1. THE LAPLACE OPERATOR AS A SELF ADJOINT OPERATOR
For f € S(R?) we define, as usual,
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af) =39 )
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Thus we can consider A as a linear operator with D(A) = S(R?). It is easy to see that for
any f,g € S(R?)
(Af,g) = (f,Ag)

and since S(R?) is dense in L?(RY) we see that A with domain D(A) is a symmetric operator.
The operator A is not closed. This is easy to see. E.g., take any function f € C%(R%) which
decays including its derivatives faster than any inverse polynomial at infinity. It is not hard
to construct a sequence of functions f,, € S(R?) so that f, — f and Af, — Af in L2(R?).
The goal of this note is to find a self adjoint extension of A.

Using the Fourier Transform we find that

2k F) = [ A @)

Rd
so that
—Af(z) :f*1|27rk|2ff:.7-"*|27rk]2]:f (1)

We use this formula to find a self adjoint extension of A or rather —A.

Lemma 1.1. On
D(A) = {F € L*(RY : /]R 2k 4| (k) Pk < o0}

define the operator
AF(k) = 2mk[ (k) .
Then A s self adjoint.

Proof. Clearly, A is symmetric. Pick any fe D(A*). Then for all g € D(A) we have that
[(F,Ag)| < Clgll2 .
where the constant C' depends only on f Pick
g(k) = |27Tk7|Qf(k)X|k|<RX{k;|f(k)|<R}

where y4(k) denotes the characteristic function of the set A, i.e., xa(k) = 1if k € A and
xa(k) =0if k ¢ A. Note that this function is in D(A). Now

(F.ag) = |

{Ik|<RYN{k:| f (k)| <R}
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Tk Pl2nk]'dk < © [ / TP 2k dk
{|k|<R}N{k:|f(k)|<R}

so that
/ _|fR)Pl2wk|tak < C*
{lk|<R}N{k:|f(k)|<R}

Letting R — oo and using the monotone convergence theorem we find that f € D(A) and

hence A is self adjoint. O
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Corollary 1.2. The operator

Hy = F*]27k|*F (2)
on the domain D(Hy) which consists of all functions f € L*(R?) whose Fourier Transform
f(kz) satisfies

/ 2mk| (k) 2k < 0o
18 selfadjoint. Moreover, Hy is an eﬂzi;ension of —A on
Proof. Hy is unitarily equivalent to A and hence self adjoint. For f € S(R?) we have that
Hyf = F*|2nk|* Ff = —Af
using (1) and hence Hj is an extension of —A. U

Note that D(Hy) is not really accessible. It is difficult to decide whether any given function
is in D(H,) or not. So, while it is very important to know that Hy is self adjoint, for compu-
tational purposes, Hy is useless. One might argue that Hj is an extension of —A defined on
S(R?) and on this space one can inded compute. The problem, however, is that there might
be other self adjoint extensions of —A on S(R?). Which one should one choose? We shall
show that —A on S(RY) specifies the self adjoint extension uniquely, i.e, there are no others.
This is the source of the following definition.

Definition 1.3. An operator A with domain D(A) is essentially self adjoint if the closure
A is self adjoint. In this case we call D(A) a core of A.

Here is a simple of what can go wrong. Consider the Hilbert space L?*(0,1) and consider
the operator
_1df

with domain C2°(0,1), i.e., all infinitely differentiable functions that have compact support in

the interval (0, 1). It is easy to see that A is symmetric. One can also compute A, the closure
of the operator A. Its domain is the set

{f absolutely continuous on (0,1) , f(0) = f(1) =0} .

Take any smooth function g with g(1), g(0) not necessarily equals to zero and compute
— 1dg

There are no boundary terms since f(0) = f(1) = 0 Thus, clearly ,A is not self adjoint.
We shall see later that the operator A has infinitely many self adjoint extensions, depending
on the boundary conditions one imposes. Boundary conditions are an important part of
the physical description of a process. E.g., if and considers the heat equation on a bounded
domain, one can fix the temparature on the boundary to be zero or one could choose insulating
boundary conditions, which means the the normal derivative of the temperature function
vanishes on the boundary.

