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Abstract

We investigate thermally-activ ated phenomena in micromagnetics
using large deviation theory and concepts from stochastic resonance.
We give a natural mathematical de�nition of �nite-temp erature as-
troids, �nite-temp erature hysteresis loops, etc. Generically, these ob-
jects emergewhen the (generalized)Arrhenius timescalegoverning the
thermally-activ ated barrier crossingevent of magneticswitching matches
the timescaleat which the magnetic element is pulsed or ramped by an
external �eld; in the special and physically relevant caseof multiple-
pulse experiments, on the other hand, short-time switching can lead
to non-Arrhenius behavior. We show how large deviation theory can
be used to explain some properties of the astroids, like their shrink-
ing and sharpening as the number of applied pulses is increased. We
also investigate the in
uence of the dynamics, in particular the relative
importance of the gyromagnetic and the damping terms. Finally, we
discusssomeissuesand open questionsregarding spatially nonuniform
magnetization.
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1 In tro duction

Submicron-sizedferromagneticelements are the main building blocks in mag-
netoelectronics, where they are widely used as information storage devices
[23, 24, 42, 52]. As these elements get smaller, the e�ects of thermal noise
increase,particularly the abilit y of the noiseto changethe magnetizationand
thereby limit the data retention time of the memoryelement [45, 49]. For this
reason,noise-inducedmagnetizationreversalhasreceived a lot of attention in
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the magneticscommunity, from experimental, analytical, and numericalpoints
of view [5, 6, 11, 21, 31, 43, 44].

A few standard experiments are used to study the stabilit y of ferromag-
netic elements againstmagnetizationreversal. In pulsedexperiments [26], the
element is set to one of its preferred orientations. An (H 1; H2) �eld is then
applied for a certain time (a pulse), whereH1 is parallel to the easyaxis and
H2 is perpendicular to it. After the pulse, the resistanceis measuredto de-
termine whether the magnet has switched. Sometimes,multiple pulsesare
applied, in which casethe magnet is allowed to settle down after each pulse,
then pulsedagain, and the magnetization is measuredat the end of the series
of pulses. The outcome is plotted as a black (switch) or white (no switch)
squarein the (H1; H2) plane (seeFigure 1). This plot is called an astroid (or
pulsedastroid). In a variant of this experiment, a magnetic �eld of increasing
intensity is applied in onedirection until the magnetizationswitches. Repeat-
ing the experiment along each direction and plotting the outcomeproducesa
\ramp ed" or \swept" astroid [50].

Under either pulsing or ramping, onemay also�x an applied �eld direction
and considerone-dimensionalhysteresisloops[4]. A hysteresisloop is a plot of
magnetization versus�eld intensity. To generatea pulsedhysteresisloop, for
instance,onemeasureswhether a magnetset to oneof the energyminimizers
and pulsedat a given �eld strength switchesto the opposing minimum. The
loop consistsof the magnetizationswhich do not switch, i.e. which are stable
under the pulse(Figure 2).

At zero-temperature, such experiments amount to a bifurcation analysis
of the stable states of the system. The boundary of the zero-temperature
astroid (Figure 1) or the vertical jumps in the zero-temperature hysteresis
loop (Figure 2) mark the \critical �elds" which are just large enoughto make
unstablethe state to which the systemis originally set. The real experiments,
however, are conducted at �nite temperature, and they still produce fairly
sharp astroids and hysteresisloops. At �rst sight, this may seemstrange.
After all, the thermal noiseeventually allows the magnetization to surmount
any energy barrier, and thereby visit all possiblecon�gurations, no matter
what the applied �eld is. As the outcomeof a singletrial of a thermally-driven
experiment, why should the astroids and hysteresisloops be so well-de�ned
and sharp?

The key is the interplay betweenthe timescaleat which the experiments
are conducted(for instance,the duration of the applied pulse)and the typical
timescaleon which the thermal 
uctuations drive the systemto overcomethe
energybarrier and changeits magnetization. For a given pulseduration, the
probability of switching may either be very small (if the applied �eld is too
weakand the barrier high comparedto the thermal energyavailable), or close
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Figure 1: The zero-temperature astroid associated with (3.2) for � 2 = 1. The
boundary between the black (switch) and white (no-switch) regions is the
parametric curve given in (3.3).

to one (if the applied �eld is strong enoughand the barrier small compared
to the thermal energy). In a suitable limit, the boundary betweenthesetwo
regimesbecomessharp, thereby producing well-de�ned �nite-temp erature as-
troids and hysteresisloops. The main purposeof this paper is to quantify these
statements usinglargedeviation theory [15] and conceptssimilar to thoseused
in stochastic resonance[14, 16]. As we will show, such an approach o�ers a
comprehensive understanding of the experiments described above and sheds
light on issueslike the sharpeningof the boundary of the astroid asthe number
of pulsesis increased.The approach alsorevealshow short or ultrashort pulses
can lead to non-Arrhenius switching behavior, a phenomenonwhich hasbeen
experimentally and numerically observed [21, 20,24]. Finally, the approach by
large deviation theory and stochastic resonancehas the advantage that it can
easily be generalizedto more complicated situations, for instance when the
magnetization in the sample is nonuniform and is described by a stochastic
partial di�eren tial equation.

The remainder of this paper is organizedas follows. In Section2, we in-
troducethe stochastic Landau-Lifshitz-Gilbert (LLG) equationsfor a uniform
magnet. In Sections3{7, we study the thin �lm limit of theseequations.This
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Figure 2: The zero-temperature hysteresisloop for (3.2), with H 2 = 0 and
� 2 = 1. The dotted line shows the location of the maximum, which collides
with and annihilates the minimum at � = � (or � = 0) when H1 reaches 2
(resp. � 2). The right-pointing arrows show the behavior of the magnetization
as H1 is increased(and the left-pointing arrows, as it is decreased),at zero
temperature. The magnetization only jumps when the applied �eld actually
annihilates the well in which it sits.
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is the simplest situation, but it retains the essenceof the argument. In Sec-
tion 3, we discusssingle-pulsesituations and determine the scaling relating
the amplitude of the noiseand the length of the applied pulse to obtain well-
de�ned �nite-temp erature astroids. In Section4, we generalizethe argument
to multiple-pulseastroids. Weseethat under the in
uence of a largenumber of
pulses,exponentially unlikely events are important and the classicallong-time
switching path fails to capture the relevant physics. In Section5, we discuss
somepropertiesof the �nite-temp eratureastroids. In Section6, we investigate
�nite-temp erature ramped astroids, and in Section7, �nite-temp erature hys-
teresisloops. In Section8, we go back to the generalsituation and investigate
thermal switching in the context of the full LLG equations. In this case,the
switching path becomesnontrivial, and dependson the duration of the pulse,
the strength of the damping, and the anisotropy parameters. In Section9, we
look morecloselyat short-time switching and its connectionto non-Arrhenius
switching behavior. Deterministic e�ects arising for short pulsesare discussed
in Section10. Section11 lists somegeneralizationsand open problems. The
focus is on nonuniform magnetization, especially the dependenceof the opti-
mal switching pathways on the applied �eld, and the identi�cation of a low-
dimensionalreducedproblem in a suitable asymptotic limit. For the reader's
convenience,we also include two appendices. Appendix A discusseselemen-
tary properties of the stochastic LLG equations. Appendix B summarizesthe
necessarybackground on large deviation theory.

2 Mo deling

We shall mostly focus on elements whosemagnetization is uniform, which is
relevant for system of su�cien tly small size [4, 52]. The zero-temperature
dynamicsof the systemare described by the Landau-Lifshitz-Gilbert equation
[1, 4, 7, 23], which after suitable nondimensionalizationreads:

_m = m � h � � m � (m � h): (2.1)

In the uniform case,this is an ordinary di�eren tial equation, in which the
unit vector m = (m1; m2; m3) describes the orientation of the magnetization
in the ferromagneticelement. The e�ectiv e �eld, h, is minus the gradient of
the magneticenergy:

h = �
@E
@m

: (2.2)

The uniform micromagneticenergyconsistsof the sum of anisotropy and ap-
plied �eld energies[4]. Both crystalline and shapeanisotropy (the contribution
of magnetostatic energy to the uniform model) play an important role. For
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simplicity, weconsideran element which is a thin �lm in the m1-m2 plane,with
uniaxial crystalline anisotropy and easyaxis in the direction of m1. Under a
planar applied �eld (H1; H2), the energyis:

E(m) = � 2m2
2 + � 3m2

3 � H1m1 � H2m2; (2.3)

where� 2; � 3 > 0 are the anisotropy parameters.The parameter � 3 includesa
shape anisotropy contribution proportional to the inverseaspect ratio, so for
thin �lms, the relation � 3 > � 2 (or, even, � 3 � � 2), re
ects the preference
of the thin �lm magnetization to remain in the m3 = 0 plane [51, 52]. The
�rst term on the right-hand-sideof (2.1) is called the gyromagneticterm, and
it is conservative. The secondterm on the right-hand-side of (2.1), whose
relative strength is controlled by the parameter � > 0, can be written as
� h? = � (h � (h � m)m) and accounts for damping. Due to this term, the
dynamics in (2.1) drive the systemtowards the closestlocal minimum of the
energy(2.3).

