CHAPTER 4

The Black-Scholes Equation

We have stated that standard Brownian motion with drift is described by the stochastic
differential equation

dr = pdt +odW
.’L‘(t()) = X9

or rigorously,
t t
x(t) = a:o—i—/ ds—i—/ dW (s).
to to

Since
N—1

[ aws) = fim ST W (s540) = W(sy)) = W(e) = W)

for As = (t — tg)/N, we see that the Brownian motion is given explicitly by
x(t) = xo + p(t — to) + o [W(t) — W(to)].

We may now ask the question how does a function change which depends smoothly on
a stochastic variable. Let us illustrate the complications brought into the picture by the
stochastic component.

The model for an equity asset is not the simple Brownian motion with drift but
dS = pSdt+ oS dw.
How does one solve this equation? One might think that the equation is equivalent to
du = pdt + odW

for u = In S so that the problem is is reduced to simple Brownian motion. However, S
is a stochastic variable and not differentiable so that the chain rule cannot be applied to
conclude that

ds(t)

du(t) = S0

Instead we need a new tool, called It0’s lemma, to determine how a function of a stochastic

variable varies with changes of the independent variable.
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We need the following estimates from the theory of Brownian motion for the increment
dW over the infinitesimal time interval dt:

E(dt dW

E((dw)?

)=
var(dt dW') = o(dt)
)=
var((dW)?) =

o(dt)

where we say that f(t) = o(g(t)) ast — 0 if

m@:()

=0 g(t)
i.e. f(t) goes to zero faster than g(t) as t — 0. Note that these estimates say that dW? — dt
and dt dW — 0 as dt — 0 so that in the limit these quantities are no longer stochastic.
We can now state Ito’s lemma:

Let X satisfy
dX(t) = a(X,t)dt + b(X,t)dW

X(0)=X.
Assume that u(z,t) is a smooth function of the independent variables = and t. Then
ou ou 10%u ou
du(t) = | = X,t ———b(X,t)°| dt + b(X,t) — dW.
ult) = | G+ a0 G+ 555002 di o bx 0 S

The proof of this lemma is based on the Taylor expansion

ou , Ou 1[0%u , , 0%u 0%u
= Z - 9 gu 2
{8x2 dz” + ETE. dt dx + 52 dt }

We now take dx = dX, substitute for d X from the stochastic differential equation and collect
terms of order v/dt. Here we use dW? = dt and that dW dt is negligible. The dominant
term is b(X,t)9% dW since dW behaves like Vdt.

If we apply Ito’s lemma to u = In s where
dS(t) = uSdt+oSdW

then (with X = S, a(S,t) = uS, b(S,t) = 0S) we find



so that
du(t) = [u — o?/2]dt + o dW.

This is the equation for Brownian motion which has the solution
u(t) = ulto) + (u — 02/2)(t — to) + a[W(t) — W(to)]

so that
S(t) = S(to) exp { (1 — 0?/2)(t — to) + o[W(t) — W(to)]} -

While we shall need this representation of S(¢) later on in connection with the binomial
method we are interested at this point in deriving the Black-Scholes equation for the value
of an equity option where the underlying asset satisfies equation ().

Let V be the value of a put or call written on an underlying asset with value S(t) at
time t. We assume that V' depends differentiably on the two independent variables S and ¢,
where S itself moves randomly according to (). Then according to It6’s lemma, V' changes

over the infinitesimal time interval dt according to

oV ov 1 92V oV
AV = | — S— +-0%2S?’— | dt + 0S — dW.
gt TP s T2 a5z | TP Bg

Let us now assume that we have a portfolio consisting of one option of value V and A
shares of the underlying where A is as yet undetermined, with A > 0 for shares held long

and A < 0 for shares held short. The value of the portfolio at any time ¢ is
m=V(S,t)+ AS.
Over the time interval dt the gain in the value of the portfolio is

dr = dV(S,t) + AdS

i.e.
ov ov 1 0%V ov
dr = |5 +pS —5 + =028 —— | dt + 0S —— dW + AluSdt + oS dW].
T= o TS5 T2 ggz| At oS 5g dW F AluSd+ oS dW]
We now observe that if A = —g—‘g then the stochastic terms cancel so that the gain is

deterministic. If the gain in the value of 7 is deterministic, then it cannot be more or less
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than the gain in the value of the portfolio were it invested at the risk free interest rate r. It

follows that also

d7T:7’7TdtZ7“|:V—a—V‘S} dt.

