
Math 2552, Final Exam (practice) Name and section:

1. (a) (5 points) Solve the IVP
{

y′ = y2 + 1
y(2) = 1.

(b) (5 points) Plot the solution you found in part (a).

(c) (5 points) What is the interval of definition of your solution you found in part (a)?



Name and section:

Solution:

(a) Integrating y′/(y2 + 1) = 1, we find tan−1 y − π/4 = x− 2 or

y = tan(x− 2 + π/4).

(b) Note that the period of the tangent function is π and this particular solution
takes the value zero at 2−π/4. Also, π/4 ≈ 3/4, so the endpoints of the interval
of definition below are approximately −1/4 and 11/4.
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(c) (2 − 3π/4, 2 + π/4).



Name and section:

2. A series circuit contains a 0.3 Ohm resistor, a 0.02 Fahrad capacitor, a 10 volt power
source, and a switch.

(a) (5 points) If the capacitor is discharged initially and the switch is turned on supply-
ing 10 volts to the circuit, find the voltage drop across the capacitor as a function
of time.

(b) (5 points) How long does it take the capacitor to attain a 9 volt charge?

(c) (5 points) Is this physical system considered to be an oscillator? Explain.



Name and section:

Solution:

(a) The voltage drop across the capacitor is given by v = q/C = q/0.02 where q =
q(t) is the charge accumulated on the capacitor and C = 0.02 is the capacitance.
The voltage drop across the resistor is IR = 0.3I where I = dq/dt is the current
in the circuit and R = 0.3 is the resistance of the resitor. Thus, after the switch
is turned on, the sum of these voltage drops is given given by

0.3q′ + 50q = 10.

This is a linear first order ODE. We consider this equation with the initial
conditions q(0) = 0. Multiplying the equation by 10/3 we have

q′ +
500

3
q =

100

3
.

Multiplyfing the equation by the integrating factor µ = e500t/3, we get

(e500t/3q)′ =
100

3
e500t/3.

Integration now gives

qe500t/3 = q(0) +
1

5
e500t/3 − 1

5
=

1

5
e500t/3 − 1

5
.

The voltage across the capacitor is therefore given by

v = v(t) = 50q(t) = 10 − 10e−500t/3.

(b) We wish to find the time T for which v(T ) = 9:

T =
3

500
ln 10.

Incidentally, this value is about 0.014 or about a tenth of a second.

(c) Since this is a first order equation, there is no term present modeling accelera-
tion. An oscillator is modeled according to Newton’s second law with accelara-
tion determined by a restoring force (i.e., Hooke’s law with the force proportional
to the displacement and in the opposite direction) and oppositional damping
(i.e., a damping force in the opposite direction of the velocity). This equation
is not second order, so the RC circuit is not being modeled as an oscillator.
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3. A series circuit contains a 0.1 Ohm resistor, a 0.04 Fahrad capacitor, a 12 volt power
source, and a switch. If the capacitor has an initial charge of 0.3 Coulombs having
polarity in agreement with the power source and the switch is turned on supplying 12
volts to the circuit, use the method Laplace transorms to find the charge on the capacitor
as a function of time.



Name and section:

Solution: The voltage drop across the capacitor is given by v = q/C = q/0.04 where
q = q(t) is the charge accumulated on the capacitor and C = 0.04 is the capacitance.
The voltage drop across the resistor is IR = 0.1I where I = dq/dt is the current
in the circuit and R = 0.1 is the resistance of the resitor. Thus, after the switch is
turned on, the sum of these voltage drops is given given by

0.1q′ + 25q = 12.

This is a linear first order ODE. We consider this equation with the initial conditions
q(0) = 0.3.

The Laplace transform of the IVP is

0.1(sQ− 0.3) + 25Q =
12

s
.

Therefore,

Q =
12

s(0.1s+ 25)
+

3

100(0.1s+ 25)
=

120

s(s+ 250)
+

3

10(s+ 250)
.

Using the method of partial fractions, we have

1

s(s+ 250)
=

1

250

(

1

s
− 1

s+ 250

)

.

By rule number 1 on the table
1

s
= L[1].

By rule number 2 on the table

1

s+ 250
= L[e−250t].

Therefore,

Q =
12

25

(

1

s
− 1

s+ 250

)

+
3

10(s+ 250)

=
12

25

(

L[1] − L[e−250t]
)

+
3

10
L[e−250t].

Using the linearity of the Laplace transform and inverting, we find

q(t) =
12

25
− 9

50
e−250t.
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4. (10 points) A spring is attached to the mass of a simple (nonlinear) pendulum as shown
below. Model this system (i.e., find an ODE one can compare to the motion of this
system) under the following assumptions:

• The mass at the end of the pendulum has mass m and the rod of length ℓ is rigid
and has negligible mass.

• The mass experiences a (constant) vertical downward force of magnitude g (due to
gravity).

• The spring is anchored at a distance ℓ directly to the right of the the position of
the mass when the pendulum is hanging straight down (as in the figure).

