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Abstract

We present a criterion for the logarithmic Sobolev inequality (LSI) on the product
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H of the Gibbs measure. The criterion for LSI is formulated in terms of the LSI
constants of the single—site conditional measures and the size of the off-diagonal
entries of the Hessian of H. It is optimal for Gaussians with positive covariance
matrix. To illustrate, we give two applications: one with weak interactions and one

with strong interactions and a decay of correlations condition.
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1 Introduction

The logarithmic Sobolev inequality (LSI) was introduced by Gross [G]. It is
attached to a Markov semi-group F; with reversible invariant measure p. We
refer to the recent survey paper [GZ, Chapters 1 - 4] for a general introduction
within the framework of I'y—calculus. Like the spectral gap inequality (SGI),
which is analytically speaking a Poincaré inequality for the measure pu, LSI
yields exponential convergence of the Markov semi—group to equilibrium with
a rate given by the constant in the inequality. Like the classical Sobolev—
Poincaré inequalities, the LSI also expresses an improved integrability. Gross
made two important observations: On the one hand, this improved integrabil-
ity is strong enough to yield hypercontractivity for the Markov semi—group F;;
see for instance [GZ, Theorem 4.1]. Hypercontractivity is a sharpened state-
ment of the trend to equilibrium; see [GZ, Section 4.1]. On the other hand,
the improved integrability is weak enough (the gain is just a logarithm) to
be stable under Cartesian products (of the Markov semi—groups and their re-
versible invariant measures); see [GZ, Theorem 4.4] and Remark 1. These are

the features that make the LSI suitable for spin systems.

There are only a few sufficient criteria for LSI. The first important criterion,
due to Holley & Stroock [HS], is perturbative in nature and not ideally suited
for spin systems. The second important criterion, due to Bakry & Emery
[BE], is non—perturbative, but structurally quite restrictive, cf. Remark 2.
The criterion of Bakry & Emery is based on the I';—calculus, which essentially
requires a Riemannian spin space. This is also the framework we adopt. We

shall frequently refer to [L] for a nice review.



Our main result (Theorem 1) is a clean sufficient criterion for LSI. We consider
a Gibbs measure p on a product space X; x ... x Xy. We formulate the
condition in terms of the Hamiltonian and the LSI constants of the single-site
conditional measures. The result can be viewed as an adaptation of the above—
mentioned product argument to allow for coupling, cf. Remark 1. It is indeed
important to start from the product argument, since a naive application of
the Holley—Stroock principle (see for instance [L, Lemma 1.2]) would yield
an LSI-constant that increases exponentially with the number N of sites,
no matter how weak the interaction. We require weaker hypotheses than the
Bakry-Emery principle (cf. Remark 2): We do not require strict convexity of
the Hamiltonian. Moreover, for X; = R and attractive interactions, the bound
of Theorem 1 is sharp for Gaussians (cf. Remark 4). For the SGI of a Gibbs
measure, a result similar to Theorem 1 and somewhat stronger is proved by

Ledoux [L], cf. Remark 3.

Earlier work of Royer [R, Théoreme 5.2.1] based on Zegarlinski’s iterative
method produces a similar, but weaker, bound for the LSI constant (cf. Re-
mark 5). Introduced by Zegarlinski in 1990 [Z1], the iterative technique was

applied and developed by Zegarlinski [Z2,7Z3] and Stroock & Zegarlinski [SZ].

A second approach that has been widely used in the analysis of spin systems
is the Lu-Yau martingale method (introduced in [LY] and also reviewed in
[L, Section 5]). The martingale method relies on the LSI for marginals (i.e.
averaged out versions) of the conditional measures; see for instance [LY, (6.3)],
[Yol, Lemma 3.2], [L, Proposition 4.1]. In the case of unbounded spin space,
these LSI’s for marginals rely in turn on global spectral gap estimates, cf. [Yol,

Theorem 2.2] and [L, Proposition 3.1]. Recent progress by Blower and Bolley



[BB, Theorem 1.3] also transforms information about LSI for conditional and

marginal measures into a global LSI.

Our functional analytic approach combines the advantages of both approaches
described above: It avoids the fixed point iteration and it requires the LSI for
conditional measures, but not marginals. It grows out of work presented in
[O,0V,GORYV]. See Section 3 for additional comments regarding connections

among the different methods.

We begin in Subsection 1.1 by presenting the main result. In Subsection 1.2 we
state a two—scale criterion for LSI (introduced in [GORV]) which we will use
in the applications. Section 2 contains the examples. In Section 3 we present
some auxiliary results, and finally in Section 4 we give the proofs of these

lemmas and Theorems 1 and 2.

1.1 Main result and discussion

We deal only with Euclidean spaces X, although our arguments would also
go through for general Riemannian manifolds. Norms | - | and the notion of
gradient V are derived from the Euclidean structure. We will use the notation

P(X) to denote the space of probability measures on X.

The logarithmic Sobolev inequality can be defined in the following way:

Definition 1 (LSI) Let ®(x) := zlogxz. The probability measure u(dz) €

P(X) satisfies the logarithmic Sobolev inequality LSI(p) with constant p if

Vi@ 20 [e(fdu—a ([ fdu) < ;/21flvf|2du- (1)



We recall the disintegration of a probability measure into a conditional prob-

ability measure and the corresponding marginal:

Definition 2 (Conditional and marginal measures) To any probability
measure p(dridry) € P(X; x Xo) we associate the marginal i(dz,) € P(X7)

and the family of conditional measures pu(dzs|z,) € P(X3) via

VC(1’1,$2) /C IEl,Ig) dl’ldl’g //C $17LL’2 dl’2|$1) (dl’l)

Our main result is:

Theorem 1 Let X1, -+, Xy be Euclidean spaces and p(dxy - --dxy) a prob-
ability measure on the product space Xy X --- X Xy with a smooth positive

Lebesgue density Z—Z

We assume that for all i < j € {1,--- , N} there exists k;; < 0o such that the

Hamiltonian H(xq,--- ,xy) = —log dd—g satisfies

V (21, an) |ViViH(z, - zn)| < ki (2)

Here and in what follows, |V;V;jH(xq,--- ,xn)| denotes the operator norm of

the bilinear form V;V,;H(z1, -+ ,xn) on X; X Xj.

We assume that for all i € {1,---, N} there exists p; > 0 such that

V(21,0 @1, Tigr, L TN)
pldai|zy, -+ i, iy, an)  satisfies LSI(p;). (3)



Consider the symmetric N x N -matriz A defined by

Ajj = —kij fori<je{l,--- N},
(4)
Aiz’: Pi for Ze{l,,N}

We assume that there exists p > 0 such that we have in the sense of quadratic
forms

A > pid. (5)

Then

wu(dey -+ -dxy)  satisfies LSI(p). (6)

Remark 1 (Product measures) Assume that we are in the setting of The-

orem 1 and that in addition p is a product measure, i.e.

p(dey -+ -dey) = pi(dey) ... py(dey). (7)

It has been known since its origins [G, Remark 3.3] (see [L, Lemma 1.1] for
a modern presentation) that the LSI is compatible with taking products. More

precisely, if for each i € {1,--- N}, there exists p; > 0 such that
wi(dz;)  satisfies LSI(p;),

then
p(dxy...dey)  satisfies LSI(p)
with
p = min{py,- -+, pn}. (8)
Theorem 1 matches this bound for product measures: In case of (7), we have

V.V;H =0 foralli<je{l,---,N}. Therefore, we may choose k;; =0, to



the effect that the optimal p in (5) is precisely (8). Theorem 1 can be interpreted

as a perturbation of the above product property.

