BULK UNIVERSALITY HOLDS POINTWISE IN THE
MEAN, FOR COMPACTLY SUPPORTED MEASURES

DORON S. LUBINSKY

ABSTRACT. Let u be a measure with compact support, with orthonor-
mal polynomials {p,}, and associated reproducing kernels {K,}. We
show that without any global assumptions on the measure, a weak local
condition leads to the bulk universality limit in the mean. For example,
if 4/ > C > 0 in some open interval J, then at each Lebesgue point & of
J, and for each r > 0,

lim — zm: sup Ko (€ + Rn?&f)’£+ Rn(usyﬁ)) _sinm(u—v)| _ 0
Mmoo M S Jul v <r K (€,€) 7 (u—v) '

In particular, we don’t assume regularity of the measure pu.

1. INTRODUCTION

Let p be a finite positive Borel measure with compact support and infin-
itely many points in the support. Define orthonormal polynomials

n=20,1,2,..., satisfying the orthonormality conditions
/ Piprdp = Ojk.

Throughout we use i/ to denote the Radon-Nikodym derivative of p. The
nth reproducing kernel for p is

n—1
K, (.Z',y) = Zpk (x)pk (y)7 (11)
k=0

and the normalized kernel is

Ky (z,y) = (@) 1 () K (2,y). (1.2)

In the theory of n by n random Hermitian matrices (the so-called uni-
tary case), there arise probability distributions on the eigenvalues that are
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expressible as determinants of reproducing kernels [5, p. 112]:

p™ (x1,29,...,2p) = i' det (f(n (mi,xj))

n! 1<ij<n

One may use this to compute a host of statistical quantities - for example the
probability that a fixed number of eigenvalues of a random matrix lie in a
given interval. One important quantity is the m—point correlation function

for M (n) [5, p. 112]:

R (a:l,xg,...,

= / / (1,29, ..., xpn) dTpmt1 dTpmia ... dxy
/”L fe—
= det ( (:EZ,:Ej)>

1<i,j<m

The universality limit in the bulk asserts that for fixed m > 2, and £ in
the interior of the support of u, and real a1, ao,...,a;, we have

1 ag Am )
hm — ' p ey M e @ Am
noe K (6,67 <5+ @s>£+ R A A

— det <sm7r(a,~—aj)> .
m(ai = a5) /icijem

s T a. a
Of course, when a; = a;, we interpret W as 1. Because m is fixed in
T

this limit, this reduces to the case m = 2, namely

lim <5+ ,54‘ Kn(gg)) :Sinw(a—b)‘
noe 7o (d Py P~

(1.3)

Thus, an assertion about the distribution of eigenvalues of random matrices
reduces to a technical limit involving orthogonal polynomials. The adjective
universal is justified: the limit on the right-hand side of (1.3) is independent
of £, but more importantly is independent of the underlying measure.

Typically, the limit (1.3) is established uniformly for a,b in compact sub-
sets of the real line, but if we remove the normalization from the outer K,
we can also establish its validity for complex a, b, that is,

lim <£ et e @) _ sinm(a—b) (1.4)
n—0oo K, (ga g) ™ ((1 - b)
There is an extensive literature on the topic - an overview may be found
in [1], [3], [4], [5], [6], [10]. In [13], we showed that universality holds in
measure for compactly supported . More precisely, we showed:
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Theorem 1.1. Let p be a measure with compact support and with infinitely
many points in the support. Let € >0 and r > 0. Then as n — oo,

meas{§ € {,u/ > 0} :

Ko (§+ 756+ 7, i -
Sup ( K7L(§7§) Kn(gvg)) _ Slnﬂ-(u 1)) > E} N O (15)

Jul o] <r Kn (§:€) T(u—v) |~

Here meas denotes linear Lebesgue measure, while in the supremum, u, v
are complex variables, and {¢/ > 0} = {z : ¢/ (x) > 0}. Because convergence
in measure implies convergence a.e. of subsequences, we deduced universality
for subsequences.