Thermal e�ects in micromagneticshave been studied since the work of
Brown in the 1960's[8]. They canbeincorporated into the model by modifying
the e�ectiv e �eld in (2.1) to include a random term:

_m = m �
�

h +

r
2� "

1 + � 2
_W

�
� � m �

�
m �

�
h +

r
2� "

1 + � 2
_W

� �
; (2.4)

where _W is a three-dimensionalstandardwhite-noise,and " is the (dimension-
less)temperature. Equation (2.4) is to be interpreted in the Stratonovich sense
(which guaranteesthat this equation preservesthe norm constraint, jmj = 1),
and it can be shown (seeAppendix A) that the equilibrium distribution asso-
ciated with (2.4) is the Gibbs distribution,

� (m) = Z � 1e� E (m)=" ; (2.5)

where Z =
R

jmj=1 e� E (m)="d� (m) is a normalization factor. We note that al-
though there are di�erences of opinion as to whether to modify h and in-
clude the random term in both the gyromagnetic and the damping terms,
as in (2.4), or in the gyromagnetic term alone, it does not matter as far as
one-point statistics are concerned,becausethe two equationslead to magneti-
zation �elds which are identical in distribution (seeAppendix A and [41, 44]).
Furthermore, (2.4) can be written as the It ô stochastic di�eren tial equation:

8
><

>:

_� = �
@E
@z

�
�

1 � z2

@E
@�

+

p
2"�

p
1 � z2

_W1

_z =
@E
@�

� � (1 � z2)
@E
@z

� 2"� z +
p

2"�
p

1 � z2 _W2;
(2.6)
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using the representation

m = (cos�
p

1 � z2; sin�
p

1 � z2; z); (2.7)

which automatically accounts for the constraint jmj = 1 (seeAppendix A).
The energyin (2.6) is (2.3) expressedin the (� ; z) variables:

E(� ; z) = � 2(1 � z2) sin2 � + � 3z2 �
p

1 � z2(H1 cos� + H2 sin� ): (2.8)

3 Single-pulse astroid in the thin �lm limit

In the thin �lm limit of (2.3) or (2.8), the vanishing aspect ratio forcesthe
shape anisotropy to in�nit y, i.e. � 3 ! 1 . Physically, this corresponds to
the fact that an out-of-planemagnetization in a thin �lm element is strongly
energeticallypenalized,and the magnetizationtendsto remainin-plane. In the
limit, a �nite energyrequirement implies that z = m3 = 0. The only remaining
degreeof freedomis the in-plane angle, � , of the planar magnetization, m =
(m1; m2; 0). The equations(2.6) reduceto a singleequation for � :

_� = � � E 0
R(� ) +

p
2� " _W1; (3.1)

and the \reduced energy" (i.e. the energyof a planar magnetizationwith angle
� ) is:

ER(� ) := � 2 sin2(� ) � H1 cos� � H2 sin� : (3.2)

Note that (3.1) represents pure steepest descent dynamics, with no con-
servative term. The deterministic dynamicsare driven entirely by a gradient
term which acts to reducethe energy, in contrast to equations(2.1), in which
the dynamics are driven by a conservative as well as a damping term. In
this section and the sectionsimmediately following (Sections4{7), we focus
on (3.1) becauseit simpli�es the discussionwhile retaining the essenceof the
argument. We return to the generalcasein Section8.

Considerthe reducedenergy, (3.2). At zeroapplied �eld, ER is a standard
double-well potential with two local minima, � A = 0 and � B = � . Both have
zero energy. For small but nonzero applied �eld, there are still two local
minima, � A and � B , but the location and energy of the minima are shifted.
As the intensity of the applied �eld in any �xed direction (cos� 0; sin� 0) is
increased,a \critical �eld" is encountered at which a bifurcation occurs and
one minimum disappears. The �eld along any ray is called subcritical (resp.
supercritical) if its magnitude is smaller (resp. larger) than the critical �eld in
that direction. The family of critical �elds can be parameterizedas

(H c
1; H c

2) = (� 2� 2 cos3(� 0); 2� 2 sin3(� 0)) ; � 0 2 [� � ; � ): (3.3)
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Figure 3: We plot the switching probability as a function of H , using the
approximation in (3.4). The grey scaling rangesfrom white for zero to black
for one. The parametersare T = 1000, " = 0:05, � 2 = 1. At this tempera-
ture, (3.4) is a function varying rapidly from zero to one,and the grey region
is of small extent. This is consistent with the emergenceof a reducedbut
sharp �nite-temp erature astroid, as observed in the experiments. The �nite-
temperature astroid is de�ned precisely in Proposition 1. Seealso Figure 5.
The boundary of the zero-temperature astroid is also shown (white dotted
line).

Recall that a �eld belongsto the interior of a pulsed astroid if applying
the �eld (for a pulse of length T) causesone of the preferredmagnetizations
to switch to the opposing minimum after the pulse. At zero temperature, a
subcritical �eld will never causesuch a switching event, while a supercritical
�eld always will. Therefore, the boundary of the zero-temperature astroid
(Figure 1) is precisely(3.3). Next, we considerthe situation at �nite temper-
ature.

Supposewithout loss that the element is initially set to state � = � , and
a subcritical �eld H = (H1; H2) is applied for a pulse of length T. If the
temperature " is �nite but small, with high probability the magnetizationwill
�rst quickly relax to the vicinit y of � B . Subsequently switching to � A has a
non-zero probability, whosevalue dependson the pulselength T, the value of
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Figure 4: Level sets (isolines) of e� � ER (H )=" � � (H ). For a given T, the
matching condition (3.5) is satis�ed on oneof theselevel sets,which therefore
approximate the boundary of the �nite-temp erature astroid. The dotted line
is the boundary of the zero-temperature astroid given by (3.3).

H , and the temperature ". The large deviation estimate for this probability
is (seeAppendix B)

Prob (no switch from � B to � A in time T) � e� T=� (H ) : (3.4)

Here and below � denotesasymptotic equivalence( f " � g" if f " =g" ! 1 as
" ! 0). � (H ) is the meantime to switch from � B to � A under the applied �eld
H , which is related to the energybarrier � ER(H ) to escape � B as

� (H ) � � � 1e� ER (H )=" : (3.5)

The prefactor � is given by Kramers' estimate (seeAppendix B)

� =
�

p
E 00

R(m)E 00
R(s)

2�
: (3.6)

(We are assumingthe genericcondition that the minimal energy saddle, s,
is unique. SeeAppendix B for more detail.) Viewed as a function of H at
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Figure 5: When the pulse length increasesexponentially in " � 1 as the noise
decreases,the probability of not switching, (3.4), convergesto a piecewise
constant function taking the value 0 or 1. The limiting region constitutes
the well-de�ned, �nite-temp erature astroid (which is di�eren t from the zero-
temperature astroid, whoseboundary is shown asthe white dotted-line). This
�gure is an illustration of Proposition 1. (Here, � 2 = 1.)

