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Abstract

We investigate simultaneous Gaussian quadrature for two integrals of the same function f
but on two disjoint intervals. The quadrature nodes are zeros of a type II multiple orthogonal
polynomial for an Angelesco system. We recall some known results for the quadrature nodes
and the quadrature weights and prove some new results about the convergence of the quadrature
formulas. Furthermore we give some estimates of the quadrature weights. Our results are based
on a vector equilibrium problem in potential theory and weighted polynomial approximation.

Keywords: Simultaneous quadrature, Angelesco systems, Hermite-Padé approximation, vec-
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§1. Introduction

1.1. Simultaneous Gaussian quadrature

Suppose we are given r measures i, ..., i, on the real line and a function f : R — R and that we
want to approximate the integrals

/f<x>duj<x>, l<j<r
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and KU Leuven research grant OT/12/073.
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simultaneously with the same function f but with different measures puq,...,pu,. Our goal is to
investigate interpolatory quadrature formulas so that

N
/ F(@) dpss () = 30 A9, Flwpn)
k=1

holds for polynomials f of degree as large as possible, with one set of interpolation points {zx n,1 <
k < N} and r sets of quadrature weights {)\,(jzv,l <k < N}, with 1 < j < r. This requires only
N function evaluations, but rIN quadrature welghts. This notion of simultaneous quadrature was
introduced by Borges [11]. Later the relation with multiple orthogonal polynomials was observed
n [12], [13], [14], [19], [22, Chapter 4,83.5]. However, Angelesco already introduced simultaneous
quadrature for several integrals in 1918 in [1] for an Angelesco system, but apparently that paper was
overlooked for a long time.

1.2. Multiple orthogonal polynomials

The type II multiple orthogonal polynomial Py with multi-index 7@ = (n1,...,n,) € N for the system
of measures p1, . .., t, is defined as the monic polynomial of degree |7i| = ny + - -+, n, for which

/Pﬁ(x)xkduj(x)zo, 0<k<mn;—1, (1.1)

for 1 < j <. If this monic polynomial exists and is unique, then we call the multi-index 77 a normal
index. If we choose the quadrature nodes as the zeros xj 7 of Py, then the corresponding interpolatory
quadrature nodes are

A= [ tdnyto (1.2)

where ¢ 7 is the kth fundamental polynomial of Lagrange interpolation for the nodes {z 7,1 < k <

71|}, and we have
||

3 Aluptan) = [ ta)dusta)

whenever p is a polynomial of degree at most |7{| + n; — 1. Indeed, if p is a polynomial of degree
< |fi]+n; —1 and if L is the Lagrange interpolating polynomial for p at the nodes {zy 7,1 < k < 7|},
then

Li(x) = p(z) = Pa(2)qn;-1(2),
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where g,; 1 is a polynomial of degree at most n; — 1. Integrating then gives

[ L@ dus(@) — [ p(e)dus0) = [ Pat@)an,1(2) distx) =0,

where the latter follows from (1.1). The result then follows since

|7

/Lﬁ(x) dpj(z) = )\z(f;Zzp(xkﬁ)’

k=1

as is usual with interpolatory integration rules. If we require that the r quadrature rules are correct
for p, then the degree of p needs to be at most || + minj<j<,n; — 1. This degree is maximal if all
the n; are equal. Hence from now on we will use N = rn nodes which are the zeros of the diagonal
multiple orthogonal polynomial P, .. . »), and the quadrature formulas will be exact whenever p is a
polynomial of degree at most (r + 1)n — 1. We denote the zeros of the diagonal multiple orthogonal
polynomial by {zx yn,1 < k < rn} in increasing order

—00 < T1,rn < T2,rn <0< LTrn,rn < 00,
and the corresponding quadrature weights by {)\,(cj Z“n’ 1<k <rn}, for 1 <j<r. Sothe quadrature

rules becomes
m

Z A,ﬁfinp(xk,m) = /p(x) dp;(z), P € Purinn-1, (1.3)
k=1
where P, is the set of all polynomials of degree at most n. Note that for » = 1 we obtain the well
known Gaussian quadrature rule for one integral.

Our goal is to investigate the following problems

e What can be said about the quadrature nodes zj ,, (location) and the quadrature weights
)\,(CJ Z«n? In particular we want to know the sign of the quadrature weights. Recall that for
Gaussian quadrature (r = 1) the quadrature weights are the Christoffel numbers and they are

always positive. This is essential for the convergence of the quadrature rule.

e Under which conditions on f and on the measures (u1, .. ., t,) will the quadrature rules converge
to the required integrals?

e What can be said of the size of the quadrature weights )\,(gj in for1 <5< r?
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1.3. Angelesco systems

In this paper we will restrict our analysis to measures of an Angelesco system. Simultaneous quadra-
ture formulas for a Nikishin system were investigated earlier by Fidalgo, Illdn and Lépez in [14].

An Angelesco system is a system of positive measures on the real line for which the supports are
on disjoint intervals: supp(p;) C [aj,b;] and (a;,b;) N (aj,b;) = O whenever ¢ # j. Observe that we
allow the intervals to touch. We will sort the intervals from left to right so that

—co<a <bh <ax<b <---<a,<b. < 0.

Such systems were introduced by Angelesco in 1918-1919 [1, 2] and later also independently by Nikishin
[21]. An important result is that the type II multiple orthogonal polynomial Pz for any multi-index
i = (n1,...,n,) has n; simple zeros on (a;, b;) for every j. Hence the multiple orthogonal polynomial
can be factored as

Py(z) = _Hpﬁyj(x), (1.4)

where each pj ; is a polynomial of degree n; with all its zeros on (aj;,b;). Each polynomial pg ;
is in fact an ordinary orthogonal polynomial of degree m; on the interval [a;,b;] for the measure
1 [Piii(2)] dpj(x). Note that every p;; with i 7 j has constant sign on [a;, by].

1.4. Known results

The following result is already known, see [22, Chapter 4, Prop. 3.5], but we give a proof because of
its importance.

Theorem 1.1. The quadrature weights have the following property:

@)

k,rn

> 0, when i € [a;, bj], (1.5)

and A,?Zm has alternating sign when Ty ryn € [ai,b;] and i # j.