The obvious drawback of this result is that universality holds only in
measure. The strongest pointwise result to date, is due to to Totik [21],
[22]. (See also [7], [11], [12], [16], [17].) A measure p is called regular (in the
sense of Stahl, Totik, Ullman) if

1
lim 71/” =

n—oo "™ cap (supp [u])’
where cap(supp[u]) denotes the logarithmic capacity of the support of pu.
See [18] for a through exploration of this concept. Totik proved that if p is
a measure with compact support that is regular, and if in some interval I,

/log,u/ > —00,
I

then for a.e. £ € I, we have the universality limit (1.3). While regularity is
a weak global condition, it is not yet clear whether it is necessary for a full
pointwise result.

In this paper, we avoid any global assumptions on u, other than compact
support. We show that when p satisfies some local regularity condition,
then pointwise universality holds in the mean:

Theorem 1.2. Let p be a measure with compact support and with infinitely
many points in the support. Assume that J is an open interval in which for
some C' > 0,

p > C ae. in J. (1.6)
Let £ € J be a Lebesgue point of p. Then for each v > 0,

lim — Em: sup fon <£ T Rea T Rn(as)) _sinm{u—v)) o
e m n=1 ‘ulvlv‘gr Kn (67 f) T (u — 'l))
(1.7)

In particular, this holds for a.e. £ € J.
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Remarks. (i) By a Lebesgue point £ of 1, we mean a point at which
lim —ul€ — =
Jim oo = h, €+ h] = 1 (),

with g (§) finite. In particular, the singular part us of u satisfies
1
lim — —h h] = 0.
Jim oo s [§ = h. & 4 R
Of course if y is absolutely continuous in a neighborhood of &, and p’
is continuous at £, then the Lebesgue point condition is satisfied at &.

(ii) An equivalent formulation is that universality holds outside a set of
positive integers of density 0. That is, there exists a set £ of integers
of density 0, such that

u v X
o B (¢ + =t ¢ * miza) _sinm (u—v)
n—oo,n¢& K, (g, g) s (u — ’U)
uniformly for u, v in compact subsets of C. Here, recall that a set £
of positive integers has density 0 if
1
lim —#{j:1<j<nandje&} =0,
n—oo n

where # denotes cardinality. The set £ depends on the particular &.

Theorem 1.2 is a special case of the following theorem, whose formulation
involves maximal functions. For a finite positive measure v on the real line,
its maximal function is

1 z+h
Mdv] (x) = sup — dv. (1.8)
h>0 2h Jo_p

In the sequel, M [K,,du] (z) denotes the maximal function for the measure
Kn (z,2) dp ().

Theorem 1.3. Let p be a measure with compact support and with infinitely
many points in the support. Let & be a Lebesgue point of p with ' () > 0.
Assume that there exist C1,Co,C3, Cy with the following properties: given
r > 0, there exists ng = ng (r) such that for n > ng, both

(I) for all complex u,v with |u|,|v| <r,

‘Kn <£ + %,5 + %)‘ < C’lne@““'“”'); (1.9)
(I1) for all s € [—r,r],
K, (g + %,§+ %) > Oy (1.10)
(ITI) for n > 1,
M [Kypdu) (&) < Cyn. (1.11)

Then (1.7) holds for all v > 0.
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When p satisfies a Szegd type condition [ slog p/ > —o0 in an interval J,
then results of Totik [21], [22] indicate that both (1.9) and (1.10) hold at a.e.
¢ € J. However, it is not clear that (1.11) also follows. In [2], Avila, Last
and Simon assumed similar conditions to (1.9), (1.10), but assumed instead
of (1.11) an implicit limit condition, in proving pointwise universality.

This paper is structured as follows: in Section 2, we present the ideas
of proof. In Section 3, we establish upper and lower bounds for K,. In
Section 4, we deduce normality of the normalized reproducing kernels, and
establish properties of their subsequential limits, which are entire functions.
In Section 5, we estimate averages of tail integrals using maximal functions,
and then prove Theorems 1.2 and 1.3.