�xed T and " � 1, (3.4) is a function which is mostly near 0 or 1, with a
sharp transition between these two states (seeFigure 3). Plotting (3.4) in
the H -planede�nes a \probabilistic astroid" which is consistent with the well-
de�ned �nite-temp erature astroids observed in experiments. The transition
regionin the H -planebetweenextremelyunlikely switching and almostcertain
switching is the regionwherethe meanswitching time � (H ) is logarithmically
equivalent to the pulse length T, which we denote

� (H ) � T: (3.7)

(Two functions f " and g" are called logarithmically equivalent, f " � g" , if
logf " =logg" ! 1 as" ! 0.) SeeFigure 4 for an illustration. This selectionby
matching of timescalesis similar to the oneobserved in stochastic resonance.
(See[14, 16],and alsoSection6.) Notice that (3.7) doesnot involve the prefac-
tor � , but it implies that T must beexponentially largein " � 1 in order that the
�nite-temp erature astroid be di�eren t from its zero-temperature counterpart
{ in which caseit is alsonecessarilysmaller. In fact, the precisestatement is:

Prop osition 1 (Finite-temp erature, single-pulse astroids). Consider
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the sequence of pulsesT" := eA=" (B + O(")), where A; B > 0. Let


( A) := f H : � ER(H ) > Ag

be the region in the H -plane where � ER(H ), the energy barrier out of � A , is
larger than A. Then

lim
" ! 0

Prob(no switch for t � T" ) =

(
1 H 2 


0 H 2 R2=
 :

Proof. For any H , the mean switching time satis�es the logarithmic equiva-
lence

� (H ) � e� ER (H )=" :

We now usethe exponential distribution (3.4) (cf. Appendix B) in three cases.
Case(1), � ER(H ) = A, so that T" � � (H ). The exponential distribution
applies, i.e.

lim
" ! 0

Prob (no switch for t � T" ) 2 (0; 1):

Case(2), � ER(H ) < A. Here, the probability of not switching goes to zero.
To seethis, chooseany M > 0.

lim
" ! 0

Prob (no switch for t � T" ) � lim
" ! 0

Prob (no switch for t � M � (H ))

� e� M :

Let M ! 1 .
Case(3), � ER(H ) > A. Here, the probability of not switching goes to one.
This time, chooseany m > 0,

lim
" ! 0

Prob (no switch for t � T" ) � lim
" ! 0

Prob (no switch for t � m� (H ))

� e� m :

Let m ! 0.

Proposition 1 leadsto the following natural de�nition:

De�nition 1 (Finite-temp erature, single-pulse astroid). For giventem-
perature and pulsetime, the �nite-temperature, single-pulseastroid is de�ned
to be the following region in the H -plane:


( "; T) := f H : � ER(H ) > " ln(� T)g:
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4 Multiple-pulse astroids and action minimiza-
tion

As shown in Section 3, when a single pulse is applied, the length T must
be exponentially large in the inverse temperature, " � 1, in order to observe
a �nite-temp erature astroid which is both well-de�ned and nontrivial (i.e.
smaller than its zero-temperature counterpart). The situation changesif one
considersmultiple-pulse experiments and allows the number of pulses,N , to
be very large. This is physically relevant sincemagneticmemory devicesneed
to be able to withstand many (on the order of 1017) subcritical pulseswithout
accidentally switching [25]. In this case,T can be O(1), provided that N is
exponentially large in " � 1 (and, of course,intermediate situations are possi-
ble as well). This is interesting becausethe switching event occurs within a
time which is very short comparedto the meanswitching time! The exponen-
tial distribution breaksdown, and action minimization enters the picture, as
explainednext in Sections4.1 and 4.2.

We emphasizethat multiple-pulse astroids are a real-world example in
which we can observe exponentially unlikely events. In the long-time limit,
the overwhelming probability is that switching is achieved by 
o wing uphill
to the minimal saddle. In multiple-pulse astroids, however, the extremely
unlikely event of short-time switching dominates.

4.1 Action minimization

Large deviation theory assertsthat the probability of switching within a �xed
time, T, is estimatedvia an action minimization problem. Consideran initial
magnetization � = � , and let CA denotethe basin of attraction of the energy
minimizer, � A , under the deterministic dynamics,

_� = � E 0
R(� ):

(Generically, � A 6= � for jH j 6= 0.) The probability of switching from � to � A

in time T is estimated:

Prob(switch for t � T) � e� ST =" ; (4.1)

with the action, ST , de�ned as

ST := inf
� (0)= �

� (T )2 CA

1
4

Z T

0
j _� (s) + E 0

R(� (s)) j2ds: (4.2)

The pathway � ? : [0; T] ! R which minimizes the action functional is called
the optimal switching path, and it is the most likely switching path: with
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probability 1 as" ! 0, the actual switching paths remain within an arbitrarily
small neighborhood of � ?. The graph of � ? is trivial in one dimension (it
connects� to the optimal saddlepoint, � s), but not in two dimensions;see
Section8.

For �nite T 2 (0; 1 ), the action has to be found via numerical minimiza-
tion, and an accurateestimateis important if we are interestedin taking expo-
nentially many pulses. In the long-time limit (T ! 1 ), the action converges
to the energybarrier,

ST ! � ER(H ); (4.3)

and the optimal path convergesto the heteroclinic orbit connecting� B and � s

(see Appendix B). The rate of convergencein (4.3) depends only on the
characteristic timescale of the deterministic dynamics, _� = � ER(� ), which
we will denote by td. (In the present context working with (3.2), we can for
instance take td = � � 1, the inverseof the prefactor (3.6).) The role of the
deterministic timescale, in combination with the role of the mean switching
time in Proposition 1, suggeststhe classi�cation:

De�nition 2 (Classi�cation of Pulse Length).

1. Normal pulseslast for a time T which is logarithmically equivalentto the
mean switching time (cf. Proposition 1).

2. Short pulseslast for a time T whichis short compared to themean switch-
ing time, but long compared to the deterministic timescale:

td � T � � (H ):

3. Ultrashort pulseslast for a time which is comparableto, or evenshorter
than, the deterministic timescale td.

Single-pulseexperiments leadto �nite-temp eratureastroidswhich areboth
well-de�ned and non-trivial (i.e. di�eren t from their zero-temperature coun-
terparts), and which are controlled by switching under normal pulses(cf. Def-
inition 1). The generalizationto ultrashort and short pulsesis given next.

4.2 Multiple-pulse astroids

From (4.1), we seethat for N := eA=" and �xed T, the switching probability
convergesto zero or one, according to whether the action is greater or less
than A, which we now state as a proposition.
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Prop osition 2 (Finite-temp erature, ultrashort, multiple-pulse astroid).
Fix T and de�ne N" := eA=" (B + O(")), where A; B > 0. Then for


( A) := f H ; ST (H ) > Ag;

we have

lim
" ! 0

Prob(no switch for N " pulsesof length T) =

(
1 H 2 


0 H 2 R2=
 :

Proof. The result follows immediately from the fact that

Prob(no switch after N pulses)= (1 � C" exp(� ST (H )="))N " ; (4.4)

whereC" is the subexponential prefactor.

A Proposition similar to Proposition 2 applies for short pulsesif one uses

( A) = f H : � ER(H ) > Ag. It suggeststhe generalizationof De�nition 2 for
both singleand multiple pulsesof arbitrary length as:

De�nition 3 (Single- and multiple-pulse �nite-temp erature astroid).
The �nite-temperature astroid is de�ned asthe followingregion in the H -plane:


( "; T; N ) := f H : ST (H ) > " ln(� TN )g:

5 Astroid prop erties

Experiments observe shrinking and sharpening of the astroid under multiple
pulses.We look at necessaryand su�cien t conditions for theseproperties.

Shrinking. First, we observe that the astroid shrinks under multiple pulses
if the switching probability is monotonicin jH j, which is physically reasonable.
A necessaryand su�cien t condition for this monotonicity is for the action to
be monotonic in jH j. The monotonicity certainly holds for �elds within the
exponential regime(by the monotonicity of � ).

Sharp ening and log-con vexit y. It is observedthat astroidsbecomesharper
under multiple pulses,in the sensethat there are fewer \freckles," white spots
in a �eld of gray or gray spots in a �eld of white [25]. We �nd an explanation
for this sharpening by looking at the regionof probability transition. The nu-
mericsfor our simple model demonstratethe thinning of the transition region
under multiple pulses,as shown in Figure 6.
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Figure 6: The � -transition region of (Prob(no switch for t � T)) N , for " =
0:01, T = 1000, � = 0:07. In the �rst plot, N = 1, while in the second,
N = 65; 000. The thinning of the transition region as the number of pulses
increasesis consistent with the experimental discovery of sharper multiple-
pulse astroids. Also consistent is the fact that the multiple-pulse astroid is
smaller than the single-pulseastroid.

Analytically , we show that the transition region shrinks under multiple
pulsesif andonly if the meanswitching time for applied�eld H = h(cos�; sin� )
is strictly log-convex as a function of h. (Strict log-convexity meansthat the
log of the function is strictly convex.) First, we de�ne the notions of the
� -transition region and the band-narrowing property.

De�nition 4 ( � -transition region). For f : R2 ! [0; 1] and any � > 0, we
call the region of R2 for which

f (x) 2 [� ; 1 � � ]

the � -transition region of f .