Proof. Let ¢k r, (1 < k <rn) be the fundamental polynomials of Lagrange interpolation for the nodes
{Zirn,1 <i<rn}, for which
ék,rn(xi,rn) = 04,k

and let é,(cj Zl be the fundamental polynomial of Lagrange interpolation for the zeros of ps ; which
we defined in (1.4), i.e., for the nodes {z;mn,(j — 1)n +1 < i < jn}. If we take the polynomial
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p(z) =l rm, (x)él(j) of degree (r + 1)n — 2, then the quadrature (1.3) gives

n

. b; )
for (j —1)n+1 <k < jn, i, for the quadrature weights corresponding to the nodes . € [a;, bj].
The fundamental polynomials of Lagrange interpolation are given by

Py(7)

(.I - xk,rn)P;i(xk,rn)

Cprn () = , ) (2) =

and P,%(xk,rn> = p;‘l‘yj (xk,rn> Hz;ﬁ] pﬁ,i(xk,rn)a hence

b 2
) 7 11 Pa,i(x) P, (%)
krn aj i pﬁ,z‘(xk,rn) ((‘T - kan)p%yj(xk,rn) /LJ( )

Ji;ﬁ

The integral is positive since pz ;(x) has the same sign as pg ;(Tk,rn) On [a;, b;]. This proves (1.5).
Suppose next that ., € [a;, b;] with i # j. Then we take the polynomial p(x) = lx n(2)pa ()
of degree (r 4+ 1)n — 1 in the quadrature formula (1.3) to find

) bj
N s ) = [ bl (o) dis ),
Now we have Py (wk,rn) = pj (Tk,rn) Hm# Dit.m Tk, rn), sO that

&) b Pii,m (@) pi,i(2) paj(@) \?
N :/ 7,m 7,0 ( 7,5 ) dus ().
krn aj ml;]i:,j Pim (xk,rn> (.I - xk,rn)p%yi(xk,rn) Pi,j (xk,rn> IMJ( )

Each factor in the integrand has constant sign on [aj, b;], independent of k, except for pl ,(zk rn)

which has alternating sign when zj ., runs through the interval [a;, b;]. [ |
A careful analysis of the sign of )\,(CJ Zm shows that it will be positive for the zero in [a;, b;] which
is closest to [aj, b;], i.e., >\§f}m > 0 when ¢ < j and AEZLMH > 0 when i > j (see [22, Chapter 4,

Prop. 3.5 (2)]).
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The positive quadrature weights {)\8)71)71 4w 1 <k < n} are related to the Christoffel numbers

of the weight [[,_; pai(x) dp;j(x). Indeed, take p(z) = q(z)[];; pai(x), with g € Pa,_1, then (1.3)
gives for every q € Py, 1

n
/ Hpn 1 d,ug Z )\](gjrnq xk rn Hpn i xk rn
aj i#j k=(j—1)n+1 i#£]

and this is the Gaussian quadrature formula for the (varying) weight [],_; pi(x) dp;(z). Hence

)\8) 1)n+k,rn Hpﬁ,i('r(jfl)nJrk,rn) = )\k,n Hpﬁ,i d,ug 3 (16)
i#j i#j
where A (@) are the Christoffel numbers for a measure p, i.e.,
1

Nen() = Aa(€ri ), M) = o
ko (1) (& 1) (z; 1) ST R )

where A, (z; ) is the Christoffel function and p,,(x; 1) are the orthonormal polynomials for a positive
measure g on the real line, with {&,1 < k < n} the zeros of p,(z; u).

§2. Simultaneous Gaussian quadrature on two intervals

From now on we deal with the case r = 2 with two intervals [a1, b1] and [ag, ba] (with b1 < as) and
write Pz(z) = Pyn(x) = (=1)"pn(z)gn(x), where p, has n zeros on [a1,b;] and g, has n zeros on
[az, ba):

z) =[] —zj2n), (@)= (D" ] (@—=j20),
j=l1 j=n+1

where the (—1)™ in the definition of g, is to ensure that g, > 0 on [a1, b1]. Recall our ordering of the
Z€ros
a1 < Z1,9n < T2on < Tpon < b1 <as < Tpyion < - < Tap2n < ba.

The quadratures are
2n by

D A P(wjn) = / P(z) dp (2), (2.1)

j=1 L
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and

ba
zxg%gnp (25.0m) = / P(x) dpa(x), (2.2)

2

for every polynomial P of degree < 3n — 1. From (1.6) we see that the positive quadrature weights
are given by
O ko (qn dpin)

= 1<k<n, 2.3
., 2n qn(xk,Qn) - - ( )
and similarly
n n d
)‘fﬁk,w _ Akn(Pn dpz) 1<k<n. (2.4)

Pn (xn+k,2n) ,

For the alternating quadrature weights, it follows from (2.1) with p(z) = q(x)p2(x) that

by
Z N aetnsian)p @iz = [ @) dino) (2.5)

ay

for every g € P,,_1. This is the interpolatory quadrature rule for integrals on [a1, b1] with (positive)
weight p2 duy and quadrature nodes on [asg, ba]. This is a very strange quadrature rule and one does
not expect good behavior since [ag, b1] and [ag, bo] are disjoint. In a similar way one also finds from

(2.2) that
ba
ZAk ) A(@ron) @2 (@ham) = / 4(2)g2 () dps (), (2.6)

az

holds for every g € P,,_1. From Theorem 1.1 we have
_ k—1 _ n—k
31gn)\n+k on = (—1)"77, sign )\k on = (=1)"7F, 1<k<n.

2.1. Possé-Chebyshev-Markov-Stieltjes inequalities

First we recall the classical Possé-Chebyshev-Markov-Stieltjes inequalities. Let p be a positive measure
on the real line with all finite power moments

/xjd,u(x), j=0,1,2,....
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Fix n > 1 and let
—0 < << < <0

denote the zeros of the nth orthogonal polynomial for . Let 1 < £ <mn and f: (—o0,&] — [0,00) be
a function with 2n continuous derivatives satisfying

fB(z) >0, 0<k<2n, xe(—00,&). (2.7)
Then [15, Eq. (5.10) on p. 33]

e

-1 ¢
D e f (&) < F@)du(x) <D Men () £(0), (2.8)
k=1

- k=1
where Ag.n (1) = An(€k; ) and A, (z; @) is the Christoffel function

1
M5 1) = 7>
D k— 3pi(x 1)

where {pi(z; )} are the orthonormal polynomials for p, and {A, (&), 1 < k < n} are the Christoffel
numbers or Gaussian quadrature weights for the quadrature with nodes at the zeros of p,(z; ). If,
in addition, (2.7) holds on the whole real line (in fact, it is sufficient to hold on the smallest interval
that contains the support of u) then [15, Lemma III.1.5 on p. 92]

> (e s < [ ) dute) (2.9)
k=1 -

Here is an analogue for the positive weights on the first interval [a1,b1]. A similar result also holds
for the positive weights on the second interval.

Theorem 2.1. Letn > 1,1 <{¢ <n, and g : (—00,Zg2,) — [0,00) have 2n continuous derivatives
there, with
g®(z) >0, 0<k<2n (2.10)

Then
(1) wean :
Z Ak2n9(Th2n) < / x) dpy (v Z k 2ng Tk,2n) (2.11)

1
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Proof. Tt follows from (2.1) that for polynomials P of degree < 2n — 1

b1

Z M2 P @k 20)an (@, 2n):/ P(2)qn(z) dp (2). (2.12)
k=

ay

If we let du = ¢, dp1 then we see that (2.12) is the Gaussian quadrature for the measure p and
{zk 20,1 < k < n} are the zeros of the nth orthogonal polynomial for y. Moreover (2.3) holds for the
quadrature weights. Let g satisfy (2.10), and define f = g/qy, then

