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Abstract

We investigate thermally-activated phenomenain micromagnetics
using large deviation theory and conceptsfrom stochastic resonance.
We give a natural mathematical de nition of nite-temp erature as-
troids, nite-temp erature hysteresisloops, etc. Generically, these ob-
jects emergewhen the (generalized) Arrhenius timescale governing the
thermally-activ ated barrier crossingevent of magnetic switching matches
the timescaleat which the magnetic elemer is pulsed or ramped by an
external eld; in the special and physically relevant caseof multiple-
pulse experiments, on the other hand, short-time switching can lead
to non-Arrhenius behavior. We shav how large deviation theory can
be used to explain some properties of the astroids, like their shrink-
ing and sharpening as the number of applied pulsesis increased. We
alsoinvestigate the in uence of the dynamics, in particular the relative
importance of the gyromagnetic and the damping terms. Finally, we
discusssomeissuesand open questionsregarding spatially nonuniform

magnetization.
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In tro duction

Submicron-sizederromagneticelemetns are the main building blocks in mag-
netoelectronics, where they are widely used as information storage devices
[23, 24, 42, 52]. As theseelemens get smaller, the e ects of thermal noise
increase particularly the ability of the noiseto changethe magnetizationand
thereby limit the data retention time of the memory elemen [45, 49]. For this
reason,noise-inducedmagnetizationreversalhasreceived a lot of attention in



the magneticscommunity, from experimertal, analytical, and numerical points
of view [5, 6, 11, 21, 31,43 44].

A few standard experimerts are usedto study the stability of ferromag-
netic elemerts againstmagnetizationreversal. In pulsedexperimerts [26], the
elemen is setto one of its preferred orientations. An (Hy;H2) eld is then
applied for a certain time (a pulse), whereH is parallel to the easyaxis and
H, is perpendicular to it. After the pulse, the resistanceis measuredto de-
termine whether the magnet has switched. Sometimes, multiple pulsesare
applied, in which casethe magnetis allowed to settle down after ead pulse,
then pulsedagain, and the magnetizationis measuredat the end of the series
of pulses. The outcomeis plotted as a black (switch) or white (no switch)
squarein the (Hy; H;) plane (seeFigure 1). This plot is called an astroid (or
pulsedastroid). In a variant of this experimert, a magnetic eld of increasing
intensity is applied in onedirection until the magnetization switches. Repeat-
ing the experimert along ead direction and plotting the outcomeproducesa
\ramp ed" or \swept" astroid [50].

Under either pulsing or ramping, onemay also x an applied eld direction
and considerone-dimensionahysteresisloops[4]. A hysteresisloop is a plot of
magnetizationversus eld intensity. To generatea pulsed hysteresisloop, for
instance,one measuresvhether a magnetsetto one of the energyminimizers
and pulsedat a given eld strength switchesto the opposing minimum. The
loop consistsof the magnetizationswhich do not switch, i.e. which are stable
under the pulse (Figure 2).

At zero-temperature, such experimerts amourt to a bifurcation analysis
of the stable states of the system. The boundary of the zero-temperature
astroid (Figure 1) or the vertical jumps in the zero-temperature hysteresis
loop (Figure 2) mark the \critical elds" which are just large enoughto make
unstablethe state to which the systemis originally set. The real experimerts,
howeer, are conducted at nite temperature, and they still produce fairly
sharp astroids and hysteresisloops. At rst sigh, this may seemstrange.
After all, the thermal noiseewertually allows the magnetizationto surmourt
any energy barrier, and thereby visit all possible con gurations, no matter
what the applied eld is. As the outcomeof a singletrial of athermally-driven
experiment, why should the astroids and hysteresisloops be so well-de ned
and sharp?

The key is the interplay betweenthe timescaleat which the experimerts
are conducted(for instance,the duration of the applied pulse) and the typical
timescaleon which the thermal uctuations drive the systemto overcomethe
energybarrier and changeits magnetization. For a given pulse duration, the
probability of switching may either be very small (if the applied eld is too
weak and the barrier high comparedto the thermal energyavailable), or close
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Figure 1. The zero-temperature astroid assaiated with (3.2) for , = 1. The
boundary between the bladk (switch) and white (no-switch) regionsis the
parametric curve givenin (3.3).

to one (if the applied eld is strong enoughand the barrier small compared
to the thermal energy). In a suitable limit, the boundary betweenthesetwo
regimesbecomessharp, thereby producing well-de ned nite-temp erature as-
troids and hysteresidoops. The main purposeof this paper is to quartify these
statemerts usinglarge deviation theory [15] and conceptssimilar to thoseused
in stochastic resonance14, 16]. As we will show, such an approat o ers a
comprehensie understanding of the experimerts descrilted above and sheds
light onissuedikethe sharpeningof the boundary of the astroid asthe number
of pulsesis increased.The approadt alsorevealshow short or ultrashort pulses
can lead to non-Arrhenius switching behavior, a phenomenorwhich hasbeen
experimertally and numerically obsened[21, 20, 24]. Finally, the approad by
large deviation theory and stochastic resonanceéhasthe advantage that it can
easily be generalizedto more complicated situations, for instance when the
magnetization in the sampleis nonuniform and is described by a stochastic
partial di erential equation.

The remainder of this paper is organizedas follows. In Section2, we in-
troducethe stochastic Landau-Lifshitz-Gilbert (LLG) equationsfor a uniform
magnet. In Sections3{7, we study the thin Im limit of theseequations. This
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Figure 2: The zero-temperature hysteresisloop for (3.2), with H, = 0 and

> = 1. The dotted line shaws the location of the maximum, which collides
with and annihilates the minimum at = (or = 0) whenH; reades?2
(resp. 2). The right-pointing arrows shav the behavior of the magnetization
as H; is increased(and the left-pointing arrows, as it is decreased)at zero
temperature. The magnetization only jumps when the applied eld actually
annihilates the well in which it sits.



is the simplest situation, but it retains the essenceof the argumern. In Sec-
tion 3, we discusssingle-pulsesituations and determine the scaling relating

the amplitude of the noiseand the length of the applied pulseto obtain well-

de ned nite-temp erature astroids. In Section4, we generalizethe argumert

to multiple-pulse astroids. We seethat underthe in uence of alargenumber of

pulses,exponertially unlikely everts areimportant and the classicallong-time

switching path fails to capture the relevant physics. In Section5, we discuss
someproperties of the nite-temp erature astroids. In Section6, we investigate
nite-temp erature ramped astroids, and in Section7, nite-temp erature hys-

teresisloops. In Section8, we go bad to the generalsituation and investigate
thermal switching in the corntext of the full LLG equations. In this case,the

switching path becomesortrivial, and dependson the duration of the pulse,
the strength of the damping, and the anisotropy parameters.In Section9, we

look more closelyat short-time switching and its connectionto non-Arrhenius
switching behavior. Deterministic e ects arising for short pulsesare discussed
in Section10. Section11 lists somegeneralizationsand open problems. The

focusis on nonuniform magnetization, especially the dependenceof the opti-

mal switching pathways on the applied eld, and the identi cation of a low-

dimensionalreducedproblem in a suitable asymptotic limit. For the reader's
convenience,we also include two appendices. Appendix A discusseslemen-
tary properties of the stochastic LLG equations. Appendix B summarizesthe

necessanbadground on large deviation theory.

