UNIVERSALITY LIMITS AT THE SOFT EDGE OF THE
SPECTRUM VIA CLASSICAL COMPLEX ANALYSIS

ELI LEVIN! AND DORON S. LUBINSKY?

ABSTRACT. We show that universality at the soft edge of the spectrum
is equivalent to universality "along the diagonal", that is ratio asymp-
totics for Christoffel functions. The context is that of varying measures
and limits involving the Airy kernel. In particular, we consider mea-
sures of the form W2" (x)dx, where {W,} are a suitable sequence of
weights. They do not need to be analytic, but instead should satisfy
some hypotheses on the associated equilibrium measures.

1. INTRODUCTION AND RESULTS'

For n > 1, let u,, be a finite positive Borel measure with support supp[u,,]
and infinitely many points in the support. If the support of p,, is unbounded,
we assume that all the power moments

/xjdun (2), 520,
are finite. Then we may define orthonormal polynomials

Pn,m (.7}) = Vn,mxm Tt Yn,m > 0,

m = 0,1, 2, ... satisfying the orthonormality conditions

/pn,jpn,kdun = k-

Throughout we use p, to denote the Radon-Nikodym derivative of p,,.
The nth reproducing kernel for p,, is denoted by

n—1
(1.1) Ko (2,9) =Y Pk () Pk (1) -
k=0

The Christoffel-Darboux formula asserts that
_ Tnn—1Pnn (%) Pnn—1(Y) = Pnn—1 () P (y)

1.2 K, (z,y) =
( ) " ( ) ’yn,n r—y
In random matrix theory, it is the normalized kernel
(1.3) Ko (2,y) = p, (2)'% i, () ? Ko (2,y)
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that is often more important than its non-normalized cousin. The simplest
case of the universality law in the bulk is the limit

% a b
Ko <§ TRt fmm) sinm (a —b)

lim =

n—o00 I?n (é"é‘) 7'['((1—())

Typically this holds uniformly for £ in a compact subinterval of the interior
of the support, and a, b in compact subsets of the real line. Of course, when

a = b, we interpret % as 1. There is a large literature on this subject

- some references may be found in [2], [4], [6], [7], [8] [16], [17], [18], [19], [20],
[21], [22], [23], [24], [25], [26], [31], [32], [38] and the proceedings devoted to
the 60th birthday of Percy Deift [3].

In [20] a new approach was presented for proving universality for fixed
measures on a compact set, using classical complex analysis, especially the
theory of entire functions of exponential type. In [17], this method was
used to prove universality in the bulk for varying weights, and hence also
fixed exponential weights. The method has been adopted by Avila, Last
and Simon [2], together with other ideas, to show universality in an ergodic
setting.

The hypotheses in [20] involved the nth Christoffel function for y,,, namely,

An () =N (g, ) = 1/ Ky (2, 2)

When p,, is absolutely continuous, we shall use also the notation A, (1), ).
The Christoffel function admits the well known extremal property

. [ P2 (t)dp, (t)
@)= TR

To state one of the results from [17], we need some concepts from potential
theory for external fields [30]. Let 3 be a closed set on the real line, and

W (z) = exp (—=Q (z))
be a continuous function on X. If ¥ is unbounded, we assume that

(1.4) lim W (x)|z| =0.

|z|—00,2€X

Associated with ¥ and @, we may consider the extremal problem

in <//log |x1t|du(a:)dz/(t)+2/Q dy),

where the inf is taken over all positive Borel measures v with support in X
and v (X) = 1. The inf is attained by a unique equilibrium measure vy,
characterized by the following conditions: let

VW (2) = / log |Zit|dz/w )
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denote the potential for vyy. Then

VYW +Q > cw on X;
VW +@Q = cw in supp [vw].

Here cyy is a characteristic constant. Usually vy is denoted iy, but we use
a different symbol to avoid confusion with our measures of orthogonality
{ftn,}- One of the main results from [17] is:

Theorem 1.1
Let W = e~ 9 be a continuous non-negative function on the set 3, which is
assumed to consist of at most finitely many intervals. If ¥ is unbounded,

we assume also (1.4). Let h be a bounded positive continuous function on
>, and for n > 1, let

dpiy, () = (RW?") (z) da.
Moreover, let K, denote the normalized nth reproducing kernel for p,,.

Let J be a closed interval lying in the interior of supp[vw ]|, where vy denotes
the equilibrium measure for W. Assume that vy is absolutely continuous
in a neighborhood of J, and that vy, and Q' are continuous in that neigh-
borhood. Then uniformly for £ € J, and a,b in compact subsets of the real
line, we have

7 a b
Kn <§ * ffn(s,a)’“ f(n(f,é)> sinT (a — b).

lim =

n—o00 I?n (é‘,é‘) TF(a—b)

There was also a more general result in [17] for measures that are locally
of the form W2"dz.

In this paper, we consider asymptotics at the "soft" edge of the spectrum.
For the classical Hermite weight W (z) = exp (—$2), these take the form [39,
p. 152]

. 1 ~ a b )

and for the scaled (or contracted) Hermite weight W2" (z) = exp (—2na?),
these take the form

_ 1 - a b ,
(1.6) nh_}nolo WKn <1 + 5273 1+ 2n2/3) = Ai(a,b),

where Ai (-, -) is the Airy kernel, defined by

Ai(@) AV (O~ A @A) 4,
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and Ai is the Airy function, defined on the real line by [28, p. 53]

(1.8) Ai(z) = 71r/0 cos <;t3 + xt) dt.

The Airy function satisfies the differential equation
(1.9) Ai" (2) — zAi (2) =
For a =b=0, (1.6) gives

1 ,
(1.10) nh_)rgo 2n2/3Kn (1,1) = Ai (0,0),

so we may reformulate (1.6) as
Aq Aq
. K, (1 t K,L(gof)a 1+ K,L(g()l)) b) Ai (a,b)

(1.11) lim = — .

n—00 K, (1,1) Ai (0,0)
It is this formulation of the universality limit that we seek to general-
ize in this paper. This limit has been established (with slightly different
formulations) for varying exponential weights, using the Riemann-Hilbert
method and @ techniques by Miller and McLaughlin for a general class of
non-analytic varying weights [25].

An important special case of our results is:

Theorem 1.2
Assume that for n > 1,

(1.12) du,, = W (z)dz, z € R,
where W = e~ and Q has the following properties:

(a) Q' satisfies a Lipschitz condition of some positive order on R; and in
some neighborhoods of +1, Q' satisfies a Lipschitz condition of order > %
(b) The support of the equilibrium measure vy for @, is [—1,1].
(¢) Q is convex on R, or, Q is even and xQ' () is strictly increasing on
(0,00).
Then the following are equivalent:
(I) For each real a,

- A4(0,0) A4(0,0)
(1.13) A (1+ R fain?) _ Aifa,a)
700 K, (1,1) Ai (0,0)

(II) Uniformly for a,b in compact subsets of the real line,

Ai(0,0) Ai(0,0) .
(1.14) im K <1 FRan®! T R 1)b> _ Ai(a,b)

Remarks
(a) The result is useful because of the extremal property of the Christoffel
function A, (z) = 1/K,, (z,x), which makes it much easier to establish the
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asymptotic (1.13) along the diagonal, than the off-diagonal (1.14). To date,
the most general class for which (1.13) and (1.14) have been established
are the varying exponential weights of McLaughlin and Miller [25]. They
used Riemann-Hilbert techniques, and the 0 method to treat non-anaytic
weights, more specifically, the case where Q” satisfies a Lipschitz condition of
some positive order, together with some other conditions on the equilibrium
measures. It seems likely that more elementary methods can be used to
establish (1.13), as was done in the bulk by Totik [37]. However, this has
not been achieved up till this time.

(b) Our proof shows that uniformly for u, v in compact subsets of the plane,
(1.13) implies

K, (1 i Ai(0,0) u, 1+ Ai(0,0) v) o)

. K,(1,1) K. (1,1) 2 nQ’, (1) (u+v)
1 Knp(1,1)
oo K, (11 ¢
A (u,v)
1.15 = —=,
( ) Ai (0,0)

Thus universality along the diagonal implies universality locally uniformly
in the plane, not just on the real line.

(¢) Since we are proving universality at 1, the hypothesis that Q" also satis-
fies a Lipschitz condition of order > % at —1, can be dropped, at the expense
of longer proofs.

(d) The convexity of () or monotonicity of Q' (z) are needed primarily to
ensure that the support of the equilibrium measure for W? is an interval for
A > 1 but sufficiently close to 1. There are more general conditions for this,
due to Benko [5]. However, they do not seem to automatically guarantee
properties that we require of the equilibrium density.

(e) Universality at the soft edge is also commonly studied in a different con-
text, namely that of random Hermitian matrices with independently distrib-
uted entries, by numerous authors. See for example the work of Soshnikov,
Tao, Erdés, and others [9], [33], [34], [35]. By contrast, in the context of
this paper, the entries are not independently distributed.

(f) We note that

Ai(0,0) = (31/3F (1/3))_2.

This follows directly from (1.7) and a differentiation in (1.8):

Ai(0,0) = (Ai (0))* = <—71T /Oootsin (t;) dt)2.

Now apply [12, p. 420, 3.761.4].

Recall that the modulus of continuity w (1,-) of a continuous function
:[—1,1] — R is defined by

w (1,8) = sup {[¢) (s) = (8) : |s — ] < 6}, 5 > 0.
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For sequences {c,} and {d,,}, we write
Ccn ~ dp
if there exist positive constants C; and Cs such that for all n,
Cy < cp/dy <O

Similar notation is used for functions and sequences of functions.

We say a sequence of measures {u,,} admits a restricted range inequality
to [—1,1] if there exists A > 0 such that for n > 1 and all polynomials P of
degree < n —1,

1
(1.16) / P?dp, < A / P2dy,,.
R\[-1,1] -1

Theorem 1.2 is a special case of :

Theorem 1.3

Let {u,,} be a sequence of positive Borel measures on the real line, each with
all power moments finite, and that admits a restricted range inequality to
[—1,1]. Assume that

(a) for some € >0, by > 1, and all n > 1,

(1.17) Pnn has at most {y zeros in (1,1 +¢€).
(b) in [~1,1+ 2551,
(1.18) du,, = W2 (z) dz,

where W, = e~ 9 is continuous there;
(c) Let v, denote the equilibrium measure for the restriction of @ to
[—1,1]. Assume that

(1.19) v () = (1= p, ), te [-1,1],

where for some A >0,
(1.20) lim v, (1) = A,

and the moduli of continuity w (v,,,:) of v, in [—1,1] are such that the
integrals

(1.21) /04 Wdt

converge uniformly in n, and are uniformly bounded. Assume also that
uniformly on [—1,1] and in n,

(1.22) ¥, ~ 1.
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(d) Assume moreover that there exists n > 0 such that the support of the
equilibrium measure of W is an interval for n > 1 and X € [1,1+ 7).

(e) Q) exists in [1, 1+ ng/Z] , satisfying there, uniformly in n,

(1.23) Q@) = @ (1) =o((1-2)"?).
Then (1) and (II) in Theorem 1.2 are equivalent.

Remarks

(a) The restricted range inequality (1.16) forces [—1, 1] to be the "main sup-
port interval" for {u,}. By primarily technical changes in the proofs, we
can assume that the "main support" is a set J, consisting of finitely many
disjoint intervals, one of which has 1 as a right endpoint. Instead of (1.16),
we would assume there exists A > 0 such that for n > 1 and all polynomials
P of degree <n —1,

P2%dy,, < A/ P2dy,,.