/—1 /—1
S A @) = Y A @k 2n)an (@r,2n)
k=1 k=1

{—1
== Z )\n(xk,Qn; /L).f(xk,Qn);
=1

so (2.11) follows from the classical Possé-Chebyshev-Markov-Stieltjes inequalities (2.8) if we can show
that f satisfies (2.7). By Leibniz’ rule

k

1) =3 (£)st D 1 s

j=0
In view of (2.10), it suffices to show that for all 7 > 0 and = < by
1 N
dxd qn(x) —
This is easily established by induction on j. Indeed,
d 1 q, () -
_ = — <b
dx qn(x) Z ooorsh

qn(x n k:l Tkon — T

(2.13)

and assuming that (2.13) holds for 0,1, ..., j, Leibniz’s rule applied to the last formula gives

ditt I3\ AT 1 "
A g (z) =2 (T> dai T Z (Thom — )L~ 0,

r= " k:l

for every = < by. |
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Corollary 2.2. For2 <{<n—1 one has

) To41,2n
Aban < / dpa (), (2.14)
To—1,2n
and e
1 1 o
A A, > / dyin (). (2.15)
Ty, 2n
Furthermore

n by
S A, < / dps (). (2.16)
k=1 a1y

Proof. Here we choose g = 1 and subtract successive inequalities in (2.11) in Theorem 2.1 to arrive
at (2.14)—(2.15). For (2.16) we use (2.9) with f(z) = 1/gn(z) and du = ¢, dps. |

2.2. Potential theory

Suppose that pj > 0 almost everywhere on [a1,b1] and g} > 0 almost everywhere on [ag,bs]. The
asymptotic distribution of the quadrature nodes x; 2, is given by two probability measures vy and v,
which satisfy a vector equilibrium problem in logarithmic potential theory, where supp(v1) C [a1, b1]
and supp(v2) C [ag, be]. They minimize the logarithmic energy

I(vi,v1) + I(ve, v2) + (11, v2),

over all probability measures v; with support on [a1, b1] and ve with support on [ag, bo] (see, e.g., [22,
Chapter 5, §6]). Here the (mutual) logarithmic energy is given by

b by
7 Vi 1
I(v;,vj) :/ / log m dv;(z) dv(y), 1<id,5 <2,

The minimization actually describes an interaction between the measures v; and v, where the charge
of v1 on [a1,b;] repels the charge v on [ag,bo] and vice versa. The variational conditions for the
potentials
Ulwin) = [log = d(y),  Ulaive) = [ log = duny),
Bl |z =yl
are
= él, S [al,b*],

2.17
> (q, xG(b*,bl], ( )

2U (x5 1) + U(x;v2) {
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and
2625 xE[CL*,bQ],

2.18
> lo, x € lag,a"), ( )

U(x;vr) + 2U(x; v2) {

where ¢; and ¢o are constants (Lagrange multipliers). In fact ¢; and v; determine the nth root
asymptotic of the orthonormal polynomials on [aq, b1] with orthogonality measure ¢, du; and ¢5 and
vy determine the nth root asymptotic behavior of the orthonormal polynomials on [ag, bs] with or-
thogonality measure p,, dus. The monic orthogonal polynomial of degree n for the weight ¢, dui on
[a1, b1] is equal to the polynomial p,, and the monic orthogonal polynomial of degree n for the weight
Dn dpi2 on [ag, ba] is (—1)™¢q,,. Their norms are

1 /bl ) 1 b2

[T R @ dn), = / @2 (z) p() dpia (@),
Yalgndur) o, V2(Prndp2)  Ja,

and one has [22, third Corollary on p. 199]

1/n

Ty (gn )" = €2, lim oy (pn dpz) ™ = /2, (2.19)

The asymptotic distribution of the zeros of p,, is given by v; and the asymptotic distribution of the
zeros of g, by va, i.e., for every continuous function f on [a, b1] one has

Jim S fasa) = [ f@)dn) (2.20)
=1 a1

and for every continuous function g on [ag, b2] one has

2n bo

im 1 > glajon) = / g(z) dvo(z), (2.21)

j=n+1 a

(see [22, Chapter 5, §6]).

2.3. Mhaskar-Rakhmanov-Saff numbers

The support of the measures v; can be a subset [a1, b*] of [a1, 1] (i.e., b* < by) and the support of vy
can be a subset [a*, by] of [ag, b2] (i.e., a* > az). In fact only three things are possible [22, Chapter 5,
§6.5]:
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e b* = by and a* = a9, in which case the measures ;1 and v, are supported on the full intervals
[a1,b1] and [ag, ba]. This typically happens when the two intervals are of the same size or the
distance between the intervals is big.

e b* = by and a* > as, in which case v; has support on the full interval [a1, b1] but v5 on a smaller
interval. This typically happens when the intervals are close together and by — a1 < by — as.
The charge on the smaller interval [ay, b1] pushes the charge on the larger interval [ag, bo] to the
right. This has the effect that there will be no zeros of ¢, on the interval [az, a*].

e b* < by and a* = ag, in which case vo is supported on the full interval [ag,bo] but vy is
supported on a smaller interval. This typically happens when the intervals are close together
and by — as < by — a1. The effect is similar to the previous case but the role of the two intervals
is interchanged.

The numbers a; and b* are the Mhaskar-Rakhmanov-Saff numbers for the equilibrium distribution v

on [a1,b1] with external field @, = —% log g, as n — oo, and the numbers a* and by are the MRS
1

numbers for the equilibrium distribution v5 on [asg, by] with external field P,, = —:-logp, as n — oc.

Theorem 2.3. For n > 1 the support of the extremal measure for the external field Qy, is [a1,bk],
where b is the unique root in (a1,b1] of

1 2n x —a
1,2m 1
J —92

. _hx
j=n+1 Lj,2n bn

1 T a
- Z 7,2n 1 S 9.
n j=nt1 xj,2n — bl

Proof. Let us examine the MRS numbers a, b for the interval [a1, b1] in more detail. For the external
field Qn(x) = — log g, (z) we have

(2.22)

3

or by, = by whenever

qn(z) = ean"(x), x € [a1, b1].

We will use [23, Thm. IV.1.11 on p. 201], and observe that

2n 2n
1
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1P -
;/a Q;(x),/z_zdx:1; (2.23)

b
%/ Q' (@)= e = 1. (2.24)

If b < by, then one has

if @ > a1 then

Tr—a

In our case @/, > 0 throughout the interval [a;, b1], so (2.24) can never happen, hence necessarily
a = aj. So we only need to consider (2.23), which becomes

b JE—
1/ Q)| 2 = 1,
a b—x

and if we use the explicit form of the external field @,,, then we have

2n b
1 1 1 -
= —/ TN e =1 (2.25)
nj:n+17T a; Tjon—T\ b—x

Now we use the standard identity (obtained by differentiation of the standard equilibrium potential
relation for [—1,1])

11 d 1

_/ - = ) ZGC\[_lal]a

T iz—xy/1—22 V22-1

which mapped from [—1, 1] to [a1, b] becomes

11 dzx 1
— = , z€C\lay,bl.
W‘/(llz—x\/(:c—al)(b—:c) V(z—a1)(z—b) €CA a0

Then

10 1 T —a 10 T —a 1
T Jay Xj2n — T b—x T Jay Tj2n — T (Z— al)(b_'r)
1 fon — 1
= _/ (-1 4+ Liz2 a1> dx
T Ja ZTjon — T (x —a1)(b—2x)
Tj2n — A1