2 Mo deling

We shall mostly focus on elemens whosemagnetization is uniform, which is
relevant for system of su ciently small size [4, 52]. The zero-temperature
dynamicsof the systemare descrilked by the Landau-Lifshitz-Gilbert equation
[1, 4, 7, 23], which after suitable nondimensionalizationreads:

m=m h m (m h): (2.1)

In the uniform case,this is an ordinary di erential equation, in which the
unit vector m = (mgq; m,; m3) describtesthe orientation of the magnetization
in the ferromagneticelemen. The e ective eld, h, is minus the gradiert of
the magnetic energy: -

h an’ (2.2)
The uniform micromagneticenergyconsistsof the sum of anisotropy and ap-
plied eld energieqd4]. Both crystalline and shape anisotropy (the cortribution
of magnetostatic energyto the uniform model) play an important role. For
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simplicity, we consideran elemen which isathin Im in the m;-m, plane,with
uniaxial crystalline anisotropy and easyaxis in the direction of m;. Under a
planar applied eld (Hi;H>), the energyis:

E(m)= ,m3+ sm3 Him; Homy; (2.3)

where ;; 3> 0 arethe anisotropy parameters. The parameter 3 includesa
shape anisotropy cortribution proportional to the inverseaspect ratio, so for
thin Ims, the relation 3 > 5 (or, even, 3 2), re ects the preference
of the thin Im magnetizationto remain in the mz = 0 plane [51, 52]. The
rst term on the right-hand-sideof (2.1) is called the gyromagneticterm, and
it is consenative. The secondterm on the right-hand-side of (2.1), whose
relative strength is cortrolled by the parameter > 0, can be written as

h? = (h (h m)m) and accouns for damping. Due to this term, the
dynamicsin (2.1) drive the systemtowards the closestlocal minimum of the
energy(2.3).

Thermal e ects in micromagneticshave been studied since the work of
Brown in the 1960's[8]. They canbeincorporatedinto the model by modifying
the e ective eld in (2.1) to include a random term:

r— r—
2" 2"
i+ 5 W m m h + s SWo 5 (24)

m=m h +

where\ is a three-dimensionalkstandard white-noise,and" is the (dimension-
less)temperature. Equation (2.4) isto beinterpreted in the Stratonovich sense
(which guararteesthat this equation presenesthe norm constraint, jmj = 1),

and it canbe shavn (seeAppendix A) that the equilibrium distribution asso-
ciated with (2.4) is the Gibbs distribution,

(m)=2z *e EM=; (2.5)

whereZ = . e E(M="d (m) is a normalization factor. We note that al-
though there are di erences of opinion as to whether to modify h and in-
clude the random term in both the gyromagnetic and the damping terms,
asin (2.4), or in the gyromagneticterm alone, it doesnot matter as far as
one-pint statistics are concernedbecausehe two equationslead to magneti-
zation elds which areidertical in distribution (seeAppendix A and [41, 44]).
Furthermore, (2.4) can be written asthe It stochastic di erential equation:
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using the represemation

m= (cos 1 Zz?sin pl z2;2); (2.7)

which automatically accouris for the constraint jmj = 1 (seeAppendix A).
The energyin (2.6) is (2.3) expressedn the ( ;z) variables:

2 P—s

E(;2)= (1 Zz)si® + 3z 1 Zz2(H,cos + Hysin ):  (2.8)

3 Single-pulse astroid in the thin Im limit

In the thin Im limit of (2.3) or (2.8), the vanishing aspect ratio forcesthe
shape anisotropy to innity, i.e. 3! 1 . Physically, this correspnds to
the fact that an out-of-plane magnetizationin a thin Im elemen is strongly
energeticallypenalized,and the magnetizationtendsto remainin-plane. In the
limit, a nite energyrequiremern impliesthat z = m3z = 0. The only remaining
degreeof freedomis the in-plane angle, , of the planar magnetization, m =
(my; my; 0). The equations(2.6) reduceto a single equation for

= E3()+ pﬁwl; (3.1)

and the \reduced energy" (i.e. the energyof a planar magnetizationwith angle
) is:
Er():= ,sii’() Hicos H,sin : (3.2)

Note that (3.1) represetts pure steepest desceh dynamics, with no con-
senative term. The deterministic dynamicsare driven ertirely by a gradiert
term which acts to reducethe energy in cortrast to equations(2.1), in which
the dynamics are driven by a consenrative as well as a damping term. In
this section and the sectionsimmediately following (Sections4{7), we focus
on (3.1) becauset simpli es the discussionwhile retaining the essencef the
argumern. We return to the generalcasein Section8.

Considerthe reducedenergy (3.2). At zeroapplied eld, Eg is a standard
double-well potertial with two local minima, Ao = Oand g = . Both have
zero energy For small but nonzero applied eld, there are still two local
minima, A and g, but the location and energy of the minima are shifted.
As the intensity of the applied eld in any xed direction (cos %sin 9 is
increased,a \critical eld" is encourtered at which a bifurcation occurs and
one minimum disappears. The eld along any ray is called subcritical (resp.
supercritical) if its magnitude is smaller (resp. larger) than the critical eld in
that direction. The family of critical elds can be parameterizedas

(HEHS) = (2 2c08( 9;2 ,sin’( 9); °2[ ;) (3.3)
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Figure 3: We plot the switching probability as a function of H, using the
approximation in (3.4). The grey scalingrangesfrom white for zeroto black
for one. The parametersare T = 1000," = 0:05, , = 1. At this tempera-
ture, (3.4) is a function varying rapidly from zeroto one, and the grey region
is of small extert. This is consisten with the emergenceof a reduced but
sharp nite-temp erature astroid, as obsened in the experimers. The nite-

temperature astroid is de ned preciselyin Proposition 1. Seealso Figure 5.
The boundary of the zero-temperature astroid is also shovn (white dotted
line).

Recall that a eld belongsto the interior of a pulsed astroid if applying
the eld (for a pulse of length T) causesone of the preferred magnetizations
to switch to the opposing minimum after the pulse. At zerotemperature, a
subcritical eld will never causesud a switching evert, while a supercritical
eld always will. Therefore, the boundary of the zero-temgerature astroid
(Figure 1) is precisely(3.3). Next, we considerthe situation at nite temper-
ature.