Remark 2 (The criterion of Bakry—Emery) In this remark, we relate The-
orem 1 to the Bakry—Emery criterion [BE]; see for instance [L, Corollary 1.6]
for an efficient proof. In the notation of Theorem 1, the Bakry—Emery prin-
ciple reads as follows: Consider the symmetric N x N-matriz A(zy,--- ,zN)

defined by
Aijj(xy, - yany) = ViV H(zy, - ,zy) fori,je{l,--- ,N}.
If p > 0 is such that
YV (z1, - ,xny) Az, - ,zn) > pid (9)
in the sense of quadratic forms, then
p satisfies LSI(p).

On the one hand, Theorem 1 is stronger than the Bakry—Emery principle,

since it assumes less about the single site conditional measures,

pdai|@y, -+ @1, Tig1, e, TN

On the other hand, Theorem 1 is somewhat weaker, since fori < j € {1,--- N},
the criterion (5) appeals to Aij = —Sup(y, ... 40y |ViViH (21, -+, 2N)|, whereas

the criterion (9) involves just V;V,;H(z1, - ,zn).

Remark 3 (Spectral gap inequality) In this remark, we relate Theorem
1 to what is known about the spectral gap. Recall that a probability measure

wu(dx) is said to satisfy the spectral gap estimate SGI(p) with constant p > 0



provided
2 1
Vi) [ B du- (/hdu> < p/|Vh]2d,u. (10)
It is well-known that SGI(p) is a consequence of LSI(p), as can be seen by

using f = 1+ €h in (1) and expanding to second order in e.

In a situation analogous to Theorem 1, a somewhat stronger result is known
on the level of spectral gap, cf. [L, Proposition 3.1]. We now state this result
in the notation of Theorem 1: One assumes that for i € {1,--- N}, there

exists p; > 0 such that

V (xla"' y Li—1y Tig1y """ 7$N)
p(dwi|wy, - i1, g, -, wN)  satisfies SGI(p;).

One considers the symmetric N x N-matriz A(zq,--- ,xyN) defined through

Aij(xq,-- an) = ViVijH(xq, -+ ay) fori<je{l,--- N},

Aji(xr, -+ aN) = Pi for ie{l,--- N},

and assumes that there exists p > 0 such that in the sense of quadratic forms
V(Il,"',x]\[) A(ZE’I,"‘,.ZUN) Z pld

Then one has

p(dxy - --dry)  satisfies SGI(p).

Remark 4 (Gaussians) We assume X; = R fori € {1,--- N} and let A
be a symmetric positive definite N X N —matrixz. In this remark, we arque that

Theorem 1 is optimal for Gaussians, i.e. for Hamiltonians of the form:

d 1
H = —logﬁ =5 Z T Ay xj+ Z b; @i, (11)



provided the coupling s attractive:
Ay <0 fori<jed{l,--- N} (12)
Recall that the covariance matriz is given by the inverse A~1 of A:
(A, = /xixj d,u—/a:i du /xj dp. (13)

Incidentally, according to Lemma 9 below, the attractive coupling (12) implies

non-negative covariances

/xixjdﬂ_/xidu/xjdu >0 fori,je{l,-- N}

We also recall that for p(dz) of the form (11) and any number p > 0, we have

the equivalences

A > pid as quadratic forms (
< u satisfies LSI(p) (
< satisfies SGI(p).

—

— = =
D Ol
S— N N

Indeed, for (14) = (15) we refer to Remark 2 and for (15) = (16) to
Remark 3. That (16) implies (14) can be seen as follows: For arbitrary £ € RY,
choose h(x) = &-x in (10). Using (13), (10) turns into & - A™'& < 2[¢]?, which

amounts to (14).

We now give the argument for optimality: Let p satisfy LSI(p). By (15) =

(14) we must have

A > pid in the sense of quadratic forms.



Because of (14) = (15), we have for every i € {1,--- ,N}:

N (IE17"' s Li—1, Lig1, """ 7xN)

p(dwg|zy, -+ i1, T, -, wN)  satisfies LSI(Ay).
Finally, in view of (12), we have for every i < j € {1,--- ,N}:

\V/(xh"' 7‘/I"N) |vzij<x17 7xN)| - _A”Lj

Remark 5 (Royer’s Théoréeme 5.2.1) In this remark, we compare our The-
orem 1 to Royer’s [R, Théoréme 5.2.1]. In view of Lemma 6 below, Royer’s
hypothesis (Hy) on the coupling can be rephrased in our language (2) € (3) as
Vie{l,---, N} S22 <y (17)

i#i Pi
for some constant v < 1, where k;; = Kj;. His hypothesis on the single-site

conditional measures in our language (3) turns into

2
Co

for some constant cy > 0. His result translates into

pu(dxy -+ -dey)  satisfies LS[((l —7)? 2) : (19)
Co

(In fact, there seems to be a typo in the statement of his result [R, (87)]. The
inequality (19) is taken from [R, (92)] in Royer’s proof, which is stronger than

the actual statement [R, (87)] by a factor of two.)

On the other hand, (17) and (18) imply that the matriz A defined in (4)

satisfies in the sense of quadratic forms

A> 20-4)id (20)

Co

10



Indeed, consider the smallest eigenvalue p of A. Let x denote a corresponding
eigenvector. Let i € {1,--- N} be such that |z;| = max; |z;|. W. L o. g. we
may assume

xr;, = mjax|:1:j\ = 1. (21)

Then the i—th component of the identity pxr = Az reads

1)
P = pPi— Z RijZ;

J#i
> pi— (Z f@g) max |z
i
(21)
= Pi— Z Kij
J#i
(17)
= Pi = Pi
(18) 2
> —(1-7)
Co

This establishes (20). Hence Theorem 1 implies that

p(dxy ---dry)  satisfies LST ((1 —) 2) 5
Co

which is stronger than Royer’s by a factor of (1 — 7).
1.2 Two—scale theorem

We will apply Theorem 1 in conjunction with a “two-scale criterion” for LSI,
implicitly contained in [GORV] Proposition 2 and [BB| Theorem 1.3. The two—
scale criterion states that LSI for a conditional measure and the corresponding
marginal may be combined — regardless of the interaction strength — to prove

a global LSI. We state the result in the case of a product space:

Theorem 2 Let X, Xy be Euclidean spaces and pu(dx dzs) a probability mea-

sure on the product space X1 X Xo with a smooth, positive Lebesgue density

11



du
ac-

We assume that there ezists k12 < 0o such that the Hamiltonian H(xy,z5) =

—log g—g satisfies

V(SCl,.CCQ) ’V1VQH(Z'1,£C2)| S K12. (22)

We assume that there exist p; > 0, p1 > 0 such that we have for the conditional

measure and the marginal:

Vo, € X1 u(dxs|xy) satisfies LSI(pa), (23)

f(dxy) satisfies LSI(py). (24)

Then we obtain

p(dxidxs) satisfies LS1(p) with
1/2

_ K _ K i =
PQ‘I‘Pl‘I‘E— PQ‘f‘Pl‘f‘E —4ps p1 . (25)

p >

DN | —

Remark 6 (Product measures) In the absence of coupling, i.e. ki3 = 0,
we recover from (25) the product estimate

1 _ _ : _
p 2 5(p2tpi—lp2—pl) = min{pz pi}.
Remark 7 (Linear algebra) The expression on the right-hand side of (25)

has a linear algebra characterization: For py, p1 > 0 and k1o < 00, let p be the

maximal constant with the following property. For all symmetric 2 x 2 matrices

All A12

A:
Arg Az

12



with

1 0
|A12| < K9, Azy > po, A>p ; (26)
0 0
we have
1 0
A>p (27)
0 1

Then p is given by the expression on the right-hand side of (25).
Indeed, the last property in (26) is equivalent to
Ay — =% > pi. (28)

We notice that the smallest eigenvalue of A is given by

1
Prmin. = 5 (All + Agg — \/(All — Ap)? + 4A%2) : (29)

Since this expression is monotone increasing in Ay, we have by (28) that

1 A2 A2 2
Pmin = B p1+AlQ+AQz—J<P1+AIQ—AQQ> +4A%2) )
22 22

with equality if there is equality in (28). Since the expression

1
> (74 oty =+ o =yt +day)

is monotone decreasing in v = A2,/Aq and monotone increasing in y = A,

we have in view of (26)

1 K2 K3 ?
Pmin 2 5 | Pt =2t pr =[P+ =] AT |
2 P2
with equality if there is equality in (26) and (28).

13



Remark 8 (Gaussians) Assume X; = Xy = R and let A be a symmetric,
positive definite 2 X 2 matriz. In this remark, we argue that Theorem 2 is

optimal for Gaussians, i.e. for Hamiltonians of the form

du 1™

Ay Ao X by x
H .

— —Jog = — =
Sac T 2
T2 Ay Aoy T2 by X2

Indeed, the assumption (22) turns into
|A1a| < Ko,

and in view of the equivalence (14) <= (15), the assumption (23) translates

mnto
Azy > pa.

Similarly, since fi(dxy) is a Gaussian with Hamiltonian

_ dji 1 A2 -
H = —log— = —a; [A; — =2 b
%87 2961< 11 A22> Ty + 0171,
assumption (24) translates into
AQ
Ay — TZ > p1-

We now appeal to Remark 7 (including (28)).

14



2 Two applications
2.1 Application I: Weak interactions

Our first example is a straightforward application of Theorem 1 in the case of
non—convex potential and weak interactions. This problem is quite well-known
in the literature and has been analyzed both by the methods of Zegarlinski,
for instance in [R,BH], and by the method of Lu—Yau, for instance in [Yol].
A nice treatment is given in [L, Theorem 6.3]. Studying the problem of weak
interactions via Theorem 1 leads to a particularly simple analysis; it is to

illustrate this point that we include the application.

We consider nearest-neighbor interactions in two dimensions; without diffi-
culty one can generalize to higher dimensions and either finite-range interac-

tions or infinite-range interactions that decay sufficiently quickly.

Let X denote a periodic N-site lattice in two dimensions. We assume that

i € P(X) has Hamiltonian

Hz) = Y () Y wia (30)

i~vj

where ¢ ~ j represent nearest neighbor sites and the smooth potential v is a

bounded perturbation of a Gaussian in the sense that

W(z) = ;x2+5¢(x), with  sup [0u(z)] < oo. (31)
R

Define A := exp(—oscg d7).

15



If the interaction is sufficiently weak in the sense that

e <

= >

then

o satisfies LSI(A — 4e).

Let X; denote a single site on the lattice, so that X = X; x --- x Xy. Then

the single—site conditional measure
wi(dx;) = p(dx|zy, -+ @1, T, - ,xy)  satisfies LSI(A).
To see this, notice that the conditional measure is

pi(dz;)) = Z texp ( — (x;) + ex; Z xj> dx;.

Jigoi
Here j;j ~ 1 is the set of sites j that are nearest neighbors of 7. Thus, the

measure is a perturbed Gaussian:

1
pi(dz;)) = Z texp ( — 51'22 + ex; Z xj — (5@&(9@-)) dx;.

Jigr~i
Since by the Bakry—Emery Principle the Gaussian satisfies LSI(1) (cf. [BE]

and also Remark 2, above), we have by the Holley—Stroock principle [HS] that
wi(dx;)  satisfies  LSI ( exp(—oscg 6@[))) . (33)

Finally, observe that |V;V,;H| = ¢ for i and j nearest neighbors (there are

four in two dimensions), and zero otherwise.

Thus, we may invoke Theorem 1. Given (32), the matrix A satisfies

A > (A —4e)id.

16



2.2 Application II: Strong interactions

In our second application, we again treat a spin system with continuous, un-
bounded spins on a multi-dimensional lattice. This time we consider the non—
perturbative case. This means that instead of assuming weak interactions,
we assume the exponential decay of correlations of the spin variables in the
distance between the corresponding sites, cf. (37). In equilibrium statistical
mechanics, such a property is associated with the absence of phase transition.
In this sense, Theorem 3 relates an equilibrium property (spatial decay of cor-
relations) to a dynamical property (relaxation time to equilibrium for Glauber
dynamics, as estimated by the constant in LSI). The first results of this type
were obtained by Stroock and Zegarlinski in the case of a bounded continuous
spin space [SZ] and (by a different method) in the case of a discrete spin space

[S72].

The case of an unbounded continuous spin space was first treated in [Z3]. How-
ever while [Z3] treats the case of a one-dimensional lattice comprehensively,
the result for a multi-dimensional lattice is just stated ([Z3] Theorem 5.1),
referring the reader to [SZ2]. A full proof was given by Yoshida in [Yol] under
a less decay of correlations conditions ([Yol, (2.1) in Theorem 2.1]). Thanks

to an idea by Bodineau and Hellfer [BH], a more transparent criterion is given

in [Yo2, (DS1) in Theorem 2.1].