08
Equating these two expressions for dm we find that
1 5 5 0%V ov ov.
57 S 532 —I—TSaS rV + En =0.

This is the famous Black Scholes equation for the value of an option. It provides quantitative
information to continuously buy or sell assets to maintain a portfolio that grows at the
riskless rate and thus provides insurance against downturns in the value of assets held long
or protect against a rise in the value of assets held short. In other words, the portfolio is
hedged against losses, so that the option serves as an insurance policy.

Conversely, a quoted option price may be inconsistent with the value of the option as
predicted by the Black Scholes equation. In this case it is possible to construct a portfolio
which is guaranteed to outperform a riskless investment of the same magnitude. This
possibility is called arbitrage.

We note that a number of assumptions were made in the derivation of the Black Scholes
equation:

i) The value of the asset can be described by the equation for geometric Brownian motion
dS = pSdt+ oSdw.

ii) Options and shares can be bought and sold at any time since A changes smoothly with
time.

iii) 0V/0S is a smooth function of S; hence the number of shares in 7 is allowed to vary
continuously with S which means that fractional shares can be bought.

iv) The change in the value of the portfolio is due solely to the change of V' and S and
does not include transactions costs or the spread between selling and buying prices for
options and assets.

v) All options and assets can be freely bought and sold.

The resulting equation is a mathematical model for the value of an option. It holds
for all options depending on S and ¢ as long as S is modeled by the equation of geometric

Brownian motion (). It has become the dominant model for the pricing of options.
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The Black Scholes equation is an example of a diffusion equation. In order to guarantee
that it has a unique solution one needs initial and boundary conditions. These will be
determined by the specific option under consideration. We shall consider first the simplest
case of a European put (and call) to indicate where the Black Scholes formula comes from.

Let us complete the model for a European put with strike price K and expiration at
t =T by deriving initial and boundary conditions. We shall denote the value of this option
by P(S,t). It must satisfy the Black Scholes equation. Moreover, at ¢t = T" we know the
value of the option. If S(T") > K the option will not be exercised so it has no value, whereas

if S(T") < K then the option will be exercised and the gain to the holder is
K —S(T).

Hence

P(S,T) = max{0, K — S}.

Moreover, it follows from the stochastic differential equation that if S(¢) = 0 for any ¢t € [0, T
then S(T') = 0 so that the option will be exercised at time 7" and return a gain of K. The
present value of this gain is

P(0,t) = Ke "I,
Finally, if S(t) becomes very large then it is unlikely that it will fall back below K at time
T so the put would not be exercised. Hence

lim P(S,t) = 0.

S—o0

Initial and boundary values for other options, e.g. for an American put, will be introduced
later.

As we know, the value of this put is given in terms of the Black Scholes formula
introduced in Chap. 1. Its appearance is not mysterious because the problem for a European

option can be reduced to a pure initial value problem for the so-called heat equation:



This problem arises frequently in science and engineering, and it has been known long before
the advent of quantitative finance that it can be solved by the formula
o0
ur) = [ sty =z uoz)ds
— 0o

where

N

1 _
s(y,t) = Jia

Let us outline the basic steps involved in deriving the Black Scholes formula from this

<<

IN
s

integral.

We make the change of variable
y=IS/K,

then 0 < S < oo corresponds to —oo < y < oo. Moreover,

oP 9P 1

oP 9P P _0*°P1 0P 1
0S8 oy S

052 — 9y2 82 Oy S
Substitution into the Black Scholes equation produces the constant coefficient equation

1 ,8%P ( UQ)aP oP
50' + [ r— T =

ay?

Next we shall introduce a new dependent variable u(y,t) by writing
P(y,t) = KeX =8y (y t).

Differentiation and substitution into () shows that u satisfies the equation

1 ,[0%u ou 9 1 ,\ |Ou
50’ a—y2+2ﬂa_y+ﬁu:|+(7“—§0' a—y‘f‘ﬁu
i out =0
ru au at—

u(y, T) = e PY max{1 — e, 0}.

The coeflicients of g—z and w vanish if we choose

1
02ﬁ+(r—§a2) =0
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1
2ﬁ2+ﬁ(r—§a2) —r—a=0
Then
1 ,0% 8u_0
oy? Ot

u(y, T) = e 7Y max{0,1 — eV}

0 y > 0.