Supposewithout lossthat the elemen is initially setto state = , and
a subcritical eld H = (Hq;Hy) is applied for a pulse of length T. If the
temperature” is nite but small, with high probability the magnetizationwill
rst quickly relax to the vicinity of g. Subsequetly switching to A hasa
non-zeo probability, whosevalue dependson the pulselength T, the value of
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Figure 4. Level sets (isolines) of e Er(H)= (H). For a given T, the
matching condition (3.5) is satis ed on one of theselevel sets,which therefore
appraximate the boundary of the nite-temp erature astroid. The dotted line
is the boundary of the zero-temperature astroid given by (3.3).

H, and the temperature ". The large deviation estimate for this probability
is (seeAppendix B)

Prob (no switch from g to A intime T) e 7= *): (3.4)

Here and belov  denotesasymptotic equivalence( f- g if f.=g ! 1as
"1 0). (H) isthe meantime to switch from g to A underthe applied eld
H, which is related to the energybarrier Egr(H) to escag g as

(H) e Er(F)=": (3.5)

The prefactor is given by Kramers' estimate (seeAppendix B)

" ERmENS)

2

(We are assumingthe generic condition that the minimal energy saddle, s,
is unique. SeeAppendix B for more detail.) Viewed as a function of H at

(3.6)
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e=0.01, T=885 €e=0.005, T=8e5

Figure 5: When the pulse length increasesexponertially in " ! asthe noise
decreasesthe probability of not switching, (3.4), convergesto a piecewise
constart function taking the value O or 1. The limiting region constitutes
the well-de ned, nite-temp erature astroid (which is di erent from the zero-
temperature astroid, whoseboundary is shavn asthe white dotted-line). This
gure is an illustration of Proposition 1. (Here, , = 1.)

xed T and " 1, (3.4) is a function which is mostly near 0 or 1, with a
sharp transition between these two states (see Figure 3). Plotting (3.4) in
the H-plane de nes a \probabilistic astroid” which is consisten with the well-
de ned nite-temp erature astroids obsened in experimerts. The transition
regionin the H -plane betweenextremely unlikely switching and almost certain
switching is the regionwherethe meanswitching time (H) is logarithmically
equivalernt to the pulselength T, which we denote

H) T: (3.7)

(Two functions f- and g are called logarithmically equivalert, f- g, if
logf-=logg- ! las"! 0.) SeeFigure 4 for anillustration. This selectionby
matching of timescalesis similar to the one obsened in stochastic resonance.
(See[14, 16],and alsoSection6.) Notice that (3.7) doesnot involve the prefac-
tor , but it impliesthat T must be exponertially largein " *in orderthat the
nite-temp erature astroid be di erent from its zero-temperature courterpart
{ in which caseit is alsonecessarilysmaller. In fact, the precisestatemert is:

Prop osition 1 (Finite-temp erature, single-pulse astroids). Consider

11



the sequene of pulsesT. := &' (B + O(")), whee A; B > 0. Let
(A)=fH: Egr(H)> Ag

ke the region in the H-plane whee Egr(H), the enegy barrier out of 4, is
larger than A. Then

1 H 2

lim Prob(no switchfort T.) = —
"o 0 H2R2=:

Proof. For any H, the mean switching time satis es the logarithmic equiva-
lence

(H) e Er(D=:

We now usethe exponertial distribution (3.4) (cf. Appendix B) in three cases.
Case(1l), Egr(H) = A, sothat T- (H). The exponertial distribution
applies,i.e.

,I,i'mo Prob (no switch fort  T.) 2 (0;1):

Case(2), Egr(H) < A. Here, the probability of not switching goesto zero.
To seethis, chooseany M > 0.

‘I‘ilrrg) Prob (no switch fort  T.) ‘I‘ilrr}) Prob(no switch fort M (H))

e M:

LetM ! 1.
Case(3), Egr(H) > A. Here,the probability of not switching goesto one.
This time, chooseany m > 0,

H”}) Prob (no switch fort T.) |I.i|rrg) Prob (no switch fort m (H))

em.

Letm! O. O
Proposition 1 leadsto the following natural de nition:

De nition 1 (Finite-temp erature, single-pulse astroid). For giventem-
perature and pulsetime, the nite-temp erature, single-pulseastroid is de ned
to be the following region in the H -plane:

(" T):=fH: Er(H)>"In( T)g:

12



4 Multiple-pulse astroids and action minimiza-
tion

As shavn in Section 3, when a single pulse is applied, the length T must
be exponertially large in the inversetemperature, " 1, in order to obsene
a nite-temp erature astroid which is both well-de ned and nontrivial (i.e.
smaller than its zero-temperature courterpart). The situation changesif one
considersmultiple-pulse experimerts and allows the number of pulses,N, to
be very large. This is physically relevant sincemagneticmemory devicesneed
to be ableto withstand many (on the order of 10'7) subcritical pulseswithout
acciderally switching [25]. In this case, T can be O(1), provided that N is
exponertially largein " ! (and, of course,intermediate situations are possi-
ble aswell). This is interesting becausethe switching event occurs within a
time which is very short comparedto the meanswitching time! The exponen-
tial distribution breaksdown, and action minimization erters the picture, as
explainednext in Sections4.1 and 4.2.

We emphasizethat multiple-pulse astroids are a real-world example in
which we can obsene exponertially unlikely everts. In the long-time limit,
the overwhelming probability is that switching is achieved by o wing uphill
to the minimal saddle. In multiple-pulse astroids, howewer, the extremely
unlikely event of short-time switching dominates.

4.1 Action minimization

Large deviation theory assertsthat the probability of switching within a xed
time, T, is estimatedvia an action minimization problem. Consideran initial

magnetization = , and let C, denotethe basin of attraction of the energy
minimizer, A, underthe deterministic dynamics,
—= ER():

(Generically A 6 for jHj 6 0.) The probability of switching from to A
in time T is estimated:

Prob(switch fort T) e 577 (4.1)
with the action, Sy, de ned as
Zq
Sr:= inf 1 j{s)+ E2( (s))jds: (4.2)
©= 4 4

The pathway - :[0;T]! R which minimizesthe action functional is called
the optimal switching path, and it is the most likely switching path: with

13



probability 1as" ! 0, the actual switching paths remainwithin an arbitrarily

small neighborhood of ,. The graph of - is trivial in one dimension (it

connects to the optimal saddlepoint, ), but not in two dimensions;see
Section8.

For nite T 2 (0;1 ), the action hasto be found via numerical minimiza-
tion, and an accurateestimateis important if we areinterestedin taking expo-
nertially many pulses. In the long-time limit (T ! 1 ), the action corverges
to the energybarrier,

Sr! Er(H); (4.3)

and the optimal path convergesto the heteraclinic orbit connecting g and ¢
(see Appendix B). The rate of corvergencein (4.3) depends only on the

characteristic timescale of the deterministic dynamics, —= Eg( ), which
we will denoteby ty. (In the presen cortext working with (3.2), we can for
instancetake ty = 1, the inverseof the prefactor (3.6).) The role of the

deterministic timescale,in combination with the role of the mean switching
time in Proposition 1, suggestghe classi cation:

De nition 2 (Classi cation of Pulse Length).