Let us comment a bit on the decay of correlation condition (37). Notice that
(37) is required for all subsets A\ S of sites uniformly in the “boundary condi-
tions” (xy)ges. Conditions of this type have been scrutinized by Martinelli and

Olivieri ([MO1, Section 2]): They do not cover the entire one-phase region. In

17



[IMO2], a less demanding condition is shown to be sufficient in the case of a

discrete spin space.

Finally, we remark that we assume superquadratic growth of the single-site
potential, cf. (34), as in [Yol,Yo2]. We credit the present version of the result

to Yoshida, but offer an independent proof based on our Theorems 1 and 2.

Theorem 3 Let A C Z¢ be an arbitrary, finite subset. Let v be a function of

the form

W(z) = 112$4+5"¢J(:v) with |50 (2)] < C. (34)

Let (Jij)ijen be a symmetric matric with J; = 0. Consider the Hamiltonian

on RA

H((xi>ieA> = Z@Z)(%) - ;Z Z JijTi T (35)

€A 1EAN JEA
and the corresponding Gibbs measure
1
dy = Eexp(—H) I;cndx;.
We assume the uniform control:
| Jij| < Cexp(—li —j|/C) (36)
fori,j e A and

[z 25| < Cexp(=|i —j|/C) (37)

for S C A andi,j € A\S, where (-;-)s denotes the covariance with respect to

the conditional measure

H (Hz‘eA\sdl‘i (SUk)keS) .

18



Then

1 satisfies LSI(p)

with a constant p > 0 depending only on C' and d.

The proof of Theorem 3 will follow from a series of four lemmas. The first
lemma relies on the superquadratic growth (34) of the single-spin potential
and follows from a combination of the criteria of Bakry & Emery and Holley
& Stroock. A proof was given in [Yol, Lemma 3.2]. For the convenience of the

reader, we reproduce it here.

Lemma 1 For every C < oo there exists C < oo such that if 1 satisfies (34),
then

p(dr) = ;exp (—¢(x)) dx satisfies LSI(1/C).

The second lemma converts the information on the covariance into information

on the coarse-grained Hamiltonian.

Lemma 2 (Coarse—grained Hamiltonian) There exists C < oo depend-
ing only on d and the constant C' in (36), (37) with the following property: Let
S be an arbitrary non-empty subset of the set A C Z¢ of sites. Consider the
related marginal i (U;cg dx;) and its Hamiltonian H((x;)ies). Then we have

0 9 o

9 g 1~ V" @)8| < Coxpl(-li = j1/C) (38)

foralli,j €S.

This is enough to deduce LSI for any single-site conditional measure:

Lemma 3 (Single—site conditionals) There ezists p > 0 depending only
on d and the constant C in (34), (36), and (37) with the following property:

Let the subset S C A and the site i € S be arbitrary. Consider the distribution

19



A(dx;|(x))jes\y) of i conditioned on (;)es\qiy- Then
p(dxi|(x5)jes\g}) satisfies LSI(p)
uniformly in (2;);es\fi}-

Finally, Theorem 1 together with Lemmas 2 and 3 allows us to prove LSI for

measures on the K—sublattice Ax (cf. (39) below and Figure 1).

Lemma 4 (K-sublattice) There exists a constant p > 0 and a K € N
depending only on d and the constants C' in (34), (36), and (37) with the

following property: Let ig € Z¢ be arbitrary and consider the K —sublattice:
Ag = (ig+ KZ%) NA. (39)

Let S be an arbitrary set with Axy C S C A. Consider the distribution

A(ILicacdzs| () jes\ax ) of (@i)iea, conditioned on (;)jes\ax- Then
i (HieAKdminj)jes\AK) satisfies LSI(p)

uniformly in (;)jes\Ax -

PROOF OF THEOREM 3.

To prove LSI for the full measure u, we now apply the two scale criterion from

Theorem 2 to a sequence of conditional and marginal measures (cf. Figures 1

through 4).

Before explaining the sequence, it is convenient to introduce some notation.
Fix ip and let A% for £ =0,..., K% — 1 be an enumeration of the translates of

AKI

(AK+6181+Cz€2+...+0ded)ﬂA, fOI'Cl,Cz,...CdEO,...,K—l,

20



io+ Key

Fig. 1. Hlustration of the K—sublattice for d = 2. We establish LSI for ugl), the
measure that is “active” on every K site (black circles) and conditioned on the
spin at every other site (no circles drawn).

where e, ..., ey are unit vectors that generate Z<. Let
L} = Up_ Ab.
By definition, A% = LY = Ag.
Finally, define
= (Hz‘d%,i €Lt | (%)jggL;*)

and

a" = (Mida,i € Afe | (27)527,)

By Lemma 4 with Ax = A% and S = A, we have that ,ug) satisfies LSI(p).
By Lemma 4 with Ax = Ak and S = A\ L%, i) satisfies LSI(p). By The-

orem 2, these two ingredients imply LSI for u((;Q). (See Figures 1, 2, and 3 for

21



10 10+ €1 e 1o+ Key

io+ Key

Fig. 2. We establish LSI for ("), the measure that is “active” on the black circles,

averaged over the open circles, and conditioned on the spin at the other sites.

an illustration.)

We now use this information, Lemma 4 for (¥, and Theorem 2 to conclude

LSI for MS”). We continue in this way until having proved LSI for

(K% _

e .

2.2.1 Proofs of the lemmas

PROOF OF LEMMA 1.

The main idea is to show that 1) can be written as

() = () + Pu(2) (40)

22



i+ Key

(1)

Fig. 3. We use the two-scale criterion from Theorem 2 to deduce from LSI for pe

and (! the LSI for ,ug), the measure that is “active” on the black circles.

ig ig+el ................... iU+K61

ig+ Key

Fig. 4. This illustration depicts z(®.
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with
vel(z) > 1 (41)
and
[Ye(2)] < Ch, (42)

with C) depending only on C' in (34). Both properties (34) and (41) are in-
variant under the modification of ¢) by an affine function. Hence, we may
assume without loss of generality that ¢(0) = ¢’(0) = 0, which in view of (34)

translates into

50(0) = §¢/(0) = 0. (43)

We make the following ansatz:

Ye(x) = Y(z) +nr(w) (%12 - 57/’(95))
& 2ot () g + (1~ na(@)3(z), (44)

Uy(2) = B(@) = dole) = nalo) (6w<:c> . 1) (45)

Here ng is a cut—off function of the form ng(z) = n(z/R), where n € [0,1] is

such that
n(xz) =1 for |z <1 and  n(z) = 0 for || > 2. (46)
Let M < oo denote a generic universal constant. We have by (44):

/) /) ]‘
P! = 2+ np+ (1 —np)d" + 2np(z — 6¢') + 0l (§x2 — &p),
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so that in view of (46) we obtain for |z| > 2R:

P! = 2+ 6" > 4R* - C, (47)

for |z| < R:
Pl = 2 +1 > 1, (48)

and for R < |z| < 2R:

M M
w2 R suplow’| - @R+ sup |80/)) ~ w2+ sup (0]
z€R |z|<2R |z|<2R

(43)
> R*— M(1+0). (49)

From (47), (48), and (49), it follows that for
R? > max{(1+C)/4,14+ M(1+ C)},

we have as desired

'Qb” 2 1

We now turn to v, cf. (45). For |z| > 2R, we have ¢y(z) = 0, whereas for

|z < 2R,

[p(z)| < sup |6¢| +2R* < C +2R?,

2| <2R

so that
sup |¢p(z)] < C+2R* = C+ M =: C).

z€R

We now apply the criteria of Bakry—Emery ([BE], and see also Remark 2

above) and Holley—Stroock [HS]. By Bakry-Emery, (41) implies that

i(dz) — %exp(—wc(x))dx satisfies  LSI(1).
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By Holley—Stroock, (42) implies that
p(dx) = exp(—e(z) — Yp(x)) dz satisfies LSI(1/0)
with

C = exp(oscyy)) < exp(2Ch).