V(@j2n — a1) (@20 — b)
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Using this in (2.25) gives

from which we find
x] 2n —
— E =2.
Tj2n — b
J =n+1

The left hand side is an increasing function of b that increases from 1 at b = a; to +00 at b = 41,20,
hence there must be a b € (a1, Znt1.2n) so that (2.22) holds. If this is a number > b; then the
Mhaskar-Rakhmanov-Saff number is b}, = by, otherwise the root is b}, < b;. |

Naturally a similar result also holds for the Mhaskar-Rakhmanov-Saff numbers [a}, bo] for the
extremal measure for the external field P, on [ag, b2]. If n — oo and the zeros {z;2n,n+1 < j < 2n}
are asymptotically distributed according to the measure vo as in (2.21), then b} — b*, where b* is the

root in (a, by] of
b
Xr — ay
d =
~/az x—b* VQ(:E)
ba —
/ \/ r—a dve(z) <
as Xr — bl

Some results about the quadrature weights are already known. Kalyagin [17, Prop. on p. 578] proved
for [a1, b1] = [—1, 0] and [az, b2] = [0, 1] and uniform measures (Legendre type weights) p1, o on both
intervals that for ;0, € [6,1 — 6] (1 < j <mn)

or b* = b; when

2.4. Estimates

2 C2
and for zj 9, € [-14+6,—0] (n+1 <j < 2n)

e [ngian)” )\
n |uz(yjon)|™ ~
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where c1, ¢9, ¢3, ¢4 are constants (depending on 6 > 0) and w; and ug are certain solutions of the cubic

equation

27(u+1) n 27
492 492

and yj on = 1/2;,2n. We will prove similar results in a more general setting.

(1)

7,20

(u+1)3_ :Oa

The following simple bounds for the quadrature weights {A
nodes on the first interval [aq, b1] are given by:

1 < j < n} for the quadrature

Proposition 2.4.

(a) For 1< j <n one has
)\(1) > )\ (xj,2n;,ul)a (226)

7,2n —

where m = [32] is the least integer > 3n/2, and A (x;p1) is the Christoffel function for the
measure p1y on [ay,bi].

(b) If J1 is a closed subinterval of (a1,b1) and py is absolutely continuous in an open neighborhood
of Ji, while p} is bounded from below by a positive constant there, then for some C; > 0,
independent of j and n, we have

O Cl

> (2.27)

whenever x; 2, € Ji.

Proof. (a) With p the measure for which du = g, du1, we know that (2.3) holds. By the usual extremal
property of Christoffel functions

b
AD G (2590) = inf [ P(2)gn() dpa ()
5,2ndn\Tj5,2n deg(P)<2n—2,P>0 in [a1,b1] P(2;.20) ;
so that
b
; i Jor P (x) dpa (2)
)\( 2)71 = in
T s <xj 2n>qn<xj,2n>
) dpa(z
> inf Ju! B@) dis @)
des(R)<on-2 1220 in [or 0] R(2;20)
> Am(j2n; ),
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where m is the least integer > 3n/2.
(b) The stated hypotheses on 1 guarantee that uniformly for m > 1 and € J;

C
. >
)\m(x,ﬂl) - ma

(see [15, Thm. IT1.3.3 on p. 104]). Then the result follows from (a). |

Next, we present an asymptotic upper bound under the assumption that —% log gy, is an external
field with appropriate asymptotic behavior. We will use Totik’s Theorem 8.3 [25, p. 52] on weighted
polynomial approximation. For the sake of completeness, Totik’s theorem is the following

Theorem 2.5 (Totik). Suppose that (wy,), are weights, w, = exp(—Qy), and that the support of the
equilibrium measure Sy, = supp(py, ) s [0,1] for all n. Furthermore assume that on every closed
subinterval [a, b] C (0,1) the functions w, are uniformly of class C*T¢ for some € > 0 that may depend
on [a,b], and the functions tQ),(t) are nondecreasing on (0,1) and there are points 0 < ¢ < d <1 and
n > 0 such that dQ),(d) > cQl,(c) +n for all n. Then every continuous function that vanishes outside
(0,1) can be uniformly approzimated on [0, 1] by weighted polynomials wi*P,,, where deg P,, < n.

By means of this theorem we can obtain the following result.
Proposition 2.6.

(a) Suppose by < ay and choose r € (by,as). For n > 1 define w, on [a1,r] by

wn(x) = Qn(x)l/na

and the external field Q. by
1
Qn(x) = ——log Qn(x)
n
/n

Assume that for large enough n the extremal support of w, = q}l is a1, bk], where

lim b* = b*.

Then uniformly for ; o, in compact subsets of (a1, b*) we have

A, < (14 0(1)) Ay (@20 11). (2.28)
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(b) Ifin addition, we assume that Jy is a closed subinterval of (a1,b*) and py is absolutely continuous
in an open neighborhood of Ji while p} is bounded above by a positive constant there, then for
some Co > 0, independent of 7 and n, we have

A<

7,2n —

2.29
= (229)
whenever xj 2, € Ji.

Proof. (a) We apply Totik’s Theorem 2.5. Now

1 1 &
Qn(zr) = - log gn(z) = - Z log(zj2n — ).

j=n-+1
Then for z € [a1, b1],
2n
1 1
Q@) = = > >0
n it} Tjon —T
1 2n 1
Qn(z) = = e O
" j:;rl (@j2n = 2)?

Moreover, we see that in [a1, b1],

1! 1 2
% < (o) -

Thus {Q!'} are uniformly bounded in [aq, b1]. Our hypothesis is that the external field @,, has support
[a1,D}] where b — b* as n — oo. Let L, (t) denote the linear map of [0, 1] onto [aq1,b}] for n > 1.
Then the external field @,, o L,, has support [0, 1]. This follows, for example, from [23, Thm. 1.3.3,
p. 44]. Moreover, as n — oo, L,, converges to the linear map of [0, 1] onto [a1, b*].

Next let € > 0 be a small positive number and f = 1 in [¢,1 — ], while f is a linear function on
[0, e] with value 0 at 0 and 1 at e. Similarly, let f be a linear function on [1 — ¢, 1] with value 1 at
1—e¢ and 0 at 1. By Totik’s theorem, applied to the external fields {@,, o L, }, there exist polynomials
R,, of degree < n such that uniformly for z € [0, 1],

Jim Ry ()gn (Ln(2)) = f(2).
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Note too, that if 1 < r < lim,, o Ly (az2), then for large enough n, ¢, (Ln(x)) is defined on [a1, 7] and
is convex, so uniformly in this interval,

| R (2)qn (Ln(z))] < [souﬁf +o(1) = 1+0(1).