1. Normal pulseslast for atime T whichis logarithmically equivalentto the
mean switching time (cf. Proposition 1).

2. Short pulsedastfor atime T whichis short compared to the mean switch-
ing time, but long compared to the deterministic timesale:

[ T (H)

3. Ultrashort pulseslast for a time which is comparableto, or evenshorter
than, the deterministic timesale ty.

Single-pulseexperimerts leadto nite-temp erature astroidswhich are both
well-de ned and non-trivial (i.e. di erent from their zero-temperature coun-
terparts), and which are cortrolled by switching under normal pulses(cf. Def-
inition 1). The generalizationto ultrashort and short pulsesis given next.

4.2 Multiple-pulse astroids

From (4.1), we seethat for N := € and xed T, the switching probability
cornvergesto zero or one, accordingto whether the action is greater or less
than A, which we now state as a proposition.

14



Prop osition 2 (Finite-temp erature, ultrashort, multiple-pulse astroid).
Fix T andde ne N. := & (B + O(")), whee A; B > 0. Then for

( A):=fH;Sr(H) > Ag;
we have

1 H 2

lim Prob(no switch for N pulsesof lengthT) = _
Y X P g ) 0 H 2 R%= :

Proof. The result follows immediately from the fact that
Prob(no switch after N pulses)= (1 C-exp( Sr(H)="))""; (4.4)

where C. is the subexponertial prefactor. O

A Proposition similar to Proposition 2 appliesfor short pulsesif one uses
(A)=fH: Egr(H) > Ag. It suggestghe generalizationof De nition 2 for
both singleand multiple pulsesof arbitrary length as:

De nition 3 (Single- and multiple-pulse nite-temp erature astroid).
The nite-temp erature astroid is de ned asthe followingregion in the H -plane:

(" T;N):=fH :St(H) > "In( TN)g:

5 Astroid prop erties

Experimerts obsene shrinking and sharpening of the astroid under multiple
pulses.We look at necessaryand su cien t conditions for theseproperties.

Shrinking.  First, we obsene that the astroid shrinks under multiple pulses
if the switching probability is monotonicin jH j, which is physically reasonable.
A necessaryand su cien t condition for this monotonicity is for the action to

be monotonicin jHj. The monotonicity certainly holds for elds within the

exponertial regime (by the monotonicity of ).

Sharp ening and log-convexity. It isobsenedthat astroidsbecomesharper
under multiple pulses,in the sensehat there are fewer \freckles," white spots
in a eld of gray or gray spotsin a eld of white [25. We nd an explanation
for this sharpening by looking at the region of probability transition. The nu-
mericsfor our simple model demonstratethe thinning of the transition region
under multiple pulses,asshaowvn in Figure 6.
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Single Pulse Multiple Pulses

15 15

0.5 0.5

Figure 6: The -transition region of (Prob(no switch fort  T))N, for " =

0:01, T = 1000, = 0:07. In the rst plot, N = 1, while in the second,
N = 65,000. The thinning of the transition region as the number of pulses
increasesis consistert with the experimenrtal discovery of sharper multiple-

pulse astroids. Also consisten is the fact that the multiple-pulse astroid is
smaller than the single-pulseastroid.

Analytically, we show that the transition region shrinks under multiple
pulsesif and only if the meanswitching time for applied eld H = h(cos; sin )
is strictly log-corvex as a function of h. (Strict log-corvexity meansthat the
log of the function is strictly corvex.) First, we de ne the notions of the

-transition region and the band-narroving property.

De nition 4 ( -transition region). For f : R?! [0;1] andany > 0, we
call the region of R? for which

f(x)2[;1 ]
the -transition region of f .

De nition 5 (Band-narro wing prop erty). The positive, decreasing func-
tion f (x) is band-narrowing if wheneverO< A < B and T, < T,, then

f Y T,A) f Y(T.B)<f Y(T,A) f YT.B):

A simple exampleof a band-narraving function is 1=x.

Propositions 3 and 4 below shov that within the exponertial regime, a
necessaryand su cient condition for the narrowing of the -transition re-
gion of the probability under multiple pulsesis that the mean switching time
be strictly log-corvex. First of all, the -transition region of the probability
shrinks if and only if the mean switching time is band-narrowving.

16



Prop osition 3. Considerany ray H = h(cos; sin ) and suppse
Prob(no switchfort T)=exp( T= (h))

for somepositive, decreasing function . Then the -transition region of the
prolability is decreasingin T for every 2 (0;0:5) if and only if is band-
narrowing on that ray.

Proof. This is a direct calculation. O

Next, the meanswitching time is band-narraving if and only if it is strictly
log-corvex.

Prop osition 4. The positive, decreasing, continuously di er entiable function
f is band-narrowing if and only if f {x)=f (x) is increasingor, equivalently, if
and only if f is strictly log-convex.

Proof. Let g(t) := f (At) f I(Bt). f is band-narraning if and only if g is
strictly decreasing.Let f (tA) =: X, andf 1(tB) =: X and considerthe
derivative.

gt) < 0, A(f H%tA) < B(f HYtB)
A § B
OEQf (tA))  fqf 1(tB))
A _ B
CoEAXy)  FAX)
f(X2) _ F(X4)
Tt X, tf qAXy)
F(X2) _ T(Xq),
CfAXy)  FAXy)’

6 Ramp ed astroids

A dierent but related physical experimert consistsof applying an external
eld by \ramping,” which refersto steadily increasingthe applied eld until
switching is achieved. Ramped astroidsare alsoanalyzed(with a di erent em-
phasis)in [50. As in the pulsedcasewe nd a 0-1distribution in the limit of
vanishing noise strength, where now the phenomenonis stochastic resonance
[14, 16] in the traditional sense:the increasingapplied eld correspnds to
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a tilting potential, the noisesetsthe timescalefor switching (with nearly de-
terministic precision), and as soon as surmourting the barrier is possible it
is also prokable with probability corverging to onein the limit. For ramped
astroids, the ramping rate is critical in de ning the time and eld at which
switching occurs.
Considerthe question of when switching will occur. Let the applied eld
be of the form H(t) = t(cos; sin ) where isa xed angle,t is time, and
1 is a parameterwhich setsthe timescalefor ramping. At zerotempera-
ture, switching occurswhen t readesthe boundary of the zero-temperature
astroid. At nite-temp erature, switching occurswhen

e ER(H(t)):" 1:

We make this precisein the following proposition.

