dubbed this new kind of stability representation stability.

3. Representation Stability: A Key Example

Consider n distinct points in the plane. We may imagine them labeled by
the natural numbers, or instead we might leave them unlabeled. In either
case, we may consider the configuration space of the n points. By perturbing
points slightly, we move to a nearby position within the configuration space
Conf(n). If we push the points around in some fashion—a homotopy from
one allowable point-state to another—we trace out a path in the configura-
tion space. Doing so is like playing a movie from one state to another where
none of the points crash into each other.

What are these configurations spaces like? Let’s consider the case when
the points are labeled. Since each point has two coordinates in the plane,
the configuration space has dimension 2n. However, this space is not home-
omorphic to R2n, since there are “forbidden” positions—as the points are
required to be distinct, two may never have identical coordinates. This
means that there are codimension 2 linear subspaces that are absent from
the configurations space, and and thus there is the potential for interesting
topology.

Notice, of course, that there is a natural inclusion of Conf(n) into Conf(n+
1). We now begin to consider the algebraic invariants associated to this se-
quence of spaces. We have stated that a path in configuration space is like a
movie from one configuration of points to another. If every point comes back
to where it started, we have a loop in the configuration space. (If the points
are unlabeled, each point need only return to some distinct spot where any
of the points began.) Some loops in configurations space are trivial. By
perturbing these bit by bit, we may slowly and continuously adjust them so
that every point merely sits still through the whole movie.

What would a non-trivial loop in a configuration space look like? We
would like to construct a movie that cannot be continuously deformed to
the trivial movie where every point stands still throughout. There are many
such loops, but a simple example is the loop in configuration space where
one point travels around another and then returns to its starting point.
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Figure 1. The loop in Conf(2) on the left is trivial, since we
can find a sequence of nearby movies leading to the nullmovie.
The loop in Conf(2) on the right, however, is nontrivial. By
pushing point 1 around point 2, there is a barrier to finding
a sequence of movies that leads to the nullmovie.

There is no hope to deform such a movie to the trivial movie, since the path
traced out by the one point is a circle that surrounds the other point. Any
homotopy of this traced-out loop to a constant map at its basepoint would
have to cross over the encircled point, but this is not allowed because of the
required distinctness of positions. We might think of these nontrivial loops
as homology classes in Conf(n), or we might take the dual viewpoint and
think of the linear functions on loops and consider cohomology classes as
instead. A good way to think about this dual viewpoint is finding natural
ways of associating numbers to loops in the configuration space. We are
looking, then, for something to count.

If the points are labeled, we can imagine doing the following count as the
movie plays: how many times does point 1 wind around point 2? Call this
count w12. Notice that this winding number is symmetric—that w12 = w21.
Also, notice that this count is only possible because the points are labeled.
Similarly, we could do winding counts for every pair of points. It turns out
that these counts comprise a basis for the cohomology group of our labeled
configuration space. Thus we have:

H1(Conf(n);Q) = Q
n(n−1)

2

This result was shown by Emil Artin in 1925 and by Vladimir Arnol’d
again in 1968. Notice that the rank of this group grows without bound as
n goes to infinity. Still, the growth in these cohomology groups is not due
to greater complexity as the dimension grows, but rather in the larger and
larger amounts of symmetry that come to be contained. There is really only
one cohomology, up to naming the points. Every class is just the same, but
with a permutation of the labels, the action of the symmetric group Σn. It’s
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like a hall of mirrors—we seem to see more and more objects, but actually
it is only that additional mirrors are being introduced.

By taking advantage of this action of Σn, we can leverage the language
of representation theory to state a stability result for the cohomology of
Conf(n):

H1(Conf(n)) = V (0)⊕ V (1)⊕ V (2) for n ≥ 4

The terms on the right are irreducible representations of Σn, where the
numbers in parentheses indicate the lengths of all but the top rows in a
representation’s Young diagram. For instance, V (0) is the trivial represen-
tation, while V (1) is the standard representation. This theorem of Church
and Farb states that the names of the representation constant for n ≥ 4.
This means that all of the growth in cohomology comes from the growth in
the number of possible permutations of labels of points as n grows. Finding
symmetry in the situation has allowed us to see stability where before we
could only see growth. Similar results hold for the other cohomology groups
of Conf(n). In these, winding numbers of pairs of points can be replaced,
for instance, by the total winding number about all points.