De�nition 5 (Band-narro wing prop ert y). The positive, decreasing func-
tion f (x) is band-narrowing if whenever0 < A < B and T1 < T2, then

f � 1(T2A) � f � 1(T2B) < f � 1(T1A) � f � 1(T1B):

A simple exampleof a band-narrowing function is 1=x.
Propositions 3 and 4 below show that within the exponential regime, a

necessaryand su�cien t condition for the narrowing of the � -transition re-
gion of the probability under multiple pulsesis that the meanswitching time
be strictly log-convex. First of all, the � -transition region of the probability
shrinks if and only if the meanswitching time is band-narrowing.
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Prop osition 3. Consider any ray H = h(cos�; sin� ) and suppose

Prob(no switch for t � T) = exp(� T=� � (h))

for somepositive, decreasing function � � . Then the � -transition region of the
probability is decreasing in T for every � 2 (0; 0:5) if and only if � is band-
narrowing on that ray.

Proof. This is a direct calculation.

Next, the meanswitching time is band-narrowing if and only if it is strictly
log-convex.

Prop osition 4. The positive, decreasing, continuously di�er entiable function
f is band-narrowing if and only if f 0(x)=f (x) is increasing or, equivalently, if
and only if f is strictly log-convex.

Proof. Let g(t) := f � 1(At ) � f � 1(B t). f is band-narrowing if and only if g is
strictly decreasing.Let f � 1(tA ) =: X 2 and f � 1(tB ) =: X 1 and considerthe
derivative.

g0(t) < 0 , A(f � 1)0(tA ) < B(f � 1)0(tB )

,
A

f 0(f � 1(tA ))
<

B
f 0(f � 1(tB ))

,
A

f 0(X 2)
<

B
f 0(X 1)

,
f (X 2)

tf 0(X 2)
<

f (X 1)
tf 0(X 1)

,
f (X 2)
f 0(X 2)

<
f (X 1)
f 0(X 1)

:

6 Ramp ed astroids

A di�eren t but related physical experiment consistsof applying an external
�eld by \ramping," which refers to steadily increasingthe applied �eld until
switching is achieved. Rampedastroidsarealsoanalyzed(with a di�eren t em-
phasis)in [50]. As in the pulsedcase,we �nd a 0-1 distribution in the limit of
vanishing noisestrength, wherenow the phenomenonis stochastic resonance
[14, 16] in the traditional sense: the increasingapplied �eld corresponds to
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a tilting potential, the noisesetsthe timescalefor switching (with nearly de-
terministic precision), and as soon as surmounting the barrier is possible, it
is also probable, with probability converging to one in the limit. For ramped
astroids, the ramping rate is critical in de�ning the time and �eld at which
switching occurs.

Consider the question of when switching will occur. Let the applied �eld
be of the form H (t) = 
 t(cos�; sin� ) where � is a �xed angle, t is time, and

 � 1 is a parameterwhich setsthe timescalefor ramping. At zero tempera-
ture, switching occurswhen 
 t reachesthe boundary of the zero-temperature
astroid. At �nite-temp erature, switching occurswhen

e� ER (H (t )) =" � 
 � 1:

We make this precisein the following proposition.

Prop osition 5 (Ramp ed astroid). Let the ramped �eld be H (t) = 
 t(cos�; sin� )
with rate 
 := Be� A=" , A > 0. Then 
 := f H ; � ER(H ) > Ag is suchthat

lim
" ! 0

Prob(not to haveswitched when�eld is H ) =

(
1 H 2 


0 H 2 �
 c:

Proof. Fix any ray through the origin and consider ramping along the ray.
Find the value Ĥ along the ray such that � ER(Ĥ ) = A. Consider the prob-
abilit y of switching while the ramping �eld is within a tolerance0 < � � 1
of Ĥ . Without loss of generality, rotate the frame of referenceand consider
Ĥ 2 R.

The time interval such that H (t) 2 [Ĥ ; Ĥ + � ] is I := [Ĥ =
 ; (Ĥ + � )=
 ],
of length � =
 . Furthermore, for this time range,� ER(H (t)) � � ER(Ĥ ) = A.
For simplicity, assumethat the prefactor in the meanswitching time is unity,
since it is subexponential and does not a�ect the result. Then, using the
exponential distribution,

Prob
�

no switch while H 2 [Ĥ ; Ĥ + � ]
�

= Prob(no switch for t 2 I )

� exp
�

�
� B � 1eA="

e� ER (Ĥ )="

�

= exp
�
� � B � 1

�

2 (0; 1):

Next, by the method of Proposition 1 in Section3, one shows that the prob-
abilit y of switching for H (t) 2 [0; Ĥ � � ] goes to zero, and the probability of
having switched by the time H (t) = Ĥ + � goesto one, for any � > 0.
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7 Hysteresis loops

As discussedin the introduction, thermally reducedhysteresisloops are an-
other example in which physical observations can be understood via large
deviation theory and a conceptsimilar to stochastic resonance.The hysteresis
loop tracks the location of the critical points of the energy as a function of
the applied �eld magnitude, h, in a �xed direction, i.e. H = h(cos�; sin� ).
(Recall, for example,the zero-temperature hysteresisloop from Figure 2.) Its
most important feature is that it identi�es the applied �eld (positive and neg-
ative) at which a metastablestate losesstabilit y and disappears. The obvious
extensionof the ideasof the precedingsectionsis that under the in
uence of
noise,the zero-temperature hysteresisloop should be replacedwith a plot of
the probability of switchingout of the metastablebasin under an applied pulse.
Plotting this probability versusapplied �eld magnitude, there is a sharp tran-
sition from probability nearly zero to probability nearly one. The transition
occursin a small neighborhood of the applied �eld whosemeanswitching time
is equal to the given pulsetime.

To illustrate the idea, let us considera speci�c example. We choose to
look at H2 = 0, sincein that casewe can solve explicitly for � as a function
of H1. (The energybarrier in this caseis � ER = (H1=2 � 1)� , with � = 2.
Wernsdorfer points out in his review article [52] that � = 2 is nongeneric,
and speci�c to the casewhen the applied �eld and the uniaxial anisotropy
are aligned.) Letting � 2 = 1 and solving for critical points of the energyfor
H1 2 (0; 2) yields

(m1; s1; m2; s2) =
�

0; cos� 1

�
� H1

2

�
; � ; 2� � cos� 1

�
� H1

2

��
:

Using the Kramers' approximation for the switching time (cf. Appendix B),
the equation � = T becomes:

�
p

2

�
p

(2 � H1)(4 � H 2
1 )

exp
�

(H1=2 � 1)2

"

�
= T:

We calculate H1 iterativ ely. The reducedloop is shown in Figure 7 for T =
1000,� = 1, and " = :01.

8 The general case

We have seenhow to extract an explanation of �nite-temp erature e�ects for
the reducedmodel, (3.2). Of course,this simple model can be analyzedby
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Figure 7: Finite-temperature hysteresisloop for (2.3), with H 2 = 0, � 2 = 1,
" = 0:01, and T = 1000. Compare to the zero-temperature loop, Figure 2.
The zero-temperature loop shrinks to the �nite-temp erature counterpart: the
jump in magnetization occurs at the H1 value for which � LD = T, before an-
nihilation of the energybarrier, and thermally-activated switching is observed
at subcritical �elds.
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other meansas well, for instance by solving the Fokker-Planck equation for
the mean �rst passagetime [10, 18, 40]. The power of the large deviation
perspective is that it canbe generalizedto higher dimensionalsituations when
the Fokker-Planck approach is not practical anymore. In particular, large
deviation theory and prefactorestimateso�er a generalframework by which to
understandthermal e�ects for the full energy, (2.3), or eventhe caseof spatially
nonuniform magnetization, which we discussin Section11. Consideringnow
(2.3), we look at the implications of large deviation theory for the questionof
thermally-activated switching betweenthe basinsof attraction of the modi�ed
energy landscape, i.e. the basins of the energy landscape under the applied
�eld. (This can be di�eren t from the questionof havingswitching between the
basins of the zero-�eld-system after the pulsehasterminated (for short pulses
and low damping). We discussthat complication in Section10.)

8.1 Normal pulses

We saw that for normal pulses(or, equivalently, for single-pulseastroids), the
switching probability for the reduced model was determined by the energy
barrier from the minimum to the minimal-energysaddlepoint. We now show
that the sameis true for the full system, becauseof the property that the
gyroscopicterm in the LLG equationsis perpendicular to the damping term.
We will alsoseea newfeature,namely that the optimal switching path, which
is trivial in onedimension,canbe an interestingobject for the full model. Our
systemis of the form

_X = � (
 + r + "c) +
p

2"� _W; (8.1)

with X = (� ; z) and


 :=

 �
1 � z2

E �

� (1 � z2)Ez

!