Prop osition 5 (Ramp ed astroid). Lettheramped eld beH(t) = t(cos; sin )
with rate := Be ~", A> 0. Then :=fH; Eg(H)> Agis suchthat

limProb(not to haveswitchal when eld is H) = 1 H2
1o 0 H2 ¢
Proof. Fix any ray through the origin and considerramping along the ray.
Find the value ! alongthe ray such that Eg(H) = A. Considerthe prob-
ability of switching while the ramping eld is within a tolerance0 < 1
(|2If K. Without lossof generality, rotate the frame of referenceand consider
2 R.
The time interval such that H(t) 2 [H;H + Jis!| := [A= ;@ + )=,
of length = . Furthermore, for this time range, Egr(H (1)) Er(H) = A.
For simplicity, assumethat the prefactor in the mean switching time is unity,
since it is subexponertial and does not a ect the result. Then, using the
exponertial distribution,

Prob no switch while H 2 [A;H + ] = Prob(no switch fort 2 I)

exp B e e
e Er(H)="
=exp B!
2 (0; 1):

Next, by the method of Proposition 1 in Section 3, one shows that the prob-
ability of switching for H (t) 2 [0; & ] goesto zero, and the probability of
having switched by the time H(t) = B + goesto one,for any > 0. O

18



7 Hysteresis loops

As discussedin the introduction, thermally reducedhysteresisloops are an-
other example in which physical obsenations can be understood via large
deviation theory and a conceptsimilar to stochastic resonance.The hysteresis
loop tracks the location of the critical points of the energyas a function of
the applied eld magnitude, h, in a xed direction, i.e. H = h(cos; sin ).
(Recall, for example,the zero-temperature hysteresisloop from Figure 2.) Its
mostimportant featureis that it identi es the applied eld (positive and neg-
ative) at which a metastablestate losesstability and disappears. The obvious
extensionof the ideasof the precedingsectionsis that under the in uence of
noise,the zero-temgerature hysteresisloop should be replacedwith a plot of
the prokability of switching out of the metastablebasin under an applied pulse.
Plotting this probability versusapplied eld magnitude, there is a sharp tran-
sition from probability nearly zeroto probability nearly one. The transition
occursin a small neighborhood of the applied eld whosemeanswitching time
is equalto the given pulsetime.

To illustrate the idea, let us considera speci c example. We chooseto
look at H, = 0, sincein that casewe can solwe explicitly for asa function
of H;. (The energybatrrier in this caseis Er = (H1=2 1), with = 2.
Wernsdorfer points out in his review article [52] that = 2 is nongeneric,
and speci c to the casewhen the applied eld and the uniaxial anisotropy
are aligned.) Letting , = 1 and solving for critical points of the energyfor
H; 2 (0; 2) yields

-
N
(@]
o
(]

H
(Mmy1;S1;my;sy) = 0;cos?t 5

Using the Kramers' approximation for the switching time (cf. Appendix B),
the equation = T becomes:

P o 1y
2 oy (272 D)

p — =T:
2 Hy@ HY

We calculate H; iteratively. The reducedloop is showvn in Figure 7 for T =
1000, =1,and" = :01.

8 The general case

We have seenhow to extract an explanation of nite-temp erature e ects for
the reducedmodel, (3.2). Of course,this simple model can be analyzed by
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Figure 7: Finite-temperature hysteresisloop for (2.3), with H, = 0, , = 1,
"= 0:01,and T = 1000. Compareto the zero-temperature loop, Figure 2.
The zero-temperature loop shrinks to the nite-temp erature courterpart: the
jump in magnetization occurs at the H; value for which |, = T, before an-
nihilation of the energybarrier, and thermally-activated switching is obsened
at subcritical elds.
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other meansas well, for instance by solving the Fokker-Pland equation for
the mean rst passagetime [10, 18, 40]. The power of the large deviation
perspective is that it canbe generalizedo higher dimensionalsituations when
the Fokker-Plandk approad is not practical anymore. In particular, large
deviation theory and prefactor estimateso er a generalframework by which to
understandthermal e ects for the full energy (2.3), or eventhe caseof spatially
nonuniform magnetization, which we discussin Section11. Consideringnow
(2.3), we look at the implications of large deviation theory for the question of
thermally-activated switching betweenthe basinsof attraction of the modi ed

energy landscape, i.e. the basins of the energylandscape under the applied
eld. (This canbedierent from the questionof having switching betwesn the
basins of the zeo- eld-system after the pulsehasterminated (for short pulses
and low damping). We discussthat complicationin Section10.)

8.1 Normal pulses

We saw that for normal pulses(or, equivalertly, for single-pulseastroids), the
switching probability for the reduced model was determined by the energy
barrier from the minimum to the minimal-energy saddlepoint. We now show
that the sameis true for the full system, becauseof the property that the
gyroscopicterm in the LLG equationsis perpendicular to the damping term.
We will alsoseea newfeature, namelythat the optimal switching path, which
is trivial in onedimension,can be an interesting object for the full model. Our
systemis of the form

X = (+r+"c)+p? W; (8.1)
with X = ( ;z) and
!
- 1 2 r= Bz
1 2)E, E
0 p_ 1
p— 0

c= 0 :% 1 22 §

2z "°
o PPi—

The Wentzell-Freidlin action functional [15 is
Z 1

Son()=5 1 M(a* (D+rCIRds (62
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for all sud that the integral is de ned, and 1 otherwise. Becauseof the
relation (2 ;r) = (r E;r) = 0, we seethat we can manipulate the action:

i N+ o+ M= +r+2)pP
=j M= +npE+4 rpE+aC *5) 4 P
=j Y= +r)j*+ 4E: (8.3)

From (8.2) and (8.3), we recognizethat as before,
SioT] E;

i.e., the action is bounded belonv by the energy barrier. This leadsto the
conclusion(cf. [15]) that the energybarrier cortrols the mean switching time.
Furthermore, Day showsthat the exponertialit y of the limiting distribution of
tg =tg alsoholdsfor the full dynamics[9]. Thus, De nition 1 extendsprecisely
to the generalcase. Furthermore, it is not hard to seethat aslong as ; is
su cien tly large comparedto 5, the minimal-energy saddle point lies along
z = 0, and the reducedmodel completelycharacterizesthe single-pulseastroid
for the full model.

8.2 Optimal switc hing path

To achieve the sharpboundin (8.3), we seethat the optimal trajectory should
solve
= r

to travel from ( g;0) to the minimal saddle,and solve
J— r

to relax from the saddleto ( a;0). This is the optimal path in the long-
time limit, and is closeto the optimal path aslong asT is large comparedto
the deterministic timescaleof the system. This long-time optimal path is a
function of the applied eld, the damping, and the anisotropy. For the sake of
illustration and to emphasizethe dependenceon the system parameters,we
considertwo examples.The rst, shavnin Figure 8, correspndsto a situation
where , =1, 3=5, = 01,H; = 05, H, = 0. Obsene that the \uphill

path" is not simply time-reversed o w along the hetercclinic orbit, asin the
reducedmodel; the sign is reversedon the damping term, but presened for
the gyroscopicterm. Furthermore, even if the minimal saddlelieson z = 0,
the path is two-dimensional.
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1
Scaled angle

Figure 8: In the generalcase the optimal path is distinct from (but relatedto)
the heteroclinic orbit. Here,H; = 0.5,H, = 0:1, =01, ,=1,and 3= 5.
Hereand in Section10, we plot the two-gimensionalprojection in terms of the
height z vs. the scaledangle ( = 1) 1 z?+ 1 (preservinglength along
linesof constart latitude). The minima areat ( ;z) = (0:04Q 0) and (3:075 0).
The minimal-energysaddlepoint is at (1:838 0), and a secondarysaddleis at
(4:472 0). Although they lie onz = 0, the optimal path is not con ned to the
circle.