We shall now prove that —A on S(R?) is essentially self adjoint, in fact we shall show more.

Theorem 1.4. Define

Bf(z) = =Af(x)
with

D(B) = CF(RY) .



Then B is essentially self adjoint, in fact B = H,.

Proof. For any given f € D(H,) we have to produce a sequence of functions f, € C®(R?)
such that f, — f and —Af, — Hyf.

Let ¢ € C*(B(0,1)) where B(0,1) is the unit ball centered at the origin. Assume that
¢ >0, [pa ¢(x)dr = 1. Such functions do exists, e.g., set

o(z) = const.e T if & # 0

and set ¢(z) = 0 for all z with |z| > 1. It is a standard exercise to see that ¢ € C°(B(0,1))
and the constant in front of the function can be adjusted so that the function integrates to
one.

Now, consider

O3(x) = 676(5)

which is now a smooth function with support in the ball B(0,¢) and whose integral over the
whole space is again one. Now pick any f € D(Hy) and consider

folz) = | sz —y)f(y)dy .
R
It is very easy to see that f5 is C°°(R?) and that

~Afi() == [ Ads(e— ) 1wy
R
Since for every fixed z the function ¢s € D(Hy) we can rewrite the above expression as

—Afs(@) = —(Hods(x — ), [)
and since f € D(Hy) and Hy is symmetric this equals

—(¢s(x —-), Hof) = —(Hof)s -

It is a general fact from real analysis that for any g € L*(RY)
li —g/|=0.
lim [[g5 — g]|

Once more, this fact is closely related to the outer regularity of Lebesgue measure.
Another useful fact is the inequality

lgsll < llgll - (3)

This fact follows essentially from an integral version of the triangle inequality, which is called
Minkowski’s inequality, i.e.,

VRd ], o5 = y)g(y)ddex} " {/Rd ] osWgle = y)dy|*dz

< [ouo) [ [ ot - opaa] "y,

[ ot =lds = [ lg(()fda
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and since
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we find the bound

¢s(y)dy | | |g((x)*dz o 9]
J ot | [ o]

With these facts at our disposal we can now advance our argument, namely

Ifs =l =0, [[Hof = (=Afs)[ =0

as 0 — 0. The sequence of functions f5 is in C*°(R%) N L2(R?) and does not have compact

support, so we are not quite there yet.
Pick any function w € C>°(R%) such that w(x) = 1 on the unit ball B(0,1). For § > 0 fixed
consider the sequence

Fua@) = w(>)fila)

Clearly, for any fixed §,n this function is in C*°(R?). Using the monotone convergence theo-
rem,

: 2 : T2 2 : 2
— — J— J— < —
nhm | fs — fasll® = nhm /d |(1 w(n)\ | fs(z)|“dz nhm |fs(z)|dz =0 .

lz|>n

Next we compute
1 T x
Afualw) = —5(Bw)(5) fo(w) + 22 (V)(2) - Vfafa) + w(D)Afile)
so that
1
[A frs — Afsl] < ﬁ\I(AW)( ) s +2—|I(VW)( ) Vsl + (1= w(> AL
Since w including its derivatives is bounded we find
[Afns — Afsl| < C—||f5|| + 2C—||Vf(s|| + (1 —w(= ))Af5||
where C' is some constant independent of n,d. Since
) x
Jim (1~ w(2))AS] =0

we have that
Tim A S5~ Afs =0

Pick any € > 0. There exists § > 0 so that

12 €
(1 = fol + 1 Hof = (=Afl17) 7 < 5
Next for this particular value of § pick n so that
€
(175 = Frall® + 185 = Afusl] ™ < 5

and hence
1 /2

I = fasll® + 1 Hof — (=Afusl?] ™ <e

which is precisely what we wanted to show. 0