Finally, let

1
T:§O'2(T—t>

then the initial value problem in the y, 7 coordinates becomes

Pu o
oy? Ot
e ﬂy_e(l Py <0
y > 0.
According to (1) the solution is
(y—2)? }
u(y,t) = ex —~ — (Bz| dz
e l y—2)° +(1 ﬁ)z} dz
X T — .
\/477'7' P 4t

The integrals can be converted to probability density integrals by completing the square.

We write, for example for the first integral,

W=yt i) (4 @Oy
T 4Tt

and make the change of variable
24207 -y s
\vAar V2

then the first integral of (1) becomes

BT =By L /m e~ /2.



It follows from the defining relationship for § and 7 that

2
Fr =By =07 (T 1)~ By=(—r— )T~ 1)~ By

and that

21—y y+(r—0*/2)(T -t

2T ov1l —t )
Let
oyt =T 1)
2 ov1 —t
then
2
exp [ M _ ﬁz} dz = e_’"(T_t)e_o‘(T_t)e_ﬁyN(—dQ).
\/471'7’ 4T

The value of the second integral follows if we formally replace 3 by —1. Using the defining

expressions for § and 7 we find that

(y — 2)?

ex
vVarT P l 4t

+(1— B)z} dz = e T =ePYeY N (—dy)

where
y+ (r+02/2)(T —t) .

di —
! T ¢

It follows that
P(S,t) = Ke " T N(—dy) — SN(—d,)

where y = In(S/K) in the expressions for d; and dy. We note that N(—z) = 1 — N(z) so
that also
P(S, t) = SN(dl) — KN(dz) _ (S _ Ke—r(T—t))

or

P(S,t) = C(5,t) — (S — Ke "T=%) (2)

where C' is the price of a European call at time t. The formula for a call at ¢ = 0 was
already used in Chapter 1 for the implied volatility calculations. Equation (2) is known as
the put-call parity. Since both P and C satisfy the Black-Scholes equation, their difference

also must be a solution of the Black Scholes equation. It is straightforward to verify that

(S,t) = aS + be"
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is a solution of the Black-Scholes equation for all constants a and b.
We observe that the initial and boundary conditions for a call consistent with the
put-call parity are
C(S,T) = max{0,S — K}

C(0,t) = Ke "(T=9
C(S,t) — S — Ke Tt as S — 0o.

We also note that any numerical evaluation of the Black-Scholes formula does involve nu-
merical techniques since N (z) cannot be found explicitly. However, very accurate numerical
approximations for N(x) have been developed and added to program libraries so that for
all practical purposes N(z) is available for all x.

The Black-Scholes equation for European and some related options can be solved by
formula, but for many other options, notably American puts and calls, the boundary con-
ditions cannot be satisfied by the Black-Scholes formula. Hence an analytic solution is not
available and one has to resort to numerical methods. While such methods will always be
applied to the Black Scholes equation in its original form, except perhaps for scaling out the
strike price K, their analysis is usually carried out for a simple model problem. If methods
fail to solve the model problem then they usually will fail in a more complex setting.

The model problem associated with the Black-Scholes equation is the pure initial value

problem
(4cl) Lu = pug, —up =0
u(z,0) = ke —o00o<x <00
where p > 0 and where k is an arbitrary but fixed integer. By inspection we see that

u(a:,t) — eikx—kzpt

solves this problem. It follows that for all £ the solution u(z,t) is bounded for all x and ¢.
A numerical method for this problem typically involves a finite dimensional algebraic

approximation to the problem. The approximation in general depends on a discretization
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parameter which we shall call h. In this exposition we shall consider only finite difference
methods for (4cl) where h will be identified with the mesh sizes of the grid on which the
differential equation is approximated. There are many different finite difference methods for
this and related problems, but all must satisfy the same requirements.

I. The numerical approximation must be consistent so that one correctly approximates

the given problem as h — 0.

IT. The numerical method must be convergent as h — 0 so that the value of the numerical

solution at a given point approaches that of the analytic solution as h — 0.

ITI. The numerical method must be stable. This means that the value at an arbitrary fixed

point in the domain of computation must remain bounded as h — 0.

We shall make these notions more precise when we talk about specific numerical methods
for (4cl).