Here we are using the majorization principle in Theorem II1.2.1 in [23, p. 153] and the fact that the
weight on this extended interval has the same extremal support. Now let

R:(y) = Ra (LI U(y)),

where L;:l] is the inverse map of L,,. We have uniformly for y € [a1, b1],

[R5 (y)an (y)] < 1+ 0(1),

while, if we remove small intervals about the endpoints of [a1, b*], then uniformly for y in the resulting
interval,

lim R, (y)gn(y) = 1. (2.30)

n—oo

Given a compact subset J; of (a1,b*), we may assume that ¢ above is so small that uniformly for
y € Ji, we have (2.30). Then for x; 2, € Ji,

Pq,d
T g L .L
’ deg(P)<2n-2, (Pqn)(T;j2n)
PZO in [al,bl]
PR*q,d
< in —f ndn 1
deg(P)<n—2, (PR}qn)(T;j2n)
PZO in [al,bl]
1 1 Pd
< inf ( +o( ))f 151
deg(P)<n—2, P(xj2n)
PZO in [al,bl]

< (1 + 0(1)))\[%] (,ul, $j,2n)-

(b) This follows from standard upper bounds for Christoffel functions [15, Lemma II1.3.2, p. 103].
]

We can now deduce some results for the spacing of zeros:
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Proposition 2.7. (a) Assume the hypotheses of Proposition 2.4(b). Then for ;11 9n,T;j—1,2n € J1,
C

, CTiqon > —.
Tj4+1,2n Tj—1,2n = n
(b) Assume the hypotheses of Proposition 2.6(b). Then for ;11 2n,Tjon € Ji1,

Tjt1,2n — Tjon < —

Proof. These follow from Corollary 2.2 and Propositions 2.4 and 2.6. ]

§3. Convergence results

3.1. The positive weights

Since the simultaneous quadrature rules (2.1)—(2.2) are correct for polynomials of degree < 3n — 1,
one would expect that the quadrature rules also converge, for n — oo for functions f that can be
approximated well by polynomials. However, this is not true, and this is mainly due to the fact that
not all the quadrature weights are positive. However, it is true that if you restrict the quadrature sum
to quadrature nodes on the appropriate interval, which is [a1, b;] for the first quadrature (2.1), then one
has convergence whenever f can be approximated by weighted polynomials, and the weight is in terms
of the polynomial containing the zeros on the other interval, which is [as, bo] for the first quadrature
rule. Again, we can use Totik’s theorem (Theorem 2.5) on weighted polynomial approximation [24,
Thm. 8.3]. If we use the weights w,(x) = ¢n(z) on [a1,b1], then the support of the equilibrium
measure [, is a subset [a1,bl] C [a1,b1], where b — b*, as we have seen in Section 2.3. Totik’s
theorem tells us that we can approximate every continuous function f that vanishes outside (a1, b*)
uniformly on [a1,b*] by weighted polynomials g, R, i.e., there exist polynomials R, of degree < n
such that

Jim |[f = Rugnll Lo (far.+)) = O- (3.1)

This allows to prove the following result.

Theorem 3.1. Let f be a continuous function on [a1,b1] and f(b*) = 0, where [a1,b*] C [a1,b1] is
the support of the first measure vy of the vector equilibrium problem for the Angelesco system. Then

nlingo Z )\§12)nf($g2n) = / f(z) dps ().
=1 “
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Observe that we restrict the quadrature rule and only the nodes on [ay, b1] are used.

Proof. Introduce the function f* as the restriction of f to [a1,b*] and zero elsewhere, then Totik’s
theorem applied to f* gives a sequence of polynomials (R,,), of degree < n, such that

Jim [ f = Rugnll o (far 0)) = 0

Straightforward estimations give

Z )\512)11 xj,2n) —/ f(:E) d,ul (:p)

Jj=1
Z" W Rz _
J 2n |f Zj, 2" "(xJ,QH)qn(xLQn”

b1

Z )\J 2n x] 2n)Qn(xJ 2n) - / Rn(x)qn(x) d,ul(x)

b* by
+ / Ra@)ana) — ) din(x) + / Ra(2)] 190 (2)] din ().

Now R, ¢y, is a polynomial of degree 2n < 3n—1 that vanishes at the zeros of ¢,, hence the quadrature
rule gives

2n by

Z )\J 2n x] Qn)Qn(«IJ Qn) = Z )\§12n (xj)Qn)qn(:Ej)Qn) = / Rn(x)qn(.f) d,ul(fE).
j=1 ay
We then find
Z )\j,an(xj,Qn) - / f(.I) d,ul (x)
Jj=1 ai

n b*

1 b
< = Ratalle [ A0+ [ din@) | + / R (@) an (@) dpus(2).

Jj=1
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Recall that " AL remains bounded (see (2.16) in Corollary 2.2), hence the result will be proved

j=1"3,2n
if we can show that fb* R, ()| |gn(x)| dpi(z) tends to zero. But this follows because f* = 0 on [b*, by]
and R,q, converges to f* uniformly on [ay, b1], hence R, g, — 0 uniformly on [b*, b1] (see the remark
in [24, p. 49] between Theorem 8.1 and its proof). |

Remark: The restriction f(b*) = 0 can be removed if we assume that the measure p; has no mass
at b*.

3.2. The alternating weights
From (2.5) we have that
)\( n+j, 2npn(xn+J 2") = Wy, 1 < ] < n, (32)

where

are the quadrature weights associated with Lagrange interpolation at the nodes {zp4j 2, : 1 < j < n},
which are the zeros of g,,, for integrals over [a, be] with the measure du(z) = p? dui(z). Observe that
the interpolation nodes are on [ag, ba] whereas the integral is over [a1, b;]. The 6527)1 are the fundamental
polynomials of Lagrange interpolation

3

é(?) ) — qn(7)
in(®) (T = Tpyj2n)@n (Tnti2n)

SO

by T
wy= ot [ 2 o),

@ (Tntj2n) Ja, T— Tnijon

Recall that g, is positive on [a1, b1], hence

bl )
w d .
| J| |qn Ln+tj, 2n) |/ |x_$n+J 2n| ( ) dpoa ()
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We have the obvious estimate |bo—a1| > |2 —2Zp4j2n] > |a2—b1| when = € [a1, b1] and 4,20 € [a2, ba],
so that

1

|27 (Tn+j,2n)]

b1
/ 4 ()92 () djir (z) < ||
b — a1] Ja,

1
<
~ah (®ngj,2n)] a2 — by

b1
/ 4n(@)P2 (&) dpn ().

Now py, is the nth degree (monic) orthogonal polynomial for the measure g,(z) dp1(z) on [ay, b1], so
wf [ P@a@dn@ = [ R dnE = o
r(@)=er - Jo, a Vi (qn dpi)
where 7, (g, dp1) is the leading coefficient of the monic orthogonal polynomial p,,. Hence

1 1
Vi (an dpa) g7 (Tnj.2n)| [b2 — aa 77 92 (an dpn) g (@ 2n)| Jaz — by

and by using (3.2) this gives

1 (1) , 1
P s di) o —an] = sl i)l < G et T o ()
Theorem 3.2. Suppose that p} > 0 on [a1,b1] and pbh > 0 on [ag, bo] and that by < az. Then
nh~>nolo |)\511J)rj72n|1/" = exp(2U(x; ) +U(z;va) — él), (3.4)

*
whenever Tpnyjon — T € [a*, b].