We close this section with some notation. Throughout, C,C,Co, ... de-
note positive constants independent of n, x, t, and polynomials of degree < n.
The same symbol does not necessarily denote the same constant in different
occurrences. We shall use calligraphic symbols such as &, ., Gn, Hp ... to
denote sets that typically have small measure. The nth Christoffel function
for w is

1 P2 (t)

An () = K. = deg(iPI)lin—l Pz—@)du (t). (1.12)

For r > 0, we define the tail integral

f\t—x\zg Kn (2, t)z dp ()

o, (z,7) = K, (2.7) (1.13)
Let

Ay (x) = ph_y (@) + ], (2) . (1.14)

For complex u,v, real £, and r > 0, we let

Kn (g + — 7€ + — )
Kn(&,6) Kn(€,€)
n(u,v,&) = ; 1.15
fn (u,0,€) Ko (€.6) (1.15)
Ly (u,0,8,7) (1.16)
_t
A €+ 7ieg)

= sup fn(U,U,ﬁ)— B fn(u7t7£)fn(v7t7£)

>r Rn(E,ﬁ)
n

w (&)

s

In the integral in the right-hand side, t is the variable of integration. Also,
let

1 1
Len) =1 [ ] Tutwoon) (o () £ (0,0.€) 2 du o (117)

For ¢ > 0, PW, denotes the Paley- Wiener space, consisting of entire func-
tions of exponential type at most o that are square integrable on the real
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axis, with the usual Ly (R) norm. The reproducing kernel for PW, is
sino(u=v) Ty for g € PW,, and all complex z [19, p. 95],

m(u—v)
o sino (t — z)
= t) —————=dt.
0= [ o=
The Cartwright class [9] consists of all entire functions g of exponential type
such that
> log™ |g (t)]
——= Lt 1.1
/_ e ft<eo (1.18)

where log™ z = max {0, log z}.

2. IDEAS OF PROOF

Recall our notation

Ko (5 T RSt f<n<s,s>)
K, (&€)

Our local hypotheses on p in Theorem 1.2 give upper bounds on K, (¢,t)
for ¢ in any compact subinterval of J. We can then use Bernstein’s growth
inequality in the plane to show that for £ € J and all complex u, v,

‘Kn <§ " %,g i %)( < OyneCalul+le)),

In (U,U,f) =

Here C7,C5 depend on e, but are independent of u,v,n,&. There is also
a lower bound for K, (¢,t) that holds for arbitrary measures. Thus the
hypotheses of Theorem 1.2 imply those of Theorem 1.3. The latter give
uniform boundedness of {f,} for all complex u, v,

[Fo (1,0, )] < CyeCau+ioD),

One deduces that if f (-, -, &) is a subsequential limit, it is entire of exponen-

tial type in each variable. Moreover, there exists o > 0 such that for all real

a, f(a,-,§) is of exponential type o, and lies in Cartwright’s class. Some

assertions about the zeros of f (0,-,§) are then proved as in [11], [13].
The most difficult step is to show that

sin7 (u — v)

f(uavvg) = (21)

7 (u—v)

We adopt an indirect approach, based on a uniqueness theorem proved in
[13]. The essential feature there, is that the relation

fang- [ T a6 f(b.t) e, (2.2)

for all complex a, b, together with f (0,0,¢) = 1, and some other restrictions
on zeros of f(0,-), yields (2.1).
To establish (2.2), we estimate averages of the tail integrals
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Sicapos B (1) g (1)

o, s =
(@) K, (z,2)
Using maximal functions, we show in Section 5, that for |y — 2| < 7,

2m—1 1/2

M2 < 8Cy ([ Kam (z,7) 1/2

Z ©n r1/2 < Ko, (z,7) (mM [Kamdp] (y)) '~

where
Cy = sup Jn-1
n Tn

We can then deduce estimates for averages of

/ / o (,0,€,7) (fo (0,0,€) fn (0,0,€)) ™2 du do,

where
Fn(’LL,’U,g,T)
s dp (€ + —t—
= swp |fa(w0,&) = [ fal(ut,6) fu(v,1,) ( ,Wf’f’) .
ool - T8

More precisely, we show that for some C independent of r and m,

2m—1

m Z In (€,7) 1/2 1/2

This leads to (2.2), and hence (2.1), for subsequential limits f that avoid
a thin set of integers. Using the fact that {f,} are uniformly bounded in

compact sets, we then obtain (1.7).

3. BOUNDS FOR K,

We show that the hypotheses of Theorem 1.2 imply those of Theorem 1.3.

