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Now since f(z) is an increasing function on the interval [0, 1] we have that
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Therefore by taking the limit as n goes to infinity we get
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Thus we have that / rdx = 3
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We want to show that / f(z)dz =0if f(1)=1foralln € Zand f(z) =
0

for all other z.
Proof:
It is tempting to say that this statement is false. We may look at it in
the following way and reach this fallacy Let us consider the patrition P =
12 1} so that Az; = 2; — ;1 = =. And now we use the Darboux
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since sup f(z)=1and inf f(z)=0. Now we take
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and

IL = Supo’p =0

This clearly tells us that the statement made in problem 2 is wrong, since
I;, # Iy but this logic is incorrect. We assumed something that was not true and
that is that we can find f(x) = 1 for every partition in [0, 1]. Lets consider that

n
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we take [%, %], then = # % in this interval. But we summed Z —=-n=1
n n
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considerring that sup f(z) = 1, n times. So now we must look for a better
[zizi_1]
partition, one that will tell us exactly how many time sup f(z)=1. If we
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want sup f(z) =1, n+ 1 times we must have that Ax; = % - n%rl since
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if k< nthen  — =7 > + — =5 = ﬁ So now we take the partition
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P, = {n(nJrl)’ CESVIR Z(nil) S TCESE }and we let Ax; = TCESIE So now
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since sup f(x)=1,n+1 times and f(x) =0 in every other partition.
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So we have

Iy =inf Uy p, = inf% =0 and I, =sup Ly p, = 0 and we are done.
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Does/ f(z)dx exist for
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We will claim that / f(x)dx does exisit

In this problem we Vgﬂl use the Riemann definition of integrable functions.
This means that for any € > 0 there exist a § > 0 such that |S — A| < e for
|Az| < 6. Where S is a Riemann sum of f(z) and A is the Riemann integral of
f ().

We must show that for any Riemann integral the definition above holds.
It is obvios from the last proble that the Riemann sum goes to zero for the

inf f(z) since inf f(x) = 0. Now we must show that any Riemann
[Tit1,2i Tit1,Tq
sum of f(x) must also go to 0. for this we will take the Riemann sum on the
sup f(z) and show that it is smaller the e. First we must note that when the
[i41,24]

function takes the value of L there are finitly many x € [0, 1] such that f(z) > L.

€

Therefore there are finitly many points € [0,1] such that f(z) > § and we
can name these points z; for ¢ € {1,2,3,..., N — 1, N}. Now lets consider the



following partiotion let P be a partition centered at x; [xl -1 N»% + 3 N] and

let |Az| = 5% where N is the finite number of points greater then §. Therefore
now we have tljl\?t
€ € € €
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We want to show that if f : [0,1] — R is bounded and not continuous at a
finite number of points then for € > 0 there exist a § < 0 such that |Az;| < ¢
implies that |S; — A| < € where P is a partition of [a,b] .

Now let t1,t,...,tN—1,tn be the points in [a,b] such that f(¢;) is not con-
tinuous for all 4 € {1,2,3,..., N — 1, N}

Now let fi; and f5 be defined as

Filz) = { lub.{f(z)x € (x;,xi41)} fori € {1,2,3,..,n—1,n}

flz)ifz=u
 glb A{f(@)|x € (zi,mi41)} for i € {1,2,3,...,n— 1,n}
Fa@) = { flx)ifx=u

where t; = x for © € {21, 29, ..., Tpn_1, T}

Now since f(z) is bounded we have fa(z) < f(z) < fi(x). Now we have
that since f(z) is continuous in (z;, x;11) we have that for any 2/, 2” € (z;, 11)
that |27 —2'| < |2; — @ip1] <6

so that .

P~ F@ <] s fl@) - b fa)] <

(zi,it1) (zi,2i41)
which implies that |fi(x) — f2(2)| < ’ €
Now we get that

b

/ (fi(2) — fo(2))dz < max {fi — fo} (b—a) < ﬁ(bfa) —
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Show that if f(z) : [a,b] — R is stricly increasing (or decreasing) we have
that f(x) is integrable.

Proof:

Now since f(x) is increasing on [a, b] and [a, b] is bounded then f(b) > f(z)
and f(a) < f(z) for all © € [a,b]. Noww lets consider the partition P =
{9 atl at2 ‘“L” L b} SO that we have that dx; = E now we take

Up=Y sw flx Zx
i=1 [-L'uxl 1]
and wenlet
LfZZ[Sup]f Zm 1*
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Now since f(z) is 1ncreasmg and [a,b] is boundedthen we have that there
exist a M such that |f(b) — f(a )| > M. There fore we have that
fb) - f (@) o
Up = Lf| < ===

. Now take n — oo and we are done.
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We want to show that if the function f : [a,b] — R is integrable on the
b

b
interval [a, b] then so is | f|, and |/ fla)dz| < / |f(x)|dx.