R\J J

(b) We emphasize that v, is the equilibrium measure for @,, restricted to
[—1,1]. We are not assuming that v, is the equilibrium measure of pu,, (if
i, has one), nor of @, outside this interval.

(c) The hypothesis (1.17) is typically satisfied when du,, = W,2"dz in (—o0, c0),
and v, is the equilibrium measure for @, on (—1,1), for then one expects
the zeros of {p,n}, to be concentrated in (—1,1). This notion can be made
precise, if we assume more precise restricted range inequalities than (1.16).
(d) The hypothesis (d) on the support of W} is required only in establishing
upper bounds for A, (Wg”, 1). Thus it can be replaced by the more implicit
assumption

(1.24) An (W2R1) /W2 (1) < On~ 23, n > 1.

(e) The sequence {ff/;} can be replaced by any sequence {%} with

lim,,—, &, = 00.

(f) As an application of the above results, one can prove universality at
the soft edge for fixed weights. Let K, (WQ,x,y) denote the reproducing
kernel for W2 and K, (W2, z,y) = W (z)W (y) K, (W?,z,y) denote its
normalized cousin. The nth Mhaskar-Rakhmanov-Saff number a,, for an
even weight W2 = e~2@ is the positive root of the equation

2 1 !
n:/ ant@’ (ant) .
™ Jo V1—t2

Recall that ta,, constitute the "soft edge" of the spectrum for fixed weights.
Let A > 6 and

Q) =z +g(x), z€R,
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where g is even and ¢’ is continuous. Assume that =@’ (z) is increasing on
(0, 00), satisfying there

zQ' (x)
Q (2)

Cy > >Ci > 1.

Assume moreover, that
g (z)=o0(z), z — oo;
and for some o > %,
‘g/ (z) — ¢ (y)‘ < Clz—y|*, for all z,y.

Then one can show that uniformly for a,b in compact subsets of the real
line,

- Ai(0,0 Ai(0,0
— (72500 (1 i faina) o (1+ 2530)) _ Ai(a,h)
n—oo K, (W2a Qp, an) Ai (07 0) .
This can be achieved by applying Theorem 1.3 to the weights W,, (z) =
exp (—2Q (anz)), n > 1.

This paper is organized as follows: in Section 2, we present the main ideas
of proof. In Section 3, we present some notation, as well as some background
on the Airy function and orthogonal polynomials. In Section 4, we establish
some technical estimates on @),, which follow from our hypotheses on the
equilibrium densities. In Sections 5 and 6, we establish lower and upper
bounds on Christoffel functions. In Section 7, we prove a Markov-Bernstein
inequality. In Section 8, we establish bounds on weighted polynomials and
deduce normality of certain sequences of functions. In Section 9, we prove
Theorems 1.2 and 1.3.

2. IDEAS OF PROOF

In this section, we shall give the ideas of proof of Theorem 1.3, our most
general result. Let us assume its hypotheses.

Step 1: A normal family

Let Ai (0,0)
¥ (n) = —an% (1).

We shall show that |¥ (n)| > Cn!'/3. Define for all complex u, v,
Ai(0,0) Ai(0,0) )

Kn (1 TR L+ Ra(11)" oY (n)(utv)

A simple asymptotic estimate, which explains the presence of ¥ (n), is the

limit

fn (u,v) =

on Ai(0,0)
Wy (1 + 71271(1,1)@

Wi (1)

) = exp (2¥ (n)a +o(1)),
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valid for real a. This allows us to write for real a, b,

K, (14200, 1 4 2100,
Kn(1,1) 7 Kn(1,1
i (a,) = < AR >><1+0<1>>.

We show that f,, admits the bound
| fn (u,0)]
21)< C (1 + \/m) (1 i \/m) ’1/2 exp <_§a§1/2 Re (uz/z T v3/2>> .

Here {o,} is a bounded sequence, and like C, it is independent of u,v.
However, for u,v in a given compact set IC, the bound holds for n > ng ().
The actual mechanism to establish this bound is non-trivial. We first need
upper bounds for K, (a,b) for a,b close to 1, and lower bounds for K,, (1,1).
To obtain these, we use the extremal property of the Christoffel function

1t
K, (z,z)’

)\n (Mn? fL’) =
for p,,, namely

. [ P%dp,
An (an .T) N deg(lgr)lin—l p2 (ZL‘) ’
To establish the lower bound for A, (u,,, ), we use potential theoretic ideas
in Section 5. The upper bound for A, (u,,,1) is established in section 6, by
discretizing the integral equation for the equilibrium measure. It is there
that we need our most stringent conditions on p,,.

Once we have the lower bounds for A, (i,,, ) for real x, we use weighted
Bernstein-Walsh inequalities to move into the complex plane. This is done
in Section 8. Finally, in Section 9, we can establish (2.1).

Step 2: The subsequential limit f

The bound (2.1) shows that {f,} is a normal family in each variable. Let f
denote the limit of some subsequence { f,},cs. For some appropriate o > 0,
and all u, v, it satisfies the bound

| (u,v)]
< C’)(l + \/M) (1 + \/m))lﬂ exp <—§a3/2 Re <u3/2 +v3/2>> .

It is entire in each variable, with order at most % and type at most %a%
in each variable. From elementary properties of the reproducing kernel K,
and scaling, and taking limits, we can show that for all a € C,

| el < g ).
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Next, we establish that for all b € R,

/°° <f(b/a,s/a) Ai(b, s)>2 s
f(b/o,bja)  Ai(b,b)
o 1

Ai (0,0) f(b/o,b/o)  Ai(bb)

In order to do this, we use the fact that Ai (b, s) is the reproducing kernel
for a suitable space of entire functions of order < 3/2, that satisfy addi-
tional restrictions. That f itself belongs to this space, requires some series
estimates on its zeros, and the Markov-Bernstein inequality established in
Section 7. As a consequence of (2.2), we obtain

Ai(0,0) f(b/o,b/o)
RS 0]

Step 3 Use of the Markov-Stieltjes Inequalities

For the converse inequality to (2.3), we use Markov-Stieltjes inequalities,
and classical formulae relating orders of entire functions and their zero dis-
tribution, to obtain

— 00

(2.2)

> f(0,0) = 1.

o=1
This is achieved in Section 9. Then (2.2) becomes
/°° f(bs) Aibs))? i
—oo \f (b,0)  Ai(b,b)
1 1

2.4 < — .
(24) — Ai(0,0) f(b,b) Ai(b,b)
Our hypothesis (1.13) implies that

A (b,b)

Fo,0) =l f(bb) == 0,0)’

so the right-hand side in (2.4) is 0, and thus
f(bs) _ Ai(bs)
f(b,b) — Ai(bb)’

As the limit is independent of the subsequence S, the result follows.

3. NOTATION AND BACKGROUND

In the sequel C,Cq,Cs, ... denote constants independent of n,z,y, s,t.
The same symbol does not necessarily denote the same constant in different
occurrences. We shall write C = C () or C # C («) to respectively denote
dependence on, or independence of, the parameter «. As noted above, we
use ~ in the following sense: given real sequences {c,}, {d,}, we write

Cn ~ dy
if there exist positive constants C7, Cy with
Ch < cn/dn < Ch.
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Similar notation is used for functions and sequences of functions.

3.1. Orthogonal Polynomials and Gauss Quadratures. Throughout,
{1, } denotes a sequence of finite positive Borel measures on the real line,
each having all finite power moments. The Radon-Nikodym derivative of s,
is denoted p!,. The corresponding orthonormal polynomials are denoted by

{pmk}zozo, so that
/pn,kpn,jdun = 0jk-

We denote the zeros of p, , by
(3.1) Ton < T < ..o < Top < Tin.

We assume that

1
du, (x) = W2 (z)dz in [_1, 1+ Ozg/fj] :
n

where

Wy (x) = e~ On(2)

logn
n2/3 |-

The nth reproducing kernel for p,, is denoted by K, (z,t), and is defined
by (1.1), while the normalized reproducing kernel is defined by (1.3). The

nth Christoffel function for p,, is

and @, is continuous on [—1, 1+

B B . [ P*dp,
(B2)  dn(@) =dn () =1/Kn(w2) = | i oy

When p,, is absolutely continuous, we shall often write A, (u},, ). In par-
ticular, A, (Wg”, x) will denote the nth Christoffel function for the weight
W2n

i

The Gauss quadrature formula asserts that whenever P is a polynomial
of degree < 2n —1,

(33 > () P ) = [ P

In addition to this, we shall need another Gauss type of quadrature formula
(10, p. 19 ff.]. Given areal number ¢, there are n or n—1 points t;, = t;n (£),
one of which is &£, such that

(3.4) S A (ta) P (tja) = / P dp,.
7

whenever P is a polynomial of degree < 2n — 3. The {t;,} are zeros of

(3'5) wn (57 t) = Pn,n (€> Pnn—1 (t) — Pnn-1 (5) Pnn (t) ’

regarded as a function of ¢.
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In order to prove that universality holds at the edge of the spectrum, at
the nth stage, we shall consider the quadrature that includes 1, so that

(3.6) tin = tjn (1) for all j,
and {t;,} are the roots of
(37) wn (L t) = Pn,n (1)pn,n—1 (t) — Pnn—1 (1) Pn,n (t) .

Because we wish to focus on 1 as a right endpoint, we shall set tg, = 1, and
order the {tj,} around 1, as follows:

W<t <tip<ton=1<t_1,<

The sequence of {t;,} consists of either n — 1 or n points, so terminates. It
is known [10, p. 19, proof of Theorem 3.1] that when (pp npnn—1) (1) # 0,
then one zero of v, (1,¢) lies in (zj,,2;—1,) for each j, and the remaining
zero lies outside (Zpp, T1p).

We let
o Ai (0,0) O
(33 V)= 2 ()
and

Ai(0,0) Ai(0,0)
Kn <1 + Rl & 1+ I?n(l,l)U) oY () (utv)

K, (1,1)

(3.9) fn (uyv) =

for u, v € C. We also let

2/3 £t (U, U) Ai (0,0)
Ky (1,1)

(For the scaled Hermite weight W2" (z) = exp (—

The zeros of
A’L(O 0)
Ko (1 1+ Ka(1, 1)t) W (n)t

00 = )
will be denote by {pjn}#o. Thus, recalling (3.6) and (3.7), we have

(3.10) Th=2n

2nz?), 7, — lasn — 00).

(3.11) Pin = i (0.0) (tjn —

We also set, corresponding to tg, = 1,
(3.12) pon = 0.

For an appropriate subsequence S of integers, we shall prove that there exists
for all complex a, b,

(3.13) f(a,b) = hme fn (a,b);
(3.14) 7= lim 7.

n—o0,nES



UNIVERSALITY LIMITS 13

We let

(3.15) o= (\@WA) 23 g

The negative zeros of f (0,-) will be denoted by { Pj and we set p, = 0.

Our ordering of zeros is

o

S p3 < pp=pp <py=0.