Intuitively, convergence and stability would seem closely related. This is indeed the
case for the so-called “well-posed” problems. A problem is well-posed if it has a unique
solution which depends continuously on the data of the problem. The connection between
consistency, convergence and stability is given by the famous
Lax Equivalence Theorem: Given a well-posed (linear) initial value problem and a con-
sistent finite difference approximation to it, stability is necessary and sufficient for conver-
gence.

The practical importance of the theorem is due to the fact that consistency and stability
are often easy to establish while convergence of a method may require more work. For
example, look at the amount of work required to establish convergence of Fuler’s method
discussed in Chapter 3.

It can be shown that the initial value problem for (4c1) is indeed well posed so that we
need only be concerned with consistency and stability of the numerical method.

For the numerical integration of (4cl) over a time interval [0, 7] we shall use a three

point finite difference method known as the explicit Euler method. Let
t, = nAt, n=0,...,N

r;=—-X+jAzx  j=0,....M
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where

At =T/N
Az =2X/M

and where {X, M, N} are chosen so that the mesh points {z;,¢,} cover the region over
which we need a numerical solution.
We now approximate (4cl) with the explicit finite difference formula

ntl _ u

Wi 2w b, W -
Azx? At '

(4c2) Lyuj =p

This formula is indeed explicit since given values at j — 1, j and j 4+ 1 at time level n one

can solve explicit for

At
(4c3) upth = + Ar2 [y +uf oy = 2uf] .

Note that for a pure initial value problem the solution is computed on a narrowing mesh
since at each new time level the right and left endpoints of the z-mesh have to be moved
inward one Az step from the endpoints at the preceding time level. In particular, if the
solution at t = T' is desired at only one point x; one can restrict the computation to a
triangular domain with apex at z;.

In our finite difference approximation there are two mesh parameters At and Az. We

shall henceforth make the assumption that
Az = g(At)

where g(r) — 0 as r — 0, i.e., Az goes to zero as At goes to zero. Thus the mesh
parameter h can be identified with At¢. The finite difference approximation (4c2) is a

consistent approximation to (4cl) if
%%[L¢(xja tn) — Lnd(zj,tn)] =0

for an arbitrary infinitely differentiable function ¢(z,t). This property is easy to verify since

Taylor’s theorem yields

(b(ajjv tn-i-l) - (b(xj? tn)
At

= gbt(CUj, tn) + O(At)
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and
P(Tj11,tn) + @(xj-1,t0) — 20(x;,tn)
Ax?

= ¢pa(x,t) + O(Ax).

We see that Lj correctly approximates L provided only that At — 0 and Ax — 0. Let us

now turn to stability and observe the behavior of

n
U

at a given fixed point (x;,t,) where n is the number of time steps it took to reach the fixed
value t,, as At =T/N — 0. Note that n — 0o as N — oo but nAt < T.

We take as initial condition

0 _ _ikx;
uj; = e,

j=0,..., M.

Substitution into (4c¢3) shows that for n =1 we have

ujl -1 +,0 AAtQ [eikAm _|_e—ikAm . 2] eikmj
T
so that
u; = A(k, At)e™™  for all j
where

At ., |
Ak, At) =1+ p A—;z (AT 4 g=ihdr _ o]

If we proceed from time level to time level we find that

u” = Ak, At)"etkes

J

It follows that u;L will remain bounded if
|A(k, At)| < 1.

Since

Ak, At) =1+ pi—iz[cos kEAx — 1]

we see that
VVAN

1 _prz

< A(k,At) < 1
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so that

Ak, AL)| < 1
whenever
4AL <9
or
(4c1) ar 1
¢ prQ -2

The inequality (4c4) is sufficient for stability. One might argue that for certain values of k

the condition can be relaxed because our estimates are based on the worst case scenario of
coskAxr — 1= —2.

However, in applications the initial condition will be a general function ug(x). Many such

functions can be approximated by the complex Fourier series

o
uo(z) = Z crete.

k=—o00

The numerical solution now will be a superposition of the solutions for each k. Hence one

must expect that for some k and Ax one can attain coskAx — 1 = —2. Thus we cannot
allow
At 1
pmzi%-e for a fixed € > 0

for all At as At — 0.
Let us examine the implication of this stability restriction for the numerical solution of

the Black-Scholes equation. As we have seen, the equation is formally equivalent to

L,
50 Uyy — ug = 0.