Lemma 3.1. Assume the hypotheses of Theorem 1.2. Let Ji be a compact
subinterval of J. There exist C1, Cy and Cy with the following properties:

(a) Given r > 0, there exists ng = ng (1) such that for n > ngy, £ € Jq,

and for all complex u,v with |u|,|v| <,
‘Kn (5 ey E)‘ < CyneC2(ul+ll),
n n
(b) Let £ € J be a Lebesgue point of . Then forn > 1,
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Proof. (a) This follows from the assumed lower bounds on y' and Bern-
stein’s growth inequality for polynomials, by using standard meth-
ods. Here are some details: let w denote the Legendre measure for
the interval J, so that w’ = 1 there. By (1.6) and monotonicity of
Christoffel functions,

An (1, 2) > CAp (W, ) .

Standard estimates for the Christoffel function for the Legendre
weight [15, p. 108, Lemma 5] give that for n > 1 and = € Jy,

An (w,2) > Cy/n.
Thus for n > 1 and z € Jq,
K, (z,z) =\, (z) < (CCy) .
By Cauchy-Schwarz, for n > 1, and z,y € Jq,
K, (z,9)] < (CCy) .
We now apply Bernstein’s growth inequality

P(2)] < |2+ V2 =1] 1Pl -1y

valid for all complex z, and polynomials P of degree < n. We refor-
mulate this for the interval J, and estimate in a standard fashion to
obtain (3.1). See [11, Lemmas 5.1 and 5.2, pp. 383-384].

(b) Choose 1 > 0 so that £ £ 7 € J;, a compact subinterval of J. In Jj,
(a) implies that K, (z,2) < Cin. Then for £ € J and 0 < h <,

1 E+h 1
— K (t,8) dpi (1) < Crnop [€ = by €+ ).

As £ is a Lebesgue point of p,
1
lim — —h h) = .
Jm oo [€ = h, &+ h) = ' (§) < o0
Hence there exists Cy > 0 such that for h > 0,

nlE =~ hE+H <O

This yields the desired estimate for 0 < h < n. For h > 7, we use
the trivial estimate

! EhK d ! K d -
— w (60 du(t) < — [ Ky (6,8)du(t) = —.
2h e—h (t,2) du (1) 277/ (t,2) du (1) 2n

O

Lemma 3.2. Let p be a measure with compact support, and with infinitely
many points in its support. For each Lebesgue point of n, there exists
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C = C (&) with the following property: let T > 0. Then there exists ngsuch
that for n > ng,

S S
i — - > . .
K (§+ — 6+ n) > COn (3.3)

Moreover, this also holds at every point & ¢ supp [u].

Proof. See, for example, [13, Lemmas 3.1 and 3.2]. A far more precise
asymptotic lower bound was proved in [20]. O

4. NORMAL FAMILY ESTIMATES
Recall the definition (1.15) of f,,. In this section, we prove:
Theorem 4.1. Assume that p and & are as in Theorem 1.3. There exist

C1,Cy > 0 with the following properties:
(a) For all complez u,v,

| f (1,0, 8)] < Cre2itivl, (4.1)

(b) Let f(-,,§) be the limit of some subsequence {fn},cq of {fntp>1-
Then
(i) f(-,- &) is entire in each variable, and with C1,Cy as in (a),
for all complez u,v,

|f (u,v,€)] < Cre il (4.2)
(ii) For each complex u,
[ it of ds < f w9 <o, (1.3

(iii) f(0,-,&) has infinitely many real simple zeros {p;},; ., where
e <P <p <0< pr <2<

and no other zeros. Let pg = 0. For j # 0, f(p;,-,&) has zeros
{Pr}trez 53 and no other zeros.
(iv) There ezists Cp > 0 such that for all real t,

f (tvtaf) > C07 (44)

and f(0,0) = 1.
(v) There exists o > 0 such that for each real a, f(a,-,§) is an
entire function of exponential type o.

Remark. Cy, C;, and Cy are independent of n,u,v, and the particular
subsequential limit f.

Proof of Theorem 4.1(a). From Lemmas 3.1 and 3.2, we deduce that for
Lebesgue points £ € Ji, and all complex u, v, we have

K (€4 .6+ 2)
Kn (£,€)

< OyeCalul+o),
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Here C7, Cy are independent of n,u,v. Since also

" <0

K, (&€

in Ji, some C (from Lemma 3.2), we obtain for (different) C4, Co,

Ko <£ + Rn(s,s)’g i I?n(&&)) < Oy eCelultloD)

O

Proof of Theorem 4.1(b).