; r :=
�

Ez

� E �

�
;

c =
�

0
2� z

�
; � =

0

B
B
@

p
�

p
1 � z2

0

0
p

�
p

1 � z2

1

C
C
A :

The Wentzell-Freidlin action functional [15] is

S[ 0;T ](� ) =
1
4

Z T

0
j� � 1(� s)( _� s + 
 (� s) + r (� s)j2 ds; (8.2)
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for all � such that the integral is de�ned, and 1 otherwise. Becauseof the
relation (� � 2
 ; r ) = (r E; r ) = 0, we seethat we can manipulate the action:

j� � 1( _� + 
 + r )j2 = j� � 1( _� � 
 + r + 2
 )j2

= j� � 1( _� � 
 + r )j2 + 4j� � 1
 j2 + 4(� � 2 _� ; 
 ) � 4j� � 1
 j2

= j� � 1( _� � 
 + r )j2 + 4 _E: (8.3)

From (8.2) and (8.3), we recognizethat as before,

S[ 0;T ] � � E ;

i.e., the action is bounded below by the energy barrier. This leads to the
conclusion(cf. [15]) that the energybarrier controls the meanswitching time.
Furthermore, Day shows that the exponentialit y of the limiting distribution of
tB =�tB alsoholds for the full dynamics[9]. Thus, De�nition 1 extendsprecisely
to the generalcase. Furthermore, it is not hard to seethat as long as � 3 is
su�cien tly large comparedto � 2, the minimal-energy saddlepoint lies along
z = 0, and the reducedmodel completelycharacterizesthe single-pulseastroid
for the full model.

8.2 Optimal switc hing path

To achieve the sharpbound in (8.3), we seethat the optimal tra jectory should
solve

_� = 
 � r

to travel from (� B ; 0) to the minimal saddle,and solve

_� = � 
 � r

to relax from the saddle to (� A ; 0). This is the optimal path in the long-
time limit, and is closeto the optimal path as long as T is large comparedto
the deterministic timescaleof the system. This long-time optimal path is a
function of the applied �eld, the damping, and the anisotropy. For the sake of
illustration and to emphasizethe dependenceon the system parameters,we
considertwo examples.The �rst, shown in Figure 8, correspondsto a situation
where � 2 = 1, � 3 = 5, � = 01, H1 = 0:5, H2 = 0. Observe that the \uphill
path" is not simply time-reversed
o w along the heteroclinic orbit, as in the
reducedmodel; the sign is reversedon the damping term, but preserved for
the gyroscopicterm. Furthermore, even if the minimal saddlelies on z = 0,
the path is two-dimensional.
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Figure 8: In the generalcase,the optimal path is distinct from (but related to)
the heteroclinic orbit. Here,H1 = 0:5, H2 = 0:1, � = 0:1, � 2 = 1, and � 3 = 5.
Hereand in Section10, we plot the two-dimensionalprojection in terms of the
height z vs. the scaledangle (� =� � 1)

p
1 � z2 + 1 (preserving length along

linesof constant latitude). The minima areat (� ; z) = (0:040; 0) and (3:075; 0).
The minimal-energysaddlepoint is at (1:838; 0), and a secondarysaddleis at
(4:472; 0). Although they lie on z = 0, the optimal path is not con�ned to the
circle.

The secondexample,shown in Figure 9, is for the case� 2 = 1, � 3 = 0:5,
� = 0:1, H1 = 0:5, H2 = 0. With the out-of-plane penalization relaxed,even
the saddlepoints have z 6= 0.

The optimal path in the spatial ly nonuniform problem is yet more inter-
esting and complicated. SeeSection11 for a discussion.

8.3 Short and ultrashort pulses

As always, short-time switching forcesus to confront the full action minimiza-
tion problem, which is given by (4.2) with the action functional de�ned by
(8.2). As it did for the reducedmodel, the estimate (4.4) assuresthat the
probability of multiple-pulse switching, asa function of H , will tend to either
0 or 1, depending on the action associated to the given applied �eld. Thus,
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Figure 9: Here,H1 = 0:5, H2 = 0, � = 0:1, � 2 = 1, and � 3 = 0:5. The minima
are at (� ; z) = (0; 0) and (� ; 0). The minimal-energy saddlepoints, marked
with a � , are at (� ; �

p
3=2). They do not lie on z = 0.

De�nition 3 also extends to the general case. (Seealso Section 9, below.)
Again, theseideasgeneralizeand becomeyet more interesting in the spatially
nonuniform problem.

9 Non-Arrhenius behavior

The so-calledArrhenius behavior refersto the probability distribution of switch-
ing time beingexponential in T. If this is not the case,onesays that the behav-
ior is non-Arrhenius. Non-Arrhenius behavior has beenobserved in physical
and numerical experiments [20, 21, 24]. 1

Onesourceof non-Arrheniusbehavior, which enters evenfor normal pulses,
is the existenceof intermediate states (which are not present in the simple,
uniaxial model). When there are intermediate statesin the switching process,

1In other settings, it is natural to study the exponentialit y of the mean switching time
with respect to the temperature rather than the pulse length. Non-Arrhenius e�ects with
respect to temperature are studied, for instance, in [34].
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the systemis describedby a multi-state (rather than two-state) Markov chain,
much in the spirit of the ladder model introduced in [21]. The reduction of
magneticswitching to the dynamicsof a multi-state Markov chain is explored
in [11, 21, 24]. Intermediate states are found in the coherent rotation model
with cubic anisotropy, for example. Intermediate states are also a signature
feature of noncoherent rotation. Intermediate statesin the nonuniform micro-
magneticenergywith zeroapplied �eld have beeninvestigatednumerically in
[11].

A secondsourceof non-Arrheniusbehavior is short-time switching. This is
clear from the non-Arrhenius distribution in (4.4). When short or ultrashort
switching is involved, the optimal switching path and corresponding action
can be computednumerically by solving the action minimization problem (as
functions of the pulse time and applied �eld). It is important to emphasize
that a path which is optimal at onevalueof T (or H ) may be far from optimal
at another value of T (or H ). Identifying the correct pathway is necessaryin
order to accurately estimate the switching probability.

To quantify the e�ect of the nonexponentialit y inducedby short-time switch-
ing, considerthe di�erence betweenthe single-pulseastroid under pulse-length
N" T and the multiple-pulse astroid built by taking sequencesin which N "

pulsesof length T are applied. In the former case,the �nite-temp erature as-
troid hasa boundaryof thermally critical �elds for which SN " T = " ln(N" T). In
the latter case,the thermally critical �elds are those for which ST = " ln N" .
For T �xed and " � 1, this basically amounts to comparing ST (H ) with
� E(H ), and the di�erence can be large or small, depending on T.

10 Ultrashort switc hing, low damping, and de-
terministic e�ects

Wementioned in Section8 that weshouldconsiderwhetherthere is a di�erence
betweenhaving switched in the pulsed-landscape and having switched in the
zero-�eld-landscape after termination of the pulse. As we discussbelow, for
high damping, the questions are roughly equivalent; for low damping and
ultrashort pulses, however, the situation is di�eren t, and the e�ect of the
deterministic, gyroscopicmotion can dominate.

When the pulseis turned on, the magnetization�nds itself perturbedaway
from the nearby minimum of the pulsed-landscape (as long as H1 6= 0). Un-
der the deterministic dynamics, it relaxesto the minimum. Furthermore, if
the damping is large enough, or, regardless,if the pulse is long enough for
relaxation, then the only way for switching to happen is by thermal driving.
When damping is low, however, the relaxing tra jectory can wind around the
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Figure 10: For � = 0:01, H1 = 0, H2 = 1:5, the magnetization is initially
perturbed away from the nearby minimum of the pulsedlandscape, which can
sendit into a complicateddeterministic orbit. The tra jectory 
ies around the
sphere,and ultrashort pulsescan \catch" the magnetization in either basin,
overriding thermal e�ects.

sphere,as illustrated in Figure 10. If the pulseis short enoughto \catch" the
magnetizationalong the tra jectory (i.e. if it is ultrashort), then switching can
be achieved preciselyby turning the pulseo� while the magnetization is trav-
elling through the basin of attraction of � A in the zero-�eld landscape. The
deterministic e�ect of pulselength overridesthermal e�ects in this case.This
mechanism hasbeencaptured in recent physical experiments [47].

