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Abstract

We consider an N—site lattice system with continuous spin variables gov-
erned by a Ginzburg-Landau-type potential. Because we are interested in the
Kawasaki dynamics, we work with the canonical ensemble in which the mean
m is given. We prove a logarithmic Sobolev inequality (LSI) which is uniform
in m and has the optimal scaling in the system size N. The method involves
a two—scale “block—spin” decomposition. Choosing sufficiently large blocks
leads to convexification of the coarse—grained Hamiltonian; consequently, the
Bakry—Emery principle implies a macroscopic LSI. On the other hand, the
Holley—Stroock lemma implies a microscopic LSI as long as the block—spin size
is bounded. We show that the macro— and microscopic LSI can be combined
to yield a global LSI. The main ingredient in this final step is the Talagrand
inequality.
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1 Introduction

Main result. In this paper we consider an N-site lattice system with continuous
spin variables governed by a Ginzburg-Landau-type potential. We prove a uni-
form logarithmic Sobolev inequality (LSI) for the Gibbs measure of the canonical
ensemble with a perturbed Gaussian potential. Analysis of the canonical ensemble
is motivated by Kawasaki dynamics, in which the mean of the spins is preserved.

To be precise, suppose that 1) is a bounded perturbation of a Gaussian in the sense
of conditions (5) and (6) below. (Think, for instance, of a double-well potential
with quadratic growth at infinity.) The grand canonical measure uy € P(RY) has

density
N

W ey = 77 exp (=0,

i=1

where Z denotes the (generic) normalization constant for the probability measure.
The canonical measure vy, comes from restricting uy to Xy,,, the (N — 1)-
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dimensional hyperplane with mean m:

N
1
_ N _
XNm = {(xl,...,xN)eR ‘N;ﬂxi = m}.

We offer a new proof of the optimal scaling of the LSI constant for Kawasaki dy-
namics on the periodic lattice. In d = 1, for instance, this means that for every
smooth f on Xy, the measure vy, satisfies

N

(af B of )2

8xi axiﬂ

Ent(f?) < CNQ/

XN,m i=1

where the constant C'is uniform in N and m, and the relative entropy is defined as

Ent(f) := / flog fdvy m — / fdvam/ log fdvn .
XN,m XN,m X

N,m

We establish (1) by proving a uniform LSI for Glauber dynamics; see Theorem 1 for
a precise statement. Roughly, we show

Ent(f*) < C

XNmZ 1

axz dVN,ma (2>

where we think of f as being extended to be constant normal to Xy ,,. The Kawasaki
LSI (1) follows from (2) by a discrete Poincaré inequality. Namely, for any function
f with ZN 9L — 0 (i.e. fis constant normal to XnNm),

=1 Ox;
of NOof  Of o
2 —
Z 6931 sON ;(8@ 0x¢+1> ’ (3)

=1

The analogous statement holds for the periodic lattice {1,..., L}? C Z%, with N?
replaced by L?; thus (2) implies the optimal L?-scaling of the Kawasaki LSI constant
in arbitrary dimension.

Method and motivation. We emphasize that rather than contributing a new
result, we contribute a new technique. Indeed, (1) and (2) are proved in [LPY] and
[Cha] by the Lu-Yau martingale method, summarized below. Since our result is not
new, it seems appropriate to begin by saying a few words about our method and
motivation.

The method which we introduce has as its essence a two—scale decomposition. In the
language of physics, it involves a decomposition of a system of N spins into “block—
spins” of size K. In the language of measure-theory, it involves the disintegration
of the Gibbs measure vy ,, into macroscopic and microscopic components.
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The idea is to derive logarithmic Sobolev inequalities on the macro— and microscopic
scales which combine to give (2). On the one hand, Proposition 1 says that choosing
K sufficiently large convexifies the free energy of the subsystem, i.e. the “coarse—
grained Hamiltonian.” This induces a macroscopic LSI (Lemma 7) via the Bakry—
Emery principle. On the other hand, for any finite K, the Gibbs measure of the
subsystem is a bounded perturbation of a Gaussian. This induces a microscopic LSI
(Lemma 8) via the Holley—Stroock lemma.

Combining the macro— and microscopic LSI requires an extra step. Although the
relative entropy disintegrates in a straightforward way, the gradient terms do not.
In order to bridge the gap, we introduce Proposition 2, which allows one to bound
the macroscopic gradients by the original gradients using the fact that LSI implies
the Talagrand inequality [OV]. In a different spirit but with similar ingredients,
recent work of Blower and Bolley (cf. [BB], Theorem 1.3) also reconstructs a global
LSI for a system based on LSI for its components.

Background. The logarithmic Sobolev inequality is a powerful tool for studying
spin systems; in particular, it captures the convergence to equilibrium. (For a nicely
written introduction to LSI, see [L], [R], or [GZ].) The spectral gap inequality, which
has also received a lot of attention in the literature, follows from LSI via linearization
(see for instance [Chal, p. 342).

There are (at least) two salient lines of research in the area of logarithmic Sobolev
inequalities. One involves including interaction terms in the Hamiltonian, which
considerably complicates the dynamics and raises the possibility of phase transition.
For more about spin systems with interaction terms and, in particular, uniform LSI
in the perturbative regime of sufficiently weak interactions, see [BH, H, SZ, Yo, Yo2,
Z, GZ]. The second line of research and the one addressed in this paper is the study
of the canonical ensemble, which as mentioned above is motivated by an interest
in Kawasaki dynamics. In the case of a strictly convex potential, it is not hard
to demonstrate a uniform LSI for the canonical ensemble using the Bakry-Emery
principle [BE]. The nonconvex case, however, requires more.

The Lu-Yau martingale method is a well-known technique which has been used to
prove LSI for the canonical ensemble with a nonconvex potential [LY, LPY, Chal.
LSI for a bounded perturbation of a Gaussian potential and Kawasaki dynamics is
proved in [LPY] via the martingale method. An adaptation of the method in [Cha]
extends the result to the (stronger) bound for Glauber dynamics.

For completeness and to contrast with the method presented in this paper, we briefly
summarize the martingale method. The first step is to establish LSI for the one—
site marginals. Subsequently, one seeks a recursive relationship for the N—site LSI
constant in terms of the (N — 1)-site LSI constant. Turning to the conditional
expectations

fk: = IEI/z\r,m(f|x17 s >$k)>
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one appeals to a Markovian decomposition of the relative entropy into a sum of
terms of the form

ap =By . (frlog fr — fr-110g fr-1),

each of which depends only on a single spin. After applying the single—site LSI to
each term, one wants to conclude by bounding the derivatives of a; in terms of the
derivatives of f. The central ingredient involves estimating the covariance terms
from the Markovian decomposition by a variance term and a gradient term. Clever
but elementary estimates produce the desired recursive relation and complete the
argument.

Our method is more simple-minded. The martingale method, with the one-site
distributions, the control of covariances on large enough blocks, and the recursive
relationship between the LSI constant on (N — 1)-blocks and N-blocks, operates
on several scales. Ours operates on just two: the coarse measure on the blocks,
and the fine measure on the microscale. Moreover, we require just one thing from
equilibrium statistical mechanics: the strict convexity of the limiting free energy.
This is a natural object on which to rely; it is precisely the strict convexity of the
limit that rules out phase transition.