3.2. Potential Theory. Throughout,

(3.16) p(z)=24+V22-1

denotes the usual conformal map of the exterior of [—1, 1] onto the exterior
of the unit ball, while g (z, u) denotes the Green’s function for C\ [~1, 1] with
pole at u ¢ [—1,1]. Thus g (z,u) is harmonic in C\ [—1, 1], as a function of
z, and has a finite limit at co. Moreover, g (z,u) + log |z — u| is bounded as
z — u, and ¢ (z,u) has limit 0 as z approaches any point in (—1, 1) from the
upper or lower half plane. It is well known that [29, p. 107, p. 109], [30, p.
122]

L—p e ()|

(3.17) g (z,u) =log 202 — o ()

For the external field @,, defined on [—1,1], its equilibrium measure is
denoted by v,. Thus v, is the unique probability measure that minimizes

//log ! du(x)du(t)+2/@n(t)dy(t)

|z —t]

over all probability measures v with support [—1, 1]. We let

1
Vir(z) = /log .

denote the corresponding equilibrium potential. Our hypotheses will ensure
that v, is absolutely continuous, and its support is all of [—1, 1], so that

(3.18) Vi (z) + Qn (z) = ¢, x € [-1,1].

Here ¢, is a characteristic constant. In describing estimates for the Christof-
fel functions A, (u,,, ), we shall use the function

_ 1 2 | o3\ /2
(3.19) o (x) = - (1—3: +n ) .

This should not be confused with the conformal map ¢ above.
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3.3. Entire functions and Airy Functions. Recall that an entire func-
tion g is of order < A and finite type < 7, if for each € > 0, there exists
C > 0 such that for r > 0,

sup |g (2)] < Cexp ((7’+£) 7‘)‘> .

|2|=r

We let n (g,r) denote the number of zeros of g in the ball center 0, radius
r, and n (g, [a,b]) denote the number of zeros of ¢ in [a,b]. For g entire of
order ), its indicator function is

log |g (reie) |

hg (0) = limsup - , 0 €]0,27].

r—00

We record some background on the Airy function and Airy kernel, defined
by (1.8) and (1.9). The Airy function is of order 3 and type 2 and admits
the asymptotic expansions [28, p. 103], [40, p. 15]

2 T
ooy o—1/2-1/4 £ 372_T ~1/4 )
Ai (—x) T cos<3a: 4>—|—0(a: ),x—>oo,

Ai (—z) = 7 Y2V (;xg/z B Z) o <$1/4> o

(3.20)

so a simple calculation and (1.7) give as x — oo,
£1/2
(3.21) Ai(—z,—z)=——(1+0(1)).
™
In the region |arg (z)| < m — 4§, with |z| — oo, [28, p. 116],
_2,3/2

e 3 1
e fo( )

It is known that the Airy function has only real negative zeros. We let

(3.22) Ai (2)

0>a1>a0 > ...

denote these zeros. It is known [1, p. 450], [40, pp. 15-16] that
(3.23)

a; = — [37 (45 — 1) /8> <1 Lo (;)) . (?)2/3 (1+0(1)),

SO

N\ 2/3
(3.24) a; —a; 1 = —g (32> V(14 0(1) = —mlag V2 (14 0(1)).
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4. Two TECHNICALITIES
We use our assumptions on the equilibrium densities {/],} to prove:
Lemma 4.1

Assume the hypotheses of Theorem 1.3.
(a) Q) exists in (—1,1] and for z € (—1,1],

(4.1) PV/1 n® oy — o1 ().

1$—t

For x < 1, the integral is taken in the Cauchy-Principal Value sense.
(b) Uniformly in n, as x — 1—,

(4.2) Q (1) = @ (2) =o ((1-2)"2).
We shall use the equilibrium relation
Vi () + Qn (z) = cp,x € [-1,1].

Note that this holds throughout [—1, 1], since our hypothesis (1.19) shows
that the support of v, is all of [—1,1]. While the differentiation in (a) is
well known, we could not find a reference under our hypotheses, so provide
a proof.

Proof of Lemma 4.1(a)
We assume 0 < z < 1. The cases ¢ = 1 and = € (—1,0) are similar. Fix
€ > 0 and let

e 1 1/2
p— 1 _
and define 1/ (t) = 0 outside [ 1,1]. Then the equilibrium relation gives
-1 T
1 h
_ Sog |14 | = },/ntdt
/Iw—t>a{h ¢ il £EA0
1 h
—1 14+ — / dt
+/|1’—t<a{h °8 +(E—t x_t}{y n(x)}
1
wh@ [ Lol Ml
o—t|<e B -

= TY+Tr+T5.

Firstly, as h — 0+, the integrand in 77 converges uniformly to 0 (recall that
' is continuous), so
Ty — 0as h — 0.

Next, our hypothesis (1.22) gives
(4.3) sup (|9, [, (—1,1) < 0©-
n>1
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Let

g(s) = slog

1
1— ‘ +1,
s
which is bounded in any closed interval excluding 1. We see that

Vi () = vy, (2)

t—x
=B, ) - (1 -3y, @)
N t—x
/2 2\1/2
(1)~ (1) oy 1/2 |y (1) =, (2)
< 1— nA T AT
< o () — +(1-a?) )=t
1 e —1t
o skt
(1—2)2 + (1 —a2)¥ |z — ¢

(4.4)
We emphasize that C' is independent of h,n,t,z, and . Then if |h| < § <

%6(1_'%')7

t—a\ v, (t) — v, (2)
Ty = / < > n o dt
T3] ‘ |x_t|S89 h f— o

t—x dt t—ax\|w(,;|z—t])
<of () mre L b (50)| e
le—t|<e h (1 — t)1/2 lz—t|<e h |SL‘ - t‘
ds w (Y, |k s
= ol [ el e [ g el
|s|<e/IAl (1 — 2 + sh) |s|<e/IAl |s|
ds ds
< C\hl/ 11/2+C\h|/ g ——57
ls|<e/|n); |s—11>1 (1 — x + sh) |s|<e/|hl; [s—1|<1 (1 —x+ sh)
iC w (P A ’S‘)derC 19(5) w (3 [l Is)
|s<e/|hl; [s—1]>1 s |s<e/|hl; [s—1]<% s
€ |h| /
< C +C s)|ds
(1 _$)1/2 (1 —:c)l/Q s—1j<1 g (s)]
€ .
+c/ @ Wnit) g 4 (¢n;2|h)/ 19 (s)|ds
0 u ls—1]<3

IN

€ w (Y, u) /4h| dt
C’+C’/ — Y 2du+ Cw (¢,;2|h —
(1—a)"? 0 u (Wi 2{]) olh| T

0612+C/ W Wit g
(l—m)/ 0 u

IN
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Finally, a substitution shows that

T = (o) / log
|s|<e/|h|
e/|h|

— @[ 1og
0

0.)
— Vp(2) / log
0

as h — 0 (cf.[12, p. 560, no. 4.295.12]). Combining the above estimates
gives

1
1- =
s

ds

1

1—-—=1|d
2%

ds| =0,

1
1— —
52

1 1 . t
hr;?j[l)lp h[Qn(:L‘—l—h)—Qn(x)]_Pv/_l I;n_(t)dt’
& Ew(¢n;u)
< C(l_x)l/?—i_c/o Tdu.

As C' is independent of ¢, and the left-hand side is independent of &, we can
let € — 0+ to obtain the result. B

Proof of Lemma 4.1(b)
Recall first the well known identity [30, p. 225, (3.20)]

b dt
PV/ =0,ze(-1,1).
1T —t(1— t2)1/2

This easily implies
1 (1 o 752)1/2
PV/ ~—~—dt = xm,
—1 r—t
and hence
! 1 1
45 pv | 1-2)! — = lagt=(@-1)n
(4.5) /—1 ( ) r—t 1—1 (@ )7
By (a) of the Lemma, and using (4.5),
Qn () — @ (1)

1

r—t 1-—1t
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Assume x € [%, 1]. We split

1-(1—a)'/® 1-2(1-x) 1
[T ey
—1 1—(1—z)'/® 1-2(1—x)

(1= () b (0} { 2 - 12 fa
(4.7) = N1+ 12+ 1Ts.

T

= PV

Heret<1—(1—-2)""=>1—-t>(1—-2)"°>2(1—=z). Also,

=t =10~ ~ (1—2)| > £ (1 —1).
Then
O [, (8) — 9, (1)]
Ty < C’(l—:c)/_l (1—1¢%) T dt
3 1
< 0(1—90)5{/1(1—t)1/2¢n(t)dt+1/1n(1)}

(4.8) < C(l—a)s.
Next,

1-2(1-a) Y, (t) — b, (1))
o< (1-— 1—2)1/2[¥n n g
Tl = ”ﬂ%kww( ) =t

1-2(1—x) dt

< O(-a)w (b —1‘)1/5)/

(125 (1 —t)%?

< C-2)"w (Y1 -2)")
_p)/5

< 0(1—:::)1/2/2(1 W)y,

N (1—a)'/® S

(4.9)
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Next,

z+(1—x)
e L N (R R O N P e

z) r—t

_ 2y1/2 ¥n (t) = ¥ (2)
_|/1x) —t7) dt

x—1

z+(1—x) 172
() — 0 (1 )}Pv/ &dt

x—t

+(1- 90)
i e i
z—(1—x)

C(l- )1/2/%(1 2y, Py (t) — ¥y (2)

(lx x—t

IN

dt

/x+(1x) (1 _ t2)1/2 _ (1 _ x2)1/2 »

—, (1
@ = I —

w+(1-2) _
_oa1/2 wn (t) wn (1)
+C (1 —1x) /m(lx) T

1—x .
< C(1—$)1/2/ Wdu—FCw(wn;l—m)(l—:c)l/Z
0

2(1—x) .
+C(1—$)1/2/ w(wruu)du
0

K

u

< 0(1_90)1/2/ T e,

0 u

much as above. Adding all the estimates for 77, 7>, T3, and recalling (4.6)
and (4.7), gives

2)1/5
’an(x)—an(l)’SC(l—;p)l/2{(1—x)1/10+/2(1 w (i) }
0

U

Our assumption that the integrals in (1.21) are uniformly convergent, now
gives the result. B
We shall also use:

Lemma 4.2
There exist C1 and g1 > 0 such that

(4.10) |Qn ()] <C, el —e,1].
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Proof
Now

0 < Q;(1)=/11V1;‘_(?dt

1 _\1/2
C/ =",
o, 1—t

by (1.19) and (1.22). The bound (4.10) then follows from the uniformity in
Lemma 4.1(b). W

IN

5. LOWER BOUNDS FOR CHRISTOFFEL FUNCTIONS

In this section, we establish lower bounds for the Christoffel function
An (fn, ). The method is identical to that in [15, Chapter 9], but the de-
tails are sufficently different to require some explanation. We shall prove:

Theorem 5.1
Assume the hypotheses of Theorem 1.3, except (1.21) and (1.22). Uniformly
forn>1and x € [-1,1],

—1/2
(5.1) M o) W2 () 2 O (1= a? 4 7203)
n

Recall that g (z,u) denotes the Green’s function for C\ [-1, 1] with pole
at u ¢ [—1,1] and ¢ (2) = 2+ V22 — 1, and v, is the equilibrium measure
for @, on [—1,1]. We start with an analogue of Lemma 9.6 in [15, p. 260].

Lemma 5.2
Let x € (—1,1) and z = z + iy, with y # 0. Then
(52 A (anea) W2 (@) > | 21V et Qulo)- st

Proof
Given a monic polynomial P of degree n, we can write

log |P (2) = [ log |2 — ul o (u),

where w has point masses at the zeros of P, of appropriate order. Let

h() = [ Qogle = ul +g ()} dw(u) + V7™ (2).