PROOF OF LEMMA 2.

The starting point is the relation between the original Hamiltonian H and the

coarse—grained Hamiltonian

H{()ies) = ~log [ exp(~H()Maensd
which we differentiate to obtain:

/—H exp(—H) Hyea\s dzy,

8% /eXp( H) Mieps day, |
and:
0 3
oz, 8%
/8_%8_1:]}[ exp(—H) Hye\s dry

/ exp(—H) Hien\s dry

0 0
/ &EiH@_a:jH exp(—H) Hyen\s dzy

f exp( H )IIICEA\S dl‘k
/ 6
ox;
_l’_

0
(—H)erA\sdxk/%H exp(—H )Iliea\s dy,
’ 2
(/ exp(—H) Tlea\s dl‘k)
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If (-) and (-;-) denote expectation and covariance with respect to the condi-

tional measure p(Ipea\s dz;|(2;)ics), then (50) can be formulated as

0 0 0 0 o 0
o, 0r, <axi8_:ch>_<6‘xiH’ 8_%-H>' oy

For our Hamiltonian (35), we have

0

H = ¢'(z;) — Z JikTp,

O; keA
0 0 "
o 8_35] (3 (Iz’)éiy Jij

Since we condition on (x;);cs, we have

(0" (2:)) = ¢"(w),

<¢'($z‘) - Z iy ;s ' (x;) — Z Jjﬂz> = Z Z Jikdje(Tr; Te),

keA LeA keA\S (eA\S

so that (51) can be reexpressed as

o 0 -
8%6—%}]—1/1 ()05 = —Jij — Z Z Jiwdje(Tr; xo).

keA\S (LeA\S

This identity is the basis for our estimate:

< gl D0 D0 MallJullles el (52)

keA\S (LeA\S

We now appeal to the triangle inequality
i =gl < li—kl+1j =4+ k-1, (53)

which we write as

L. : (3) . 1
SUi—jl+ L= k1 = ) < i — K+ i = €+ 516 =0
< Ji— b+l =t + = f,
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to see that

ST S exp(—(li— K+ 1 — 4 + [k - €))/C)

kezd ¢ezd
< exp(—|i —j|/2C) Y exp(—|i —k|/20) Y _ exp(~|j — £]/2C)
kezd Leza
< exp(—[i — j[/2C) (Z exp(—lk!/20)> :
kezd

Hence (52) together with (36) and (37) yields

9 0
8a:i 8[Ej

< C (1+ (C > eXp(—\k\/2C)> ) exp(—[i — j|/20),

H — " (2;)04

kezd

so that (38) holds with

C = C'max 1+<C’Zexp(—|k!/26’)> ,2

kezd

PROOF OF LEMMA 3.

Let H be as in Lemma 2. Fix (2;)jes\ (i}, consider H as a function of z;, and

define the self-potential:

(i) = H(wi, (75)jes\(i})-

Then fi(dx; | (x;)jes\(iy) is of the form

1

pldz; | () jes\(iy) = Eexp(—i/?(fm))da?i-

We learn from Lemma 2 that

9" (@) — 4" ()| < C,

28



which means that according to (34),

Y(x;) = 1—121‘4 + 69 (y),

with

169" (z;)] < C+C.

Hence by Lemma 1, there exists p > 0 depending only on C'in (34), (36), and
(37) such that

p(dx; | (x5)jes\fiy) satisfies LSI(p).

PROOF OF LEMMA 4.

Fix (2;)jes\ax- We will apply Theorem 1 to the measure

b (ien, dx;) == [ (HieAK dw; | (xj)jeS\AK)

with its Hamiltonian

H ((«Ti)ieAK) = H((7)ies),
where H is as in Lemma 2.
For the single—site marginals, we have according to Lemma 3:
fi (dz; | (25)jen,\(i}) satisfies LSI(p)
for all i € Ag.
For the mixed derivatives of the Hamiltonian, we have according to Lemma 2:
o 0

9 il < RTINS
oo | < Coxn(-i= /)
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for all © # j € Ag.

To apply Theorem 1, we have to consider the symmetric matrix A = (A;;); jen,

with

Ay = p

Ay = ~Cexp(-li—jl/0)  for i# ]

and argue that it is positive definite.

We notice
> D mAyw
€A jEAK
SEDIEED S D e
icAx ieAx  jEAR\{i}
and
1/2
2
a0 Ayr < (@ (X ) |
i€hr  jeAR\{i} i€Ax €Ak jeAr\{i}
with
2
SUY ) < XX 1l Y Al
i€Ax  jeAg\{i} €Ak \jeAr\{i} JeAR\{i}
< s Do Al XD A Y Ay
AR jeN\{i} i'ehx  ehg\{i}
2
S E N o
€Ak

JeAr\{i} JeAK
Hence, we have A > £id in the sense of quadratic forms provided that

2

P
TEAK enk\(3)
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This is indeed the case for K > 1 sufficiently large, since by (36),

Yo Ayl ¢ Y exp(=K|H/0),

JEAR\{i} £e74\{0}

which because of

implies

S J4y] < Cexp(—K/20) S exp(~16]/C).

jeAr\{i} )

3 Auxiliary results for Theorem 1

At the core of Theorem 1 is a covariance estimate stated in Lemma 5 below.

It goes back to Bodineau & Helffer. Ledoux gave a very efficient proof in

[L, Proposition 2.2]. We give yet a different proof which mimics the proof of

Talagrand’s inequality given in [OV].

Lemma 5 Let u(dx) be a probability measure on the Euclidean space X. We

assume that there exists p > 0 such that
p satisfies LSI(p).

Then we have for arbitrary f(x) > 0 and g(z):

’/gfdu—/gdu/fdu‘
<sup|Vg| (g/fdu </<I>(f)du—<1>(/fdu))>l/2
<sup Vol ([ fau [ |Vf!2du) ”
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We also need a linearized version of Lemma 5:

Corollary 1 Let p(dx) be a probability measure on the Euclidean space X .

We assume that there exists p > 0 such that
p satisfies LSI(p).