A gradient—flow on the space of measures. We prefer the following equivalent
reformulation of (2): the measure v satisfies the LSI with constant C' if for every
€ P(X)

du dp
log —dp < log —|"d 4
Jrostan < ¢ [ (91085 ()

with the gradient corresponding to the choice of dynamics; see below. Our “measure—
focused approach” is motivated by the following point of view, explained in [OV]:
The Fokker—Planck or forward Kolmogorov equation of the stochastic process can

be expressed formally as

0
% = —grad Ent (),

a gradient flow of the relative entropy on P(X), the space of probability measures
on the state space X. One gives a sense to “grad” by endowing P(X) with the
appropriate Riemannian structure, introduced in [O]. Using this formalism, the LST
can be written:

Ent(u;) < C|grad Ent(u,)|?,

which makes it clear that LSI implies exponential convergence to the equilibrium
measure:

dpu

u (Ent(pe)) = (grad Ent(p,), —

1
dt >Nt = _|gradEnt(,ut>|2 < —aEnt(,ut).

Moreover, the Bakry—Emery principle and Talagrand inequality both fit naturally
into this framework (cf. [OV], Section 3).
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From the gradient—flow perspective, there are two ingredients for the spin system:
the Hamiltonian, which determines the Gibbs measure and thus the notion of relative
entropy, and the gradient on the state space X which appears in (4). The gradient
determines the type of dynamics and appears in the generator of the underlying
stochastic process. In this paper we consider the usual gradient on Xy ,, coming
from the Euclidean structure of RV, relevant for Glauber dynamics.

2 Set—up and statement of the result

2.1 General notation

All configuration spaces X will be affine subspaces of some RY of some dimension
K. The space X inherits the geometry of the ambient RY. To be more precise, the
tangent space T'X to X is a linear subspace of R of dimension K which inherits
the scalar product v - w and the related norm |v| from the ambient space. The
ambient structure also allows one to give an unambiguous meaning to the gradient
V(¢ € TX and the Hessian Hess¢ € End(7TX) of a function ¢ on X. This is also
how the K-dimensional Hausdorff measure H* on X is to be understood.

We denote by P(X) the space of probability measures on X. If p € P(X) is
absolutely continuous with respect to v € P(X), we denote the Radon-Nykodim

density by fl—‘lf. In particular, d;l—l—MK denotes the Lebesgue density.

2.2 Gibbs measures

Let the potential ¢): R — R be given. For our main result, we shall assume that
is a bounded perturbation of a quadratic potential and twice differentiable:

1

sup |0Y(z)| < oo where 0Y(z) = Y(z) — 5:62, (5)
R »
sup [Z= @) < co. (6)

We consider the related Gibbs measure p € P(R) given by its Lebesgue density

An

Bo@) = 77 exp(—u(o)) @

Here and in the sequel, Z denotes the (generic) normalization factor (also called the
partition function) which ensures that the measure is a probability measure.
Next, for N € N we introduce the product measure uy € P(RY):

= R Q.
KN I H

N times
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In terms of Lebesgue—densities,

jllg—]]\\[/(x) = val%(%) = Z exp (= ) (). ®)

i=1

By analogy with statistical mechanics, py is called the grand canonical ensemble.
In the language of probability theory, it describes the joint distribution of the N
independent random variables x1, . . ., xy which are identically distributed according
to the law p.

Finally, for given m € R, we consider the affine subspace Xy, and the probability
measure vy, € P(Xx,m,) defined by

N
1
XN,m = {(xl,,l'N)ERN‘NZSCZ = m}
i=1

and J y
UN,m _1 aun
THN (x) = Z7! dE—N(x)' (9)
In distinction to i, Vnm is called the canonical ensemble. It is the above-mentioned
distribution of the random variables x1,...,zy conditioned on the event that their

mean value is given by m, i.e. N~} Zf\il x; = m. It describes the distribution of the
fluctuations around the macroscopic observables.

2.3 Logarithmic Sobolev inequality

Consider two probability measures p, v € P(X) where p is absolutely continuous
with respect to v, with Radon—Nykodim density h = Zl—’;. Then the expression

/logd—udu = /hloghdu
X dv X

is non—negative and zero if and only if 4 = v. It is called the relative entropy of u
with respect to v. The expression

1
/|V10gd—u|2d,u = /—]Vh|2dy - 4/ IVVh|? dv
X dv x h X

is called the Fisher information.

Definition 1. We say that v € P(X) satisfies the logarithmic Sobolev inequality
(LSI) with constant C' provided

dp dp
log = dp < log H124 1
Aogdyu_C/XIVOgdylu (10)

holds for all i € P(X).



The main result of this paper is:

Theorem 1. Let ¢ satisfy (5) & (6). Then vy, defined as in (9) satisfies the LSI
with a constant dependent only on 1 (that is, not on N € N and m € R).

Our proof will use a few basic facts about the LSI. We state them here because they
are also helpful in discussing Theorem 1.

Lemma 1 (Factorization). Let p; € P(X;), i = 1,2. Assume that py and ps
satisfy the LST with constants Cy and Cy, respectively. Consider the product measure
1 @ pe € P(X7 x Xo). It satisfies the LSI with constant max{C7,Cs}.

Lemma 2 (Holley—Stroock). Let y € P(X) satisfy the LSI with constant C. For
a bounded function 0¥: X — R consider the measure fi € P(X) defined through

dji

dp
Then [i satisfies the LSI with constant exp(oscy 0W) C', where oscx W = sup 0V —
inf x 0V denotes the oscillation of OW.

(z) = Z ' exp(—=d¥(x)).

Lemma 3 (Bakry—Emery). Let U be a twice differentiable function on X, a
K —~dimensional affine subspace of RY. Assume there exists a constant ¢ > 0 such
that
Vee X VYoeTX wv-HessU(z)v > clv]’.
Consider € P(X) defined by
dp

dHE

Then p satisfies LST with constant (2¢)~*.

For the proof of Lemma 1 see, for instance, [GZ]. See [HS] for Lemma 2 and [BE]
for Lemma 3 (or also [OV]).

= Z lexp(—V(x)).

2.4 Grand canonical ensemble

The statement of Theorem 1 is also valid if we replace the canonical ensemble vy,
by the grand canonical ensemble pn. This is an easy consequence of the previous
lemmas. Indeed, according to Lemma 3, the LSI holds for the Gaussian measure g

on R, that is
dg 1 1,
d—Ll(x) = NG eXP(—éx)

with constant 3. Next, in view of (5) and according to Lemma 2, the LSI holds for

w defined in (7) with the constant

C = %exp(oscR&/)).

Finally, we learn from Lemma 1 that the LSI holds for py with the same constant

C.

Hence it is only with the conditioning of the grand canonical ensemble on the mean
that Theorem 1 is interesting.