As the Green’s function "cancels out" the zeros of P, h is harmonic in
C\ [—1,1]. It also has a finite limit at co, since %w and vy, are both probabil-
ity measures. It thus has a single valued harmonic conjugate h in C\ [—1, 1].
Let

H:exp(h+ii~1),



UNIVERSALITY LIMITS 21

so that H is analytic in C\ [—1,1], with a finite limit at co. By using
Cauchy’s integral formula on a contour enclosing [—1, 1], and shrinking the
contour to [—1,1], we obtain for z ¢ [—1,1],

H?" (2) :1/1 (H?"/p) (z +1i0) — (H*" /) (x—iO)d$
¢ (2) 21 )4 Tr—z

Y

where (H?" /) (z 4 i0) denote boundary values from the upper and lower
half planes respectively. Note that for ¢ € (—1,1), the equilibrium relation
(3.18) gives

‘(HQH/QO) (t + ZO)} = |PWT?|2 (t) 62n0n7
so for z = x + 4y,

e2ncn 1

< PW™ (t) dt.
— 71! " (t)

‘ H?" (z)
¢ (2)

Here for z ¢ [—1,1],

|H?" (2)] = |P (2)|” exp <2/g(z,u) dw (u) 4 2nV¥n (z)> .

Thus
Joy [ PWR P (8) dt
P (x)[?
()] P’
(5.3) > 7yl eV (R)menl log|e(2)|+2 [ g(2z,u)dw(u) < )
P ()]

Next, we claim that

leg(z,u)dw(u) <|P(Z) >2
P ()]

(5.4) = exp (2 / {g(z,u)—i—log

ﬂ)}m@)) > 1.

First observe that for fixed z, g (z,u) + log |z — u| is harmonic as a function
of u, in C\ [-1,1]. Next, log ﬁ is superharmonic as a function of u €

C\[-1,1]. So g(z,u) + log ‘ ;:Z‘ is superharmonic as a function of u, and

has a finite limit as u — oco. For u € (—1,1), we have

g (z,u) + log

H':wog
r—Uu

;
1+ y‘ > 0.

T —u
By the minimum principle for superharmonic functions, we have

Z—U

g (z,u) + log >0 for all w € C\ [-1,1].

r—1U



22 ELI LEVIN! AND DORON S. LUBINSKY?2

Then (5.4) follows, and (5.3) gives
. L 1PW (1) di
deg(P)<n,P monic |P (z)[* W2" (z)

>yl 2V (D) —ent@n(@)] -logle(2)]

A (b, @) JW" () >

Proof of Theorem 5.1
Let us assume z € [0, 1]. Choose

~1/2
y= ! (1—x+n’2/3> /
n
and z = x+iy. Recall the bound (4.3) on ¢,,. Then our equilibrium relations
give
Vi (z) = cn + Qn (2)
= V" (z)=V" (2)

_ _;/11 log (1 + <$y_t)2> W, () (1—2)"* at

3 2
> —Cy2 2¢n(t) (1—t2)1/2dt—0/1 lOg <1+<y> ) {(1_$)1/2+‘$—t|1/2}dt
1 .

x—t

> —Cy2—0(1—m)1/2y/ log <1—|—812> ds—Cy3/2/ log (1_{—312) |S|1/2d$.

—00 —00

In the last line, we made the substitution x —¢ = ys. Our choice of y ensures
that

(1- )2y < L and y¥2 < .
n n
Thus for some C independent of n and x € [0,1],
(5.5) n [V (2) = en + Qn (z)] > =C.

Finally, as « 4 iy lies in a bounded set independent of n, log |p (x + iy)| is
bounded independent of n. Then Lemma 5.2 gives the result for the range
x € [0,1]. The range z € [—1,0] is similar. W

6. UPPER BOUNDS ON CHRISTOFFEL FUNCTIONS

Throughout, we assume the hypotheses of Theorem 1.3. In particular,
the equilibrium densities {v,,} satisfy

(6.1) v, () = (1 — %)
We shall prove:

1/2

Y, (t),te(—1,1).



UNIVERSALITY LIMITS 23

Theorem 6.1
Assume the hypotheses of Theorem 1.3. Then

(6.2) An (1) /W (1) < Cn 22,

Proof
By the restricted range inequality (1.16), for some A > 1, and for all n > 1,
and polynomials P of degree <mn — 1,

1 1
/ P%du, < A / Pldu, = A / PEW2n,
R\[—1,1] -1 -1

It follows that
(6.3) An (fin, 1) < AN, (W2, 1)
Let

m=m(n)=n— {nl/ﬂ .

Suppose that for large enough n, we can choose a polynomial R,, of degree
< m such that

(6.4) HRnWrZLHLm[fl,l] <
and

(6.5) (R, W) (1) =1.
Then

A (W, 1) /W (1)

IN

1
inf / PRZW2/ (PPRZW,.") (1)
deg(P)S[n1/3]—1 -1

1
Cc? inf (/ P2> /P2 (1)
deg(P)g[nl/:”]fl -1

S C2n_2/37

by classical estimates for the Christoffel function for the Legendre weight on
[—1,1] [27, p. 108]. Combined with (6.3), this gives the result. H

The rest of the section is devoted to constructing polynomials R,, with
the properties (6.4) and (6.5). To do this we discretize the integral equation
arising from the equilibrium potential, a procedure that has been studied
by many. Its most refined form is due to Totik [36], and we follow many of
his ideas. Recall that

1
(6.6) /log L 1) dt+On (2) = cn, 3 € [-1,1].

1 et "

IN

Unfortunately, since we need a polynomial of degree m = m (n) = n— [nl/ 3] ,
we cannot discretize (6.6), and instead have to consider a slightly different
discretization problem. Let

n [n1/3]

6.7 -~ =1
(6.7) = +

+0 (n_4/3) :
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(68) Q# (;U) = ppnQ@n (x) ; TE [*17 1] ;

(6.9) W (2) = Q0@ = W (z), o e [-1,1].

We let v denote the probability measure that is the equilibrium measure
for Wi, If S# is its support,

(6.10) v (z) + Q¥ (z) = ¢, qe. x € S”.

mn

Here g.e. means quasi-everywhere, that is outside a set of capacity 0. Since
Py > 1,1t is known [30, p. 227, Thm. IV.4.1] that

supp [V?f ] C supp [vn] = [-1,1].
It is also known [30, p. 236, Thm. IV.4.9] that
L oy 1
(6.11) Vpis# < —Vi + |1 —— | ws#,
Pn Pn
where wgx denotes the unweighted equilibrium measure for S#. Moreover,
1 1
(612) Vn|S# > 7,/# + <1 — ) W—1,1]|S#-
Pn Pn
7

This last inequality forces v, to be absolutely continuous.

Lemma 6.2
(a) If meas denotes linear Lebesgue measure, then for some C > 0 and all
n>1,

(6.13) meas <[—17 1] \S#> < Cn~2/3,

(b) For large enough n, S* is an interval, say [an, B,]. We have
(6.14) 1+a, <Cn231-8, <Cn™?5.

Proof

(a) By (6.12),

1= v, (8%) < <1 - pln> (1-wpin (s7)).

Recall here that
1

/ —
wi_y ) (2) = a2

Using the above inequality, (1.19) and (6.7), we obtain for some Cf,

/ (1—)"%dt < C1n_2/3/ (1) at.
[—1,1]\S# [—1,1\S#

ze(—1,1).
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Observe that [t| < 1—-2C1n~2/3 = 1—t2 > 2Cn"2/3. Let £ = {t:]¢) <1- ZC’ln_z/?’}ﬂ
([-1,1]\S#). From the second last inequality,

/ (1) at
L
1
< Cm”“{/(b%%qmﬁ+2/ (L%ﬂAmﬁ}
L 1-2C1n=2/3

< 1/@. )2 dt + Cyn !,
2)c

by the definition of £. Then

5 (QCln ) meas (L) < 2/, (1- ) dt < Con™1
= meas (L) < Cyn~2/3.

Then (6.13) follows from the definition of L.
(b) Our hypothesis (d) in Theorem 1.3 asserts that the support S# of the
equilibrium measure W;™ is an interval for n large enough. The estimates
in (a) give (6.14). W

We partition S# = [, (,,] for a given n and m = m (n) as

an =ty <ty <teg<..<tym=7P,

so that
(6.15) I = [tj,tj41),0 < j<m—1
satisfies
(6.16) /Idu#:;,Ogjgml.

We follow Totik’s idea of using the “weight point” {; € I; defined for 0 <
J<m-—1by

(6.17) / =& (tdt=0s¢; = m/ twi (t)dt.
I I
We define
m—1
(6.18) =[](z-¢)
7=0
where

1] = tjt1 =t
Our task will be to estimate the quantity

(6.19) T, (u) := log | Yp(u) | +mV¥% (u).
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Since ffn” dvif = %, we may write

m—1 f m—1

(6.20) / log tj Iy 5(w)
First we record a lower bound for I',,(1) :
Lemma 6.3
(6.21) I'n(1)>0.
Proof
We show that forn >1,0<j<n—1,

I',;(1) >0.

Let t € I;. We obtain via a Taylor expansion of log(1 —t) about ¢ = §j, to
second order,

- t-&  (=¢)”
=log(1—¢&;) —[log (1 - &) — -— — ol

J ( J) 1— gj 2(1 _ 3)2
where s lies between ¢;,1. Then multiplying by ml/ffé " and integrating over
I; gives

log

>m / t)dt +0=0
by definition of £;. W
Next, some inequalities for the discretisation points:

Lemma 6.4
(a) For 0 <j<m—1,

C —-1/2
(6.22) 5> = (1-£) &
In particular, for j <m —1,

2 -2/3
(6.23) 112> Cm %3,

(b) For 0 <j<m—2,

C —1/2
(6.24) Ll <= (1-£) 2,

(c) For 0 <j>m —2,
(625) 1-— tj ~1-= tj+1 and |IJ| ~ |Ij+1| .
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Proof
(a) Assume t; > 0. We have by (6.12),

1 /tj+1 1 /tj+1 ,
— = vt <p v
m t " t. "

J J

t.
< (J/j+1 (1—2)" at
tj

(6.26) < Cltyn—ty) (1—t)"2.

In the second last line, we used (1.19) and (4.3). Then also for j <m —1,
1
— <C(1—t;)%?

m

so (6.23) follows.
(b) Assume t; > 0. By (6.11), in [tj,tj41],

Vi (t) 2 parn (1) = (o — 1) wisy (2)

> p(1-1)" [wn N = clm (B - t)] ’

recall that S# = [, 8,,]. Now if

(6.27) I C [—1 +KnY31 - Kn—Q/ﬂ
for some large enough K, Lemma 6.2(b) allows us to continue this as
—2/3
#! > _ 42 2| . _ Cn
vl (t) > (1 —t%) [irf,fl] Yo = o 57 |

where C' is independent of n, j, K, and arises from Lemma 6.2(b) and (6.7).
It follows that if K is large enough (with some threshhold depending only
on this C),

1/2

v () >0y (1-1%)7" te I,

Here C depends on K, but is independent of n, j, I;. Then

ti+1
1 J#
m t "

J

t.