The secondexample,shavn in Figure 9, is for the case , = 1, ;= 0.5,
= 0:1, H; = 0.5, H, = 0. With the out-of-plane penalization relaxed, even
the saddlepoints have z 6 0.
The optimal path in the spatially nonuniform problem is yet more inter-
esting and complicated. SeeSection11 for a discussion.

8.3 Short and ultrashort pulses

As always, short-time switching forcesusto confrort the full action minimiza-
tion problem, which is given by (4.2) with the action functional de ned by
(8.2). As it did for the reduced model, the estimate (4.4) assuresthat the
probability of multiple-pulse switching, asa function of H, will tend to either
0 or 1, depending on the action assaiated to the given applied eld. Thus,
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Figure 9: Here,H; = 05,H, =0, =01, ,=1,and 3= 0:5. The minima
areat ( ;z) = (0;0) gnd ( ;0). The minimal-energy saddle points, marked
with a , areat ( ; 3=2). They donot lieonz= 0.

De nition 3 also extendsto the general case. (Seealso Section 9, below.)
Again, theseideasgeneralizeand becomeyet more interesting in the spatially
nonuniform problem.

9 Non-Arrhenius behavior

The so-calledArrhenius behavior refersto the probability distribution of switch-
ing time beingexponertial in T. If this is not the case,onesaysthat the behav-
ior is non-Arrhenius. Non-Arrhenius behavior has beenobsened in physical
and numerical experimerts [20, 21, 24). !

Onesourceof non-Arrheniusbehavior, which erters evenfor normal pulses,
is the existenceof intermediate states (which are not presen in the simple,
uniaxial model). When there are intermediate statesin the switching process,

LIn other settings, it is natural to study the exponertialit y of the mean switching time
with respect to the temperature rather than the pulse length. Non-Arrhenius e ects with
respect to temperature are studied, for instance, in [34].
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the systemis described by a multi-state (rather than two-state) Markov chain,
much in the spirit of the ladder model introducedin [21]. The reduction of
magnetic switching to the dynamicsof a multi-state Markov chain is explored
in [11, 21, 24]. Intermediate states are found in the coheren rotation model
with cubic anisotropy, for example. Intermediate states are also a signature
feature of nonmherent rotation. Intermediate statesin the nonuniform micro-
magneticenergywith zeroapplied eld have beeninvestigatednumerically in
[17].

A secondsourceof non-Arrhenius behavior is short-time switching. This is
clear from the non-Arrhenius distribution in (4.4). When short or ultrashort
switching is involved, the optimal switching path and correspnding action
can be computed numerically by solving the action minimization problem (as
functions of the pulsetime and applied eld). It is important to emphasize
that a path which is optimal at onevalueof T (or H) may be far from optimal
at anothervalue of T (or H). Identifying the correct pathway is necessaryin
order to accurately estimate the switching probability.

To quartify the e ect of the nonexponertialit y inducedby short-time switch-
ing, considerthe di erence betweenthe single-pulseastroid under pulse-length
N-T and the multiple-pulse astroid built by taking sequencesn which N-
pulsesof length T are applied. In the former case,the nite-temp erature as-
troid hasa boundary of thermally critical elds for which Sy.t = " In(N-T). In
the latter case,the thermally critical elds are those for which St = " In N-.
For T xed and " 1, this basically amourts to comparing St(H) with

E(H), and the di erence can be large or small, dependingon T.

10 Ultrashort switc hing, low damping, and de-
terministic e ects

We mertioned in Section8 that we shouldconsiderwhetherthereis adi erence
betweenhaving switched in the pulsed-landscap and having switched in the
zero- eld-landscape after termination of the pulse. As we discussbelow, for
high damping, the questionsare roughly equivalert; for low damping and
ultrashort pulses, howewer, the situation is dierent, and the e ect of the
deterministic, gyroscopicmotion can dominate.

When the pulseis turned on, the magnetization nds itself perturbed away
from the nearby minimum of the pulsed-landscap (aslongasH; 6 0). Un-
der the deterministic dynamics, it relaxesto the minimum. Furthermore, if
the damping is large enough, or, regardless,if the pulseis long enoughfor
relaxation, then the only way for switching to happen is by thermal driving.
When damping is low, howewer, the relaxing trajectory can wind around the
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Figure 10: For = 0:.01, H; = 0, H, = 1.5, the magnetization is initially
perturbed away from the nearby minimum of the pulsedlandscape, which can
sendit into a complicateddeterministic orbit. The trajectory ies around the
sphere,and ultrashort pulsescan \catch" the magnetizationin either basin,
overriding thermal e ects.

sphere,asillustrated in Figure 10. If the pulseis short enoughto \catch" the
magnetizationalongthe trajectory (i.e. if it is ultrashort), then switching can
be achieved preciselyby turning the pulseo while the magnetizationis trav-
elling through the basin of attraction of  in the zero- eld landscage. The
deterministic e ect of pulselength overridesthermal e ects in this case.This
medanism has beencapturedin recen physical experimerts [47].

Oneis motivated to reconsiderthe astroid for low damping and ultrashort
pulses.A morecomplicated,\zebra astroid" emergegfor example,Figure 12),
in which the pulsetime plays a critical role, and switching is no longer mono-
tonic in applied eld magnitude, nor con ned to the zero-temperature astroid.
Switching dependssensitively on the pulsetime, which cortrols the position of
the magnetizationalongits orbit. Relationshipsamongpulsetime, anisotropy,
applied eld, and damping have beenstudied in [22, 33], for instance.
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Figure 11: For = 0.1, H; = 0, H, = 1.5, the damping is high enoughthat
ewven for ultrashort pulses,the deterministic orbit doesnot causeswitching.

Zebra Astroid

Figure 12: Short pulse low damping \zebra astroid.” Here, = 0:01 and
T = 28.
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11 Outlo ok and generalization

Switching probabilities for the one-dimensionalequation (3.1) can be com-
puted by brute force via the Fokker Planck equation [10, 18, 40]. The advan-
tage of the perspective deweloped here, applying large deviation theory and
ideasfrom stochastic resonanceis that it generalizesaturally to morecompli-
cated equationsand evento spatially nonuniform systems.Relewant examples
occur in many application areas. For instance, large deviation theory could
be applied to spin-transfer-inducedmagnetic switching [39], although numer-
ical study may be necessaryto nd the minimum action even for long-time
switching. In biology, the dependenceof unbinding force in dynamic force
spectroscoy on the pulling force [2, 13 is analogousto the dependenceof
ramped astroids on ramping rate. The caseof spatially distributed systems
seematrticularly rich, both becausat raisesdeepissuesof analysisand prob-
ability, and becauset hasstrong links to many application areas,sowe brie y
commern upon it here.