2.5 Strict convexity
Let us for a moment assume that ¢ is uniformly strictly convex, i.e. that there is a

constant ¢ > 0 such that
d?i

Ve e R W(SL‘) > c.

Now consider the potential ¥ on RY defined by

N

V(o) = 3 o).

=1

The potential is strictly uniformly convex with the same constant:
Vo € RY Vo eRY wv-HessU(z)v = Zvi —(z)v; > ¢l
; x

Notice that in view of (7), (8) and (9), vnm is of the form

dVN,m

dHN-1 (LU) = Zil eXp(—\I/(l’))

Thus an application of Lemma 3 yields that vy, satisfies the LSI with constant
(2¢)7 1.

Hence it is only with the conditioning on the mean in conjunction with the non—
convexity of ) that Theorem 1 is interesting.

2.6 Equivalence of ensembles

It is an almost folkloristic statement that the canonical ensemble and a suitably
modified grand canonical ensemble are equivalent. Let us explain what is meant by
this.

It can be seen from (7), (8) and (9) that the canonical ensemble vy, is not affected
by changing v by a linear function. More precisely, we consider the measure u) on
R given by

%(x) = Z ' exp(Ax — ¥(2)). (11)

The idea is to choose A = A(m) such that pu) = p,, has first moment m:
/l‘,u/\(dl‘) = m. (12)
R

Notice that equation (12) can be rewritten as

dip*
dA

(A) = m, (13)



where 1* is defined via

5O = log [ exp(ha — (o) (o). (14)

It is well-known and easy to show (cf. Lemma 13 in Subsection 5.1) that 9* is
uniformly strictly convex, that is, there exists a ¢ > 0 such that

d2&*
dN\?

VA eR, (A > ¢
This means that (13)_has a unique solution which can be expressed in terms of the
Legendre transform v of ¥*. More precisely, we have
W
A — _¢(m)7

dm

where 1) is defined via

w(m) = sup (Am — (X))

AER

We recall another elementary property of the Legendre transform: Provided m and
A are related by (13), we have

P(m) + 47 () = mA. (15)
We thus have the representation
Ay, , T
Ta@) MEY (= () + Az = v()) (16)
D exp((m) + A (@ —m) — (). (17)

As before, we denote by iy, the product measure on R arising from s,

BN = i @+ @ [l - (18)
—_—

N times

This is our modified grand canonical ensemble. It is constructed such that the
expected value of the mean coincides with m

/RN (N_lzmi> Unm(dz) = m. (19)

As it did for uy, the conditioning of fiy,, on N~ Zf\il x; = m gives rise to Vn .
In view of (19), this conditioning is expected to be less dramatic. One expects the
measures [y, and vy, to be “close” for N > 1.
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2.7 Free energy

Statistical mechanics suggests to measure the closeness of canonical ensemble vy,
and grand canonical ensemble iy, in terms of the free energy. The free energy of
the canonical ensemble is by definition

—% log (/XN’m exp( Z)\xl ) HN l(dx)) = —dm+ ¢Yy(m),

where

Un(m) = —- log < /X exp<—2¢<xi>>HN-1<dx>>. (20)

=1

Notice that in view of (7), (8), and (9) we may rewrite vy, as follows:

dl/NJn

dHN1

(2) = exp (N (m Zw (21)

The free energy of the grand canonical ensemble piy ,,, on the other hand, may be
expressed using (14) and (18) as:

(15)

—0* () A+ d(m),
so that the difference of free energies is given by ¥(m) — ¥y (m).

It is a well-known and crucial observation that the difference of the free energies can
be characterized in terms of the central limit theorem. More precisely, let gy m(ds)
denote the distribution of s = N~1/23"N (z; — m) with respect to the modified
grand canonical ensemble:

N

/Rg(s) gnm(ds) = /RN C(N—1/2 Z(xZ - m)) U (d). (22)

i=1
Then we have:

Lemma 4 (Cramer).

exp (N (0(m) — i (m))) = (o)

From this representation and a finer version of the central limit theorem, we will
infer Proposition 1, the closeness of the free energies in the C*~topology. While we
believe the result is probably well-known, for completeness we include an elementary
proof. Some of the elements may also be found, for instance, in [F] Chapter XVI,
[KL] Appendix 2, [GPV] Section 3, and [LPY], p.752 and Section 5.

Proposition 1.

&P _ |
(m) = dmZ( m), uniformly in m € R.

i E
1m
Ntoo dm?
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This piece of information about the free energy is all we need to know about the
closeness of ensembles. In particular, we will not invoke closeness of low—dimensional
marginals of vy, and py,, as done in [GPV, LPY, Cap|. In fact, we need Propo-
sition 1 only to conclude

Corollary 1. There exist a ¢ > 0 and an Ny < oo dependent only on v such that
for N > Ny we have

d?
dm;\[ (m) 2 ¢

The corollary follows immediately from the strict convexity of 1) and Proposition 1.

VYm e R

3 The two—scale argument
3.1 Projection and push—forward

i=1, 2, .. K 2K N

j= 1 2 J
Figure 1: Microscopic and macroscopic observables.

Without loss of generality we will assume that N € N can be written as
N = JK with J K € N.

Central to our argument is the following linear map

PN,K:XN,m XJ,m; I':(l’l,"' 7'IN) y:(yla 7yJ)7
— K
where y; = K'Y (1K Tie

We view Py i as the operator which relates the microscopic state x to the macro-
scopic observables (see Figure 1). The macroscopic observables are the local mean
values y = Py .

The map Py x induces a mapping between probability measures

hort _
PJ?\?K:P(XN’m)HP(X‘]’m>, uHPJﬁK,u SHOTL, fi

defined by

V(€ CO(X ) /X C(y) ildy) —/X ((Pyxe) plde). (23)

Jm

Let us denote the fibers of the projection as follows

Vy < XJ,m XN,K7y = {ZL‘ € XN,m|PN,K:E = y}

12



pe P(Xym)

1% € P<XN,m) <

{,uy S P(XN,K,y)}yeXJ,m

Figure 2: Disintegration of a measure.

Because of the coarea formula, that is,

/XW /X N}K’yC(:v) HY (de)y HT  (dy) = /X . ((x) \/det(PNvK Ply ) HY "} (dx)

= KR [ ) a),

(23) assumes the following form on the level of densities:

dii _ du _
Wil(y) = KV=D2 /X v @ R (da). (24)
N,K,y

In words, f is the push-forward of p under Py . In the language of probability
theory: If p denotes the law of the random variable x, then i denotes the law of
PNJ(JZ'.

3.2 Fibers and disintegration

The fact that { Xy xy}yex,,, is a decomposition of Xy, can be used to disintegrate
a probability measure p € P(Xn,m); see Figure 2. We refer for instance to [AGS]
[Chapter 5.3]. There exists a unique (up to ji—negligible sets) family of measures
{1y € P(Xnky)}yex,,. such that

- / y Aildy),
XJ,m

which is short for
V(€ CY(Xnm) /X (@) p(dz) = /X /X () py(da) fildy). (25

On the level of densities this means

B du dp dp
K 1)/20l7-{N—1 (z) = dHT1 ) dHNZiJ (z), where y = Pyguw. (26)

In the language of probability theory: If i is the law describing the random variable
x, then p, is the distribution of  conditioned on the event that Py gz = y.
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3.3 Disintegration of the Gibbs state

We apply the disintegration of the previous subsection to our Gibbs measure

v Shgrt UNm € ’P(XN,m).