> -e)
tj

> Gyl (1-2)",

and we obtain (6.24). If instead (6.27) fails, then again, we must have
I; C [1 — Ln~2%/3, 1] for some L > 0, and the assertion becomes trivial.
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(c) Now
) 1t
B tj+1
1 - t]+1

C _
< 1+ (1-ua) PP

by first (6.24) and then (6.23). So the first assertion in (6.25) follows. The
second assertion then follows from (6.22) and (6.24). W

For a given u € (—1,1), we choose jo = jo(n,u) such that u € I, and
split

Jjo—3 Jo+2

(6.28) Tn(u Z+ >+ Z Cogw) =) +> +> .

j=0  j=jo—2 j=jo+3

We shall not explicitly display the dependence of jo on n and uw. When
Jjo < 3, we drop the first sum and replace the lower limit in the second sum
by 0; similarly if jo + 3 > m — 1. Similarly if v < a, or u > ,,, we drop
two of the sums, as u is to the left or right of all the [;. In any of these
exceptional cases, we take [, to be the closest interval to u, and |I;,| to be
the length of the interval closest to u.

Lemma 6.5
(a) For n > nyg,

(6.29) >+ . <Cuel-11].

Here C # C(n,u).
(b) For ‘J _.70‘ < 27

(6.30) T,;(u) <C.

Proof
(a) We assume that u > 0; u < 0 is similar. First note that

(6.31) ]j—j()]22:>dist(u,lj)20|lj|.

Here dist(u, I;) denotes the distance from w to I, and this follows from
Lemma 6.4(c). Let us assume that j < jo — 2, so that u is to the right of I;.
Then, via a Taylor expansion of log(u — t) about ¢t = ¢ ;» to second order,

_£. —£.)?2
= log(u — ;) — [log (u— gj) - 2_? B 2(zu —635))2]
j

u—
log
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where s lies between &;, u. Then multiplying by mvl’ and integrating over

I; gives

L j(w)

t_gj oy m/ (t_gj)2
m [ ——L# ) dt+— [ 2L # (¢) dt
/Iju—fj 0 2 )i (u—s)? ©)
< s

— . 2
2dist (u, 1)

by definition of §; and I;. It is an easy consequence of Lemma 6.4(c) that
for | j —jo |[> 2, and t € I},
dist(u,I;) ~u—1t].
Moreover, from (6.23) and (6.24), for t € I; N [—1+ n=23,1 — n_2/3] ,
C
n (1 - ¢ +n_2/3)1/2'

|175] <

This inequality also follows for [t > 1 — n~2/3, since all |I;| = O (n=2/3).
We deduce that for |7 — jo| > 2,

dt
Ln(u—1t)2 (1= |t| + n=2/3)

Ipj(u) <C 12

If j = 0 or m — 1, this inequality persists, with minor modifications to the
above proofs. Adding over j gives

22,
dt

= C/ 1/2°
w2150 — )2 (1 [f] +n=2/3)

Using the substitution 1 — ¢t + n=2/3 = (1 —u+ n*2/3) s, we continue this
as

c C dt
< vta 172
N Jju—t>|1, | te0,1] n(u — t)2 (1 —t+ n‘2/3)
_ . c / ds
non (1 —u+ n*2/3)3/2 {s:ls=11>|L;o |/ (1—ut+n=2/3)} (s — 1)2 s1/2
1— —-2/3
< g + C o uU-+n 118 < C’
" on(l—u+n23) | Zjo

asn (1 —u+ n_2/3)1/2 Liy| > Cn (1= )2 |1;,| > Candn (1 —u+n~?/3)
1.

(b) Since I'y, ; (u) is subharmonic outside I; and vanishes at oo, it suffices, by
the maximum principle, to prove the upper bound in (6.30) provided u € I},

3/2
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that is j = jo. Then }u —5]-‘ <|Ij|. Therefore by (6.12), (1.19) and (1.22),

|15
Ipj(u) < m/ log (|uit] #(t) dt
|Ij| /
< mp, log v, (t)dt
I;NS# lu —t|
I.
< Cn/ 1og< | )(1 )" dt
LNS# lu —t|

L
< COn(1-1¢ 1/2/log< ’j )dt
S A A\
o 1/2 ! 3
< Cn(1-1t3) ]Ij/ log ] ds < C,
-1

by Lemma 6.4(b) and the substitution v —t = s |I;|.1

Proof of (6.4) and (6.5)
Recall (6.18) - (6.20) and Lemma 6.3. These give

J#
Y, eV

(6.32) (1) =1,

while Lemma 6.5(a), (b) give

J
(6.33) Y, e™ " (u) < O, ue [-1,1].
We set
Ry (u) = €™ Yy, (u),
so that
[ R (w) W' (u)]
vt o #
i —mq V¥V +Q7 (u)—ch
(6.34) = |Ye™" [(u)e { “ }
If we can show that
ot #l <&
(6.35) {(vFeaf -t
and
(6.36) {V”f +Q#—c#}(u) >0,ue[-1,1],

then (6.4) and (6.5) follow from (6.32) - (6.33), apart from a multiplicative
constant. Firstly (6.36) follows immediately from the equilibrium conditions
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for v [30, p. 27]. Next, using the equilibrium relations for @, and Q# ,
v et -t
= (vt -t - (vt rof -t )

— V() =V (B,) 4 pp {Qn (1) — Qn (B,))
= V(1) =V (B,) + o V7 (B,) — VP (1)}

- /log ﬁn_t‘d{V#/Pn—Vn}(t)

1-1¢
=t afut o=} @

B
Qn [_171]\[0‘%7671]

(6.37) = : I +Iy.

’Bln:tt‘ <1 in the integrand in I, (6.11) gives

Here as

LN [Pr] |8, —
|| < Pn<1—pn>/an log 1= Hd Wian,8,] (£)
B _
< Cn—?/?)/ IOg 571 tH
an 1—t \/(t_an)(ﬁn_t)
<

s B
Cn~2/3 {/ log(1+2(1-5,)) \/(t — ad§ (B, —t) * /1/2

S Cn_2/3 {(1 - Bn) + (1 - Bn)1/2 /OO
1

log

s—1
s

where we have used the substitution 1 —¢ = (1 — f3,,) s and Lemma 6.2(b).
Next,

I, = —pn/ log fn =1 dvy, (t)
[~ 1,1\ @B, 1—t
< C log WH(l )1/2dt
1,1\ [on,B.,] 1=
< C(l—ﬁn)/ " +t)1/2dt+c/ log| 2 _tHu Y2
-1 -

3/2 3/2 s1/2 ¢

< C(1-8,)0+a,)’"+C(1 lg ds<n

where we have again used the substitution 1 —¢ = (1 — 3,,) s and Lemma
6.2. Substituting in the estimates for I; and I3 into (6.37) gives (6.35) and
the result. W

Bn_t

1-1¢

ds <g
(s—DYV2[ = n’

|7
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7. A LOCAL MARKOV-BERNSTEIN INEQUALITY

Recall that

o (z) = % <1 2 n72/3) —1/2’

We shall use the method of [15, Chapter 10] to prove:

x € [-1,1].

Theorem 7.1
There exists g9 € (0,1) such that for n > 1 and deg (P) <n — 1,

(7.1) /11 {cpn (t) %(P () W™ (t)‘}th < (J/_l1 P2 (t) W2 (t) dt.

—eo
Here C # C (n,P).

We deduce a quadrature sum estimate:

Corollary 7.2
Let n>1, L>1, and A > 0. Assume that {Sj}fzo satisfy

(7.2) l—eg<sp<sp.1<...<s1<s=1
and for 1 < j < L,
(7.3) sj-1— 55 < Apy (s5).
Then for polynomials P of degree < mn — 1,
L 1
(7.4) S IPWIE () (1 =) < € [P,
i=1 -

Here C' depends on A, but is independent of L,n,P,{s;}.

We start with an analogue of Lemmas 10.5 and 10.6 in [15, pp. 299, 301].
For the purposes of this lemma, we set

Qn(x)=0Q, 1),z > 1.

Lemma 7.3
Fiz x € (—1,1) and let

(7.5) F, (z) = exp (—nQy (z) — nQ;, (z) (z — z)) , z € C.
(a) Then for ¢ >0,

(7.6) (PWDY (2) ) < % / PR (2+ =€) do.

(b) There exists €9 > 0 such that for n > ng(g9), x € [1 —eo,1] and
|z — z| < ¢, (x), we have

(7.7) [Fz (2)] < CWR(12]) 5
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(7.8) n|Qn (Rez) — Qn (|2])] < C.
Here the constants do not depend on n or x.
Proof

(a) We have

FY) (z) = (WM (z), j = 0,1.

By Cauchy’s integral formula for derivatives,

(WY @) = |(PEY ()]
R0
= o S o

< i{;r/_z PE[ (@ + ™) d@}m
(b) Now
|F (2) /Wy (|2])

= exp (n [Qn (Rez) — Qn (2) — Q) (z) (Rez — z:)] +n[Qn (|2]) — @n (Re z)}) .
(7.9)
For some ¢ between = and Re z,
Qn (Rez) — Qn (2) — @, (2) (Rez — z)
{@L () - QL (@)} (Rez — 2)
= [o(l —OY?2 4001 —1:)1/2} (Rez — )

= o((1-2)"p, (@) +0(pu (@) =0 (n7),

by Lemma 4.1(b) and as |z — z| < ¢,, (z). Also, for some £ between |z| and
Rez,

Qn (|2]) = @n (Re2) = @;, (§) (|2] — Rez).
Here (cf. [15, p. 302])
Tm z|?

C -1 1
— < < o2 - =ol=
|z] —Rez < SRes = Co, ()° < 3 [n + | x\] o~ )

while |Q’, (§)| < C by Lemma 4.2, so

Qn (|2]) = Qu (Re2) = o (;) |

Substituting all these estimates in (7.9) and choosing gy small enough, we
then obtain (7.7) and (7.8). W

Next an analogue of Lemma 10.7 in [15, p. 303]:

Lemma 7.4
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There is a function Gy, analytic in C\ [—1, 1] with a zero at oo, such that
(a)
|Gr (2)| = exp (VP (2) —¢p), z € C\ [-1,1],

and

(7.10) |Gp, ()] = Wy (z), x € [-1,1].

(b) For x € [1 —¢ep,1] and |z — z| < ¢, (x), we have for n > ng (o)
(7.11) n[V'" (Rez) — V" (2)] < C.

There exists ng = ng (e0) such that for x € [1 —eg,1] and |z — z| < ¢, (z),
we have

(7.12) Wy (l2]) < ClaGg (2)]

Proof
(a) Let

G2 = exp (~ [ tog (=)o 1) —cn).

with the principal branch of the log. This is single valued in C\ [-1,1] as
vy is a probability measure. We have

G (2)] = exp (— /_11 log |2 — t| dy, (t)—cn>
= exp (V" (2) —cp) .

For z € [—1, 1], we can just use the equilibrium relation.
(b) The proof of (7.11) is virtually the same as the proof of (5.5) in the proof
of Theorem 5.1 above, so is omitted. Next,

Wi (I2]) /1G5 (2)]
= exp(n[=Qn (|2]) =V (2) + cnl)
= exp(n[@Qn(Rez) —Qn(|2z])] —n [V (Rez) + Qn (Rez) —c,] + n [V (Rez) — V' (2)]).
The first term 7 [Q, (Rez) — @y, (|2])] is bounded by (7.8). Next, if Rez €
[—1,1], the second term V" (Rez) + Qn (Rez) — ¢, = 0, while if Rez €

[1,1 4+ Cn~%/3], a bound can be established by easy estimation (similar to
the proof of Theorem 5.1). Finally, the third term is bounded by (7.11). B

Lemma 7.5

1 1
(7.13) / Wmmf%gc/umWﬂﬁ+%L
1 —1

—&0
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where C # C (n, P), and for Borel measurable sets S with S C C, with
characteristic functions xg,

v (8) = /11 /O7r Xs <x + ¢, (7) ew) df dx;
v, (S) = /_11 /_(1 Xs ({L‘—I—ﬁpn (z) ew) do dx.