Removing the assumptionof uniform magnetization meansreinstating the
full Landau-Lifshitz-Gilbert (LLG) equations, which are di cult becauseof
the nonlocal term in the e ective eld and, to a lesserdegree,the norm con-
straint. Below, we discusssomeissuesrelated to nonuniform magnetization.
We concludewith two subtopicswhich are largely open.

In extremely small samples,the exchange energy enforcesapproximately
uniform magnetization;in larger samples,howewer, spatial variation plays an
increasingly important role in magnetic switching pathways. A similar con-
nection betweensamplesizeand spatial complexity of optimal pathways exists
for the Allen-Cahn problem,

u= u VYu)+ Po (11.1)

This stochastic gradiert o w is a model which, while simpler than the stochas-
tic LLG, captures many relevant phenomenal[l2, 27, 43, 44], including a
crosseer betweenspatially uniform and nonuniform optimal switching path-
ways asthe samplesizeincreased27,32. A crosseer from spatial uniformity
to nonuniformity of the minimal saddlehas also beenrecerily obsened for a
reducedmicromagneticenergy for a two-dimensionalmagneticring [34].

The weak volume dependenceof saddlepoints in the spatially nonuniform
landscape is important in LLG. Whereasthe uniform model suggestsa saddle
point energywhich scaledinearly with volume, this is far from true for typical
samples.Under applied eld pulses,the micromagneticenergyis biased,which
tendsto lead to saddlepoints whoseenergiesdepend only weakly on volume
oncethe sampleis larger than a \critical nucleus.” The analogoussituation
exists for (11.1) when V is an asymmetric potential. The existenceof the
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critical nucleusis well known in the physicscommunity (see,for instance,[5]).
In the PDE literature, the sphericalsymmetry of ground statesand existence
of a critical radius for (11.1) were studied, for instance,in [3, 19].

Pursuing the generalizationof the uniform caseto the nonuniform: the
stochastic dynamics on nonuniform landscapes may be reducedto a Markov
chain in the small-noiselimit, asdiscussedn Section9 for the uniform mag-
netic problem. In this case,the saddlepoints are spatially complexinterme-
diate states, interesting in their own right. Formally at least, the switching
probabilities and optimal switching pathways are studied via the action min-
imization problem, where now the minimization is over pathways through
function space. Quartitativ e, numerical investigations of saddle points and
the switching ratesfor LLG at zeroapplied eld appearin [11, 43]. The opti-
mal pathways connectingthe statesof the chain generatea host of questions,
including the onesposedbelovn. Both of the following subtopics nd analogy
in the Allen-Cahn problem, and both cortain questionswhich, for LLG, are
largely open.

Dep endence of optimal path ways on applied eld. Becausethe spa-
tially extendedlandscape is somuch richer than the uniform landscage, there
are many saddlepoints, and many switching pathways. One questionis how
the optimal pathway deendson the applied eld. Entirely dierent pathways
may be selectedas the applied eld rangesover di erent values. It is point-
lessto obtain good action estimatesfor the wrong pathways! A di erent but
related problem studied in [12, 27, 28, 44]is: How doesthe optimal pathway
depend on the switching time and small parameterin the Allen Cahn phase
transformation problem?

Reduced problem: sharp interfaces and vortex motion. Asymptotic
limits of the scalar Ginzburg Landau energyare a familiar topic in the calcu-
lus of variations commnunity. In [12, 27, 28, 44, related limits in the action
minimization problem leadto a reduced,sharp-interface problem.

In certain limiting regimesof micromagnetics,metastable states are char-
acterizedby the locationsof domainwalls or boundary vortices. Theselimiting
regimeshave beenstudied in the physics comnunity for a long time [4, 23],
and have recerily received a lot of attention in the mathematics comnmunity
(see,for instance,[30, 37, 38)). It would be appealingto investigatean asymp-
totic reduction of the magnetic switching problemin which action minimizing
pathways are characterizedby the motion of domain walls or boundary vor-
tices.
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A Stochastic Landau-Lifshitz-Gilb ert dynam-
ICS

We claimed in Section 2 that it doesnot matter whether we add a random
noisein both the gyromagneticand the damping terms, asin (2.4), or in the
gyromagneticterm alone, becausehe one-point statistics are the same. This
is shown in [41], and later in [44]. In [44], the proof proceedsby changingto
( ;2z) variablesin both (2.4) and the Stratonovich equation

m=m (h+pFW) m (m h); (A.1)

cornverting to Itd form, and showing that the resultant Fokker Planck equation
is the sameas for the Itd equation (2.6).

Fokker Planck Equation and Invariant Measure

We verify that the noisy LLG (2.6) are consisten with the Gibbs distribution,
by showing that the Fokker-Pland equation for (2.6) may be written

pp=r (Kr Ep+" Tr p); (A.2)
and that a consequencés the stationarity of
ps = Z texp( E="):

(Z ! is the normalization factor.) To proceed, we obsene that (2.6) is a
two-dimensionalsystemfor X = ( ;z), of the form

X= KrE "c+ 2 w

where

1 a2 2z’ PP

and W is a two-dimensionalwhite noisewith independent componerts. De-
composeK into its symmetric and antisymmetric parts, K = KS+ KA. Two
distinguishing featuresof the systemare

T=KS,

KA is constart.
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With this structure, being able to write the Fokker Planck equation in the
divergenceform (A.2) su ces to conrm the stationarity of ps, since

KSr Eps+" Trps=0
identically, and
r (KAr Eps) = KA:mr Eps " *(r E;KAr E)ps = 0

by antisymmetry. Thus, we needonly showv (A.2). By direct calculation,

1 Zz
r KIEP+@ —@ +@" (1 2)@p

r (Kr Ep+" Tr p):

p=r (KrEp+ @ p +@ " (1 Z)p + @2" zp

B Large deviation theory

It is well-known that thermally-activated transitions occur via saddlepoints,
with an Arrhenius law which dependson the energybarrier. Part of the con-
tribution of large deviation theory is to make theseassertionsrigorous, in the
limit " ! 0. Largedeviation theory alsogivesmoredetailed information about
rare events and the pathways by which they occur. While the exponertial dis-
tribution appliesfor timescalesof the order of the mean switching time, large
deviation theory alsoestimates,for instance,the probability of an evert to oc-
cur within agiventime, T. This estimate,which relieson action minimization,
was important for studying multiple-pulse astroids in Subsection4.