Then we have for arbitrary g(x) and h(z):

1
'/ghdu—/gdu/hdu‘ < L swp(Volsup VAL (50)

Lemma 5 will be used to establish the following version of [R, Hypothesis H2,
p.91].

Lemma 6 Let X, Xy be two Euclidean spaces and p(dzridzs) a probability

measure on the product space X1 X Xo with a smooth positive Lebesque density

dp
ac-

We assume that there exists k1o < 00 such that the Hamiltonian H(xy,z5) =

—logg—z satisfies
V (z1,22) |ViVaoH (21, 22)] < Ko

We assume that there exists po > 0 such that we have for the conditional

measure

Vay  p(dxs|xy) satisfies LSI(ps).

For arbitrary f(xy,z2) > 0, consider

Fla) = / F (2, 2) pl(daly). (57)
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Then we obtain for the marginal fi(dxy)

1 L 1/2
( / 27V u(dxl))

1 1/2 Ky 1 ) 1/2
§</ﬁW“W0 *z(/ﬁM”W>'

The proof of the following lemma, which is based on Lemma 6, amounts to

the Lu—Yau martingale method [LY] in the case of only two sites.

Lemma 7 Let Xy, Xy be two FEuclidean spaces and p(dxidxs) a probability

measure on the product space X1 X Xy with a smooth positive Lebesque density

dup
ac-

We assume that there exists k1o < 0o such that the Hamiltonian H(x1,z5) =

—logg—z satisfies
V (z1,22) |ViVeH(z1,22)] < Kia.

We assume that there exist py, p1 > 0 such that we have for the conditional

measure and the marginal

Vo, p(dxs|xy) satisfies LSI(ps), (58)
a(dxy) satisfies LSI(py). (59)

Then we obtain for the marginal fi(dxs)
f(dxs)  satisfies LSI(ps)

with
111
p2 P2 PP
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The following statement is a simple consequence of Lemma 7. Alternatively,
it can be obtained by Zegarlinski’s iterative argument, which is outlined for

instance in [GZ, Section 5.2].

Corollary 2 Let X1, Xy be two Euclidean spaces and p(dxidxs) a probability

measure on the product space X1 X Xo with a smooth positive Lebesque density

dp
ac-

We assume that there exists k1o < 0o such that the Hamiltonian H(xy,z5) =

—logg—g satisfies
V (z1,22) |ViVaoH (21, 22)] < Ko

We assume that there exist pi, po > 0 such that we have for the conditional

measures

Vao p(dxi|xs) satisfies LSI(py),
Vo, p(drs|zy) satisfies LSI(pa).

We assume that
pLps— KTy > 0. (60)

Then we obtain for the marginal fi(dxy)
p(dxy)  satisfies LSI(py)

with

> pr——

P2

We will also need the following, which is a consequence of Corollary 1.
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Lemma 8 Let X, X, X3 be Euclidean spaces and p(dxidxedxs) a probability
measure on the product space X1 X Xo X X3 with a smooth positive Lebesgue

density Z—Z.

We assume that for i < j € {1,2,3} there exists k;; < oo such that the

Hamiltonian H(xq,x2,23) = —log j—g satisfies
V (21,29, 73)  |ViViH (21,72, 23)] < ki

We assume that there exists ps > 0 such that we have for the conditional
measures

V(zq,x9) pl(drs|xy,zo) satisfies LSI(ps).

Consider the Hamiltonian H(x1,x5) belonging to the marginal i(dz dxs), i.e.

H(zy,x9) = —log/exp(—H(asl,xg,:vg))d:vg.

It satisfies
Y (21,22) |ViVoH (21,29)| < Koo

with
R13 K23
P3

(61)

Ri2 < Kig+
Finally, we need an elementary result from linear algebra, which we reproduce
for convenience.

Lemma 9 Consider a symmetric and positive definite matriz A with
Aij <0 fOTi<jE{1,"',N}.
Then the inverse matriz A~' satisfies

(A >0 fori,je{l,--- N}
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4 Proofs
4.1 Proofs of auxiliary lemmas

PROOF OF LEMMA 5.

Without loss of generality, we may assume

/fdM: 1.

The second inequality in (55) follows from the first and (54). In order to prove

the first, we introduce the semigroup P, related to p and defined by

Rf=1, (62)

Volo) 5 [oPsau=- [Vg-VPsdn (63)

All we need to know is

[ Prau= [ san =1, (64)

d 1
& [ o a== [ 5 IvRsEdn (65)
Pof = 1iTgPtf:/fdu = 1. (66)

Indeed, the left-hand side of (55) can be reformulated as

Josau=[aan [ 1™ [ g(ns - Pep)dn

OOd
= — P fdudt
/Odt/gtf'u

© —/ /Vg-VPtfdet.
0

This yields the estimate
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‘/gfdu—/gdu/fdu‘

< swlVol [ [ 1R dud

sup Vol [ (/ Rt [ 5 \VPtdeu)l/th
& sup\vm/ (/ |VPtf|2du> dt.

It remains to estimate the last term:

0 1 ) 1/2
/o (/?prtﬂ du) dt
00 1 ) —1/2 1 ,
= /0 (/mWPtfl dﬂ) /WIVPJI dp dt
(54),(64) / 1 \ /2 [oo —1/2 1 )
() [ (o) [ enseas
(65) 1\ Y2 oo -1/2 4
= - 2—p> /O (/‘P(Ptf)du) dt/ﬂD(Ptf)dudt
9 1/2 © 1/2
=) [alfrnm)
92\ 1/2 1/2 1/2
) (e (o)
(62),(66) (2 ( >1/2
o z du '
P

IN

Proor or COROLLARY 1.

Let g(x) and h(z) be given. We may assume that h is bounded so that for

sufficiently small € > 0 we have

f(z) == 1+e€h(x) > 0.

We then may apply Lemma 5 to f and g, which yields
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€

/ghdu—/gdu/hdu'

1 1/2 ) 1 , 1/2
< = 1 hd h?d .
< psnggl( +€/ M) (6 /HEhW | u)

Dividing by € and letting it tend to zero yields

1 1/2
‘/ghdu—/gdu/hdu' < ;SHP|V9| (/IVhqu) :

which is a stronger version of (56).

PROOF OF LEMMA 6.

From the representation

[ fx1,22) exp(—H(x1,22)) dao
[ exp(—H(x1, x2)) dxy ’

flz) = /f($1,$2)u(d172|5171) =

we deduce the formula

- Vif(x1,z2) exp(—H(x1, 22)) do
Vif(x)= J [exp(—H (a1, 22)) dt
[ (@, @) ViH (21, 25) exp(—H (21, 75)) dvy
[ exp(—H(x1, x2)) dxy
+ff(x1,x2) exp(—H (1, x2)) dxs
[ exp(—H (z1, x2)) dxo
[ V1H (21, 12) exp(—H (21, 22)) ds
[ exp(—H (z1,22)) dxo

- / Vi f (@1, 22) pu(dafa)
- (/f(l'l,l'g) Vi H(x1, z9) p(dza|z1)

—/f(xl,xQ)u(da:Q\xl) /VlH(xl,xQ)u(d:cﬂxl)).