Proof
From Lemmas 7.3(b) and 7.4(b), for z € [1 —€p, 1] and |z — z| < ¢, (z),

|z (2)] < CW3(J2]) < ClGy (2)]

with C independent of n, z. Then from Lemma 7.3(a), with ¢ = ¢,, (x),

(PW3) (@) on (@) < ;/W | PG| ($+s0n (@) ez’&) &0,

—T
Integrating gives the result. W

Proof of Theorem 7.1

This follows that in [15, pp. 304-307]. Recall that a non-negative measure
v with support in the upper-half plane is called a Carleson measure if there
exists A > 0 such that

v(K) < Ah

for all squares K of side h, with base on the real axis. The smallest such
A is denoted N [v], the Carleson norm of v. For functions F' lying in the
Hardy space H? of the upper half plane, there is the inequality [11, p. 63],

(7.14) /|F (2)*dv (z) < CN [V]/ |F ()| dz,
with C independent of v and F. We claim that
(7.15) sup N [v}] < 0.

n>1

Indeed, this was proved in [15, Lemma 10.10, pp. 305-306] for a much more
general situation (our situation is subsumed in the proof for the case of the
Hermite weight there, with ¢,, (x) given by (3.19)). Similarly,

sup N [1/;] < 00.
n>1
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Next, as P has degree < n — 1, (PGZ)(z) = O (27!) at oo, so lies in H?.
Combining (7.13), (7.14), and (7.15),

1
/1 {on | (PWEY|}?

—&0

IN

c/ |PG"|? () da

1
C{/ PWI (2) da:—i—/ PG (2) d:z:}.
—1 R\[flzl]
By Lemma 4.3 in [15, p. 98],

1 1
/ Pan < / PGI = / PWI
R\[-1,1] -1 -1

and the result follows. B

(7.16)

Proof of Corollary 7.2
We use a method of Paul Nevai. For j > 1, the fundamental theorem of
calculus gives

Sj—1 d
PR sy < it Pz [ 8 (w0}
85,55 1] sj dt
SO
2 S 2 st !
PR ) (s —s) < [ IPWER w24 [ IPWRL(PWY |
8j 8j
Here we have used the hypothesis (7.3), and the monotonicity of ¢,,, so that
sj—1— 85 < A, (s5) < Apy, (), s € [s5,55-1] -
Adding over j, and then using Cauchy-Schwarz, gives
L

S OIPWEE (s5) (sj-1 — s5)

=1

1 1 1/2 1 o\ 2
| oewgeaa ([ wge) ([ gewe))
1—eg 1—¢eg 1—¢eg

1
< c / PWIP,
-1

IN

by Theorem 7.1. R

8. BoUNDS ON WEIGHTED POLYNOMIALS

We shall prove:

Theorem 8.1
Assume the hypotheses of Theorem 1.3. Let K be a compact subset of the
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plane. Then there exist ng and C depending only on K with the following
properties: for uw € K and n > ng, and P a polynomial of degree < n
satisfying

_1
4

<1
Loo[—l,l]

9

(8.1) H(pw,f;) (z) (1 e n—2/3)

we have

’P (1 + n_2/3u) ’ exp (n {—Qn (1) —Q, (1)n=2/3 Reu})
< | (1 + vaml)n) p(f Ga (DRe (u 3/2>+Cn_1/3).

(8.2)

Proof

We shall prove this, assuming some technical estimates that will be proved
later. We may assume that P has actual degree n. (If not, consider P (z) +
ez™ and then let ¢ — 0). Form the Green’s function g (z, 1+ n_2/3) with
pole at 1 +n~2/3, and let

G (z)
= log|P(2)| +n[V"™ (2) — ¢l

_i {1og ‘1 +n 23— 22‘ +g (z2,1 +n_2/3)} + %bglsO(Z)l-

Here log ‘1 +n2/3 — 22| +g (%14 n_2/3) is harmonic outside [—1, 1], and
behaves like 2log|z| + O (1) at co. We see then that G is subharmonic
outside [—1,1] and has a finite limit at co. Moreover, our hypothesis (8.1)
shows that G < 0 on (—1,1). By the maximum principle for subharmonic
functions,

G <0in C.

Then for all complex z,

log | P (2)]

< —nV () — e+ g flog [t 40720 = 2| 1 g (21 4073) )~ logle (2]

(8.3)

Now suppose
z=1+4+n"Bu=1+ n_2/3pele.
By Lemma 8.2 below, with the principal branch of Vo and with r =n

and a = 2u,

—2/3

10g‘1+n72/3—22’+g(z2,1+n72/3)
< 2log|(1+ vau)n ]+ 0 (2.
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A simple calculation shows that
log|p ()] = O (n~1/%).

Then by (8.3) and Lemma 8.3 below for u = pe? € K and n > ng (K), (and
taking there r = n=2/3p)

log |P ()] +n {~Qn (1) = @}, (1) pn~*/* cos 0}

3] (- VB9)

“n [V”” (2) + Qn (1) + @y, (1) pn >/ cos 6 — cn] +0 (n—1/3)
s 1+ V)

2v2 32 30 —1/3
—Tmbn(l)p COS?—{—O(’I’L )

This is easily recast as (8.2). W

IN

IN

Lemma 8.2
Uniformly for a in compact subsets of C\{z:|\/z+ 1| <1}, as r — 0+,

a \2 B 1++/a
(8.4) g<<1+2r> ,1+r>—log —a +0(r).
Moreover,
a \2 a \2
log (1+r)—(1+§r) +g<(1+2r) ,1—|—r>

(8.5) = 2log|(1+Va)Vr|+0(r).

The branch of the square root is the principal one. Moreover, if a < 0, we
interpret \/a as i\/|al.

Proof.

Recall from (3.17) that

1—¢(2) ¢ (w)
(8.6) g (z,w) = log 2 —ow) |’
where ¢ (2) = z + /22 — 1. We analyze this with
z= (1+C2L7‘)2=1—i-ar+a24r2 and w=1+r,
where a lies in a compact subset of C\ {z: |[\/z £ 1| < 1}. First,
(8.7) ¢<(1+gr)2> :1+m+ar+0(r3/2)§

(8:8) p(L+7)=1+V2r 4740 (r*2),
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SO

'gp ((H;T)Q) e (1+7)

= varli-vl[i+ 0+ va) 5 o).

Then

log

¢ <<1+gr)2> —p(1+7)

= 10g(@’1—ﬁ‘)+Re<(1+ﬁ) \/§)+O(r).

Next, from (8.7) and (8.8),
a \2
1—%0<<1+27“> ><p(1—|—r)
= V2 (14 @) = (1+Va)’ + 0 (r*?).
Then recalling our hypothesis on a,

1—90<<1+;r>2)g0(1+r)

log

= log (2v/7 |1+ V/a|) + Re <(1+\/6) \/D +0(r),

and so from (8.6),

g<<1+;r>2,1+r>:log 1= Va +0O(r)
Then
log (1+r)—(1+gr)2 +g<(1+gr)2,1+r>
= log|(1—a)r|+log i+£ + O (r)
= 2log‘(1+\/5)\/77}—|—0(r).
|

Lemma 8.3
As r — 04, uniformly for 6 € [0, 7],

- [V”" (1 + T‘ew) +Qn(1)+ Q) (1)rcost —c,

2v2

30
— 3/2 3/2
(8.9) 3 ), (1) r?/“cos — + o (r ) .

39
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Proof
Write

L(r):=- [V”" (1 + rei9> +Qn (1) + Q) (1)rcostd —c,

= v (T re®) 4V (1) = Q) (1) rcosd

_ /_11 {log ! } (1 =122y, (t) dt,

re 7 Ccos 0
by (4.1) and (1.19). Fix 6 and let

1
+ 1-t¢

1-t¢

g (s) = log ‘1 + 5| — scos, s € [0,00).

By some simple manipulations, we see that

1
(8.10) lg(s)| < Cs? s e [O, 2] ,
and
(8.11) lg (s)] < Cs, s € [2,00),
where C' is independent of both s and 6. Then
> g (s)]
(8.12) /0 7 ds < oo,

the integral converging uniformly in 6. Write

v = [ o) -0

U N ) = (1)
+/1g<1—t) ¢ (11—t 1+ 0% at
(813) = T +1T1a.

The substitution s = ;7 shows that

Ty =1, (1)r3/? /oo 9(5) (2 - f)l/st.

r/2 §5/2 $

Since 0 < 2 — £ < 2, Lebesgue’s Dominated Convergence Theorem shows
that as r — 0+,

T = 4, (1)r%? <\/§/Ooo ngz)dwo(l))
= 4, (1)r*?V2Re (H (ei9>) +o (7’3/2) ,

where

H(z) = /000 {log (1 + sz) —sz}s(ifg.
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The function H is analytic and single valued in C\(—o0,0], and H (0) = 0.

We see that
b ds
H (2) = G G
(2) /0 {1+sz 8} s5/2
/°° 1 ds
= —Z _—
0 ]. + sz 81/2

o 1
= ‘Z/ et
oo z

by the substitution s = ¢2. Using the residue calculus, we obtain at least for
Rez >0,

H' (2) = —7m\/z,
and hence

H(z) = —%7723/2.

By analytic continuation, this holds for all z € C\(—o0,0]. Thus, uniformly
in6€[0,m),as r — 0+,

(8.14) T = —wan( 1) r3/2 cos? +o (7“3/2> .

This also holds for § = 7, by a continuity argument. Next, using first a
substitution, and then our bounds (8.10), (8.11),

To| < /1 g< - )‘ww”;l_t)(1—t)3/2(1+t)1/2dt

1-t¢ 1—1t
_ / ‘ ¢m u) 3/2(2—u)1/2du
. r|logr|
< C/ zu’”u)ugﬂdu#—C’w (wn;'r’ﬂogr)/ g(£>’u1/2du
0 U u - U
2 2 .
+C/ f) @ \¥n % w”’u)u?’ﬁdu

|log | u

<

2
du
2
+C ||,¢n”Loo[_171] r [|10grl m

2r|log r| . " B
< CT3/2 / w(¢n7t)dt+ Hw ||Loo£ 21,1] )
0 t [log |/

Since the integrals in (1.21) converge uniformly and because of (1.22), we
deduce that uniformly in n and 6, as r — 0+,

|Ta] = o (7“3/2) .

CT3/2 /r/2 W (wm u) it O /ZTllogT w (1/}n; t) gt r3/2 /00 ‘g (S)‘
0 U r|logr| 3 0 s5/2

>
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This and (8.14) give the result. B

9. PROOF OF THEOREMS 1.2 AND 1.3

Throughout, we assume the hypotheses of Theorem 1.3. Recall that in
Section 3, we defined

K, (1+ AZ(O 0) a1+ AZ(O 0) b
(9-1) fn (a,) = (1 &6 Kn(L1) )e\v(n>(a+b>
’ K, (1,1) ’

for a, b € C. Here ¥ (n) is defined by (3.8). It will follow from Lemma 9.2
below, that uniformly for a, b in compact subsets of the real line,

Ai(0,0) Ai(0,0)
K, (1+ 200 6,14 £10 1)6)

(9-2) fn(a;b) =

(1+0(1)).