(i)

(iii)

From (i), {fn},>1 is a normal family in compact subsets of C2. If
f denotes some subsequential limit, say as n — oo through 7, then
(a) gives the bound

| (u0,€)| < Cre®= D,

for all complex u,v.
Next, let u € C, and U = £+ —%—, and use the reproducing kernel

Kn(£8)
relation ‘ 2 )|
K2 (Ut
1= [ 222220 (1)
I g
We drop most of the integral and make the substitution t = £ +
Rn(68)
S o |K (Ut
1> Kn (60 Md,u (t)
- K, (U, U)
Kn(€,8)

- /T [ (u, 5,€)[* 9P <§+ ans,a)
—r Jn (w0, 8) w' (€) '

As we assumed that ¢ is a Lebesgue point of i, and we may assume
that as n — oo through 7, f, — f locally uniformly, we obtain

" (s,
12 /ﬁd

Now let r — oo.
Now for each fixed real &, with (pp—1pn) (§) # 0, the function

L (£,6) = (t — &) K, (,€)
= /7:_1 (pn (t) Pn—1 (f) — Pn—-1 (t) Pn (5))

n

has simple zeros that interlace those of p,,. See, for example [8, p. 19
ff.]. More precisely Ly, (-,&) has a simple zero in (zjn,xj-1,) for
2 < j < n, and one zero outside (zp,,1n). When (p,—1p,) (§) =0,
then L, is a multiple of p,_1 or p,. It follows that in all cases
Ly (-,€) has a zero in [z, 2j—1,,), 2 < j < n, and at most one other
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zero, outside [z, %1,). Let {tjn}#o = {tjn (5)}#0 denote these
zeros of K, (£,t), and tg, (§) = . We order the zeros as

<t—1n(£) <t0n(f) <t1n(£) <t2n(f) <
Then f, (0,-,£) has simple zeros
and no other zeros. Let pg, = 0. Note that
< pP-1in < pon =0 < p1p < popn <+
Now as n — oo through 7, we have

lim  f, (0,u,&) = f(0,u,&)
neT

n—~0o0

uniformly for u in compact subsets of the plane. Moreover, f (0,0, ¢)
limy, oo ne7 frn (0,0,€) = 1, so f is not identically 0. By Hurwitz’
theorem, each zero of f(0,-,€) is a limit of zeros of f, (0,-,£).

Next, (i) shows that f(0,-,£) is of exponential type at most type
Cy, while from (ii), ffooo f (o, 8,5)2 ds < oo. A well known bound [9,
p. 149] asserts that

£+ 9f < 20 [* josefas 4

for all complex x + iy. In particular, then f (0,-,£) is bounded on
the real axis and so satisfies (1.18) and lies in the Cartwright class.
It is also real valued on the real axis. Then [9, p. 130], if {p;} are
the zeros of f(0,-,&),

(0,26 = lim ] (1—i>.

il<r > P

It follows that f has infinitely many zeros {p;}, and these are then
necessarily the limits of the zeros {p; } of f,, (0,-,&). Since each p;,
is a simple zero of f,, p; is a simple zero of f (0,-,£) unless p; = p;_1
Or Pj+1-
Next, we note that for j #£ k,
K, (tjm tkn) = 0.
Indeed, it follows from the Christoffel-Darboux formula that both
tjn and ty, are roots of the equation
Pn (t) Pn—1 (6) — Pn—-1 (t) Pn (5) =0.
Then for j # k,

fn (pjm Pkn, f) =0
and because of the locally uniform convergence,
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Moreover, because of Hurwitz’ theorem, f (p;,-,€) has no other ze-
ros. We still have to show the simplicity of the zeros.
We know from Lemma 3.2, that there exists C' > 0, such that given
T > 0, there exists ng = ng (T') such that for n > ny,

nf Ko (6 it ) 2 on
sE[lPT,T} <§+Kn(§7§) €+K"(§’§) e

where C' is independent of T'. Also, we have the upper bound (3.1)
for K, (§,&). Thus

inf £, (s,s,6) > C.
se[lflT,T}f (s,5,)

As C'is independent of T', we obtain
. s C
inf f(t,1,6) 2 C

This also shows that f (p;, pj,&) > 0, so necessarily p;+1 # pj, and
all zeros of f (0,-,§) are simple.