One is motivated to reconsiderthe astroid for low damping and ultrashort
pulses.A morecomplicated,\zebra astroid" emerges(for example,Figure 12),
in which the pulsetime plays a critical role, and switching is no longer mono-
tonic in applied �eld magnitude,nor con�ned to the zero-temperature astroid.
Switching dependssensitively on the pulsetime, which controls the position of
the magnetizationalongits orbit. Relationshipsamongpulsetime, anisotropy,
applied �eld, and damping have beenstudied in [22, 33], for instance.
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Figure 11: For � = 0:1, H1 = 0, H2 = 1:5, the damping is high enoughthat
even for ultrashort pulses,the deterministic orbit doesnot causeswitching.
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Figure 12: Short pulse low damping \zebra astroid." Here, � = 0:01 and
T = 28.
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11 Outlo ok and generalization

Switching probabilities for the one-dimensionalequation (3.1) can be com-
puted by brute force via the Fokker Planck equation [10, 18, 40]. The advan-
tage of the perspective developed here, applying large deviation theory and
ideasfrom stochastic resonance,is that it generalizesnaturally to morecompli-
catedequationsand even to spatially nonuniform systems.Relevant examples
occur in many application areas. For instance, large deviation theory could
be applied to spin-transfer-inducedmagnetic switching [39], although numer-
ical study may be necessaryto �nd the minimum action even for long-time
switching. In biology, the dependenceof unbinding force in dynamic force
spectroscopy on the pulling force [2, 13] is analogousto the dependenceof
ramped astroids on ramping rate. The caseof spatially distributed systems
seemsparticularly rich, both becauseit raisesdeepissuesof analysisand prob-
abilit y, and becauseit hasstrong links to many application areas,sowe brie
y
comment upon it here.

Removing the assumptionof uniform magnetizationmeansreinstating the
full Landau-Lifshitz-Gilbert (LLG) equations, which are di�cult becauseof
the nonlocal term in the e�ectiv e �eld and, to a lesserdegree,the norm con-
straint. Below, we discusssomeissuesrelated to nonuniform magnetization.
We concludewith two subtopicswhich are largely open.

In extremely small samples,the exchangeenergyenforcesapproximately
uniform magnetization; in larger samples,however, spatial variation plays an
increasingly important role in magnetic switching pathways. A similar con-
nectionbetweensamplesizeand spatial complexity of optimal pathways exists
for the Allen-Cahn problem,

_u = � u � V 0(u) +
p

2"� : (11.1)

This stochastic gradient 
o w is a model which, while simpler than the stochas-
tic LLG, captures many relevant phenomena[12, 27, 43, 44], including a
crossover betweenspatially uniform and nonuniform optimal switching path-
ways asthe samplesizeincreases[27, 32]. A crossover from spatial uniformit y
to nonuniformit y of the minimal saddlehas also beenrecently observed for a
reducedmicromagneticenergy, for a two-dimensionalmagnetic ring [34].

The weak volume dependenceof saddlepoints in the spatially nonuniform
landscape is important in LLG. Whereasthe uniform model suggestsa saddle
point energywhich scaleslinearly with volume, this is far from true for typical
samples.Under applied �eld pulses,the micromagneticenergyis biased,which
tends to lead to saddlepoints whoseenergiesdepend only weakly on volume
oncethe sampleis larger than a \critical nucleus." The analogoussituation
exists for (11.1) when V is an asymmetric potential. The existenceof the
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critical nucleusis well known in the physicscommunity (see,for instance,[5]).
In the PDE literature, the sphericalsymmetry of ground statesand existence
of a critical radius for (11.1) werestudied, for instance,in [3, 19].

Pursuing the generalizationof the uniform caseto the nonuniform: the
stochastic dynamics on nonuniform landscapesmay be reducedto a Markov
chain in the small-noiselimit, as discussedin Section9 for the uniform mag-
netic problem. In this case,the saddlepoints are spatially complex interme-
diate states, interesting in their own right. Formally at least, the switching
probabilities and optimal switching pathways are studied via the action min-
imization problem, where now the minimization is over pathways through
function space. Quantitativ e, numerical investigations of saddle points and
the switching rates for LLG at zeroapplied �eld appear in [11, 43]. The opti-
mal pathways connectingthe statesof the chain generatea host of questions,
including the onesposedbelow. Both of the following subtopics�nd analogy
in the Allen-Cahn problem, and both contain questionswhich, for LLG, are
largely open.

Dep endence of optimal path ways on applied �eld. Becausethe spa-
tially extendedlandscape is somuch richer than the uniform landscape, there
are many saddlepoints, and many switching pathways. One question is how
the optimal pathway dependson the applied �eld . Entirely di�eren t pathways
may be selectedas the applied �eld rangesover di�eren t values. It is point-
lessto obtain good action estimatesfor the wrong pathways! A di�eren t but
related problem studied in [12, 27, 28, 44] is: How doesthe optimal pathway
depend on the switching time and small parameter in the Allen Cahn phase
transformation problem?

Reduced problem: sharp in terfaces and vortex motion. Asymptotic
limits of the scalarGinzburg Landau energyare a familiar topic in the calcu-
lus of variations community. In [12, 27, 28, 44], related limits in the action
minimization problem lead to a reduced,sharp-interfaceproblem.

In certain limiting regimesof micromagnetics,metastablestatesare char-
acterizedby the locationsof domainwalls or boundaryvortices. Theselimiting
regimeshave beenstudied in the physics community for a long time [4, 23],
and have recently received a lot of attention in the mathematics community
(see,for instance,[30, 37, 38]). It would be appealingto investigatean asymp-
totic reduction of the magneticswitching problem in which action minimizing
pathways are characterizedby the motion of domain walls or boundary vor-
tices.
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A Sto chastic Landau-Lifshitz-Gilb ert dynam-
ics

We claimed in Section 2 that it does not matter whether we add a random
noisein both the gyromagneticand the damping terms, as in (2.4), or in the
gyromagneticterm alone,becausethe one-point statistics are the same.This
is shown in [41], and later in [44]. In [44], the proof proceedsby changing to
(� ; z) variablesin both (2.4) and the Stratonovich equation

_m = m � (� h +
p

2� " _W) � � m � (m � h); (A.1)

converting to It ô form, and showing that the resultant Fokker Planck equation
is the sameas for the It ô equation (2.6).

Fokk er Planc k Equation and In varian t Measure

We verify that the noisy LLG (2.6) are consistent with the Gibbs distribution,
by showing that the Fokker-Planck equation for (2.6) may be written

pt = r � (K r Ep + "� � T r p); (A.2)

and that a consequenceis the stationarity of

ps := Z � 1 exp(� E="):

(Z � 1 is the normalization factor.) To proceed, we observe that (2.6) is a
two-dimensionalsystemfor X = (� ; z), of the form

_X = � K r E � "c +
p

2" � _W;

where

K =

 �
1 � z2

1

� 1 � (1 � z2)

!

; c =
�

0
2� z

�
; � =

0

B
B
@

p
�

p
1 � z2

0

0
p

�
p

1 � z2

1

C
C
A ;

and _W is a two-dimensionalwhite noisewith independent components. De-
composeK into its symmetric and antisymmetric parts, K = K S + K A . Two
distinguishing featuresof the systemare

� � � T = K S.

� K A is constant.
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With this structure, being able to write the Fokker Planck equation in the
divergenceform (A.2) su�ces to con�rm the stationarity of ps, since

K Sr Eps + "� � T r ps = 0

identically, and

r � (K A r Eps) = K A : rr Eps � " � 1(r E; K A r E)ps = 0

by antisymmetry. Thus, we needonly show (A.2). By direct calculation,

pt = r � (K r Ep) + @2
� �

�
"�

1 � z2
p
�

+ @2
zz

�
"� (1 � z2)p

�
+ @z(2"� zp)

= r � (K r Ep) + @�

�
"�

1 � z2
@� p

�
+ @z

�
"� (1 � z2)@zp

�

= r � (K r Ep + "� � T r p):

B Large deviation theory

It is well-known that thermally-activated transitions occur via saddlepoints,
with an Arrhenius law which dependson the energybarrier. Part of the con-
tribution of large deviation theory is to make theseassertionsrigorous, in the
limit " ! 0. Largedeviation theory alsogivesmoredetailed information about
rare events and the pathways by which they occur. While the exponential dis-
tribution appliesfor timescalesof the order of the meanswitching time, large
deviation theory alsoestimates,for instance,the probability of an event to oc-
cur within a giventime, T. This estimate,which relieson action minimization,
was important for studying multiple-pulse astroids in Subsection4.