• The spring has Hooke’s constant k and equilibrium length ℓ.

• The spring may extend and compress from its equilibrium length but always remains
in a straight line between the anchor point and the mass.

• The spring has neglibible mass.

• Friction and other sources of damping/energy dissipation are neglibible.
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Solution: Let θ denote the angle of the pendulum measured from the negative y-
axis and take coordinates (as indicated in the figure) with the origin at the minimum
equilibrium position of the mass. The position of the mass is then described by

r = ℓ(sin θ, 1 − cos θ).

Differentiating this expression we obtain velocity and acceleration vectors

r′ = ℓ(cos θ, sin θ)θ′ = ℓθ′u1

and
r′′ = ℓ(cos θ, sin θ)θ′′ + ℓ(− sin θ, cos θ)(θ′)2 = ℓ[θ′′u1 + (θ′)2u2],

where u1 = (cos θ, sin θ) and u2 = (− sin θ, cos θ).
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Denoting the angle the spring makes with the negative x-axis by ψ, we have

cosψ =
1 − sin θ

ℓs
and sinψ =

1 − cos θ

ℓs
,

where, the length of the spring is given by

ℓs = ℓ
√

(1 − cos θ)2 + (1 − sin θ)2 = ℓ
√

3 − 2(cos θ + sin θ).

It follows that the force on the mass due to the spring is given by

F = k(ℓs − ℓ)(cosψ,− sinψ) = kℓ

√

3 − 2(cos θ + sin θ) − 1
√

3 − 2(cos θ + sin θ)
(1 − sin θ, cos θ − 1).

Summing the forces on the mass, applying Newton’s law, and taking the component
in the u1 direction gives mr′′ · u1 = −mg(0, 1) · u1 + F · u1. That is,

mℓθ′′ = −mg sin θ + kℓ

√

3 − 2(cos θ + sin θ) − 1
√

3 − 2(cos θ + sin θ)
(cos θ − sin θ).



Name and section:

5. Consider the pendulum-spring system of problem 4. Take x, y-coordinates with origin
at the center of the mass when the pendulum is hanging straight down, and let θ denote
the angle the pendulum makes with the negative y axis.

(a) (10 points) Show the equation you obtained in problem 4 is equivalent to a system
of the form

{

θ′ = ω
ω′ = f(θ).

Be sure to specify the function f = f(θ).

(b) (5 points) Is the configuration where the pendulum hangs straight down an equi-
librium? Justify your answer mathematically.

(c) (5 points) Is this configuration with θ = π/4 an equilibrium? Justify your answer
mathematically.
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Name and section:

Solution:

(a) Setting ω = θ′, we obtain a system of the indicated form with

f(θ) = −g
ℓ

sin θ +
k

m

√

3 − 2(cos θ + sin θ) − 1
√

3 − 2(cos θ + sin θ)
(cos θ − sin θ).

(b) If θ = 0, then sin θ = 0, so the first term in f(0) vanishes. Also, cos θ+sin θ = 1
so that 3− 2(cos θ+ sin θ) = 1, and the numerator of the fraction in the second
term vanishes. Consequently, f(0) = 0, and (θ∗, ω∗) = (0, 0) is an equilibrium.

(c) If θ = π/4, then cos θ− sin θ = 0 and the second term in the expression for f(θ)
vanishes. Therefore,

f(π/4) = −g
ℓ

sin π/4 = − g

ℓ
√

2
6= 0,

and this cannot be an equilibrium.



Name and section:

6. Consider the system you obtained in problem 5.

(a) (10 points) Find an equilibrium point of the system and determine the behavior of
the linearized system at this equilibrium point. Be sure to draw the phase diagram
of the linearized system.

(b) (5 points) What does the linearization imply about the behavior of the original
system?



Name and section:

Solution:

(a) The linearized system at the equilibrium (θ∗, ω∗) is

(

ξ
η

)

′

=

(

0 1
f ′(θ∗) 0

) (

ξ
η

)

,

where

f ′(θ) = −g
ℓ

cos θ − k

m

{

(cos θ − sin θ)2

[3 − 2(cos θ + sin θ)2]3/2

+

√

3 − 2(cos θ + sin θ) − 1
√

3 − 2(cos θ + sin θ)
(cos θ + sin θ)

}

.

Notice that when θ∗ = 0, we get f ′(θ∗) < 0. This means the coefficient matrix for
the linearized system has eigenvalues which are pure imaginary. The linearized
system is therefore a stable rotating center with periodic orbits. We see from
the columns of the matrix that the rotation is clockwise in phase space.

(b) Because the eigenvalues are pure imaginary, the linearization is inconclusive.
We can expect either periodic orbits locally near the origin in phase space or
inward (or outward) spirals.
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7. Consider the system you obtained in problem 5.

(a) (10 points) Find a conserved quantity for the system having the form

H(θ, ω) =
1

2
ω2 + h(θ).

Be sure to specify the function h. Hint: The total energy is conserved.