This gives rise to

_ short
p e PJ;\#;,KV € P(Xym) and {ry € P(Xnky)tyex,m-

The following characterization is an easy consequence of the fact that the fibers

factorize,
XN,K,y = ®;']:1XK,yj7 (27)

and of the formulas (24), (26) ,(21) and (20) :

Lemma 5 (Disintegration of the Gibbs state).

)
dv

7
—— ) = K= exp (Nyn(m) — K Y vk(y))).
s < 3" )

dv,

(@) = exp (K;W(yj) =D wle).

3.4 Local Gibbs states

The disintegration of a probability measure p € P(Xn,,) into i € P(X,,) and
{1y € P(Xnky)tyex,,, leads to a disintegration of the relative entropy; see point
i) under Lemma 6 below. Only the “second half” of the analogous disintegration
holds for the Fisher information; see point ii) under Lemma 6. The “first half” is
captured in point iii) in terms of the local Gibbs states:

Definition 2 (Local Gibbs state). Let u € P(Xnm,) with its disintegration
i€ P(Xjym) and {py € P(Xnky)tyex,,, be given. Let v € P(X ;) and {v, €
P(Xnky)tyex,,. denote the disintegration of the Gibbs measure v € P(Xym).
Then the local Gibbs state i € P(Xnm) is the measure which comes from i €
P(Xm) and {v, € P(Xn ky)}yex,,. (Figure 3). In terms of densities:

dpp
dHN T

dji d
(x) = a (y) dHZy*J(z) where y = Py k. (28)

(J-1)/2
K dH7-1

14



N\

W\
e

/N

vty

Figure 3: Local Gibbs state.

Lemma 6 (Entropy and Fisher information under disintegration).

d
/ log ™ d
Xnom dv

dji di
= log—du—i—/ / log yd,u i(dy).
/)(J,m dV XJ,m ( XN,K Yy d ! ( )
d d _
[ et = ( / |VIogd—“y|2duy) f(dy).
XN,m v XJ,m XN»KA,?J I/y

where VI denotes the gradient parallel to the fibers.

ii)

i) i
/ |v1ogd—“|2dg = K! |v1ogd—‘f|2dg.
XNom dV dV

XJym

3.5 Two—scale LSI and proof of Theorem 1

We prove Theorem 1 by combining LSI for the macroscopic measure v and the mi-
croscopic measures v, (see Figure 4 for a sketch). We begin by stating the three
ingredients. The first lemma establishes the LSI for the coarse grained Gibbs mea-
sure 7 € P(X,,). It is an easy consequence of the representation of 7 in Lemma 5,
of Corollary 1 (uniform strict convexity of ¥ for sufficiently large K'), and of the

Bakry—Emery principle (cf. Lemma 3).
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XN,K,y (micro)

fibers

Wy

J.m

7

(macro)

- - - -

Figure 4: We combine a macroscopic LSI for 7 and a microscopic LSI for v,.

Lemma 7 (Macro—LSI). For allm € R and i € P(X ) we have

i P\ di 5
loe —di < (2K inf log —|* du.
/Xj,m 08 M = < B dm2 /XJ [Viog -1" dji

The second lemma establishes the LSI for the conditional Gibbs measures v, €
P(XnN ky) uniformly in y € X;,,. It is an easy consequence of the representation
of v, in Lemma 5, of Lemma 1 applied to the factorization (27), and of the Holley—
Stroock argument (cf. Lemma 2).

Lemma 8 (Micro—LSI). For ally € X;,, and p, € P(Xn k) we have

/ log dity dp, < E exp (K OSCR (M) / |V log %F djuy.
XN, K,y dVy 2 XN, K,y di/y

Lemmas 7 and 8 show the trade—off in the choice of the “block—spin size” K. On
the one hand, K has to be sufficiently large so that the fluctuations convexify the
free energy g of the subsystem. On the other hand, K has to be so small that
the Gibbs measure v, of the subsystem can be treated as a finite perturbation of a

Gaussian.

The third and most delicate ingredient relates the Fisher information of ji to that of
i It comes in the form of a perturbative result: The simple inequality which holds
in the Gaussian case is modified.
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Proposition 2.

d” 1/2
| 1L
Xnm dv
p 1/2
s(/ ]Vllog—'u]zd,u)
Xnm dv

2

1/2
d“oy I dp o
e | exp(Koscg d1)) (/XNM A% log%| du :

+sup|
R

Here V*+ and VI denote the projection of the gradient on XnNm perpendicular and
tangential to the fibers, respectively.

We are ready to prove Theorem 1.
PROOF OF THEOREM 1.
We have for any 1 € P(Xnm):

d
/ log o du
Xnom dv

dip dp _
= log—du+/ / log = dp, | f(dy),
/XJ,m dv XJm < XN, K,y dl/y ! ( )

according to Lemma 6 i)

d*rc\ -1 dpi
2 K inf log == 1|2 dji
Kt /X [V log 55" i

m2

IN

Jm

1 d
+ = exp (K oscg 6¢)) / / |V log ﬂ\Zaluy a(dy)
2 Xim XN, K,y dVy

according to Lemmas 7 and 8

dg'(ﬁ}( -1 d/l
— (2inf Vlog ——|* dji
(2 inf =) /XN’m\ og—|" dji

R dm?

1 d
+ 5 €XP (K oscg 6¢)) / VI log £|2 du

XN,m

according to Lemma 6 ii) and iii)

A\ - d
(inf wK) 1/ V- log 2212 du
XN,m dV

IN

R dm?

2 2
- ((inf d wK)_lsup \d &p!?exp (K oscr 6¢)) + %)

R dm? R dx?
[ dpt o
-exp (K oscr 6v)) |V log £| dpu

XN,m
according to Proposition 2 and Young’s inequality.
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Hence v satisfies the LSI with constant
P\ 1
max {(%f T2 ) ,

((mf dng),l S%p ’dQ&/’ 2 exp (K OSCR (M) + %) exp (K OSCR cw) }

R dm? dx?

3.6 Proofs of the lemmas

PROOF OF LEMMA 4
Notice that for all ¢ € CJ(R) we have

/c ) S 4) /c ) gymld

) g( -3 Z(xi —m)) dgg;vm (x) L (da)

dpN,m _
/( s / :gN (2)HN Y (dx) £ (ds),
N~ 721 1(@i—m)=s}

where we have used the coarea formula. Hence we obtain

dgNm d,uNm N—1
495 ) — / 1 ™ (Y HN (da). (20)
aL! IVESY, @om=0y ALY

Now we remark that

dpNm v N D (D) . N A
(@) = ML) = eV esp (X (ri = m) =3 v(@),
so that (29) turns into
dg al
N,m n N-1
2(0) = exp(Vo(m) [ exp(— D ) H o)
Lt (VEEN (@-m)=0) ;
2 exp(Neh(m)) exp(—Niiy(m)).
0J
PROOF OF LEMMA 5.
We start with (21), which we rewrite as
dv K
W(x) = exp(N¢n(m)) IL_, exp(— Z P(xi)).
i=(—1)K+1

18



Together with the factorization (27) and (24) we obtain

dv

T ) = KU expVon(m) T [ exp(= 3 wla)) 1Y da)

= KUY exp(Nyy(m ))HJleXp( K (y;))

= KUY exp (Nypy(m KZwK vi))

This proves part i) of Lemma 5.