Proof. We have
lim [p,(«)]'/" = exp[~U(z;1)], @€ C\ [ay,b"],

where v is the asymptotic distribution of the zeros of p,, and this convergence is uniform on compact
subsets of C\ [a1, b*], in particular

lim |pn(2n-4j20)| /" = exp[~U (3 v1)], (3-5)

n—oo
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whenever @,1j2, — & € [ag,b2]. Together with the asymptotic behavior in (2.19) this gives for
x € [a*, ba]
Tim |7 (g dpan)p} (2a-j,20) [V = exp[=2U (2 01) + ).

Hence we find from (3.3),
1/n
gim (X2 o0l 10 (engen)l) = expl2U (5 m) — 1], (3.6)

whenever x4, — « € [a*, ba]. Furthermore we have

n

qz($n+j,2n) = H ($n+j,2n - $n+i,2n);
i=1,i#j
so that
1 JR— n—1
o log |y, (Tn+j.2n)| = o Z 10g [Tn4j2n = Tnizn| = — U(@nt2ni fin),
i=1,i#j

where ;) is the zero counting measure of the zeros of ¢, without the zero x; 2,. The measure pu;, has
the same weak limit vo as the measure u,. By the principle of descent [23, Thm. 1.6.8 on p. 70] one
has

W inf U (2n1;,20; 1) > Ul(;v2), z € (a*, b,

whenever 2,12, — « € [a*, ba]. We then find

Lim sup |q, (@n-j.20)| /" < exp[=U (25 v2)], (3.7)

n—oo
*
whenever x,, 42, — € [a*, ba].

In order to get a lower bound on |/, (%4 j.2n)|"/™ we take a look at the second quadrature rule
(2.2). If we use P(z) = pn(2)q2(z)/(z — Tptj2n)? € P3y_o in (2.2), then

2 g2(a)

A®) 7 o) dps(z).

/ 2
2nPn(Tnpj.2n) @0 (Tt 2n)|” =
n+j,2n "( n J2")| n( n J2")| ‘/a2 (.I Tptjon

In the integral on the right one has |z — ;1 2n] < b2 — a9, so that

1 b2
)\(2)- n(Trtion ;xn-n2>7/ ,213: n() dus ().
n+j,2nP ( +7,2 )|q ( +7,2 )| = (b2 —CL2)2 o q ( )p ( ) /LQ( )
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Recall that (—1)"g,, is the monic orthogonal polynomial of degree n for the measure p,, dus on [as, bs),
hence the integral on the right is 1/92(p, dus2), where v, (pn duz) is the leading coefficient of the
orthonormal polynomial of degree n for the measure p,, duo. This gives

1 1
)\(2) i n\Tn+j,2n ;1 Tn+j,2n 2 > .
n+j,2nP ( +7,2 )|q ( +7,2 )| = (b2 — CL2)2 ”Y,%(pn d/LQ)

Now from Corollary 2.2 (for the second quadrature) we have for x,,1; 2, € [a2, b2]

A2 < pa(las, b))

n+j,2n —

so that limsup,,_, ., ()\fﬁj)%)l/n < 1. Using (3.5) and the nth root behavior (2.19) then gives

lim inf g, (2n5,20)[*/" > exp[U(2301) = o], (38)

whenever z,4j2, — & € [a*,by]. But on the interval [as, bo] the variational condition (2.18) gives
U(x;v1) — €y > —2U(x; v2), hence combining (3.7) and (3.8) gives

i [gr,(@n45,20)] " = exp[=U(w;v2)],  Tpijon = € [a%,bo].
Combining this with (3.6) gives the required result. Note that x,; 2, can only converge to points in
[a*, bo], which is why we chose to take x € [a*, ba]. [ |

This theorem implies that the size of the absolute value of the coeflicients )\5111 j.2n 18 determined by
the size of 2U (x; v1)+ U (x; v2) — €1 on [a*, bo], which is the interval where the zeros .’In+j)2n accumulate.
Note that the variational condition (2.17) shows that 2U (z;v1) + U(x;v2) — €1 = 0 on [ag, b*], but we
need to know the size of this quantity on the other interval [a*, bg].

The function 2U(z;v1) + U(z;v2) — ¢ is a continuous function on (—o0,a1) and on (bs, +00),
which is increasing on (—o00, a1) and decreasing on (bz, +00). On [a1, b*] we know that it is 0 (hence
constant) and on [a*, be] the variational condition (2.18) gives 2U (z; v2) = €3 — U(z; 1) so that

ls

3
2U (x;v1) + U(x;v0) — 41 = §U(x; ) — 4l + 5 x € [a¥, by,
and U(x;vq) is decreasing on (b1, +00), which implies that 2U (z; v1) + U(x; v2) — £1 is decreasing on

[a*, bo]. This means that 2U (x; v1)+U (x; v2) —¥¢; is maximal on [a*, bo] at the initial point a*, meaning
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that | )‘leJ)rj on,| Will be maximal for small j and it will grow exponentially when 2U (x; v1)+U (z; v2)—41 >
0, or decrease exponentially when 2U (z; 1) + U(z; v5) — 4 < 0 there.

In the gap (b*, a*) we have that 2U (z; v1) is decreasing and U (x; v2) is increasing, so the behavior of
2U (z;v1)+U (z; v2) —¥¢; is not immediately clear. However, if b* < by then 2U (x; 1)+ U (z;v2)—4€1 > 0
on (b*,b1] so that 2U(z;v1) + U(z;ve) — ¢4 is increasing near b*. In that case a* = az and we
know already that 2U(x;v1) + U(x;ve) — €1 is decreasing on [ag,be]. Whether or not the initial

|)\flljzj)2n| are exponentially increasing or decreasing thus follows by a careful investigation of the

function 2U (x; v1) 4+ U(x;v2) — ¢1. We will give a few examples of what happens in actual cases.

Example 3.3. Two disjoint intervals [a1,b;] and [ag, b2] of equal size. In this case the measure
vy is supported on [a1,b1] and v is supported on [ag,bs]. This corresponds to case I in [5]. In

Figure 1 we have plotted 2U (z;v1) 4 U (x; v2) where we have taken [a1,b1] = [-V/5 4+ 4v/2, —1] and

[ag, b2 = [1, V5 + 4v/2]. The function ®(z) = exp —U(z), where U is the logarithmic potential of 1,
or vy, satisfies the third order algebraic equation

O3 + q1(2)®% + g2(2)® + o = 0, (3.9)

with

323 4
= =X (1-2V2
qo 27 ( 9\/_>5

q = ?(3_\/5)5
q2(z) = %(3—2\/5)(27—1—16\/5—93:2),

where one needs to choose the correct branch for vy or ve (see [5, Thm. 2.10] for more details).

Observe that 2U(z;v1) + U(x; v2) is constant on the left interval and strictly less than that constant
1)

on the right interval. This means that the quadrature weights A,

small.

for 1 < j < n are exponentially
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Figure 1: The function 2U(z; v1) + U(z; v2) for two equal length intervals. The intervals are indicated
in blue (thick).