To make sharpstatements in the limit of vanishingnoisestrength, we have
usedresultsfor the meanswitching time, exponential distribution, and switch-
ing probability from large deviation theory. The results comefrom Freidlin
and Wentzell [15] and Martinelli, Olivieri, and Scoppola [35]. In this appendix,
we state the largedeviation theoremsfor the processgovernedby (3.1). Anal-
ogoustheoremshold for (2.6).

As usual, let � A ; � B 2 [0; 2� ) represent the two minima of the energyER

with applied �eld H . We are interested in the probability of switching from
the basin of attraction of the lessfavored metastablestate, � B , to either (a)
the boundary of the basin of attraction of this state (which we call hitting),
or (b) a small neighborhood of the energeticallypreferredmetastablestate, � A

(which we call switching).
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Large deviation theory [15] estimatesthe hitting and switching probabili-
ties in termsof the Wentzell-Freidlin action. Wemakethe following de�nitions.

CA := the basin of attraction of � A CB := the basin of attraction of � B

tB (x) := inf f t � 0; � " (0) = x; � " (t) =2 CB g tB (x) := E[tB (x)]

Phit (x; t) := Prob(tB (x) � t):

The Wentzell-Freidlin action functional for (3.1) is

S[ 0;T ][� ] =
1
4

Z T

0
j _� (s) + E 0

R(� (s)) j2ds:

The gradient structure simpli�es the action minimization problem in the long-
time limit (cf. Example B.1).

Mean hitting time. In the zero-temperature limit, the meanhitting time is
independent of x, and is controlled by the energybarrier (cf. [15], Sections4.3
and 4.4):

lim
" ! 0

" ln �tB = ER(s) � ER(� B ) =: � ER :

In other words, �tB � e� ER =" .

Hitting probabilit y. The probability of hitting the boundaryof the basinof
attraction within a given time T is found via an action minimization problem
(cf. [15], Section4.1). Speci�cally, for all x 2 CB ,

lim
" ! 0

� " ln Phit (x; T) = inf
� 2 F x

S[ 0;T ][� ] =: ST ; (B.1)

the action for the hitting event. Here, F x := f � 2 C[0; T]; � (0) = x; � (s) =2
CB for somes � Tg: The pathway � ? which minimizes the action functional
is the most likely pathway by which the stochastic processwill switch, in the
sensethat the switching pathway stays within an arbitrarily small neighbor-
hood of the action minimizing path, with probability one as " ! 0 (cf. [15],
Section4.2).

The morecommon,exponential estimateof hitting probabilities (seebelow)
looks on a timescalewhich is of the order of the mean hitting time, so that
T � exp(� ER="). For "-independent times, however, it is the action which
givesthe correct exponential factor, requiring action minimization, i.e. solving
the deterministic variational problem in (B.1).
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Exp onential distribution. In the limit as " ! 0, appropriately rescaling
tB yields an exponential distribution [35]. To be precise,

lim
" ! 0

Prob(tB > c�tB ) = exp(� c):

For �nite epsilon, if we rescaletime by the meanhitting time, tB is approxi-
mately exponentially distributed. In other words, given T = O(�tB ), we have
the estimate

Phit (T) � 1 � e� T=�tB :

We call the region of validit y of this approximation in H 1-H2 spacethe expo-
nential regime. (On this timescale,the hitting probability is x-independent in
the limit as " ! 0.)

Mean switc hing time and switc hing probabilit y. What about the event
of switching rather than just hitting? The meantime to switch, � , satis�es

� � exp(� ER=");

(logarithmic equivalence)which can be seenfrom a standard argument along
the lines of [15]. Alternativ ely, this estimate is a corollary of the estimates
above and the fact (cf. [44]) that within the exponential regime,

� = 2�tB ; (B.2)

and thus the two are logarithmically equivalent. Also,

Prob(switch to CA for t � T) � exp

0

@� inf
� (0)= x

� (T )2 CA

1
4"

Z T

0
j _� (s) + E 0

R(� (s)) j2ds

1

A :

Illustrativ e examples. When the form of the deterministic equationis gra-
dient or \gradient-plus-orthogonal," there aresimpli�cations which allow us to
determinethe meanswitching time and the most likely switching path (given
an arbitrarily long time).

Example B.1 (Simpli�cation for the gradien t case). Consider the noisy
gradient 
ow

dX = �r V(X )dt +
p

2"dW:

Supposethat x0 lies in the basin of attraction of m, an isolated minimum of V.
Call the basin Dm . Supposethat @Dm is smooth and, furthermore, that there

33



is a unique point s 2 @Dm which minimizes V. Consider the action to switch
from x(T1) = m to x(T2) 2 @Dm . One manipulatesthe action functional:

S[T1 ;T2 ][x] =
1
4

Z T2

T1

j _x + r V(x)j2dt

=
1
4

Z T2

T1

j _x � r V j2 + 4h_x; r V i dt

=
1
4

Z T2

T1

j _x � r V j2dt + V(x(T2)) � V(m)

� V(s) � V(m);

the inequality following by droppinga positive term. From here, one identi�es
the long-time limit of the action as the energy barrier between the minimum
and the minimal energy saddle, and the optimal long-time switching path as
precisely that which satis�es

_x = r V(x); x(�1 ) = m; x(1 ) = s;

i.e. the heteroclinic orbit of the deterministic gradient 
ow connecting m and
s (in backwards time).

Example B.2 (Gradien t-plus-orthogonal). For the generalization

_X = �r V(X ) + `(X ) +
p

2" _W;

with hr V; `i = 0;

where the potential V has only isolated critical points, the story remains al-
most the same. Reversingthe signon r V asbefore and usingthe orthogonality
condition, we discover that the systemexits via the saddle at a rate with expo-
nential factor V(s) � V(m). The optimal path in this casesatis�es

_x = r V(x) + `(x); x(�1 ) = m; x(1 ) = s:

The structure of the equationsassures the existence of sucha path.

Prefactors and Kramers' analysis. The prefactor for the switching event
is derivedby usingKramers' estimatefor the hitting rates[36, 43, 48]. Accord-
ing to this analysis,the switching rate km;s i from minimum m via the saddle
si (i = 1; 2) is given by

km;s i = e� " � 1 � Em;s i
�
(2� )� 1j� si jj det(JmJ � 1

si
)j1=2 + O(")

�
; (B.3)
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where J is the Hessianmatrix of E, the subscript m denotesevaluation at
the minimum, the subscript si denotesevaluation at the saddlepoint, � si is
the unique negative eigenvalue of K T Jsi , and � Em;s i is the energydi�erence
betweenthe saddleand the minimum. Note that although the formula above
wasderivedfor the casewith constant K , it holdsfor our caseaswell becauseof
the convenient fact that the derivativesof K vanishat the saddleand therefore

@(K T r E)
@(� ; z)

�
�
�
�
si

= K T J (si ):

Using this identit y and denoting the unit tangent vector to the least action
path by t̂, we obtain � si t̂si = K T

si
Jsi t̂si . This fact is enough to generalize

constant K analysis from [43], for instance, to the magnetic case. From the
switching rates, we calculate the meanswitching time � :

� = (km;s1 + km;s2 )� 1: (B.4)

Generically, the rates are widely separatedand

� � (maxf km;s1 ; km;s2 g)� 1:

Note that for the reducedenergy(3.2), the rate formula (B.3) reducesto the
particularly simple estimate

km;s i = e� " � 1 � Em;s i

�
(2� )� 1

q
E 00

R(m)E 00
R(si )

�
:

Ac knowledgemen ts

We would like to thank WeinanE, Geo� Grinstein, and RogerKoch for stimu-
lating conversationswhich contributed to the development of this work. This
article derivesfrom work doneaspart of the Ph. D. thesisof M. G. Rezniko�,
while partially supported by NSF grant DMS01-01439.R. V. Kohn was par-
tially supported by NSF grants DMS01-01439and DMS03-13744.E. Vanden-
Eijnden waspartially supported by NSF grants DMS01-01439,DMS02-09959,
and DMS02-39625.

References

[1] A. Aharoni, Intr oduction to the Theory of Magnetism, Clarendon Press,
Oxford, 1998.

35



[2] D. Bartolo, I. Der�enyi, and A. Ajdari, Dynamic responseof adhesioncom-
plexes:Beyondthe single-path picture, Phys. Rev. E 65 (2002), 051910.

[3] H. Berestycki and P.-L. Lions, Someapplications of the method of super
and subsolutions, Bifurcation and Nonlinear Eigenvalue Problems, Lec-
ture Notes in Math 782 (1980), 16{41.

[4] G. Bertotti, Hysteresis in Magnetism, AcademicPress,SanDiego, 1998.

