Example 1
h .
Yu+2 +_.Vf|+1 _"'2yn =£[f(xn+22yn+2)+ 8f(xn+ lsyn+1) + 3f(xmyn)]~

Example 2

h
yﬂ+2 —yr,t:-l =§[3f(xu+1’yn+1)—2f(xmyn)]'

Example 3

h
yn+3 +i'yn+2 - %yn+1 —'%yn :g[Igf(xu+2’yu+2) + Sf(xm}"u)]-
Example 4

Ytz Yy = h[f(xn+2ay:+z} +f(xnsyn)]s
where

h
y:+2 - 3yu+l +2yn zi[f(xn+1syn+1)_ 3f(xmyn)]'

Example 5
h
Yovt— Y= z(‘ﬁ + 3k,),
where

Ikl = f(xns yn)

ky = flx,+}h,y, + Lhk,)

k3 = f(xu + %—h, Y + %th)
Example 6

h
Ya+1— Yn= E(kl + kZ)’
where
kl = f(xmyu)
ky= f(x,+h,y, + %hk'l + %hkz).




2.4.1. Apply the method
A
Va2 Va1 = '13[4f(xn+2:.Vr:+2) + Sf(xn+ls.Vn+ l) - f(xmyn)]

to the scalar initial value problem y’ = x, ¥{0} =0 to get a one-step difference equation of the form
Ya+2 = Yu+1=@(n, h). By trying a particular solution of the form y, = An® + Bn, find the exact
solution of this difference equation satisfying the initial condition ¥1=3h?* (which coincides with
the exact solution of the problem at x = k). Hence show that as k —0, n— 00, x = nh, the sequence
{ya} so obtained does converge, but not to the solution of the initial value problem. Why is this?

2;4.2. Use the method of Exercise 2.4.1 to compute numerical solutions of the scalar initial value
problem y' =4xy'? y(0) =1 for 0 < x < 2, using the steplengths h = 0.1, 0,05 and 0.025. Compare

the results with the exact solution y(x)=(1 + x?)? and deduce that the numerical solutions are
not converging to the exact solution as h— 0.

2.5.1. Find the range of « for which the method

h ‘ .
Yns2 +('1 - l)yn+l “ayn =Z[(a+ 3).f(xn'?ﬂZ’yu+2) +{3a + l)f('xmyn)]

is zero-stable. Apply the method, with a = — 1 to the scalar initial value problem y' =y, y(0) =1,
and solve exactly the resulting difference equation, taking the starting values to be Yo=Yy, =1
Hence show that the numerical solution diverges as h—0, n— oo,

2.5.2. Quade’s method is given by

.8 oh
yn+4—_(yn+3 "—yn+l)_yn=_(fn+4 +4fn+3 + 4fn+1 +fn}‘
13 A . 19
where f,.; = f(Xus ;s ¥+ ;) J=0,1,...,4. Show that the method is convergent,
2.5.3. A method is given by
Yos2 =pn+2 - 6C€(y"+1 _*yn)+ ah(fn+2 "4fn+312 + 7fn+1 + 2fn)

h
Pus2 =2Yn41 —yr|+"3"(4fn+3]2 ~3fnss —fa)

where fn+j=f(xn+jsyn+j)’ i=0,1,2, fn+3,.'2 = f(Xn4s3/2: Yur 32) and Ya+3;2 1S given by a formula
of the form

yn+3,f2 + &lyn+l + &Oyn= h(ﬁlfn-'-l +Eofn)'

Show that the method satisfies the conditions {2.5) of §2.2 and is consistent. Find the range of a
for which it is zero-stable.

2.54. Demonstrate the effect of zero-instability by using the method

h ) .
Yasz— (L +a)y,,; +ay, =5[{3 =8 (Xps 13 Yns 1) —(1 + &) f(x,, 3,)]

with (i) =0, (i) x= -3 to compute numerical solutions of the scalar initial value problem
Y =4xy"y0)=1for0< x <2, using the steplengths h = 0.1, 0.05, 0.025.

1
|




2.5.5* The family of methods (2.16) is a sub-family of the two-parameter family of methods™

Yn+2 —(1 +a)yn+l +ayn=h[(1 +ﬂ)fn+2*(a+ﬁ+aﬁ)fn+l +aﬁfn]’ (1) 9

where Jurj =S (Xatjs Yash J=0,1,2. The family (1) is a useful one for illustrative purposes since _
it has the property that when it is applied to the scalar initial value problem y' =y, y(0)=1 the
resulting difference equation can be solved exactly. Show that this solution, with starting values -

Yo=1o (=10} y1=m [=m(]is
_ n l"".Bh "
y"“[Aa.+(1 Y +ﬁ)h) }/C
where

A=(—1+Bho+[1 —(1+B)ln, B=[1~(1+Phlmo—n) C=a~1~(a~f+aPh

Show further that

( L —ph )"_ {GXP(x..)U+(%+ﬁ)x,,h+0(h2)] ifﬁ#—%}
1—(t+Bh)  Lexp()[1 +fxh* +0(h*)] iff=—13f

(Hint: Consider the expansion of the logarithm of the left side.) We assume that the starting
values satisfy

limnghy=1,. i=0,1 : €2)

h—0

() Demonstrate that when || <1 the method converges, for all starting values satisfying (2).
(i) Demonstrate that when [ > | the method diverges for general starting values satisfying (2),
but that it converges for the specific starting values 5o =1, n,(h) = (1 — Sh)/[t —(1 + A)h]
(which satisfy (2)). Why would we not be able to demonstrate this numerically ? Try doing so. -
(iii) Demonstrate that when a = 1, there exist some starting values satisfying (2) for which the = 5
method converges, and some for which it diverges (sometimes in the sense that {y,} converges
to the wrong solution, and sometimes in the sense that y,— o0 as h—0, n— ).