The numerical integration of this equation with the explicit Euler method on a uniform grid

is subject to the stability condition



Note that a uniform grid on the y-axis corresponds to a non-uniform grid on the z-axis for

the original scaled Black-Scholes equation, with
Ax; = xi(eAy —1) = x;Ay.

The stability restriction in terms of x and ¢ then is

I?O’Q% <1
While in principle the Black-Scholes equation can be transformed into a constant coefficient
equation it is in general safer to avoid such transformations and discretize the equation in
its original form (although we shall always scale out the strike price K). The explicit Euler

method for the Black-Scholes equation () on a uniform (x,t) grid is

n n o _ n n  _ .n n+l
1 021'2- AR i Y QUj +rx; —Uj+1 - —u” 4+ 71% 4 =0
2 J Az? I 2Azx J At

For an equation with variable coefficients, it is in general not easy to give a stability analysis.
However, theory and experience suggest that
i) the first derivative term rzu, and the linear term ru may be ignored in a stability
analysis;
ii) the stability condition known for the constant coefficient equation should hold locally
at all z.
Thus the stability condition imposed on the explicit Euler method for the Black-Scholes
equation is
5 o At

Vv

which is consistent with the stability condition derived from the transformed Black-Scholes
equation. Failure to heed this constraint on Ax and At will lead to non-sensical numerical
results.

The explicit Euler method is of interest because of its relationship to the binomial
method for option pricing as will be discussed in the next chapter. However, much more
effective and more generally applicable is the implicit Euler method on a fixed uniform grid

placed on the bounded set zog < x < X, 0 <t <T. As before we use
x; = xo + jAz, Ax = (X —xo)/M
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n = nAt, At=T/N

and write the finite difference approximation to the Black-Scholes equation in the form

1 o202 ujyq +ujy —2uf A
Ly} = 5 0%a) o drey
u Tt — oy
n J J .
T A R S S T VS
Ut T A J

Here

n n
uy and ujy,

are assumed known. For example, for a European put

uy = e (T—tn) for xog =0
uyy =0 for s = X sufficiently large.

Boundary conditions for a call can be read off the put-call parity.
The essential difference to the explicit method is that at each time level ¢, a linear

system of equations needs to be solved. To be specific, let U™ be the vector
U" = (uf,...,uy_q)

then the system to be solved is

AU™ =b"

where A is the (M — 1) x (M — 1) tridiagonal matrix with entries

Ajj—1= L 021;? Al 5 — m;jﬁ
A= —ng?%ﬁ —r— Ait
Aj iy = %U%U?ﬁ + rxjﬁ
for j=1,..., M — 1, and where 0" has the components
—uf Tt — Ajouf, j=1
b = —apui l<j<M-—1

1 n+1 P
— a7 Uni—1 — Am—1,mulyy, J=M -1
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It is straightforward to verify that Lj¢(z;,t,) is a consistent approximation to L¢(zp,t,)
for any smooth function ¢. It remains to establish stability of the method. We shall now

make the assumption that
(4d1) Aji12>0 for all j > 1.
Then it follows by inspection that

|Aji] > Aj i1+ Aj i for all j.

This inequality implies that A is strictly diagonally dominant which can be shown to imply
that A is invertible. Hence if (4d1) holds then the values {u}} can be computed. Suppose
now that at some interior mesh point (xy,t,) with 0 < k < M, 0 < p < N the value u}, is

bigger than all the other values, i.e.
up > u for all j and all n.
Since the initial and boundary data are non-negative we have necessarily that
uz > 0.

Then it follows from Ay r—1, Ak x+1 > 0 that

p P P
Akkuk + Ak,k_lukfl + Ak7k+1uk+1

> Appu), + A -1y + Ap pr1ul

1 1
p p p+1
= —TUp — 5= U < ——-U
FoOAL R At *
which is inconsistent with the kth equation of
AUP =P,

Hence there cannot be a value ug which exceeds the maximum value of u at xg, at xjy = X
orty =T. Since u at z =0, z = X and t = T is bounded and independent of At and Ax
it follows that u} is uniformly bounded above for all Az and At. An analogous argument

shows that the minimum of {u}} is bounded below by the minimum of the data functions.
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Hence, if condition (4d1) holds then the numbers {|u?[} are uniformly bounded so that the
implicit Euler method is stable for all Ax and At.
Let us conclude the discussion of Euler’s method by examining a little closer the re-

quirement (4d1). We need

—ort—— —rri—— ie.
2 T Ax? ToOAx = 7

ng—;—T’zO forj=1,...