Example 3.4. Two disjoint intervals a1, b1] and [ag, b2] but |by —ay1| > |b2—az|. In this case the zeros
on the smaller interval [as, bo] push the zeros on the larger interval [a1,bo] to the left, and b* < b;.
This corresponds to case IIT in [5]. In Figure 2 we have plotted 2U(x;v1) + U(z;v2) for the case
[a1,b1] = [-1,0] and [ag,be] = [0,1/4], in which case b* = —1/28 (see [18, §6] where b* = —z, with
a= —1/4, or [5, Eq. (1.25)]). The function ®(z) = exp[—U(x)] now satisfies the algebraic equation
(3.9) with

625
© = 1048576
(2) = —o%, 33
e VA DT}
@ — O . 6T 142
CY) = T006" T 81927 T 65536

where again one needs to choose the correct branch for v4 or v (see [5, Thm. 2.18] for more details).
Observe that 2U(x;v1) + U(x;ve) is a constant ¢; on [—1, —1/28] but bigger than that constant on
] —1/28,0] and then decreases, so that at the beginning of [0,1/4] the value is greater than ¢; and



Simultaneous Gaussian quadrature for Angelesco systems 27

in the second part of the interval it is less than ¢;. This means that the first quadrature weights
i+1y (1)
(—=1)7*1A

n-tj,on are exponentially large, but later on they become exponentially small.

7.8

4

44

7.2

7

6.8

6.6

6.4 1

6.2 1

Figure 2: The function 2U (z; v1) + U(z; v2) for intervals of different length. The figure on the right is
a detail of the figure on the left. The intervals [a1, b*] and [ag, bo] are in blue (thick).

3.3. Convergence for analytic functions

What kind of conditions on f does one need in order that both quadrature rules converge? We need
to distinguish three cases (see Section 2.3):

case I: the supports of the equilibrium measures v1, vo are the full intervals: supp(v1) = [a1, b1] and
supp(v2) = [az, by].

case II: The support of v is a subinterval: supp(v1) = [a1, b*], with b* < b;. For v one then has
supp(v2) = [az, by].

case III: The support of vy is a subinterval: supp(r2) = [a*, b2], with a2 < a*, and in that case
supp(v1) = [a1, b1].
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For case I it is sufficient that f is a continuous function on both intervals whenever the intervals
are not touching.

Theorem 3.5. Suppose both interval [a1,b1] and [az, ba] are of the same size so that supp(v1) = [aq, b1]
and supp(va) = [ag,bo] and let ag — by > 0. If f is continuous on [a1,b1] and [az,bs], then both
quadrature rules converge.

Proof. From Theorem 2.3 we already have (note that b* = b; and a* = ag)

b1
nh~>nolo Z )\§ Q)Hf(xjgn) = f(z) dps (),

i=1 a“
and
ba
nhigo Z )\J 2n «IJ 2n = f(.I) d/LQ({E),
j=n+1 a2

hence we only need to prove that

nlLHgo Z )\J 2n 'rJ 2" - 0’ nlinolo Z )\§,22)nf('rj>2") =0.
j=n+1 j=1

Note that f is bounded on [a1, b1] and on [ag, b2]. The result then follows because Theorem 3.2 implies
that these quadrature weights are exponentially decreasing to 0. We will show this for the weights
and the reasoning is similar for the other weights. The symmetry implies that ¢; = o = ¢,
and if we assume (without loss of generality) that [a1, b1] = [—b2, —az], then U(z,v1) = U(—x;vs) for
x € R. On [ag, bs] we have

2U(xz;v1) + U(x;v2) = [U(z; 1) + Uz ve)] + U(z; 1) =€ — Ul ve) + Ulx; 1),

where we used the variational condition (2.18) to get U(x;v1) + U(x;v2) = £ — U(z;v2) on [ag, be).
We claim that
U(x;vn) — U(z;ve) < Ulag;vr) — Ulag; ve) =: ¢ <0, (3.10)

which gives 2U (x;v1) + U(x;v2) — € < ¢ < 0 on [ag, bg], from which the exponential decrease follows.
To show (3.10) we observe that U(z; v1) is a strictly decreasing function on [by, 00) so that U(az; v1) <
U(bi;v1) = Ulag; v2), where we used the symmetry, hence ¢ < 0. On [ag, b2] we have that U(x;vs) =
[¢ — U(z;11)]/2 so that U(z;vs) is an increasing function on [az, bs], and hence U(x;vy) — U(x; va)
attains its maximum at the initial point as, giving (3.10). [ |
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Remark: When the integrals are touching (b = ag) one still has 2U (z;11) + U(z;v2) — € < 0
on [az, ba], hence the quadrature weights )\SJ)FL% for the nodes in [as + €, bo] will be exponentially
descreasing for every € > 0, but we cannot control the quadrature weights near as.

For cases II-III a much stronger condition on f is required. The correct region of analyticity
for cases II and III is in terms of the convergence region {2 for Hermite-Padé approximation to the

functions . .
Y duq(x 2 dus(x
a1 az

The Hermite-Padé approximants are given by respectively

2n (1) 2n (2)
Q2n—-1(2) _ Z Ajon Ron—1(2) _ Z Alan (3.11)
P () i Zjon  Pan(2) i Tjon

hence they have the common denominator P, ,,(z) = (—1)"p,(2)¢n(2) and the residues are the quadra-
ture weights of the simultaneous quadrature rules. One has

by .
P = Qunr() = [ E D ) =0 (). (312)
by .
92(2) Py n(2) — Ron—1(2) = / P;l%(x) dus(z) = O (z"1+1> , (3.13)
where
Qan1(2) = / " E W(i — f nn(®) dpa (), (3.14)
b z) — T

(see, e.g., [26]). Since the residues of the Hermite-Padé approximants are the quadrature weights of
the simultaneous Gaussian quadrature rules, one has

Q2an—1(zj 20 b Pyn(x

Qena(@yan) Ponl®) gy (@) = A1),
Pn,n(xLQn) a1 (.I - 'rJ72n)Pn,n(xJ72">

Ron—1(xj2n) /b2 P n(x) (2)

- -~ JS= 7 = 2 d ) = )\ 5
P o(.2n) ar (€= Tj20) P} o (25,20) #a(r) = Ajzn
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which follows from (3.14)—(3.15) and (1.2).

Theorem 3.6. Suppose that the Hermite-Padé approximants converge uniformly on compact subsets
of Q = C\ E*, where E* is a closed set containing [a1,b1] U [ag, bo]. If [ is analytic in a domain that
contains E*, then

a

2n b1
Tim YN flage) = [ f@)di(a),
j=1 '

and
2n @ ba
nlggo Z )\j72nf($j,2n) = f(z) dpz(x).
=1 2

Proof. Let T be a closed contour in € encircling the intervals [aq,b1] U [ag, ba]. By using Cauchy’s
theorem, we have

2n 2n

1 n_1(2z 1 Ron_1(z
27 Jp f(Z)Q;Té)) dz =3 A f(@j2n), 5 /F f(@#é)) dz =y A7/ (20).

j=1 j=1

We will only deal with the first quadrature sum, since the second quadrature is similar. The contour
I" is a compact set in €2, hence the uniform convergence of the Hermite-Padé approximants gives

oL [ Qana(x) L ()
nlinéozm/Ff( ) Poa(2) dz = 2m'/Ff( >/a1 e

If we use Fubini’s theorem to change the order of integration, and Cauchy’s theorem for the function
f, then the convergence of the first quadrature follows. |

This convergence region has been investigated in detail in [17] and [3], and depends on some
geometric analysis on a Riemann surface of genus 0 for a cubic algebraic function. We will explain the
standard arguments to arrive at a description of this convergence region. See [16] and [22, Chapter 5,
§6.4] for more details. From (3.12) we find that

/bl du(z)  Qau1(2) 1 /bl Pon(2)

zZ—XT

d .
P P z) Pn,n(z) ﬂl(x)

1 1

Now we have

/b1 Pon(2)[pn(2) = pn(2)]

Z—XT

dp(z) =0

1
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since [pn(z) — pn(2)]/(z — ) is a polynomial in x of degree n — 1 and hence orthogonal to P, () on
[a1, b1] for the measure pq. This means that

b1 T b1 2 T
pol) [ 22 gy = [ ) o)

N Z—XT N zZ—XT

so that

b1 x 2n—1\% R AC
/ () Qualz) 1 / Pal®) o (2) dyn ().