Hence Lemma 5, applied to p(dzs|zy), f(x1,22), and g(z2) = Vi H (21, x5) for

fixed x1, yields
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V1 F ()| < / 1V (1, 22) | (s |)

1 1/2
+— sup VoV H (21, 29)] (/f T1,To) (da:2|x1)>

P2z

(/ m|vﬁ(%’x2)|2ﬂ(d@|xl))1/2

< (Fe)? (( / mwuc(iﬂh$2)|2M(d$2|$1))1/2

L (/mwzf(%m)' “<d$2|xl))u2>'

We rewrite this inequality as

1/2
: </fT,xg)Wlf(xh@)PM(dxﬂxl))
1/2
o (/fT,xg)WQf(xhx?H M(dx2|x1)) .

The triangle inequality in L?(fi(dx,)) yields the desired result.

PROOF OF LEMMA 7.

Let an arbitrary f(zq) > 0 be given. We set for abbreviation

Fla)) = / F(a2) (o). (67)

We split the left—hand side of the LSI as follows:
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/cp( ids) — (/f ) dx2>
// i ds)an) fid) — (//fxz (dualz1) i da:l))
it /(/@(f(xz 1 dzslan) — (/f 1(ds]) )) A(d)
+/ (Fe0)) fildar) — (/fx1 dx1>.

According to our assumptions (58) and (59), this yields the estimate

‘/ (e2))fi(dzz) — (/f@ d@)‘

1
/pg/ 2f (22) |V2f 29)|? pu(da| ) fu(day )
1
P /2f(:r Vi (@)l alda)

S / L Vs ldas) +i / o7 V7 ldan) (68)

We now apply Lemma 6 to the last term. Since f does not depend on x1, this

yields
1 —y K2 1
/2—f\V1f|2u(dx1)§% /ﬁ|v2f|2dlt
2
2

1
= p— 571V ldez) (69)

Inserting (69) into (68) yields as desired

’/ (e2))fi(dzz) — (/f@ d@)‘

1 ’1%2) / 1 2
+ — — |V i(dzs).
- (Pz PP 2f| of " il dez)

Proor orF COROLLARY 2.
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By an approximation argument, we may assume that we have for the marginals

f(dxy) satisfies LSI(py),

f(dxs) satisfies LSI(pg),

for some constants py, p2 > 0. Lemma 7 now yields

1oL 1rn (70)
P2~ P2 PP,

By symmetry, we also have

(71)

and thus

which we rewrite as
(1_ 5%2) (1+ ”@%z)l

P1 P2 pip2) p1

(1 Kl ) 1 1

PLpP2/) P1 1

K2 K2
p1 = (1— 12)01 = p1— —2,
P1 P2 P2

which is positive by assumption.

AN
N
—_
_|_
2| =
o ™

no
N——
> |

This yields

IN
|

and thus

PROOF OF LEMMA 8.
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As the starting point we have the two formulas

Vo (0, 35) = [ ViH (1,72, 73) exp(—H (21, T2, 73)) drs
1 o J exp(—=H (x1, z2, 23)) ds

and

VoViH (1, 75)
[ VoViH (1, 9, 23) exp(—H (21, 72, 13)) ds
N [ exp(—H (21, 2, x3)) da;
_fVlH($1,$2,:v3) ® VoH (1, %9, x3) exp(—H (x1, e, x3)) drs
[ exp(—H (1,22, 23)) dus
+fV1H(x1,x2,x3) exp(—H (z1, 12, 73)) drs
[ exp(—H (1,22, 23)) dxs
®f VoH (21, x9, x3) exp(—H (21, x9, x3)) dxs
[ exp(—H (1,22, x3)) dzs

= /VQVlH($1,$2,I3)/L(dl’3|$171‘2)

— (/ ViH (x1,x9,23) ® VoH (21, 22, x3) p(drs|ay, x2)

_ / VIH(SL’l, T2, I‘g) /L(dl’3|$1, .I‘Q) X /VgH(.Tl, Ta, 1’3) M(dI3|I‘1, $2>> .
According to Corollary 1 applied to p(dzs|zy,z2), g(xs) = ViH(x1, 29, x3),
and h(x3) = VoH (x1, 29, x3), we have the inequality

|VoV 1 H (21, 29)| <sup |VoViH (21, 12, 73)|

z3

1
+— sup |V3ViH (21, 22, 23)| sup [V3ViH (21, 22, 73))]
x3

P3 w3

< K12 + — K13 Ka3.
P3

Taking the sup over (z, ) yields (61).
PROOF OF LEMMA 9.

We prove Lemma 9 by induction in N. The case N = 1 is trivial. We now

assume that the lemma holds for N — 1 > 1 and argue that it also holds for
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N. To this purpose, we introduce the related block partitioning of A:

The inverse A~! is given by the block partitioning

(A/)—IH ® (A/)—IK; (A/)_IK;
p—k- (A 'k p—k-(A) 1k

(p _(;4_/)(2,/;1K>t p—K ‘1(14’)15

(A +
Al =

Based on this representation, we now argue that the entries of A~! are non—

negative. As an immediate consequence of the positive definiteness of A we

have
p—rk-(A) 'k >0,
so that
1
A1 = > 0.
( )NN p—fi-(A’)_lfi -

Combining the induction hypothesis applied to A, i.e.
(A1) = 0 forije{l,--- N -1},
with our assumption
k; > 0 forjed{l,---,N—1},
we obtain

(A)7'R)i = D (A Nygwy 2 0 foriefl,- N -1},

J
Together with (72), we obtain

((A)"'k);

(A_ )iN = p—li-(A/)_lli

>0 forie{l,---,N—1}.
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From (75) we obtain
(A ke (A k) = (A) k) (A) 'k); > 0 ford,je{l,--- , N—1}

and together with (72) and (73):

(A)r® (A) k)

Y >0 fori.je{l.--- N—1).
p—H'(A/)il/ﬁl - OI'Z,]E{, ) }

(A = (A) D+

4.2 Proofs of Theorems 1 and 2

PROOF OF THEOREM 1.

We shall prove the seemingly stronger result

Vo 20 [ode-o( [ i)
) 1 ) 1/2 1 ) 1/2
< S ([ olvitran) ([ pivistas)
iy 2f 2f
i,j€{1, ,N}
where (A™1);; denote the coefficients of the inverse A~ of A. Statement (77)
indeed implies (6): According to (5) we have A™' < %id in the sense of

quadratic forms so that (77) implies

/‘P(f)du—@(/fdu)

1 1 1/2 1 1/2
< Z ;5@' (/g\vifIQdu) (/ﬁ\vjﬂQdu)

2716{17 7N}

1 (1 ,
— [5; X IVifFdn

p i€{1,-,N}
We show (77) by induction in N. For N = 1, the statement (77) is a trivial

consequence of our assumption (3). We thus assume that we know (77) for any
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(N —1)-component system and argue that it holds for N. It will be convenient

to work with the related block decomposition of A:
A — KN

—KN PN
Denote by A the (N — 1) x (N — 1)-matrix defined by

- 1
A = A/—p—FLN@IiN. (79)
N

We observe that A inherits our assumptions on A: It is symmetric and positive

definite.