This condition is most severe at j = 1. If for a given Ax we choose
xg =mAx then 1 = (m+ 1)Ax

and the condition is satisfies if

o?(m+1) —r>0.

We shall see that for an American put the computational domain stays well away from x = 0
so choosing xy > 0 will not add an additional error. For a call it may be necessary to replace
the condition

u(0,t) =0

by the down and out barrier condition
u(zo,t) =0

for a suitably chosen zy > 0 in order to insure (4d1). Numerical experiments show that the
influence of the barrier on call prices around z = 1 is not noticeable.

The unconditional stability of the implicit Euler method is bought at the expense of
having to solve the linear system

Au" =0b"

at each time level. Fortunately, the tridiagonal structure of A makes this solution extremely
simple and rapid if a special version of Gaussian elimination known as the Thomas algorithm
is employed. The argument is simple. A tridiagonal matrix is factored into lower and upper

triangular matrices L and U so that

A=1LU.
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This can be achieved by setting

Lij1=A;;1.

The remaining elements L;; and U; ;41 are found for ¢ = 1 from

and for i =2,..., M — 1 from
Lii—1Ui—1,i + Lis = Ay
LiiUiivr = Aiiva.
It is straightforward to verify from
M-1
(LU)ij = Z LixUkj = Lii—1Ui—1,j + LiiUij
k=1

that
A=LU,

i.e. that A has been factored into a lower and upper triangular matrix. The linear system
Au” =b"

can now be solved by simple substitution. First we find the solution y"™ of
Ly" =b"

and then obtain ™ from



It is clear from Au™ = LUu™ = Ly™ = b™ that u™ is the desired solution. For any Euro-
pean option, including those for variable interest rates and volatilities an implicit numerical
discretization coupled with a factorization of the tridiagonal system would be hard to beat.

An entirely different numerical method for the solution of a linear system like
Aw=>

is an iterative method known as successive overrelaxation (SOR). This method will only
succeed if A has specific properties. Fortunately, the strict diagonal dominance of A obtained
from the implicit Euler method for the Black-Scholes equation makes the SOR method
feasible.

We introduce new upper and lower triangular matrices by writing
A=D+L+U

where D is the diagonal of A, L is equal to A below the diagonal and zero on and above the
diagonal, and U is zero on and below the diagonal and equal to A above it. In other words,

we have split A into three matrices. Let us make an initial guess

for the solution of Aw = b. (For options the initial guess for prices at t,, might be the prices
already available at time t,1 but in general a good initial guess is not too important.) We
then compute k = 1,2, ... a sequence {w”} of vectors with components {w?} by solving for

t=1,...,M — 1 the scalar equation

i—1 M-1
AHUNJZ + Z Az-jw;-“ + Z Az‘jwfil = bz
j=1 j=i+1
and setting
k

_ k=1
wy =w; T Fww; —w

where w is a relaxation factor at our disposal. Typically, w € [1,2); for the special case of

w = 1 we see that



This variant of the SOR method is known as the Gauss-Seidel iteration method for solving
Aw=">

and was known for some time before the parameter w was introduced. The rationale for
introducing w will be apparent from the following brief discussion of the SOR method. We

note that the above M — 1 equations can be written conveniently in matrix form as
D + Lw* = —Uw*~' + b
~ k1, Lo k—1
W=w"" 4+ —[w —w"]

which can be combined to yield

(4d1) (D +wL)w® = [(1 = w)D — wUJw* ™! + wb.

If the iteration converges to a vector w* then it follows that

(4d2) (D+wL)w* =[(1 —w)D — wU]w* + wb.

or

Aw™ = wb.

Since A is strictly diagonally dominant the solution w* is uniquely defined. Let us introduce

the error vector

k

el = w* — wk

then by subtracting (4d1) from (4d2) we find that
(D +wL)e"™ = [(1 - w)D — wU]e"

and hence

e = [(D+wL) (1 —w)D — wU)]ke°
where €? is fixed once the initial guess w® has been chosen. The matrix
Llw]=[(D+wL)((1 -w)D —wU]|
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is known as the iteration matrix of the SOR method for Aw = b, and we see that convergence

is assured if and only if
LwF =[(D+wL)(1 -—w)D —wU] -0 (the zero matrix)

as k — oo. It is known from linear algebra that given a square n x n matrix C' one can
assert that