As above, the zeros of Ly, (t,£) = (t — &) Ky, (t,€) interlace those of
pn. Let m > k. It follows that whatever is £, the number j of zeros
of Ky, (t,€) in [Xyn, Trn] satisfies

j—(m—-k) <1

Now let N (g,7) denote the number of zeros of a function g in [—r, 7].
It follows from this last estimate that for any real a,b, and r > 0,
and n > 1, we have

|N(fn (afvg) 7T) _N(fn (b,-,f),T‘)| <2

Letting n — oo through the appropriate subsequence of integers
gives for each r > 0,

‘N f(av'vé-)?r) _N(f (b7'7€)7r)’ < 4. (46)

(
Since f (a, -, &) has only real zeros, and lies in Cartwright’s class, as
follows from (i) and (ii), so,

N .
].lm (f (a‘7 ),7‘) — Ua,
r—00 2r
where o, is the exponential type of f (a,-,§), see [9, p. 127, eqn. (5)].
It follows from (4.6) that o, = o is independent of a. We must still

show that o > 0. To do this, we use the bound (4.5) with Cy = o:

. 2 >
£ O i ) < 20 [ ar

—00

If o = 0, this implies that f (0, -, &) is bounded and hence constant,
contradicting its square integrability over the real line.

U
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5. PROOF OF THEOREMS 1.2 AND 1.3

We begin by estimating the tail integral ®,, using maximal functions. It is
really these estimates that allow us to avoid the hypothesis that p is regular.
Recall our notation (1.13)—(1.17). A version of Lemma 5.1(a) was already
proved and used in [14].

In the sequel, we let

Tn—1

Cp = sup . (5.1)
n  Tn
Lemma 5.1. (a) Let v be a measure on the real line with infinitely many

points in its support. Let v >0 and m > 1. Let |y — x| < 4. Then

2m—1

.7 1/2
S @, (a,n)2 < 3O (K2m< ’ )) (M [Fomdpt] (0)2 . (5.2)

~r12 \ K, (z,7)

(b) Let 0 < A<r/4. Then

f"‘% 2m—1
/g_é (Z d, (t,r)1/2) dt

8C ¢+4 Kom (1,1) 1/2
< —75 (MM (Ko ())/? /g_% <m> it (53)

(c) Assume in addition, that p and & satisfy the hypotheses of Theo-
rem 1.3. There exist C > 0 and mq such that for m > mq and all
r >0,

A /2m—1
/j:’” ( > o, (t,r)1/2> dt < % (5.4)

n=m

Here C is independent of m,r, but depends on A,€.

Proof. (a) Observe that

Pn (2) pn—1(t) — pn—1 (@) P (1)

Tn—1
|Kn (z,t)] =

Tn x—t
< o A @) A (1)
M |z —t| 7

by Cauchy-Schwarz. Then for 2m — 1 > n > m,

5 An(2) An (1)
®,, (z,7) < Cj Ko (2.2) /It—:c|>2fn 7@ — x)Qd'u (t).
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Using Cauchy-Schwarz, we obtain

2m—1
Z D, (a:,r)l/z
<_ Co 2%—:114 (x)1/2 / Ay, (t) dn () 1/2
T K@) 5 iy (F—2)
c 2m—1 /2 som—1 ) 1/2
< K. (xf)x)l/2 <7;An (33)) (Z /t bz (E— 2dﬂ (t))

1/2
S27001/2(sz(%x))uz (/t Mdu(t)) . (5.5)

2
Km(l‘,l') —z|>5 (t—l’)
We assumed that |y — x| < f~. Then for j > —1, and |t — 2| <

j+1 4
J+1_r
2 2m>

‘t _ y’ < 2j+1L + ‘x _ y‘ < 2j+2L
2m 2m

so using the definition of the maximal function, we see that

/ Ko (1,1 dpu (1) < / Kt t)du(t)
29 S <|t—a| <20+ L |t—y|<29+2 57
< 2j+2%M [Komdy) (y) -

Then
Af—ﬂz# [({jfi(x Z /2] £ o algaiti o %dﬂ (t)
= j;l 2272 2J+2;M [Kamdu] (y)
= 2 M (Ko ()

Substituting this into (5.5) yields (5.2).
(b) This follows directly from (a) as |t — ] < 4 = |t — ¢ < £
(c) This follows directly from (b) and our hypotheses (1.9), (1.10), (1.11).
U

We can now deduce estimates for I';, and I,, defined respectively by (1.16)
and (1.17).