K, (1,1)
Recall our notation from Section 3:
A
(9.3) T = lim 7,= lim 2n%3 (0, ;
n—00,n€ES n—00,n€ES Kn( , )
2/3
(9.4) o = (fﬁA) T

Recall too our assumption (a) in Theorem 1.3 that p,,, has at most o zeros
n(l,1+¢).

Theorem 9.1

Assume the hypotheses of Theorem 1.3.

(a) {fn (u,v)},2, is uniformly bounded for u,v in compact subsets of the
plane.

(b) If f (u,v) is the locally uniform limit of some subsequence { fn (v, v)}, cs
of {fn (u,v)}.2 1, with also (9.3) holding, then f (-,-) is entire in u,v. More-
over, for some C independent of u,v € C,

|f (u,0)]
< (14 Vi) (14 V) P exp (<302 e (w82 4 097) )

(9.5)

(¢) For each fixed real number u, f (u,-) has only real zeros. At most €y + 1
of these are positive.

Remarks

(a) From (9.5) and (3.22), we see that for |arg (u)|, |arg (v)| <7 —§

(9.6)  1f (w/o,v/o)] < Cs (14 v/lul) (1+ Vol |4 ()] 45 (0)]

(b) Note that Re (u3/2 + v3/2) is well defined even for u,v € (—00,0).
Proof
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(a) By our lower bound in Theorem 5.1 for A\, = 1/K,, and by Cauchy-
Schwarz, we have

L eniwr@wy o (1 +n) U (12 )
< C

for £,t € [-1,1] and n > 1. By Theorem 8.1, applied separately in each
variable, we then have for u,v € C with |ul, |v| > 4, and n > ng (u,v),

‘K <1 + 2n3>/2’1 * 2n2/2)’eXp (n{ —Qy (1 )_%?/?’ i%e) (5+3) })
< |1 Vi) (4 ) 2
exp (-2\[7?7%( )R <<g>3/2 + <;)3/2> + Cn_1/3> .

In view of Theorem 6.1, we can recast this as

L ) o e (3 )

< ’(1 +v/Iul) (1+ \v!)‘l/z exp (—Mﬂ%( )R <<;)3/2 + (;)3/2> + Cn_1/3> .

Recall the number 7,, defined by (3.10), and set

~1/4

u = Tpa and v = 7,b.
Since 7, ~ 1, as follows from Theorems 5.1 and 6.1, we obtain

| fn (a,b)]
< 0f(1e Vi) (1 VI e (2w 0 (3) e (2 2) )

Here C' is independent of the compact set, and depends only on {7,,}. Recall
too our hypothesis (1.20). The uniform boundedness of {f, (a,b)} for a,b
in compact subsets of the plane follows.

(b) Now {fn (u,v)},2 is a normal family of the two variables u,v € C. If
f (u,v) is the locally uniform limit through the subsequence S of integers,
we see that f (u,v) is entire in u, v satisfying

|f (a,0)]
< o|(ue vial) (14 Vi) exp (<o e (a2 4 872 ).

Here C is independent of a, b.

(c) It is shown in [10, p. 18], that for each real £, K, (§,,,t) has only real
simple zeros. Hence for real u, f, (u,v) has only real zeros as a function of
v. Hurwitz’s theorem shows that the same is true of f (u,v).
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We now discuss the positive zeros of f, and f. Let

A7 (0,0

K, (1,1)
Since pp, has at most £y zeros in (1,1 +¢) and the zeros of K, (§,,t) in-
terlace those of py, p, so Ky (§,,t) has at most £y + 1 zeros in (1,1 +¢). It

follows that there are at most g+ 1 simple zeros of f, (u,-) in (0, i?((()lbl)) 5).

Since Ig”;(((ibl))s has limit co, Hurwitz’s Theorem shows that f (u,-) has at

most £y + 1 positive zeros. B

Lemma 9.2
(a) Uniformly for a in compact subsets of R,

Wwin (1 + %a)

(9.7) W2 (1) =exp(2¥ (n)a+o(l)),
where, as in (3.8),
Ai(0,0) .,
9.8 Y(n)=——=——""-2n 1).
05) ()=~ - e ()
Proof ‘
(a) We have for some ¢ between 1 and 1 + % ,

wir (1)

— exp <2n [Qn (1) = Qn <1 T maﬂ)

= exp (—2an © ma)

Recall that K, (1,1) ~ n?/3. Then | — 1] < %, so by (4.2), if a <0, and
by (1.23) if a > 0,

Now (9.7) follows. W
Recall that {a;} denote the zeros of Ai.

Lemma 9.3
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Assume that (1.13) holds.
(a) Uniformly for ue (—o0,0),

(9.9) £ () ~ (lul + 1)"2.
(b) For all a € C,

(9.10) | ey < g f ).

(c¢) For each a € C,

011 AU
(9.11) 2 e
j=1 ‘CL ‘
Proof
(a) From (9.1), (9.7) and (1.13), for fixed each u € (—00,0), as n — oo,

Ai(0,0) Ai(0,0)
K (1 R ATRY u, 1+ o ®

i) = Y (1+0(1)) = Zr g (o).

Thus

~ Ad(u,u)
f(u,u) = m

so (3.21) gives the result.
(b) We use the identity

K, (5,5) = / K (5,8) 2 dpn (1),

valid for all complex s. Let a € C, and

Ai (0,0) o

K, (1,1)

Let 7 > 0. We drop most of the integral and make the substitution ¢t =

Ai(0,0)
1+ Kn(1, 1)3/

s=1+

Ai(0,0)

En(l) |Kn (S,t) 2
_Ai(0,0) K
R’IL(]‘?l)
Ai(0,0) Ai(0,0) |2 20 (] 4 Ail0.0)
’ —-T Kn (171) Kn( ) Wgn (1)

1+

3

—~

fl)

]

S— | ——
3

2
. ™ | fn (a,y) e~ ¥(n)(aty) .
= Ai0.0) /—r }fn (a,a)e _‘I’(n)(a+a)‘ W (14 0(1)) dy

— Ai(0,0)/ |"’;;((‘;ya)) (14 0(1))dy.



46 ELI LEVIN! AND DORON S. LUBINSKY?2

Here we have used Lemma 9.2. As n — oo through the subsequence S, the
last right-hand side has lim inf at least

T a 2
si(0.0) [ ’J;((a’%))‘ dy.

Finally, let r — oo. Of course, we implicitly assumed that f (a,a) # 0, but
a continuity argument and (9.10) shows that this can never be 0.
(c) We apply the quadrature sum estimate in Corollary 7.2: let n be given

and A A
(0,0 1 (0,0) a;
SZl—i—Ma,sj:l—i—Nl(i’)a—]; 1<j<n.
Ky (1,1) Kn(1,1) 0

Then from (3.23) and (3.19), uniformly in j and n

j 2/3
(2]t

Then using also the spacing (3.24) of {a;},

(9.12) sj1—si~ 3 P v g (s))
Thus (7.3) is satisfied. We can then apply Corollary 7.2 to

P (t) = Kn (s, t)

so that for fixed L > 1,

(9.13)

L 1
S (515 W2 (5) (511 = 57) < € [ 1 (s 0P W2 (1)t < O, (5.5).
=1 -1

¥ (n)(a+a)

We emphasize that C' is independent of L, n. We multiply (9.13) by o IR

apply (9.12) and Lemma 9.2, and the definition of f,, to obtain

L
(9.14) >

j=1

fu (0, D) 57 < 010,

Letting n — oo through S gives
L s 12
S (e )i <ol @al.
o
j=1

Since C' is independent of L, we can let L. — oo to obtain the result. B
Remark
We note that the hypothesis that du,, = W2"dx in [—1, 1+ k’g”} is needed

n2/3
only for (9.10) - so that we obtain an integral over [—r, 7], rather than over
[~7,0]. Everywhere else in this paper, we could assume that du,, = W2"dz
in [-1,1].

Now for our main inequality:
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Lemma 9.4
(a) We have for all b € R,

[ Gm ) o

o 1

—0o0

(9.15) S Ri(0.,0)F(bJorbjo)  Ai(b D)
(b)

Ai (0,0) f (b/o,b/o)
(9.16) o 2 sup Ai (b, ) =
Proof

(a) The left-hand side in (9.15) equals

1 o0 b s> 2 o0 b s\ Ai(b,s)
e b)2/_oof<a’a) ds‘f(g,g) /_oof(a’a> 200"

1 o0
2/ Ai (b, s)? ds
Ai(b,0)° J -
(9.17)
Firstly, from Lemma 9.3(b),
[o'e) 2
e
F(2.2) " NoTa /] "o ™ Ai(0,0)f (3, 5)

We claim next that

(9.18) /_Zf(ij_) Ai(b,s)ds:f<s,z).

Indeed the reproducing kernel identity

| o hisis=g0)
was established in [18] for entire functions g of order at most 3/2, whose
restriction to the real line is in L9 (R), and which in addition satisfy the
following: whenever 0 < § < m, there exists Cs and L > 0 such that for
jarg (2)] < 7 —

2,3/2|

l9(2)| < Cs (14 [)" e 37

The second condition is Lemma 9.3(c) for g (z) = f (2, Z), and the bound

o’o

on growth follows from Theorem 9.1. We thus obtain (9.18). Choosing
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g (s) = Ai(b,s), we also obtain
/ Ai? (b, s)ds = Ai (b, D).

On substituting this and (9.18) into (9.17), we obtain the upper bound
o _ 1
Ai(0,0) f(b/o,b/o)  Ai(b,b)

for the left-hand side of (9.15).