[5] H. B. Braun, Fluctuations and instabilities of ferromagneticdomain-wall
pairs in an externalmagnetic�eld , Phys. Rev.B. 50 (1994),16485{16500.

[6] G. Brown, M. A. Novotny, and P. A. Rikvold, Thermal magnetization
reversalin arrays of nanoparticles, J. Appl. Phys. 89 (2001), 7588{7590.

[7] W. F. Brown, Jr., Micromagnetics, Robert E. Krieger Publishing Com-
pany, Huntington, 1978.

[8] W. F. Brown, Jr., Thermal 
uctuations of a single-domainparticle, Phys.
Rev. 130 (1963), 1677{1686.

[9] M. V. Day, On the exponential exit law in the small parameter exit prob-
lem, Stochastics8 (1983), 297{323.

[10] R. Durrett, Stochastic Calculus: A Practical Intr oduction, CRC Press,
Boca Raton, 1996.

[11] W. E, W. Ren, and E. Vanden-Eijnden,Energy landscape and thermally
activated switching of submicron-size ferromagnetic elements, J. App.
Phys. 93 (2003), 2275{2282.

[12] W. E, W. Ren, and E. Vanden-Eijnden,Minimum action method for the
study of rare events, Comm. Pure App. Math. 57 (acceptedfor 2004).

[13] E. Evans, Probing the relation between force{lifetime{ and chemistry in
single molecular bonds. Annu. Rev. Biophys. Biomol. Struct. 30 (2001),
105{127.

[14] M. I. Freidlin, Quasi-deterministic approximation, metastability and
stochastic resonance, Physica D 137 (2000), 333{352.

[15] M. I. Freidlin and A. D. Wentzell, Random Perturbations of Dynamical
Systems, Springer-Verlag, 2nd edition, New York, 1998.

[16] L. Gammaitoni, P. H•anggi, P. Jung, and F. Marchesoni,Stochastic reso-
nance, Rev. Mod. Phys. 70 (1998), 223{242.

36



[17] C. J. Garc��a-Cerveraand W. E, E�e ctive dynamicsfor ferromagneticthin
�lms , J. App. Phys. 90 (2001), 370{374.

[18] C. W. Gardiner, Handbook of StochasticMethods for Physics,Chemistry,
and the Natural Sciences, Springer-Verlag, Berlin, 1996.

[19] B. Gidas, W. M. Ni, L. Nirenberg, Symmetry and related properties via
the maximum principle, Comm. Math. Phys. 68 (1979), 209{243.

[20] J. M. Gonz�alez, R. Ram��rez, R. Smirnov-Rueda, and J. Gonz�alez, Non-
Arrhenius relaxation in micromagneticmodelsof systemswith many de-
grees of freedom, Phys. Rev. B 53 (1995), 16034{16040.

[21] G. Grinstein and R. H. Koch, Switching probabilities for single-domain
magneticparticles, to appear.

[22] L. He and W. D. Doyle, A theoretical description of magnetic switching
experiments in picosecond �eld pulses, J. Appl. Phys. 79 (1996), 6489{
6491.

[23] A. Hubert and R. Sch•afer, Magnetic Domains: The Analysisof Magnetic
Microstructures, Springer-Verlag, 1998.

[24] R. H. Koch, G. Grinstein, G. A. Keefe, Y. Lu, P. L. Trouilloud, W. J.
Gallagher,and S. S. P. Parkin, Thermally assisted magnetizationreversal
in submicron{sized magneticthin �lms , Phys. Rev. Lett. 84 (2000),5419{
5422.

[25] R. Koch, private communication.

[26] R. Koch's web site:
www.research.ibm.com/people/c/coke/index.html.

[27] R. V. Kohn, F. Otto, M. G. Rezniko�, E. Vanden-Eijnden,Action min-
imization and sharp interface limits for the noisy Allen Cahn equation,
submitted.

[28] R. V. Kohn, M. G. Rezniko�, Y. Tonegawa, The sharp interface limit of
the Allen Cahn action in one space dimension, submitted.

[29] R. V. Kohn and V. V. Slastikov, E�e ctive dynamics for ferromagnetic
thin �lms: a rigorous justi�c ation, Proc. Roy. Soc. London Ser. A 461
(2005), 143{154.

37



[30] M. Kurzke, Analysis of Boundary Vortices in Thin Magnetic Films, Ph.
D. thesis,Universit•at Leipzig, 2003.

[31] D. Liu, Topics in the Analysisand Computation of StochasticDi�er ential
Equations, Ph. D. thesis,Princeton University, 2003.

[32] R. S. Maier and D. L. Stein, Droplet nucleation and domain wall motion
in a bounded interval, Phys. Rev. Lett. 87 (2001), 270601-1{4.

[33] J. C. Mallinson, Damped gyromagneticswitching, IEEE Transactionson
Magnetics36 (2000), 1976{1981.

[34] K. Martens, D. L. Stein, and A. D. Kent, Magnetic reversal in meso-
scopic ferromagnetic rings, submitted. Available via cond-mat archive
cond-mat/0410561.

[35] F. Martinelli, E. Olivieri, and E. Scoppola, Small random perturbations
of �nite{ and in�nite{dimensional dynamical systems:unpredictability of
exit times, J. Stat. Phys. 55 (1989), 477{504.

[36] B. J. Matkowsky and Z. Schuss,The exit problemfor randomlyperturbed
dynamical systems, SIAM J. Appl. Math. 33 (1977), 365{382.

[37] R. Moser, Boundary vortices for thin ferromagnetic �lms , Arch. Rat.
Mech. Anal 174 (2004), 267{300.

[38] R. Moser, Ginzburg-Landau vortices for thin ferromagnetic �lms, Appl.
Math. Res.Ex. 1 (2003), 1{32.

[39] E. B. Myers, F. J. Albert, J. C. Sankey, E. Bonet, R. A. Buhrman, and
D. C. Ralph, Thermally activated magnetic reversal induced by a spin-
polarized current, Phys. Rev. Lett. 89 (2002), 196801-1{4.

[40] B. �ksendal, Stochastic Di�er ential Equations, Springer{Verlag, Berlin,
2000.

[41] J. L. Garc��a-Palaciosand F. J. L�azaro, Langevin-dynamicsstudy of the
dynamical properties of small magneticparticles, Phys. Rev. B 58 (1998),
14937{14958.

[42] G. A. Prinz, Magnetoelectronics, Science282 (1998), 1660{1663.

[43] W. Ren,Numerical Methods for the Studyof Energy Landscapesand Rare
Events, Ph. D. thesis,New York University, 2002.

38



[44] M. G. Rezniko�, Rare Events in Finite and In�nite Dimensions,
Ph. D. thesis,New York University, 2004.

[45] P. A. Rikvold, G. Brown, S. J. Mitchell, and M. A. Novotny, Dynamics
of magnetizationreversalin modelsof magneticnanoparticles and ultra-
thin �lms , in NanostructuredMagnetic Materials and Their Applications,
edited by D. Shi, B. Aktas, L. Pust, and F. Mikailov, Springer Lecture
Notes in Physics593 (2002), 164-182.

[46] S.E. Russek,S.Kaka, andM. J. Donahue,High-speed dynamics,damping,
and relaxation times in submicrometer spin{valve devices, J. App. Phys.
87 (2000), 7070{7072.

[47] H. W. Schumacher, C. Chappert, P. Crozat, R. C. Sousa,P. P. Freitas,
J. Miltat, J. Fassbender,and B. Hillebrands, Phasecoherent precessional
magnetization reversal in microscopic spin valve elements, Phys. Rev.
Lett. 90 (2003), 017201-1{4.

[48] Z. Schuss, Singular perturbation methods in stochastic di�er ential equa-
tions of mathematical physics, SIAM Review 22 (1980), 119{155.

[49] Special Issueon Magnetoelectronics,Phys. Today 48 (1995).

[50] J. Z. Sun, J.C. Slonczewski,P. L. Trouilloud, D. Abraham, Ian Bacchus,
W. J. Gallagher,J. Hummel, Yu Lu, G. Right, S.S.P. Parkin, R. H. Koch,
Thermal activation{induced sweep{rate dependence of magneticswitching
astroid, App. Phys. Lett. 78 (2001), 4004{4006.

[51] A. Thiaville, Coherent rotation of magnetizationin three dimensions: A
geometric approach, Phys. Rev. B 61 (2000), 12221{12232.

[52] W. Wernsdorfer, Classical and quantum magnetization reversal studied
in nanometer{sized particles and clusters, Adv. Chem.Phys., Wiley, 2nd
edition, 2000.

39