We start by considering the system f(dx;---dxy_1), i.e. the marginal of

u(dzy -+ -dry) on X1 X -+ X Xy_1. Its Hamiltonian is given by

H(zy, -+ ,xy_q1) = —log/exp(—H(ml,--- L IN_1,ZN))dTy.

Leti < j e {l,---,N—1} be arbitrary. Lemma 8 applied to p(dz;dz;dzy|- - )
yields

V (@1, an-1) |ViViH (1, ano1)| < Ry

with

Kin KiN  (79) i

Rij < Kij + o —Aij.

Now let i € {1,---, N — 1} be arbitrary. Corollary 2 applied to p(dx;dxy|---)

yields
V(21,0 T, Ty, TN-1)
ﬂ(dl)’}ill'l, X1, L1, ,JIN_1> satisfies LSI(ﬁZ) (80)

45



with
2
B2 4,
PN
Thus, we may apply the induction hypothesis to fi(dx; - - - dzy_1) and A:

Y Fn- o ano) 20 /<I>(f)du—¢(/fdu)

< ¥ oan(/f 2if|vif|2du)l/2(/ 2if|vjf|2du)l/2. (51)

i,je{1,- ,N—1}

pi = Pi—

Now let f(z1,---,2xn) > 0 be given and set

J?(Sli'b"‘ 737N71) = /f(iCl,---,fL'N1,33N)M(d33N\33‘1,"‘ 71'N71)-

As in the proof of Lemma 7, we split the left—hand side of (77):

/‘D(f)du—@(/fdu)
:/(/@(f)u(d:z:]v]~--)—(P(/fu(dﬂﬂN\"‘)))

/l(dxl s d.TN_l)

+/<I>(f)du—<1>(/fdu). (82)

By assumption (3) we have

/‘P(f)u(dxm---)—@ ([ £utdaxt-)

/ VP plden] ),

so that we obtain for the first right-hand side term in (82):

/(/‘I’(f)ﬂ(dxﬂ'“)—@(/fu(dxM---))) a(dzy - dey_1)

1 (1 )
< — [ S VasRdn (83)
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We apply (81) to the second right-hand side term in (82). Combining this
with (83), (82) becomes

/‘P(f)du—@(/fdu)
) 1 B 1/2 1 B 1/2
< (A-%-( —-|vif|2du) ( ——|ij|2du>
me{l;N—l} / 2/ / 2/

11 )
[ S On s d (84)

We now want to express the first right-hand side terms of (84) in terms of f
and . To this purpose, let i € {1,--- | N — 1} be arbitrary. Because of our

assumptions (2) and (3), we may apply Lemma 6 to u(dz;dzy|---) and obtain

([ pivitatas - >)l/2

1 1/2 Kin 1 1/2
< ([ gpimutPatdndonl )+ 5 ([ LT tP atdndon] )

By the triangle inequality in L?(fa(dxy -+ - dr;_1dxsy; - - doy_1)), this yields

1 . 1/2
[ 5 19idan)

1 1/2 i 1 1/2
S(/ﬁlviffdu) A (/ﬁwﬁdu) | (85)

Since A has non-positive off-diagonal entries, an application of Lemma 9 yields

VR

that all entries of (A)~! are non—negative. Thus we may insert the inequality

(85) into (84):
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Jotau—o( [ i)

ey 1/2 1/2
2y <A1>ijpf—§(/ %rvifﬁdu) (/ %\VNfIQdu)

1 iN , T— j 1
=+ Y T, /ﬁIVNfIQdu- (86)

ije{l,~ N—1} PN PN

We now argue that (86) and (77) coincide, which amounts to argue that the

matrix
A_l /I_II{N
PN
(A_lliN)t i KN'A_lFLN
PN PN PR
is the inverse of
A —K A4 9N —K
L o N
A pr— f—
—Kly PN —Kly PN

This reduces to the four obvious identities:

_ _ A1
A—l (A+ K:N®/£N) + KN ®(_/‘€N) - 1d/7
PN PN
A—l
A 1(—/1N)+,0N N =0
_ kN KN\ AR 1 ky - A7k
<A+N N N_(_ N : N>(HN):0
PN PN PN PN
A1 1 Al
& (—w)+<—+m > “N> px =1
PN PN PN

PROOF OF THEOREM 2.
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Recalling the definition of f from (57), we integrate the identity

o(f) = flogf + f<1>(§—)

and use Definition 2 to obtain the usual decomposition of entropy:

[atan-o( [ rin)
- //flogfu(dx2|x1 (day) + //f@ I pdmalan) i(day)
o
//fu ds|21) log f i(das) + / / w(dzslar) i(de)
(e
&0 / fi(day) — ( / 7ii dml)
/ / i das)i(das ). (87)

We start with the last term on the right-hand side of (87). According to (23),

we have for all z; € X3

/@(?) (dxs|z) /§ (dwy|zy) +_/i

3_>i1 Ly
= f/ fvzf! p(dwslzy),

2

(dl’2|$1)

/
i

so that by integrating we obtain

7 [o(§) utdoalenyatazs) < - [ [ 519t atdzale pide)

= [ 55Vartan (38)

Turning to the first two terms on the right-hand side of (87), we observe:
o . ey 1 1,
Joewatm) o [ faan)'< < [ o). ()
pvJ 2f
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By Lemma 6 and Young’s inequality, we have for any 7 € (0, 1),

1 B

/ 27V i)
1 1 1 K2

< —/—|v1f|2du L e |V2f|2du,
T 2f l—70p 2

so that (89) becomes

[oratae) - o [ 1)

L\ e N e (90)
=) 2N T T gy o
Substituting (88) and (90) into (87) gives:
/q)(f)du—@(/fdu)
<[5 \szIQdu
1 1 1 K2 1
o [Pl S [ Ve
T 1 L—7p3p ) 2f

Since |V f|* = |V1f|* + |Vaf|?, this yields the bound on the LSI constant:

1 11 1 1 K2
- < max{——,—-l— "Zlg } (91)
TP p2 1=Tpip

The optimization in 7 completes the proof. Indeed, the optimal 7 in (91) is

characterized by

that is,
(L= 7)% = prpar(l—7) + Ky

The admissible solution is
1/2
1 2 2 2
T = - <1+H—1_2)+@— (1+H—1_2+@) —42 ,
2 P2P1 P1 P2P1 P P1
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so that (91) turns as desired into

_ “%2 ~ ’i%2 ’ —~
P2+101+E— Pz+Pl+E —4p2 ;1

1/2
p>

N —
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