L, 2 P, n(2) o P2 (2)qn(2) z—x

Let z € K, where K is a compact set in C\ ([a1,b1] U [az, b2]) and denote by dx the shortest distance
between between K and [a1,b1] U [az, bo], then

1

b1 . 2 T b1 2 T
[ @) < [T @ du)
b1
< i / P2.(2) n(z) dpis (2)

ay

1 1
Ok V2 (qn dpur)

where v, (g, dp1) is the leading coefficient of the nth degree orthonormal polynomial for the (varying)
measure g, dup. We then find

1/n 1 1/n
lim

oo (%%(qn dp)|p7an|(2)] )

exp(2U(z; 1)+ U(z:vs) — 61),

IN

lim sup
n—oo

/bl dpa(z) — Qan-1(2)

z—x P, .n(2)

1

(see, e.g., [22, Corollaries on p. 199]). Hence one has convergence with exponential rate

1/n
<e

lim sup
n—oo

/bl dps (2)  Qan—1(2)

z—x P,.n(2)

1

for z in the set
C,% ={z2€C:2U(z;1n)+ U(z;v2) — b1 <~} ~v < 0.
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In a similar way one finds that

bo 1/n
/ dps(z)  Rana(2)| - _

, Z—T P, n(2)

lim sup
n—oo

whenever z € C,%, with

0,3 ={z2€C:U(z;v1)+2U(z;v2) — b2 < v}, v < 0.
Hence, Theorem 3.6 gives the following result.
Corollary 3.7. Suppose that f is analytic in a domain S that contains C\ C%, with v < 0, then
1/n

2n by
timsup | YA f@jon) — [ f@)dm(z)|  <e
n—oo =1 a1
so that the first quadrature rule converges. If f is analytic in a domain Q that contains C\ C,%, with
v < 0, then

1/n

2n by
. 2
lim sup Z )\ggnf(xjgn) — f(x) dps(x) <e7
n—oo =1 as
and the second quadrature rule converges. Hence in order that both quadrature rules converge, a
sufficient condition is that f is analytic in a domain Q that contains C,% U C,%, with v < 0, in which

case the quadrature rules converge at an exponential rate.

§4. Conclusion and future directions

We showed that simultaneous quadrature for an Angelesco system with two measures may not always
converge to the required integrals. In particular Theorem 3.1 shows that one cannot approximate
the integral of a function that is positive on [b*,b;] and zero elsewhere in the case when b* < by.
The quadrature rules do converge to the correct integrals if the two intervals are of the same size
or if the function f is analytic in a big enough region, so that function values in the gap [b*,b1] or
[az, a*] can be recovered from information on the interval [ag, ba] or [ai, b1] respectively. The main
disadvantage is that quadrature weights are changing sign and they may grow exponentially fast. The
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main advantage is that one needs to evaluate the function for both quadrature rules at the same
2n points and the degree of accuracy is 3n — 1, which is higher than what one would get if one uses
Gaussian quadrature with n nodes in every interval, which also uses 2n function evaluations but which
has degree of accuracy 2n—1. Angelesco systems may not be the most useful systems for simultaneous
quadrature, but other systems (AT systems, Nikishin systems) are more promising and are also of
more interest for practical applications.

Of course there are many problems left over for future work. First of all we restricted our analysis to
two disjoint intervals, but surely much of our results can be extended to several disjoint intervals. The
equilibrium problem will be more complicated and in particular finding the support of the measures
for the vector equilibrium problem (the Mhaskar-Rakhmanov-Saff numbers) will be more involved.
Another problem is to find the distribution of the nodes zj, ,, whenever the quadrature rules converge,
hence not only for the Gaussian quadrature rules, but also when the rule has degree of exactness less
than (r+1)n—1. In particular one would like to find an analogue of the results of Bloom, Lubinsky and
Stahl [9, 10], and one would expect that the limiting distribution of the quadrature nodes is a convex
combination of the limiting distribution of the zeros of the type II multiple orthogonal polynomial
P m,...n) and a positive measure supported on the intervals. In this paper we restricted our analysis
to Angelesco systems (measures supported on disjoint intervals). Earlier, Fidalgo Prieto, Illdn and
Lépez Lagomasino investigated simultaneous Gaussian quadrature for Nikishin systems. Many other
systems of measures can be investigated, in particular systems of overlapping intervals, algebraic
Chebyshev systems (AT-systems), and special multiple orthogonal polynomials for which explicit
formulas are known. In particular it would be of practical importance to investigate simultaneous
Gaussian quadrature for r exponential weights of the form w;(z) = eﬂcz*cﬂ, with ¢; # ¢; whenever
i # j. These weights correspond to normal densities with means at ¢;/2 (1 < j < r), which can be
used to filter a signal f for frequencies near ¢; /2. The corresponding multiple orthogonal polynomials
are multiple Hermite polynomials, and these have been investigated extensively in random matrix
theory, e.g., [6, 4, 8, 7]. Finally, it is important to have efficient numerical techniques to generate
the Gaussian quadrature formulas, in particular to compute the quadrature nodes (i.e., the zeros of
type II multiple orthogonal polynomials) and the quadrature weights. Some work in this direction
has already been initiated by Milovanovié and Stanié [19].

There may be an alternative way to obtain useful information of the positive quadrature weights

)\§12)n (1 <j <n)and )\g-i)m% (I < j < n) if one can extend some of Totik’s results in [24] on
Christoffel functions for varying weights. In [20, §6, Thm. 6 on p. 78] it is shown that if y is a positive

measure on [a, b] for which p/ > 0 almost everywhere on [a,b] and g > 0 is a continuous function on
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(a,b), then one has the following asymptotic result for the Christoffel functions for g du and du:

i A (23 gdp)

n—oo A, (23 dp) =sle),

uniformly on [a 4 €,b — €]. A similar result for the varying weight ¢,, du1 of the form

i A (3 qn dpin) _1
n—00 @ () A (25 dp1)

uniformly on [ay, b1] (or on [ay + €, b1 — €]), together with the relation (2.3), would give

NO!

. k,2n
lim

k2 g
n—oo \p (T 2n; dpi1)

for any sequence of zeros for which zy 2 — x € [a1,b1] (or [a1 + €, b1 — €]).
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