Math 1552, Exam 3: Integration Name/Section:

1. (a) (10 points) Compute the definite integral

2

¢ 1
/ dzx.
e xVInz

(b) (15 points) Find the indefinite integral

/xz sin(1 — x) dx.

Solution:
(a) Make a u-substitution with u = Inz and du = (1/x) dz so that

2

e 2
/ ! dr = ialu:2\/ﬂzz2(\/§—1).
e Inzx 1 U ‘1

T

(b) Integrate by parts with u = 2? and dv = sin(1 — ) dx so that du = 2z dx and
v = cos(1 — ), and

/932 sin(1 — x) dx = 2? cos(1 — x) — Q/xcos(l —x)dz.

Integrate by parts with « = x and dv = cos(1 — x) dx so that du = dzr and
v = —sin(1 — z), and

/xcos(l—x) dr = —x sin(l—x)+/ sin(l1—z) de = —zsin(1—z)+cos(1—z)+C.
Thus,

/x2 sin(1 — z) dx = 2% cos(1 — x) — 2 (—zsin(1 — z) + cos(l — z) + C)

= (2° — 2) cos(1 — x) + 2zsin(1 — z) + C.




Name and section:

(a) (10 points) Find the indefinite integral

/ sec? @ sin® 0 de.

(b) (15 points) Find the definite integral

1
/ Inz dzx.
1/e

Solution:

(a) Replace sin®@ = 1 — cos? 0

) 1 )
/SeC2 0 sin® 6 db = / p—7 (1 — cos? 9) sin 8 df

1 i
_/<00829_1) sin 0 df

1
= +cosf + C.
cos 0

(b) Integrate by parts with « = Inz and dv = dz. In this case, du = (1/z) dx and

V= I.
1 1

/ Inzdr=xzlnxz; —/ 1dx
1/e 1/e 1/e

= —(1/e)In(1/e) = [1 — (1/e)]
— 1/6 -1+ 1/6
=2/e—1.




Name and section:

3. (25 points) Compute the indefinite integral

3

X
.
/x2—2x+1 v

Solution: First divide z° + (22 — 22+ 1) =z + 2+ (3z — 2)/(z — 1)%. Use partial

fractions:
a b ar —a+b

=1 @12 @=12
a =3 and b = 1. Therefore,

x3 x? 3 1
T e =L 4 d
/3:2—21'—{—1 r=agt x+/(x—1+(x—1)2) .

x? 1
=—+2z+3lnjz -1 - ——+C.
2 x—1




Name and section:

4. (25 points) Compute the improper integral

© g
——da.
/_Oox2+16 !

Solution: Dividing the numerator and denominator of the integrand by 16 and then
making a w-substitution with v = x/4, we have

M 4 1 M 1
27dl’:— 72dﬂf
w22+ 16 4) (@421

= tan_l(a:/él)}M

= tan"'(M/4) — tan"' (=M /4).

Taking the limit as M " oo, we find

* 4
/ x2+16dx:7r/2—(—7r/2):7r.




Name and section:

5. (15 points) (Bonus 9.2.19) Solve the IVP

{ (x+ 1)y — 222+ 2)y = S
y(0) = 5.

Solution: Dividing the equation by x + 1, we get

Y —2xy =

(x+1)%

It follows that the integrating factor is u = e, Thus,

[y = - +1 5

Integrating both sides from 0 to x, we have

2 r 1 1
<ty 5 [ L _ge——— 41
© v /0 (E+1)2 ¢ x+1

Thus,

2

2 er 6x + 5
J— —_— e
z+1 r+1

2