Lemma 5.2. Assume that p and € are as in Theorem 1.3. There exists
6 > 0 with the following properties:
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(a) Forr >0 and |u|,|v| < %

e Pﬂuug) <§ <s© >Tﬂ

|:fn v,v,§) @ < >]1/2. (5.6)

2m—1

)2 < Cl
— Z I, (&)Y <7 (5.7)

(b) Forr >4/4,

Here Cy is independent of m,r.
Proof. We use the fact that for some § € (0,1),
on <K, (&€ <6 n, n>1 (5.8)

This follows from Lemmas 3.1 and 3.2.
(a) This is as in [13]. Let

U v
=t V=t
tReo VTV R
and let s > r. From the reproducing kernel relation,
K(UV) Kn (Uyy) Kn (Viy) = y)
R 6.6 Lég|% e d e O
n(Uy) Kn(V,y)
= d .
/Q—s>%\/ka<&£>x/xa<&§>"@D
We now make the substitution y = £ + 7 & Ak in the first integral
only, recasting the last equation as 7
oEn(e) du (€ + =
falwo, )= [ € fa(v,t6) (MQ%J
_ 1/2 ) 1/2 K,(Uy) K,(V,y)
e e MO, o - vy v o () |
5.9

Next, observe that for £ € J, (5.8) gives for s > r,

s lul  n
y—¢&lz—=y-Ulzly—&-—=—F
n n K, (£,€)
s ul s r
P e B
“n n " 2n " 2n
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as |u| < %T < %. Now use Cauchy-Schwarz on the right-hand side
of (5.9), and the fact that s > r:

Fn (U,U,g,r)
fe 50 du (5 T Rte s))
= sup fn (u,v,8) _/—sknff) fn (u,,8) fn (v,t,6) ()
- Ei (U.y) K; (V.y) 2
< | fo (uyu, &) fro (v,0,€) /Iy_U|>%m w(y) /|y—v>%m w(y) .

We obtain (5.6), on taking account of the definition (1.13) of ®,,.
(b) Using (a) and integrating, gives

// o (1 0,€,7) (fo (00,6 fr (0,0,€)) ™2 du do

o\ /2 2
+ =— d
(5 (s €)' 2 ) ”)
2
1/2
o, (t,5) " at
/t <%reo ( 2) )
P, (t

o
S( e (2)/2dt>2,
by (5.8)

8). Adding for m <n < 2m — 1, gives

1

o/

K, (£,6)
2

n

5 )

1 2m—1 2m—1

Ezfn(fﬂ")lmﬁcrl ) [Z@ tr1/2]

n=m [t—€l< mo
C

< /9

= ,1/2

by Lemma 5.1(c). Here we need 3 <

»lkl“i

‘We need:

Definition 5.3. For a given (§,r), we say a positive integer n is (£, r) bad
if

I, (57 T) > T_1/2-
We denote by B (&,r) the set of all (£,r) bad integers, and for k£ > 1, we let

- U B(£,27). (5.10)
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Lemma 5.4. Let § be as in Lemma 5.2. For n > 1 and k > log, (4/0),
1
—4# (Dy, (&) N [1,n]) < Cy27F/4, (5.11)
n

Here Cy is independent of n and k.
Proof. From Lemma 5.2(b), provided r > 4/4, we have

2m—1

>

% o 56) 2 ).
That is,
# (B(&,r)N[m,2m —1]) < Cymr— /4,

Then for ¢ > 1, and 2F > 4/6,
#(D@n [ —1)) < i 4 (Ble.2)n |22 —1))

<Yy 2t < oyt
j=k
Then
[logy n]+1

#@©nLa) < Y #(Daen |22 —1])

llog, n]+1
<0 3 2M < gt
=0

We need a characterization of the sinc kernel:

Lemma 5.5. Let 0 > 0 and F : C2 — C be an entire function in each
variable with the following properties:

(i) For each real a, F (a,-) is an entire function of exponential type o,
that is real on the real axis, with

/ |F (a,s)]* ds < co.