CF —~0 ask — oo

if and only if each eigenvalue A\ of C has absolute value less than 1. Let us define the

so-called spectral radius p(C) of the the matrix C' by
p(C) = max |\

then the smaller the spectral radius the faster the convergence will be. This is readily

apparent if C' can be diagonalized. Indeed, if
C=XAX""!

where A is a diagonal matrix, then its entries are the eigenvalues of C' while the columns of

X are the corresponding eigenvectors. It is easy to see that
CF = XAF X!
where
AF = diag{\},... \F1

so that
max ’ij’ = Kp(C)k

for some constant K.
If we consider the error for the special case of the Gauss-Seidel method then we need

to worry about the spectral radius of the matrix

L[1]=(D+L)"'U.
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If X\ is any eigenvalue of this matrix with corresponding eigenvector x then the eigenvalue
equation

L[l]x = Az

can be rewritten as

AD + L)z =Uz.

Since x is not a zero vector we can divide by the largest component, say zx, and obtain a

new eigenvector y with the property that
Yk =1, lyi| < 1.
If we now look at the kth equation of A\(D + L)y = Uy we find
MAkk + Ak k—1Yk—1) = Ak ke 1Yk+1

so that necessarily

W _ |Ak,k+1yk+1‘
|Akk + Ak k—1Yk—1]

and thus
| Ak k+1]

A < .
Al | Akk| — | Ak k1]

But we agreed to choose our mesh parameters such that A was strictly diagonally dominant,
ie.

|Akk| > | Ak =1 + | Ak ke+1]

which implies that
Al < 1.

Hence the Gauss-Seidel method applied to the matrix obtained from the implicit Euler
method for the Black-Scholes equation will converge because all eigenvalues of the iteration
matrix £[1] and hence its spectral radius have absolute values less than 1. Now the eigen-
values of the matrix £]w] depend continuously on the elements of the matrix. The goal is to
find that for which p(L|w]) is minimized. In general this problem cannot be solved analyti-

cally so that this w must be found by trial and error. One makes a guess for w, counts the
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number of iterations required for convergence of the SOR method, and then observes the
influence of changes in the value of this guess on the iteration count. Typically w € (1.5,1.8)
would be a good choice. The influence of a good value for w on the number of iterations
required for convergence is pronounced.

Let us now introduce a third method for the numerical solution of European options
which is in fact closely related to the LU decomposition discussed above but relies on a semi-
discrete approximation of the Black-Scholes equation and the theory of ordinary differential
equations rather than linear algebra. While of little significance for European options this
method is quite useful for the American equivalents as will be shown later.

To be specific let us consider a European call

(4el) 3 020Uy + TxUL — U+ up = 0

u('xo; t) == 0, U(){7 t) = X — eT(T*t)
U(CC,T) = maX{O,.’L‘ — 1}

For technical reasons the condition at = 0 is replaced by a down and out barrier at zg > 0

for some g < 1. As before we shall discretize time by setting
At =T/N, t, = nAt.

At time t,, we shall write a time implicit approximation to the Black-Scholes equation in
which = remains a continuous variable. To be specific, let u,(z) denote the approximation
to u(x,t,). Then

un+1(x) - un(cc)

At =0

(4e2) % o222 (z) + raul (z) — run(z) +
Un(z9) =0 un(X) = X — o~ (T—tn)
with
uy(r) = max{0,z — 1}
is a consistent time discrete approximation of the European call. Rather than a matrix

system we now have to solve a second order differential equation at each time level. The

heart of the method lies in the solution method for this differential equation.
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For simplicity let us drop the subscript n and simply remember that the discussion

applies to the problem at time ¢,,. If we define

(4c3) V(2) = = [( T i) (@) — rav(a) — 21

o2x?

which we write with the obvious identifications simply as

The boundary data are
u(zg) =0, uw(X) =X — e "T=tn),

The boundary value problem for the first order system will be solved with a variant of the
LU decomposition known as a sweep method. We shall verify that this first order system

can be solved by assuming that u and v are related through a transformation of the form
(4ed) u(z) = R(z)v(z) + w(x).

In the context of ordinary differential equations this transformation is known as a Riccati
transformation. The defining relations for R and w result by differentiation and substitution

of the differential equations. We find
u'(z) = R (z)v(z) + R(z)v'(z) + w'(z)
and from the differential equations

v(z) = R (z)o(z) + R(z)[c(x) (R(z)o(r) + w(z)) + d(z)v(z) + g(2)] + w'(z).