Part ii) follows from part i) together with (26) and (21).

O
PROOF OF LEMMA 6.
We deduce from (26) for p and for p replaced by v that
d dp, . d
() = W g l@) where y = Py, (30)
hence p i p
[ fi iy
log — = log — log —= (). 31
og —~(z) = log ——(y) +log i, () (31)
Therefore,
dp
log d,u
dﬂ d,uP T
- / <1og;><PN,Kx> utd) + | <1ogd ) ) ()
XN,’m XN VPNK:L‘

(23),(25) iy, _
= / (log d y) i(dy) + / / log (@) py(dz) p(dy).
‘X‘]7 XJm XN K,y

This establishes part i) of the Lemma.
We infer from (31) that

d d
Vl(log 52 (x) = V(log %) (),
v
where the second gradient is the gradient on the fibers. In particular,

V108 G = V(g 20 )

Hence we obtain part ii) of the lemma from integrating this identity against p and
using (25).
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For part iii) of the lemma we observe that by definition (28) and by (30) for f,

Gy = )

where y = Pygx,
dv

so that

V(log )(a) = PV llog 22 ()

In particular, we have

)0 P Pl V08 G000

= K [V(log L))

Now part iii) follows from integrating this identity against f and using (23).

V(iog L)) = (log

PROOF OF LEMMA 7.
According to Lemma 5, v is of the form

dv
W(?J) “lexp (- K Z Vi (y;))

Since the potential

satisfies
J
d*Px Y
v HessUip)v = K D0y 8w = K (if ) of
we may apply Lemma (3).
PROOF OF LEMMA 8.
We recall the factorization (27) of Xy
$€XN7K7y <~ {VjE{l, ,J} (fp(j—l)K—&-l;"' 7ij)€XK,yj}-
According to Lemma 5, v, factorizes as
dv K
dHNy J( ) = H;’]:I eXp (K@/)K(%) - Z ¢<mz))
i=(j—1)K+1
(21) dVK :
= H}] ldHKyl( (G—-LK+1," " uij)'

20



Thus in view of Lemma 1, it suffices to show that v, € P(Xk,n) satisfies the LSI
with constant 3 exp(Koscg 61)).

For this we argue as in Subsection 2.4: According to Lemma 3, the Gaussian measure

g € P(Xkm) given by

dg 1 2)
W(ﬁﬁ) eXP Zéxz

=1

satisfies the LSI with constant % Writing

dVKm

dg’ () = Z7 exp(—Zw(xi)),

we learn from Lemma 2 that vk, satisfies the LSI with constant

1 = 1
5 eXP (oscxeXK_’m ; 51&(@)) < 5 eXP (KOSCR 5@[))

4 Proof of Proposition 2

In order to establish Proposition 2, it is convenient to introduce the Wasserstein
distance, defined below. The squared Wasserstein distance dx (i, v)? to the Gibbs
measure v, the relative entropy [ x log 44 4, dp with respect to the Gibbs measure, and
the Fisher information [, |V log 2| dy form a natural triplet, see [0, OV]. The LSI
relates relative entropy and Flsher information whereas the Talagrand inequality
relates Wasserstein distance and relative entropy. In the proof of Lemma 10 below,
we shall make use of the result that the LSI implies the Talagrand inequality, cf.
[OV], Theorem 1.

Definition 3 (Wasserstein distance). Let X be an affine subspace of RY. The
squared Wasserstein distance dx(u,v)? between p,v € P(X) is defined as the infi-
mum of the “transportation cost”

/ lz — 2'|? 7(dwdx")
XxX

over all “transference plans” m € P(X x X) satisfying

Jxoxx C(@) m(dwda’) = fXC(x)u(dx)}
Jxwx C@) m(deda’) = [y ((x)v(de '

Proposition 2 is a direct consequence of the following two lemmas combined with
Lemma 6 ii).

V¢ € C(X) {
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IN

Lemma 9.
4 1/2
(/ |VngﬂFmO
XN,m dl/

i 1/2
(/ Nmﬁwa
XN,m dl/
250 , V2
| / A (g )P (dy) |
XJ,m

+S%p| T2
Lemma 10. For ally € X, and p, € P(Xn k) we have
dp
B, (i) < (0l oscrd))* [ (V108 P22y,
XN, K,y dVy

dp

ProOF OrF LEMMA 9. For abbreviation we introduce the potential
d = log—
& dv

and notice that by definition of the local Gibbs state i, ® is a function of the
macroscopic variables only:
<I>(x) = @(PN,Kx).

tr( Py Hess®(Py xx) Py ). (32)

The same holds for the gradient V® and the Laplacian A® =V - V&:

VO(r) = PixVO(Pygr) and Ad(z)

On the other hand we have
[l dv (21) o
(z) = (log W)(@ — (log W)@) =" log JHNT Nyn(m) + ¥(x),
where
N
V() = > ().
i=1
This implies
dHN ! dn
o = v
\% i vdHN—l + VU, (33)
so that
_(33) dHN1 dji . .
Vo|*d :/ —V -Vodji + VU -V dji. 34
/X . V[~ dp M fi . fi. (34
For the first integral on the right—hand side we observe
dHNY _ dp dfi
v Vodji = v VO arN !
/XN’m i dH T s Xy | AHNT
dj N-1
= —/XN,m TN AD dH
= — ADdfi (35)
XN,m



Because of (32), we have by definition of i

- A = — AD dp. (36)

XN,m XN,m

We now obtain, repeating the arguments under (34) and (35) for p instead of fi:

R
XN,m
(393,66 _ AD dy + / VU - Vo dji
XN,m XN,'m
d
- Viog X . Vo dyu + VT - Vo d(ji — p). (37)
XN,m dV XN,m

We now turn to the second term in (37). By definition of the local Gibbs measure
[t we have

VU -Vod(u— f)

XN,m

= [ [ Ve, - ) a
Xsm Y XN Ky

=/ v«ﬁ@)-( / PN,Kvwwy—uy)) aldy). (39)

We notice that the gradient on Xy, is given by
VU(z) = (x —mly)+ ViU (z),

where 15 € RY is the vector with entries 1 (so that V¥ € TX y,,) and

oU(x) = Zéw(mi).