Proof:

So now we look at
n n
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Now from definition we have that for z,y € A we have that
Slj‘p\f(x)l <|fy)l+e

inf /()] > /()| ~ e
so now we have

sup |[f(@)] —mf | f(@)] < [fy)] +e—[f(2)] +e
<|fy) = f2)[+2e < sgpf(x) —inf f(z) + 2¢
thus

sup ()| = inf | (@)] < sup f(@) = inf /(a)

and

fly) = f(z) < sup f(x) —nf f(z)

f(z) = f(y) < sup f(x) — inf f(2)

which implies

F(y) — f(2)] < sup f(z) — infa ()

Now we have that U|f|7p — L‘f|7p <Usp—Lysp

therefore if Uy p — Ly p converges then so does Uy p — Ly p so therefore
|f(z)| is also integrable.

Now we have —sup f(x) < sup f(z) since we have that

—|f(@)] < f(z) < |f(z)]. Thus we have
b

b
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Now we also have that sup f(z) < sup|f(z)| thus we have Urp <U_jj.p
b

b
So [ f@)tn = 1y < Ty = [ ISl

So tﬁerefore we have
b b b
| -lr@lis < [ gas < [l

and therefore we have | f; f(x)dx| < f: | f(z)|dz and we are done.
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We want to show that is f(z) is integrable in [a, b] then f2(x) is integrable in
[a,b] . We will also show, with this result and the identitiy (a+b)? = a®+2ab+b?,
that if f(z) and g(z) is integrable on [a,b] then g(x)f(z) is also integrable on
[a,b].

proof 1:

Now we will divide this proof into two cases, case 1 when f(z) > 0 and case
2 when f(x) < 0.

case 1:

Since f(x) is integrable, we have that there exist fi(z) and f(z) step func-
tion such that

fa(z) < f(z) < f1(z) and therefore



/

b

a

g(z

f3(x) < fla) < fi(=)

And since f(x) is an integrable function then
Usp—Lysp < % so we can pick fi(z) — fa(x) < b‘fa.
Therefore we have that

(fi(z) = fa(x))? < 7% So therefore we have that

b
/ (1(@) — fole))de =
ab b
/ (F2(x) — 2f1(@) fole) + f2(a))de < / (F2(x) — 2f3(x) + f2(x))de =

(F@) = F@)de < ;——(b—a) =
case 2:

Since f(z) < 0 we have that

fi(@) < f(z) < f3 (@)

and now we pick our step function such that
\/E

fi(@) = fola) <
Therefore we have th%t
(fa(@) = fi(2))? < e

Sobtherefore we have that

[ (h(a) = sl =
ab b
[ (B - 20@hl) + e < [ (@) - 272 + Fa)de =

(f3(z) — f2(x))dz < ﬁ(b —a)=c¢
Proof 2:

Now lets consider that f(z) and g(z) is integrable, then we have that f(x)—
) = h(x) then h(zx) is integrable and using the result from the beggining of

this problem we have that h?(z) is also integrable. So then

for

b b b
/ B2 () dz = / (f(2) — glx))?de = / (F2(x) — 2/ (2)g(z) + ¢*(2))de
and therefore

b b 9 * 9 - N
/ o) flayde = Ja >-2w (2))d

and since f2(x) and g%(x) we are done.

11)
Prove that if f is a continuous real value function on [a, b] such that f(z) > 0

b
all z € [a,b] and f(z) > 0 for some x € [a, ] then the / f(z)dz > 0.
a

Proof:
Since f is a continuous value function on some integral f must be bounded

and integrable. We choose some zq € [a, b] such that € = f(xg) > 0. Since f is
continuous, there is a 6 > 0 such that

|f(z) — f(x0)], €, whenever |xg —z| < ¢
therefore we have — f(x¢) < 0 will imply 0 < f(x) < 2¢ whenever |zg—z| < §



We know we can find an integer m such that % < 4. If we make our partition
P,, where n > 2m, then at least one partition will be completly contained in the
interval [zg — 0, g + 6], which is an interval where f(z) > 0 everywhere.
n
x
Thus, Ly p, = min @) has at least on term greater then 0 and no
n

i—1 i]
=1 n 'n

negative terms.
Therefore L¢ p, > 0 for all n > 2m, emd
I;, = lim Lﬁpn >0

n—oo

Since f is integrable, I, = Iy =1,s01 >0