24



We can rewrite this expression as
[R' + RcR+ Rd — 1]v + [w' + Rew + Rg] = 0.

If R and w are chosen such that each bracket vanishes, i.e.

R' =1 - Rd — RcR, R(X)=0
(4eb)
w/ = _Rcw — Rg(x), w(X) e X — eiT(Tftn)

then we have an explicit representation linking v and v at time level ¢,, which is consistent
with the second order differential equation and the boundary condition at x = X.

The differential equation for R is known as a Riccati differential equation because of
its quadratic right hand side. The equation for w is a linear inhomogeneous equation in w
once R has been found. As solutions of well defined initial value problems R and w may be
assumed known either from the theory of ordinary differential equations or from a numerical
integration of the equations.

At x = z¢ it follows from the Riccati transformation that v(zg) must be chosen such
that

u(xg) =0 = R(xo)v(x0) + w(xo).

Since R(xg) and w(zg) are assumed known we see that v(zg) is now known. The solution

u(x) is then given by (4ed) if we find v(x) such that
v'(2) = (@) (R(z)v + w(z)) + d(z)v + g(x)

v(zo) = (u(zo) — w(wo))/R(wo)-

(4e6)

The numerical solution proceeds as follows. Given u,y1(z) (and thus g(z)) we integrate
(4e5) from z = X to x = z( to obtain {R(x),w(z)} over [z, X]. Then we integrate (4e6)
over [zrg, X| and substitute v(x) into (4e4) to complete the solution at time ¢,. We note
that for the integration of (4e6) we need R(z) and w(z) over [zg, X|. In general we cannot
assume that these functions are available in closed form. More likely, a numerical method
must be used to find R, w and v. One can, of course, use the explicit Euler method for this
task, but the accuracy of the method is poor compared to competing numerical methods.

On the other hand, a very accurate (and expensive) numerical method for this integration
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likewise is not justified because we already have introduced a sizeable error in the time
discretization of the Black-Scholes equation. A good compromise between accuracy, time of
execution and stability is provided by the trapezoidal rule for ordinary differential equations

discussed in Chapter 2. We recall, for a general first order equation of the form

we obtain an approximation at meshpoints {z;} with Az =z, — z; from

Pit1 =i _ F(ojt1,zj41) + Fpj, )
Az 2 '

If ¢; is given we can go forward in x and solve for ;1. If ;41 is given we can go backward
in = and solve for ;. If we apply the trapezoidal rule to the Riccati equation on the grid
Tog < x1 < ...< xpy = X with constant step size Az then we need to solve the quadratic
equation

Rj+1 — Rj . [1 - d(xj)R] - C(xJ>Rj2] + [1 - d(xj-i-l)Rj'i‘l B C(:Ej‘f'l)RJz-i-l]

Az 2

for R;. This is a quadratic equation which can be solved by formula. The choice of the
correct algebraic sign in the quadratic formula is dictated by the requirement that R(z) < 0

on [zg, X) which follows from the Riccati equation by observing that
R'(z) =1 whenever R(z) = 0.

In particular, since R(X) = Ry = 0 we see that R(x) is decreasing as x is decreasing from
X. We shall assume that {R(z;)} has been found and stored. The computation of w is

simpler since the equation is linear. The trapezoidal rule states that

wirr —w;  [—c(xy)Rjw; — Rig(xy)] + [—c(wj1) Rjiwjn — Ryjrig(xj41)]

At 2

must be solved for w; for j = M —1,...,0 with wy; = X —e "(T—t)  Now we have available

—w(xo)

R(zo) ~

{R;,w;} at all mesh points. It remains to find {v;}. The initial condition is vy =
The trapezoidal rule requires that we solve

vit1 = v; _ [e(z) (Rjv; + wy) + d(z5)v; + g(z;)]
Ax 2
[e(@j1) (Rjt1vj41 + wit1) + d(@j41)v41 + 9(@541)]
2

_|_
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for vjy;. Then uj41 = Rj11vj41 +w;41. Alternatively, one could have solved (4e5) forward

from x = xg to X subject to
R(zg) =0,  w(ao) =0
and (4e6) backward from = = X to z( subject to
b(X) = (X — 7 T1) (X)) /R(X)

and implemented this computation with the trapezoidal rule.
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