Thus we have for x € Xy iy
PN7KV\I/([L') = y—ml;+ PN,KV(S\IJ(‘TL

and therefore
/ PN7KV‘1/ d(/vby — Vy) == / PN’KV(;‘I/ d(/vby — Vy).
XN,K,y XN,K,y
Inserting this into (38) one obtains

VU - Vo d(p — fi)

XN,m

:/X P&,Kvé@)-( /X vmz(uy—vy)) A(dy). (39)
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The combination of (37) and (39) yields the following identity:

- d
[wepdn = [ Ve - Vo @) )
Xnm Xnm dv

+ /X P Vo(y) - ( /X Vow d(u, — vy)> fidy).(40)

Jm

We now turn to the estimates. By Cauchy-Schwarz we deduce from (40):

LR
XN,m

1/2
. d
< ( | 1P PP utd) [V log )
XN,m

XN,m
) 1/2
s\ [ pvepan [ | wsw, )| aa)
Xim Xim |Y XN, Ky
y 1/2
32 ~
@ (/ Vel i |vHogd—’“‘!2du)
XN,m XN,m v
5 1/2
w | [ wepan [ ([ vsvd v an) @
XN,m Xym |[Y XN, K,y

where we have used the definition of i in the last step.

We take a closer look at the inner integral. It holds for any admissible 7 in the
definition of dx ., (sty, vy)*:

/ Vv d(py — vy)
XN,K,y

2 2

/X . (Vo (z) — Vo (a')) n(dzdx’)

< / VoW (z) — Vo (2')|? 7(dwda’).(42)
XN, K, yXXN K,y
Notice that for any tangent vector v € TX y g,

(VoW (z) — VU (z)) - v = Z(djj(a: ) — (Zs—f(mé))vi,

i=1
and thus

(Vo () — VoU(a')) o < Z(‘fj( L

IA
wn
o
S
ol S
([«%)
N
—
"M
&
|
&\
S—
(3]
[]=
<
=N




This implies

2250
2P e — o

so that (42), after taking the infimum over all admissible 7, turns into

(VoW (z) — VU (2)]* < sup]
R

Y

d2(5¢ ’2

dl‘2 dXNA,K,y (,LLy, Vy)2~ (43)

2
/ VoW d(py — vy)
XN,K,y

< sup |
R

Inserting (43) into (41) yields the lemma.
0

Proor oF LEMMA 10. According to Lemma 8, v, satisfies the LSI with constant
5C, where C' = exp(Koscg 0p). According to [OV, Theorem 1] v, satisfies the
Talagrand inequality with constant 2C, that is

d
Vi € P(Xnky) dxy e, by, vy)? < 2C/ log&duy.
XN, K,y dl/y

Using once more the LSI from Lemma 8, we obtain the result.

O
5 Proof of Proposition 1
We prove Proposition 1 by using the representation from Lemma 4:
n o dgN,m
exp (N (6(m) — w(m))) = 22 o) (14)
and developing the uniform bounds
1 dgn.m & dgnm
— < ’ —_— ’ <
Lo< W) <0 |5 ) < ¢ (45)

where C' denotes a generic constant independent of both m and N. Notice that by
interpolation, it also follows that

- i 0 <
‘dm act ( )‘ -

Therefore, taking derivatives in (44) and applying the bounds, we deduce the uniform

2
convergence of dd YN as N T oo.
m

To begin, recall that gn,, describes the distribution of a sum of independent vari-

dgN,m
act

ables. Hence can be written as a convolution. Defining the Fourier transform

as

FIAE) = / exp(i€x) f () £ (dx)

R
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and recalling that convolution turns into multiplication under the Fourier transform,
we can re—express the right-hand side of (44) as

dgN,m o i dgN,m
) = o [ 5| 0 2

= 5 [ BN £, (16)

where

dLt
(17 /Rexp (—i&m +ifx — 0" (\) + Az — ¢(x)) L' (dx). (47)

hm,€) = exp(—z'ﬁm)f{‘“‘—m} (©)

Using (46) and the non-—negativity of gy, it follows that (45) is proved once we
establish:

1
— -1/
5 < ‘/RhN(m,N 125)51(6%)\ < C, (48)
and
d2
i [ W N L) < c (49)

We will establish (48) and (49) by splitting the integrals into “inner” integrals over
{N~12|¢| < 6} and “outer” integrals over the complement. More precisely, on the
one hand we show that there exist 6 > 0 and Ny € N such that for all N > Ny and
all m € R,

‘/ V2le|<) hN(m,Nl/Q&)cl(dg)’ < C (50)
Re/{N 1/2/¢1<0) RN (m, N~Y26) £ de) > 1/C, (51)
d2
W/{ 1/2|£1<6} hN(m’N_lﬂg)‘Cl(dg)‘ < C. (52)

On the other hand, we will argue that for any § > 0, we have

lim AN (m, N~Y2¢6) £ (dg) = 0, (53)
Moo Jn-12/¢|5)
lim— N=Y26)cldg) = o, 54
lim / . )£ (de) (54)

uniformly in m. The combination of (50)—(54) yields (48) and (49).
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First consider the outer integrals. We control A and its derivatives using:

Lemma 11. For h defined by (47) and any 6 > 0, there exists a positive constant
Cs (uniform in m) such that for all |§]| > 0:

i

h(m. )] < e
i)

)| < cilel,
iii)

Thmg)| < cel

Lemma 11 i) implies (53):

’ /{N—1/2§|Z5} W, N7 El(df)‘

_ N1/2

[ oea)
{I€>6}

_ 2
< N2 (#y 2 / _ L) rwd — o
1+6/Cs gz \ 1+ |€]/Cs Nioo

For (54) we notice that

d2

RN (m, N~Y26) £ (d
2 S, ( §)L(dE)

2
- [ N2ZRN=2(m, N1/2) (%m, N-Ws)) £1(de)
(N-1/2[¢|>5) om

e N N O e £,
{N-1/2¢1=6}
so that by Lemma 11 ii) and iii),
d? N —1/2¢\ pl
W/{Nlmaz&}h AL (d@‘

< C; / N2[h(m, N-2)[N-2|¢[2L) (dg)
{N-1/2|¢|>6}

N2 / B Y HERL ).
{I¢|>6}
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We appeal once more to Lemma 11 i) to conclude

2 /
— RN (m, N=Y2) LY (de ’
dm? Jin-1/21¢25) ( )

_ 4
cant () [ () e
L+0/Cs té=a \ 1+ [€1/Cs Nioe

establishing (54).

We now turn to the inner integrals. Since p,, is a probability measure with mean
m, cf. (12), we have

h(m,0) = 1, g—]g(m,()) =0, and (55)
—g—;;(m,O) = /(a:—m)Q,um(dm) = Var(p,,) > 0.