(b) The left inequality in (9.16) follows as the left-hand side of (9.15) is

non-negative. Since f (0,0) = 1, the remaining inequality also follows. B
Recall from Section 3, the Gauss type quadrature formula, with nodes

{t;n} including the point 1:

S 1) P (t3) = [ P (©) i (),

for all polynomials P of degree < 2n — 2. Recall that we order the nodes as

<oy <tip <ton=1< t_17n < ...
and for j > 0, write for some p;,, <0,
Ai(0,0)

9.19 tin =14+ =———"=
(9.19) ’ Ky (1,1)

Lemma 9.5
(a) For each fized j > 0, as n — oo through S,

where py =0 and
0>p; 2 py 2>

(b) The function f(0,z) has (possibly multiple) zeros at p;,j # 0, and no
other zeros, except possibly for at most £y + 1 positive zeros.
Proof

(a), (b) We know that f, (0,z) = <K <1 1+ ﬁz(olol) ) JK (1, 1)) ()2 hag

only real zeros, with simple zeros at p;,, and perhaps positive zeros. More-
over as n — oo through our subsequence, this sequence converges to f (0, z),
uniformly for z in compact sets, and f (0, z) is not identically 0. Finally,
f(0,2) is entire of order < 3/2 and has at most ¢y + 1 positive zeros by
Theorem 9.1, while f(0,-) € Ly (R), by Lemma 9.3. Then Hadamard’s fac-
torization theorem shows that f (0,-) must have infinitely many zeros. The
result then follows by Hurwitz’ theorem. M
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Lemma 9.6
For each fixed k > £ > 0,

k-1

1 k
9.21 — < Ai (0,0 ) < _—
( ) j:§1 f (pjapj) ( )(pé pk = Z f(

Proof
We need the Markov-Stieltjes inequalities [17, Lemma 5.3], [10, p. 33]: for
each 1 </ < k<n,and B € R,

ton
Yo Aaltye) e S/ P, (1)< D Antgn) e
Hon <Egm <Eem en ten <tjn<ten

Now choose

K, (1,1)
B =-2V —_—.
(") 20,0
Then after multiplying by AZ(( ’1)) we see that
K. (1.1 k—1 Btjn tn K (1.1 k eBtin
n(a)z (& < n(j)Btdﬂ( 7 Z
Ai (0,0) Py} Ky (tjnstjn) — Ji,, Ai(0,0) A= j Ky, (tjn, tjn)
Ai(0,0)

Using the substitution ¢ =1 + s in the integral in the last line gives

Kn(1, 1)

b K, (1,1) g,
AT e Bt2n (1 at
20,0 W )

tkn

2n Ai(0,0)
— 6B /Pln 672‘Il(n)s Wn (1 + Kp(1,1) 8) ds
Wi (1)

Pkn
= P (o —pp+o(1)),

by Lemma 9.2 and the convergence in Lemma 9.5. Next, for each fixed j,
as n — oo through S,

K, (1,1 , 1
CRV I
Kn (tjnatjn) fn (pjnvpjn)
_ pl+o(1)
= e’—+~.
f(pjp))
Thus for each fixed k > ¢,
k—1 k
1 1
; Pk =~
Ai(0,0) j;l f(pj,pj) Ai 0 0) jz;f pj,pj)
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Lemma 9.7
Assume that for all large enough positive x,

Ai(x,z
(9.22) f(—z,—z) = Az(((),()))
Then
D= : 2
0 o PUODLERD G002
Proof
By (3.21), we have as x — oo
£1/2

(9.24) f(—z,—z) = m(l—i—o(l)).

Let 6 € (0,1). Choose Cy such that for x > C,

1 1/2
9.25 —— < f(—x,— — [ <1496
(9.25) A by vyl s
and choose J such that
(9.26) |p;| = Co for j > .
By the previous lemma, for each fixed k > ¢ > J,
k—1 1
-1
T14+0)7 Y —— 7
=t |py]
G|
< nmp ST+ —
j=¢ ‘Pj‘

and hence, for each fixed k > ¢ > J,
T (1+8) " pl 2 (k- £ 1)
(9.27) < o <TA40) ol (k-4 1).

Fortunately, the rate of change of the function z~1/2

is slow enough to allow

us to effectively remove the difference between |p,| /% and |p,| /% in the
last inequality: we can do this by choosing a subsequence of k for which |py|
grows geometrically, taking account of the fact that the spacing between

successive p; approaches 0.

Let us now make this rigorous. Recall that we fixed § € (0,1). Fix some
large r, and choose m and an increasing sequence {k:j};ﬂzo such that for

L<j<m,

(9.28) o | = (14 6) |,
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but

(9.29) o] < (1+8) oy,
while kg = J and

(9.30) k1| <7 < P, -

Note that it is possible to choose such a sequence, at least if J is large enough.
Indeed, (9.21) and (9.24) show that |p,| — ‘pk,Z‘ =0 (|Pk|_1/2) — 0 as
k — co0. Moreover,

‘ij = ‘P’qu) + (‘ij - )Pkrl‘)
—1/2
< e |+0 (| ).
It follows (perhaps by increasing J) that for j > 1,
3
(9.31) }ij‘ < (1 + 25> ‘ij_l :
Similarly,
~1/2
(9.32) |pkm‘ <7"—|—O(‘pkm/ D
Next, (9.27) with k = k; and £ = k;_; gives
. —1/2
T(1+8) " o |y~ k1= 1)
~1/2
< ow| = |ow| 7O+ || R =R+ )

and hence also

3\ ~3/2
m (1 + 25) (kj — kj_y — 1)

‘p’“j‘ 3 \%?
< / t1/2dt < (1 + 25) (k] - kj—l + 1) .

ij_l‘
Next, (9.21) shows that p; o —p; > 0, so each p; is at most a double zero of
£ (0, z). Moreover, each double zero will be repeated in the sequence { pj}.

It follows that n (f 0,), [pkj,pkj71)> = kj — kj_1 or k; — kj_y + 1. Thus,
adding this last inequality over 1 < j < m, gives

_3/2
7r<1+;5> n(f(0,-),[-r,0])+ O (m)

/OT Y24t + 0 (1“1/2)

3/2
(9.33) < (1 + 25) n (£ (0,-),[=r,0]) + O (m).

IN
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Here, in bounding the order terms, we have used the fact that the number of
zeros in [py,,0] = [py,0] is independent of 7, and (9.32). Next, from (9.28),

Pk = (14 0)™ | iy |
S0
r+o(1)>(1+8)"|p;|.
We deduce that
m =0 (logr).
Now combine this with (9.33), divide by 73/2 and let r — co. We obtain

3\ n(f(0,),[-r,0)
T <1 + 25) lim sup

m st 372
2 3 3/2 . n (f (O’ ) 5 [*Ta O])
< 3 Sﬂ'(l—l—25> hrrg})lgf 37 .

Finally, let 6 — 0+ to deduce the result. B

Lemma 9.8

Proof
Let g (2) = f(0,2) and

R(z)=L(z) ﬁ <1 - Z> o#/Pj

j=1 Pj

denote the canonical product whose zeros are those of f (0,-). Here if f (0, -)
has no positive zero, L is just the constant 1, while if f(0,-) has positive
zeros, L is a polynomial of degree at most ¢y + 1 with those zeros. Since
f(0,z) is of order < 3/2, the Hadamard Factorization Theorem shows that
for some constant c,

9(2) = f(0,2) = e“R(2).
We have n (R,7) =n(f(0,-),r), so that

. n(R,r) 2
(9.34) Jim T =

Moreover, if we define the indicator functions of R and g,

log ‘R (rew) ! .

hr(0) = h?isogp 32 ;
. log ‘g (rew)‘
hg (0) = hq{fiigp TSR

we see that
hy (0) = hr (0).
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Next, by (9.23) and by Theorem 8.1 of [14, p. 81], applied to R(—z),

, 2 . 0
sup |log R (—rew) + §613(9—”)74’)/2 sin 5=0 (r?’/Q) 7

0€(0,27)

as r — oo. Hence, as r — 00,

log }R (reit)} 2 3
e |R )] | 2, (30 eos £ = 00).
[ Ry mow
Hence for t € (—m,7),
2 3
Also from Theorem 9.1, and the decomposition above, as r — oo.
log |R (re® lo rett
g| 352 )| g}gg(/2 )| o)
r r
2 .
< —503/2 Re (e’%t) +o(1)

2 3
= —503/2 cos §t +o(1).

Thus for t € (—m,7),

3 2 359 3
—Zcos ot < —Z0%?cos St
3 cos 5t < o/ cos 5
As cos %t assumes both positive and negative values, we deduce that o3/2 =

1. n

Proof of Theorem 1.3

We must show the equivalence of (1.13) and (1.14), that is (I)<=(II).
(II)=-(I) is immediate.

(D)= (11).

Let f be as in Theorem 9.1. It follows directly from (1.13) that for all real
a7

Ai(a,a)

fleo) =350,

Next, we apply Lemma 9.4 with o =1:
/°° f(bs)  Ai(bs)\*
oo \S(b,0)  Ai(b,D)
1 I
Ai(0,0) f(b,b)  Ai(bb)
by our hypothesis (1.13). Thus for all s, and all b,

f(b,s)  Ai(b,s)
f(b,b)  Ai(bb)’
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and hence
Ai (b, s)
b,s) = .
(b9 = 5510,0)
Since the limit is independent of the subsequence & of Theorem 9.1, we
obtain for all real b, s,

) Ai (b, s)
1 n(b,s) = — .
A o (0:9) = 35700
Moreover, because the left-hand side is uniformly bounded for b, s in compact
subsets of the plane, this limit holds uniformly for a, b in compact subsets of
the plane. Then (1.14) follows from Lemma 9.2, and (1.15) follows as well. l

Proof of Theorem 1.2

We show that all the hypotheses of Theorem 1.3 are fulfilled with @,, = @,
n > 1. If Q is convex, then it follows from Theorem 4.1 in [15, p. 95] that
for not identically vanishing polynomials P of degree < 2n — 2, we have

1
(9.36) / |P ()| W2 (z) dx < / |P (2)| W?" (z) d.
R\[-1,1] 1

Indeed, we choose p = 1 and t = 2n there, and note that since [—1, 1] is the
support of the equilibrium measure for @), so 1 is the Mhaskar-Rakhmanov-
Saff number ag, for W?". The exact same proof works for the case where
Q is even and 2@’ (x) is increasing on [0, 1]. Of course, (9.36) yields (1.16)
with A =1, so {W?"dz} admits a restricted range inequality to [—1, 1].

Next, it is a consequence of (9.36) that at most one zero of p,, lies to
the right of 1, so (1.17) holds in a stronger form. To see this, let us assume
on the contrary that xa, > 1, and let us apply (9.36), in the form

P (@) 2 (z) da ' P () 20 () do
/IR\[—l,l] ( — 210) (T — 228) W (z)ds < /_1 (z — z1n) (z — Tan) W="(z)d
_ ! pgz,n (CC) on
- /—1 (x — 1n) (T — x2p) W= (z) dz.

But by orthogonality,

00 2
/ Prn (z) w2 (x)dx =0,

oo (= 1p) ( — x2p)

and we obtain a contradiction.

Next, if @ is even and @’ () is increasing, vy is absolutely continuous on
[—1,1] and

(9.37) vy ()

C2V1—22 (taQ (z)—tQ (t) dt
- T /0 x2 — t2 V1—2
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See [30, p. 226, proof of Thm. IV.3.2] and note that since we assumed
[—1,1] is the support of vy,

? 4 m
A little manipulation shows that
V=T / Q@)-Q ) d
z—t V1—1¢2
= V1 —22¢(x), say.

When ( is instead convex, this formula still holds, see for example, Theorem
2.5 in [15, p. 42]. Here

(9.38) vy () =

A / @M -
a 1 -t J1-12
_ / Q (1) —tQ'(t) dt
a 1 -2 112
is finite as we assumed that @’ satisfies a Lipschitz condition of order larger
than 1/2 near 1. It is also positive because @’ (x) increasing.Moreover, as
Q' satisfies a Lipschitz condition of positive order in [—1, 1], while
PV [T Q' (cos®
v =TV [TLLd)
7 Jo cosf—zx

do,

Privalov’s Theorem shows that 1) satisfies a Lipschitz condition of positive
order in (—1 +¢,1 — ¢) for each € > 0, while the condition on @’ near 1 en-
sures that v satisfies a Lipschitz condition of some positive order throughout
[—1,1]. Then both (1.21) and (1.22) follow for v,, = ¥, n > 1. The positiv-
ity of ¢ in [—1,1] follows from (9.37) or (9.38), and its continuity ensures
that it has a positive lower bound. Finally, since either @ is even, or Q' (z)
is increasing in [0, 1] and @ is even, the support of the equilibrium measure
for WA = ¢ is an interval [30, p. 198, Thm. IV.1.10]. Finally, (1.23)
follows as @’ satisfies a Lipschitz condition of order > % in a neighborhood
of 1.
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