(b) (5 points) Verify that the quantity you have given is conserved.



Name and section:

Solution:

(a) The kinetic energy of the system is (1/2)m|r′|2 = (1/2)mℓ2(θ′)2 = (1/2)mℓ2ω2.

Taking the pendulum to have zero potential when hanging straight down, the
potential energy of the mass in the gravity field is mgℓ(1 − cos θ). To see
this, one can integrate the force −mg over the vertical distance displaced from
equilibrium in the field.

The potential energy of the spring is obtained similarly. Integrating the force kδ
from the zero potential to an extension/compression with displacement ℓs − ℓ,
we get

∫ ℓs−ℓ

0

kδ dδ =
k

2
(ℓs − ℓ)2.

Adding these three energy contributions and dividing by mℓ2, we obtain a quan-
tity

H =
1

2
ω2 +

g

ℓ
(1 − cos θ) +

k

2m

[

√

3 − 2(cos θ + sin θ) − 1
]2

of the desired form with

h =
g

ℓ
(1 − cos θ) +

k

2m

[

√

3 − 2(cos θ + sin θ) − 1
]

2

.

(b) If we differentiate H(θ(t), ω(t)) with respect to t and use the system given in
problem 5, we have

d

dt
H(θ(t), ω(t)) = ωω′ + h′(θ)θ′

= ωf(θ) + h′(θ)ω.

Differentiating h, we get

h′(θ) =
g

ℓ
sin θ − k

m

[

√

3 − 2(cos θ + sin θ) − 1
] cos θ − sin θ

√

3 − 2(cos θ + sin θ)
= −f(θ).

Therefore,
d

dt
H(θ(t), ω(t)) = 0,

and we are done.
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8. Consider the system you obtained in problem 5 and the conserved quantity you obtained
in problem 7. If g/ℓ = 1 and k/m = 7, then the the function h = h(θ) such that
mℓ2H = mℓ2[ω2/2+h(θ)] is the total energy of the system has graph as indicated in the
figure:
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We have also indicated the graph of f = f(θ) dashed. Notice that this system has four
equilibrium points (θ∗, 0) with 0 ≤ θ∗ < 2π. Denote these equilibrium values for θ∗
consecutively by 0, θ1, θ2, and θ3.

(a) (10 points) Draw the phase diagram of the system in this case.

(b) (5 points) What is the local behavior near (θ∗, ω∗) = (0, 0)?

(c) (5 points) Describe the motion of the pendulum-spring system if the mass starts
from rest with the pendulum vertical and extending directly up (θ(0) = π).



Name and section:

Solution:

(a) The graph of H in cases like this is relatively easy to visualize: One takes the
graph of h as the curve above the ω = 0 axis and then “hangs” upward facing
parabolas (ω2/2) from it with the attachment at the vertices (lowest points) of
the parabolas.

Notice that equilibrium points occur at zeros of f which coincide exactly with
critical points of h. Local minima for h correspond also to local minima of H
and are surrounded by periodic orbits. Local maxima for h correspond to saddle
points of H which give unstable saddles in the phase plane. More generally, the
level sets of H may be visualized in order to obtain the phase diagram:
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The large arrows indicate the direction of the flow (always to the right in the
upper half plane ω > 0 and always to the left in the lower half plane ω < 0)
resulting in clockwise periodic orbits in harmony with the linearization.

(b) Clockwise periodic cycles. For small displacements from equilibrium, θ executes
an approximation of simple linear oscillation with θ ≈ ξ1 where ξ′′

1
= f ′(0)ξ1,

and f ′(0) = −(g/ℓ+ k/m)ξ1. Thus, the linearized Hooke’s constant is (in some
generalized sense) the sum of the linearized Hooke’s constant for the pendulum
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and the linear Hooke’s constant of the spring.

(c) The orbit associated with (θ(0), ω(0)) = (π, 0) is shown dotted. Thus, we see θ
will decrease with angular speed increasing into a neighborhood of the θ2 equi-
librium position. The mass will continue to swing clockwise (θ decreasing) until
near the θ1 equilibrium position, which the mass will pass through with increas-
ing angular speed. The angular speed will reach a relative maximum (ω having
a negative relative minimum) near the θ∗ = 0 equilibrium. Angular speed then
decreases to zero and the angle θ reaches a (negative) global minimum for the
motion. The speed then retraces the same changes of direction, maxima, and
minima in the reverse direction with θ increasing and ω positive until the orig-
inal initial condition (θ(T ), π(T )) = (π, 0) is reached and the motion continues
periodically with period T .

Note that it’s really quite difficult to get this kind of information without the
Hamiltonian. In fact, it’s not even so obvious that this particular solution
starting at the top is periodic or that it ever attains positions with θ negative.
Of course, even the equilibrium behavior is a bit difficult analytically with a
function as complicated as f = f(θ). With a little numerical help, however,
you can figure out just about anything you might like to know about a specific
physical system like this. Pretty cool!