According to Lemma 13 ii) in Subsection 5.1, the variance of p,, is bounded uni-
formly above and below:

1/C < Var(u,) < C. (56)

It follows from the lower bound and Taylor’s theorem (see also the proof of Lemma 12
in Subsection 5.1) that there exists ho(m, &) defined on a uniform §-neighborhood
of £ = 0 such that

h(m, §) = exp(—&*ha(m, €)), (57)
and
ha(m,0) = Var(i,). (58)
The motivation for introducing hs is the formula
h(m, N™2)N = exp(—€2ha(m, N71/2)). (59)
The necessary control on hsy is given by:

Lemma 12. There exist 6 > 0 and C' < oo (uniform in m) such that for || < 0
and all m € R:

i)

Ohy
a—g(mag) S Ca
Ohs
ﬁ—m( )| < G,



iii)
0%hy
om?2

mo)| < c

Equipped with Lemma 12, we will now establish (50)—(51). In view of (59), we have

/ h(m, N7V2€)" £ (d)
(N-1/2[¢|<5}
_ / exp (=€ hy(m, N~12¢)) £1(d€). (60)
{N—1/2g]<a}

According to (56) and Lemma 12 i), we have for |¢] < &
Re hy(m, &) > 1/C.
Thus, for N=1/2|¢| < 6, we have
| exp(—€2ha(m, N712€))] < exp(—€2/C), (61)

so that
‘ / exp(—E2ha(m, N2 21 (de)| <
{N-1/2|¢|<8}

In view of (60), this proves (50).
The proof of (52) is similar. Applying (60), we have

d2

5 h(m, N=V2E)N £1(d¢)
dm? Jin-12i¢1<5y

= / —62%(7%7]\7_1/25) exp(—€” ha(m, N~V2€)) L1 (d€)
[N-1/2)g|<s)

om?

< €4 (S02)" (o, N-/2€) exp(—€2 hafm, N712€)) £ (de).
{N—1/2[¢]<d}

om
According to Lemma 12 ii) and iii) and (61), this identity yields the estimate
d2
s [ NPV 2 ag)
dm?® Jin-1/21<5)
< C/ (€ + Y exp(—€2/C) LM (d¢) < C.
{N—1/2g|<o}

Finally, consider (51). It will be convenient to introduce hj via
ha(m,€) = ha(m. 0) + Ehs(m.£), (62)
which, according to Taylor and Lemma 12 i), satisfies

Ohs .

O—S(m’ g)

< C (63)

sup |hg(m, €)| < sup
él<s <5
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By the definition of h3 in (62), we have

exp(—&ha(m, N7'2€)) — exp(—€*ha(m, 0))
= exp(—&ha(m, 0)) (exp(—=N "2 hy(m, N71/%¢)) — 1)

E exp(—€Var(um)) (exp(—N "2 hg(m, N"12¢)) — 1) | (64)
We use the fact:
Jexpl(z) — 1] = Z Z‘ = exp(l2l) — 1,
7j=1 7j=1

with X
2= =N hy(m, )
to conclude from (64) that

|exp(—&2ha(m, N712€)) — exp(—£2ha(m, 0))]
< exp(—¢2Var(un)) ( exp (NV2[¢[° |hg(m, N71/2€)]) = 1),
Together with (56) and (63), this yields for & with N=1/2|¢| < 6:
|exp(—&2hy(m, N™12€)) — exp(=€2ha(m, 0))| < exp(—€2/C)(exp(CIE*) — 1),

Hence, for ¢ sufficiently small,

] / exp(=E2ha(m, N-1/2€)) — exp(—E2ha(m, o>>cl<d§>\
{N-1/2|¢|<68}

< / exp(—€2(1/C — C5)) — exp(—€2/C) L1 (dg)

1 1
- ¢ <\/1/c— s \/1/0)
< Cs. (65)
On the other hand, we have by (58) and (56) that
exp(—&*ha(m, 0)) = exp(—&*Var(u,)) > exp(—€2/C),
so that
/ exp(~€ha(m, 0)£(dE) = [ exp(~/C)L!(d6)
{N-1/2[¢]<d} {N-1/21¢|<4}
> 1/C — Cexp(—NY?5/C). (66)
The combination of (65) and (66) yields
fte / oxp(—Eha(m, N~'/2¢)) £ (d€)
{N—1/21¢<4}

> 1/C — Clexp(—=CNY?5) +6),
which establishes (51) for § sufficiently small and N sufficiently large.
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5.1 Proofs of the lemmas

Before turning to the proofs, we collect a few ingredients which we will use repeat-
edly. First, recall that by assumption, pu,, is a perturbation of a shifted Gaussian.
To be precise, letting

dgx

D) = m)h e (- 5= ), (67)

we may write fi, as

d#m _ —1 . _1 2
d—L',l(I) =7 exp( p(x) + Ax 2x>

and observe that

d dfim d
exp ( — 0OSCR 51/1) d—%\l(aﬁ) < dLLI(x) < exp (OSCR 5¢) d—%\l(x)

A second elementary but important observation is that the mean of a measure p is
optimal in the sense that for all ¢ € R,

/R (z — )u(de) = /R 22u(dz) — 2 / wp(dz) +

R

> /IR 2u(dz) — ( /R xu(dw)>2
_ /R <x— /R yu(dy)fu(dw)' (69)

Finally, we state and prove a lemma about the map between m and A (cf. Subsec-

(68)

tion 2.6) which is useful in the proofs of Lemmas 11 and 12. Here and below, we
refer to the measure p,, as u) in order to emphasize the A-dependence.

Lemma 13. Consider the change of variables

dy*
m=—=() (70)

and the corresponding measure i, = py € P(R) with density

and mean [, xpx(dx) = m, cf. (13), (16) and (12). Then:

i) The first two derivatives of m are related to the moments of iy as:

dm d?*
N e /R(fﬁ—m)QuA(dl’),
d>m dgi/_}*

W= o = @)
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ii) The moments of uy satisfy the uniform bounds:
& < [—miu) <c
J——
/R(x —m)*ux(dz) <C.

ii1) The second derivatives of the inverse map are uniformly bounded:
>\
dm?

iv) The map is uniformly close to the identity: |\ —m| < C.

PROOF OF LEMMA 13.
To show the equalities in 1), we first notice that for the variance we have from (12)
and (16)

dm  d e 1
N RxeXp(—w (A) + Az — ()L (dx)

= /Rx(x—m),u,\(dx) = /]1%902,u,\(d:z:)—m2
- /R(x—m)2u,\(dm). (71)

Together with (13), this establishes the first equality of i). For the second equality,
we take a derivative in (71) and notice that because p) has mean m,

T T e 257 [ @ - ()
— /R(Z‘ —m)3ux(dz).

Next we prove point iv), which follows from

p—mf = | [ < (-2 )
(6§8) exp(oscRéw)/R()\—xng(d:v) < exp(0scror)).

Turning to the first estimate in ii), we observe that on the one hand,
(68)

/R(x —m)? ur(dr) > exp(—oscg V) /(m —m)?gx(dx)

R

(629) exp(—oscR(Sw)/R (l‘—/RygA(dy))ng(dx)

= exp(—oscg 0Y).
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On the other hand,

[ o= mpuna < / (x— / ygmdy))%(dx)

< exp(oscg 61)) /R (x— /R ygx(dy))QgA(dx)

= exp(oscg 07).

The bound in ii) on the fourth moment follows from:

[@-mim) < o ( =N+ - m)“m(dx))
(6_<8) C (exp(oscR 0)) /R(x — Nga(dr) + /R()\ — m)4u,\(dx)>
< C,

by iv) and the definition (67) of gx. Holder’s inequality then implies the bound on
the third moment.