4. Formalization and Extension of Representation Stability

After their initial successes with using representations to find regularities
in the cohomology groups of Conf(n), Church and Farb partnered with Jor-
dan Ellenberg to extend and formalize the theory. In doing so, they created
a categorial foundation for representation stability through FI-modules. “F”
stands for “finite” and “I” stands for “injective”. An FI-module is a way
to encode the action of a sequence of groups on a sequence of (co)homology
groups. Consider the sets {1}, {1,2}, {1,2,3}, and so on. Each of these
sets is finite. Now consider the injective self-maps of each set. These are
permutations—that is, actions of Σn. (We might instead consider and allow
only some subgroup of Σn.) Further, consider injective maps from each set
to the next. These model the inclusions we have discussed at length above.

A first major success for representation stability was Church’s generaliza-
tion from the configuration space of points in the plane to the configuration
spaces of points in arbitrary manifolds. While exact computations of groups
associated to sequences of spaces are still remarkably difficult to come by,
representation stability has shed a bright light on how these play out asymp-
totically. Over just the past several years, the lens of representation stability
has been applied to numerous problems and has borne fruit in such varied
topics as mapping class groups, classifying spaces of diffeomorphism groups,
and outer automorphisms of free groups.

5. A Prospective Application to Tropical Geometry

Since I wished to better understand representation stability, I was inter-
ested in trying to use this lens on a known case of homological instability.
Josephine Yu presented as a possibility a result on the homology groups of
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the spaces T (d, n) of n tropically collinear points in a tropical projective
space TP d−1 which she had studied with Hannah Markwig. I have worked
with Alexander Flood to better understand these spaces and their homology
groups. In what follows, I will mostly pass over the details of the tropical
geometry involved and will instead analyze these homology groups through
an interpretation of T (d, n) as a moduli space of a certain family of trees.

Figure 2. The simplicial complex T(3,2). Each vertex and
several of the edges are labeled by trees. Each edge tree can
be collapsed in two different ways, and these collapsed trees
stand at the endpoints of the edge.

Markwig and Yu proceed by stages to create a simplicial complex that
has the same homology groups as the spaces of tropically collinear points.
The final step involves taking a subcomplex from a larger simplicial complex
that they they describe. We characterize each of these in turn. Consider
trees that have a total of d − 2 interior edges and n + 3 leaf edges, under
the condition that any interior vertex of the tree must be trivalent—that is,
each vertex must be the endpoint of at least three edges. These trees, with
leaves labeled in all possible ways up to graph isomorphism, will constitute
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the vertices in our larger simplicial complex. Now, notice that such a tree
may be obtained by collapsing a single interior edge of the same type of
tree that has one additional interior edge and is also trivalent. If two of
our vertex-trees can be obtained by collapsing the same tree, we connect
them with an edge in our complex. In similar fashion, if three of our vertex-
trees can be collapsed to the same tree, we connect them with a face in our
complex. This defines our larger simplicial complex.

Figure 3. The tree on the left is bicolored. The one on the
right is not, since one vertex has all black labels.

The subcomplex that Markwig and Yu take involves assigning one of two
colors to each of the numerical leaf labels. For a vertex to belong to the
subcomplex, they require that each vertex of the vertex-tree that has at
least two leaves be bicolored—that is, both colors are represented by the
labels of the leaves at the vertex.

Markwig and Yu were able to establish a special ordering of the facets of
each of their subcomplexes called a shelling. A shelling order implies that
the subcomplex can be built up facet by facet and that the homology will
change only when a facet is placed so that its boundary wholly coincides
with boundaries that are already in the subcomplex being built—that is,
exactly when a newly-placed facet caps off a cycle.

As a consequence, Markwig and Yu are able to produce a formula for the
ranks of the top homology groups of T (d, n):

min(n−1,d−1)∑
k=1

(k!)2 · S(n− 1, k) · S(d− 1, k)

where S(m, k) is the Stirling number of the second kind. We give a table
of calculations for small values of d and n. Note that the these homology
groups do not exhibit much homological stability of the classical kind and
grow without bound as d and n each grow. This provides for the possibility
that by examining how a group acts on homology as it permutes the labels of
the leaves of the same color may yield a representation stability phenomenon.
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Figure 4. If we color 1 and 2 white and 3, 4, and 5 black
and retain only bicolored vertex-trees, we obtain the above
subcomplex of T (3, 2). Notice that it is homeomorphic to a
circle.

Table 1. Rank of top-dimensional homology of T (d, n)

d \n 1 2 3 4 5
1 0 0 0 0 0
2 0 1 1 1 1
3 0 1 5 13 29
4 0 1 13 73 301
5 0 1 29 301 2069
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