To make sharp statemerts in the limit of vanishing noisestrength, we have
usedresultsfor the meanswitching time, exponertial distribution, and switch-
ing probability from large deviation theory. The results comefrom Freidlin
and Werntzell [15] and Matrtinelli, Olivieri, and Scoppla[35]. In this appendix,
we state the large deviation theoremsfor the processgovernedby (3.1). Anal-
ogoustheoremshold for (2.6).

As usual,let A; g 2 [0;2 ) represen the two minima of the energyEr
with applied eld H. We are interestedin the probability of switching from
the basin of attraction of the lessfavored metastablestate, g, to either (a)
the boundary of the basin of attraction of this state (which we call hitting),
or (b) a small neighborhood of the energeticallypreferredmetastablestate, A
(which we call switching).
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Large deviation theory [15] estimatesthe hitting and switching probabili-
tiesin terms of the Werntzell-Freidlin action. We make the following de nitions.

Ca := the basin of attraction of 4 Cg := the basin of attraction of g
tg(X) := infft 0; (0)=x; (t) 2Cgg tg(x):= E[tg(X)]
Prit (X; t) := Prob(tg(x) 1t):

The Werntzell-Freidlin action functional for (3.1) is
Z
— 1 P 0 12 .
Soml 1= 7 . j«s) + Er( (9))j7ds:
The gradiert structure simpli es the action minimization problemin the long-
time limit (cf. Example B.1).

Mean hitting time. In the zero-temperaturelimit, the meanhitting time is
independen of x, and is cortrolled by the energybarrier (cf. [15], Sections4.3
and 4.4).

I|Ii|n'2)" In tg = ER(S) ER( B) = Er:
In other words,tg e ErR™".

Hitting probabilit y. The probability of hitting the boundary of the basinof
attraction within a giventime T is found via an action minimization problem
(cf. [15], Section4.1). Speci cally, for all x 2 Cg,

fim "InPu (x; T) = Inf Sporj[ 1= Sr; (B.1)

the action for the hitting evert. Here,F* := f 2 C[0;T]; (0) = x; (s) 2
Cg for somes Tg: The pathway -, which minimizesthe action functional
is the most likely pathway by which the stochastic processwill switch, in the
sensethat the switching pathway stays within an arbitrarily small neighbor-
hood of the action minimizing path, with probability oneas” ! 0 (cf. [15],
Section4.2).

The morecommon,exponertial estimateof hitting probabilities (seebelow)
looks on a timescalewhich is of the order of the mean hitting time, so that
T exp( Er="). For "-independen times, howewer, it is the action which
givesthe correct exponertial factor, requiring action minimization, i.e. solving
the deterministic variational problemin (B.1).
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Exp onential distribution. In the limit as" ! 0, appropriately rescaling
tg yields an exponertial distribution [35. To be precise,

.I.ilrré Prob(tg > ctg) = exp( ©):

For nite epsilon,if we rescaletime by the meanhitting time, tg is approxi-
mately exponertially distributed. In other words, given T = O(tg), we have
the estimate

Pic (T) 1 e ™7

We call the region of validity of this appraximation in H;-H, spacethe exp-
nential regime (On this timescale,the hitting probability is x-independert in
the limit as"! 0.)

Mean switc hing time and switc hing probabilit y. What about the event
of switching rather than just hitting? The meantime to switch, , satis es

exp( Er=");

(logarithmic equivalence)which can be seenfrom a standard argumert along
the lines of [15. Alternativ ely, this estimate is a corollary of the estimates
above and the fact (cf. [44]) that within the exponertial regime,

= 2tp; (B.2)
and thus the two are logarithmically equivalert. Also,
0 1
L 4T
Prob(switchto C, fort T) exp@ (iol‘)]f T j{s)+ E3( (s))j?dsA :
=X 0
(T)2Ca

lllustrativ e examples. When the form of the deterministic equationis gra-
dient or \gradient-plus-orthogonal,” there are simpli cations which allow usto
determinethe meanswitching time and the most likely switching path (given
an arbitrarily long time).

Example B.1 (Simplication for the gradient case). Considerthe noisy
gradient ow

dX = r V(X)dt+ IOmw:

Supmsethat Xq lies in the basin of attraction of m, an isolated minimum of V.
Call the basin D,,. Suppsethat @, is smath and, furthermore, that there
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is a unique point s 2 @, which minimizes V. Considerthe action to switch
from x(Ty) = m to x(T,) 2 @n,. One manipulatesthe action functional:

17 T2 .
Smural] = Z S V (x)j?dt
1
1Z T2
=2 X r Vj?+ 4hr Vidt
T1
14

=5 dxor VjZdt+ V(x(T2)) V(m)
T1

V(s) V(m);

the inequality following by dropping a positive term. From here, one identi es
the long-time limit of the action as the enemgy barrier between the minimum
and the minimal enegy sadde, and the optimal long-time switching path as
precisely that which satis es

x=rV(X); x(1 )=m; x(1)=s;

i.e. the heteroclinic orbit of the deterministic gradient ow connecting m and
s (in backwads time).

Example B.2 (Gradien t-plus-orthogonal).  For the genealization

Xo=r V(X)+ (X)) + pTw;

with hr V:7i = O;

whetee the potential V has only isolated critical points, the story remains al-
mostthe same. Reversingthe signonr V asbefore and usingthe orthogonality
condition, we dismver that the systemexits via the sadde at a rate with expp-
nential factor V(s) V(m). The optimal path in this casesatis es

Xx=rVx+ (xX); x(1 )=m; x(1)=s:

The structure of the equationsassues the existene of sucha path.

Prefactors and Kramers' analysis. The prefactor for the switching evert
is derived by using Kramers' estimatefor the hitting rates[36, 43, 48]. Accord-
ing to this analysis,the switching rate kn,.s, from minimum m via the saddle
si (i = 1;2) is given by

Kisy = € "7 Emei (2) 1 i det(@mdg i+ O) (B.3)
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where J is the Hessianmatrix of E, the subscript m denotesevaluation at
the minimum, the subscript s; denotesevaluation at the saddlepoint, g is
the unique negative eigervalue of K TJs, and E.s, is the energydi erence
betweenthe saddleand the minimum. Note that although the formula above
wasderivedfor the casewith constart K, it holdsfor our caseaswell becauseof
the corveniert fact that the derivativesof K vanishat the saddleand therefore

@K 'r E)
Q;z)

Using this identity and denoting the unit tangert vector to the least action
path by f, we obtain ¢fy = KIJgfy. This fact is enoughto generalize
constart K analysisfrom [43], for instance,to the magnetic case. From the
switching rates, we calculate the meanswitching time

= KTJ(s):

= (Kmis, + Kmisp) ™ (B.4)
Generically the rates are widely separatedand
(maxf Kys,; Kms,9) *:

Note that for the reducedenergy(3.2), the rate formula (B.3) reducesto the
particularly simple estimate

. 4 —
Kms; = € Fmsi (2 ) 1 ER{m)E&si)
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