Finally, iii) follows immediately from i), ii), and:

dQ)\ _ i d2QZ)* *1@ B _dB@/;* dQ@E* -3
d\? dm dX3 \ d)\? ’

dm? — d\

OJ

PROOF OF LEMMA 11. We prove i) by splitting it into two pieces. First we bound
h by a constant smaller than one, uniformly in m for £ bounded away from zero.
Then we show the decay for large £. By (47) and (11) we have

hm.€) = expl—i€m) [ explian(do).

Thus

2

h(m, &)2 = ‘ /R cos(Ex)pun(dx) + i /R sin(§a) ()
- ( /]R cos(ex)m(dn)) + /R sin(a)in ()

= 1 ([ cottcomtan) — ( [ coserymian)’)

- ( /R sin®(¢)pua(dar) — ( /R sin(far)m(d:v>)2)

=: 1 — Var,, (cos({z)) — Var,, (sin({x)). (72)
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Therefore, to bound h by a constant smaller than one, we need to bound the vari-
ances away from zero. Recalling the elementary observations (68) and (69), we
have:

Var,, (cos({x))

= /R<cos(§x) — /Rcos(gy),uA(dy)YM,\(dx)

(cos(fx) — /Rcos(fy)u,\(dy)fg)\(dx)
cos?(Ex) g (dx) — (/cos(&x)gk(dx)y). (73)

R

> exp(—oscg 01)) /

R

R——y

R

Since the Fourier transform of a Gaussian is again Gaussian, the right-hand side of
(73) can be computed explicitly. Looking at the second integral, we have

([ costearnntan))’

2
e i ((QW)_%/ (€Z€x + €_i£$) 6_%(m_>\)2£1(dx))
R

= ! (em’\ o8 oA 26_52> = %(cos(%)\) + 1) et

The second part of the right—hand side of (73) can be computed similarly. We get:
/RCOSQ(fx)g)\(d:E) = % (COS(ZSA)B_%Z + 1).

Therefore,

[ coscarantan) = [ costeion(an))

i (1 — e cos(2§)\)) (1 - @_62)

LN

> —(1 — 6752)2.

[\]

Inserting this into (73) and then (72) (the same inequality holds for Var,, (sin({x))),
we obtain
|h(m, &) <1 — exp (— oscr 6¢) (1 — 6—52)2_

Hence for any 6 > 0 there exists a C5 < oo (uniform in m) such that
1
hm. O < 1- L for e >a (71)
5
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To complete the proof of Lemma 11 i), we need to establish decay of h for large
|¢|-values. This is done by an integration by parts argument; we have

bm,€) = 27 [ expige) expl(ha — 0(a)) £ (do)
= Z_l/R gexp(zfx) ( —z— %(m)) exp(Az — % — 6¢(x)) L (dx).

This yields the estimate

h(m. )
< 1 [ (W-al + 1520 i)
<l eptosead) [ (]3—o] + (520 ) anta)

sy
O (w)

) . (75)

<l exploscav) (20 [ e L) + s

Since by elementary interpolation

Aoy d?5 (5).(6)
¥ ) <
sup |~ (2) _CS%pléw(ﬂf)l SUp |~ 5 ()| < oo,
we infer from (75) that
h(m, )] < C g7 (76)

The combination of (74) and (76) yields Lemma 11 i).

We turn now to the estimates for ii) and iii). Since || < 9, it suffices to prove

oh

o] < e,
2

'ahscaﬂW»

om?

We appeal to the change of variables (69):

Oh  Oh d\
om — 9xdm
wd PH P (AN Ok 7
Y m T o \dm) T oxdm?
According to Lemma 13 i), ii), and iii), it thus suffices to prove
\ < o0+ e,
(78)
< %).
P < cavier
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The starting point is formula (47):

h = / expli€(x — m))pa(dz)

= / exp (i€x — i&m — P*(A) + Az — ¥(z)) L' (dz). (79)
R
Using (70), we infer the identities
h d
5= [ (i m) explista - m) (o), (80

i / ( CQT—C;—T) expl(i€(x — m)) ir(d)
" / (_ig‘;_f ta —m)Qexp@f(x—m))mdx)' (81)

By Jensen’s inequality and (12), these yield the inequalities

oh|?
B < /|—z§—+$—m{2/¢,\(dw)
= |2+ [ mP),
R
and
0%h ’m dm dm
W ~ W +‘— +/|—z§—+x—m|2u,\(da:)
dm / 9
= + T —m dz).
el G e ] [P

Hence (78) follows from Lemma 13 i) and ii).

PROOF OF LEMMA 12.
Since h(m,0) = 1 and g—’g(m,()) = 0, cf. (55), we may introduce by Taylor the
complex—valued function hy(m, &) by

h(m,§) = 1—=¢*hi(m, &) = exp(—¢* ha(m, §)), (82)

so that

(83)

ha(m, €) — —&2log (1 — & hi(m,£)) €40
2 ’ hl(m,O) 52 0.
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We claim that Lemma 12 is a consequence of the following bounds on h;:

oh
Ohy 0%hy
‘% SR e (85)

Indeed, Lemma 12 i) follows from (84) after rewriting (83) in the form:

ha(m, &) = hi(m, &) f(€ ha(m,€)),

for the function f(z) = —2z7! log(1 — 2z) which is smooth in a neighborhood of zero.
Points ii) and iii) follow from (85) via the chain rule applied to (83):
ohy 1 O
om  1—&2h Om
and )
O%hy 1 *h N £2 ohy
om?  1—¢&h; Om2 (1 —&2hy)2 \om )’

along with the fact that |£| < d. As in the proof of Lemma 11, it will be convenient
to consider derivatives with respect to A instead of m. By (77) and Lemma 13 1)-iii),
we can establish (85) by showing

Ohy

— <
3 <C(1+1£]) and

0*hy
ON?

< C(+IEP). (86)

In view of definition (82) which can be reformulated as

1 [¢ 9%h
hm.§) = 5 / (€ = €5z m ) e’

(84) and (86) are consequences of

0%h 0°h

- —— | <

e <0 |aa| 2O (87)
0*h O'h
| < -
‘agw' =G ‘aew = (88)

The estimates (87) are easily established. We infer from (79)

g—gz(m,f) = /R (Z(:L’ — m))k exp(i&(x — m))ux(dx).

Thus, (87)follows from Lemma 13 ii).
For (88) we turn to (80) and (81), which we write as

oh 0?h
Y :/Ral()\,f),u)\(d:v) and WZ/RCLQ()\,QHJA(CM)’
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where we set for abbreviation:

R S L ()

d*m dm

azs(\,€) = (( — iy ﬁ) + (- ifccli—T +x— m)2) exp(i&(x —m)).

Since for [¢] < § we have

0%ay dm 5
< -° _
e <C (‘d)\ —|—1) (|x m| +1)
and
0%ay d’>m dm|? dm 4
< i i - _
e —C(CW ’dA +’dA +1 | (Jz—m[*+1),

(88) follows from Lemma 13 i) and ii).
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