—00

(ii) Let po = 0 and F(0,-)have distinct simple zeros {pj}jez\{o}, or-
dered in increasing size, and no other zeros. Assume that for j # 0,
F'(pj,-) has zeros {pr}yep ;) and no other zeros.
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(iii) There exists C > 0 such that for all real t,
F(t,t) = C,

and F (0,0) =1.
(iv) For all complez a,b,

F(a,b):/C>O F(a,s) F (b,s)ds.

— 0o
Then for all complex u,v,

F (u,v) = 7Si1;7(rqfqi;)v)

Proof. See Theorem 6.1 in [13]. O

Lemma 5.6. Let 6 be as in Lemma 5.2. Let k > logy (4/6). Let u and
& € J be as in Theorem 1.3. Then uniformly for u,vin compact subsets of
C,
. £ 6) sin7 (u — v)
im U, 0,) = ————=.
n—oongDy(€) " 7 (u—v)
Proof. We know that {f, (-,",£)},>; is a normal family. Suppose that S is
a subsequence of positive integers that does not intersect Dy, (§). By passing
to a further subsequence (and keeping the same notation for the sequence),
we can assume that f, — f as n — oo through S, uniformly in compact
subsets of C2. Now if n € S, then n ¢ B (5, 29) for all j > k. It follows that
for fixed such 7,
I, (&,27) < 27972,

That is, taking account of (1.17) and the uniform boundedness above and
below of f, (u,u,&), we have for each fixed s > 29'%, and hence for
s> 497

Z 54

[.1,

The constant C is independent of both n and j. Letting n — oo through S,
and using that £ is a Lebesgue point, gives

1 p1
1.1,
Letting first s — oo, and then j — oo, we obtain

[.1,

an (¢ + )

du d
w () ha

Fulw0, )~ [ a8, fu (0,8,)

< 27972,

du dv < c279/2,

f(u,v,f) - _s f(’u,,t,f)f('l],t,g) dt

du dv = 0.

f(u,v,f) _/_OO f(u,t,f)f(?),t,f)dt
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This is permissible in view of (4.3). Thus, for a.e. (u,v) € [—1,1] x [-1,1],
we have

f(u,v,ﬁ)=/_Oof(u,t,£)f(v,t,g)dt.

As both sides are entire, this equation holds for all complex u,v. Then
Lemma 5.5 shows that

sinm (u — v)

f(,U/?,U?g) =

Indeed, all the remaining hypotheses of Lemma 5.5 were proved in The-
orem 4.1. As every subsequence of positive integers outside Dy (§) has a
subsequence converging locally uniformly to the sinc kernel, it follows that
the full sequence outside Dy, (§) converges to the sinc kernel. O

7 (u—v)

Lemma 5.4 shows that Dy, (€) is a set of density at most C27%/4. This is
small for large k, but not 0. We now turn to the

Proof of Theorem 1.3. Let 0 be as in Lemma 5.2. Given k > log, (4/6),
and r > 0, there exists ny such that for n > ny and n ¢ Dy, (€),

k

Moreover, because of the uniform boundedness proved in Theorem 4.1, there
exists C (r) depending only on 7, such that for n > 1,

sinm (u — v)

sup
Jul,|v]<r

 a(u—v)

‘UEEI‘)ST fn (u,v,8) — % <C(r). (5.13)
Then
1 & sin7 (u — v)
ek [ 0 S

IN

1 1

= > it > c(r)
nE<n<m,né&Dg (&) n<ng or np<n<m,neDx ()

1 nk —k/4

E—I—EC(?“)—l—(Cﬂ )C’(r).

Here we have used Lemma 5.4, and it is crucial that both C (r) and Cy

are independent of k,m. We first take lim sup’s as m — oo, and then let

k — oo, to obtain (1.7). O

Remark. The proof actually shows that if ¥ : [0,00) — [0,00) is an in-
creasing function with limy_o+ ¥ (¢) = 0, then
) -

1 m
lim — U sup
e (L,
Proof of Theorem 1.2. The hypotheses of Theorem 1.2 were shown to
imply those of Theorem 1.3 in Lemmas 3.1 and 3.2. U

IN

sin7 (u — v)

fn (uvv7§) -

7 (u —v)
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