BIAS REDUCTION FOR ENDPOINT ESTIMATION
Deyuan Li', Liang Peng? and Xinping Xu'

L Fudan University and % Georgia Institute of Technology

Abstract: Recently Li and Peng (2009a) proposed a bias reduction method for
estimating the endpoint of a distribution function via an external estimator for
the so-called second order parameter. Unlike the same study for the tail index of a
heavy tailed distribution, the above procedure requires a certain rate of convergence
of the external estimator rather than consistence. This makes the choice of such
an external estimator impractical. In this paper, we propose a new bias reduction
method which estimates all parameters by using the same number of upper order

statistics.
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1 Introduction

Suppose X7i,---,X, are independent and identically distributed random vari-
ables with distribution function F'(z). Let 6 denote the right endpoint of F, i.e.,
0 = sup{z : F(x) < 1}. When 6 is finite, both point and interval estimation
for # has been studied in the literature, see Athreya and Fukuchi (1997), Hall
(1982), Hall and Wang (1999), Loh (1984), Smith (1987) and Woodroofe (1974).
Specifically, by assuming that

1—F(z) = ¢ —2)*{1+0((6 — z)°)} (1.1)
as ¢ — 0, where ¢ > 0, > 2,5 > 0, Hall (1982) studied the following estimator

(éHall(k)7 éHGll(k)7 OAéHall(k))

n - a— ayn— (12)
= ArgmAax(c) gl 1l — Zi)* H1 — e(8 — Z)* 1"+,

where Z; = X i, X1 < --- < X, , denote the order statistics of Xy,---, X,

and k = k(n) — oo and k/n — 0 as n — oco. Moreover, Hall (1982) derived the



asymptotic limit of (A gay (k), &man(k)) when vVE(k/n)%/* — 0. In order to choose
k in terms of the asymptotic mean squared errors, Li and Peng (2009b) derived
the asymptotic limit of (Ogau(k), dren(k)) when vVE(k/n)?/® — X € [0, 00) and

1—F(z) =c(0 —2)*+d(0 — 2)P + o((6 — z)*TP) (1.3)

as x — 0. Some applications of endpoint estimation can be found in De Haan
and Ferreira (2006).

Motivated by the recent studies on bias reduction estimation for a tail index,
Li and Peng (2009a) proposed a bias reduction method for the endpoint as follows.
Write

(9 a,c,d,3)
= G2 a0 = Z) t d(a+ B)(0 - Z)°T Y x (14)
{1 — 0(9 — Zk) _ d(@ Zk)aJrﬁ}n k.

For a given 3, define
(0(k; B), &(k; B), é(k; B), d(k; B)) = arg max L(0,a,c,d,B).  (1.5)

O,a,c,

Hence, the bias reduction estimators proposed in Li and Peng (2009a) are 6(k; 3(k;))
and a(k; B(k1)) where 3(k1) is an external estimator of 3 by using the upper ki
order statistics.
Let U(t) denote the inverse function of 1/(1— F(¢)). Assume that there exist
functions a(t) > 0, A(t) and B(t) such that
Ults)-U(t)  27-1
ti B0 g~ Hapl@) ] = Bop(0) (1.6)

t—o00

for some n < 0, where v = —1/a € (—1/2,0), p = —3/a <0,

x y
:/ gﬂ_l/ uP~ ! dudy
1 1
Ry / 'Yl/ uf” 1/ st dsdudy.

Let (6o, a, Bo) denote the true value of (6, «, 3). Specifically Li and Peng (2009a)
derived the asymptotic limit of (8(k; B(k1)), &(k; B(k1))) when k satisfies

and

V2| A(nJk)| — 0o, EkY2A%(n/k) — 0, KY2A(n/k)B(n/k)—0  (1.7)



and B(k1) — fo = op(m). Hence, the above condition on the rate of con-
vergence makes the choice of the external estimator for § quite impractical. This
is in contrast to the study of applying the same bias reduction technique to tail
index estimation, where the condition vVkA(n/k) — A € (—oco,00) is required
instead of v/k|A(n/k)| — oo and a consistent estimator for the second order pa-
rameter is enough; see Careiro, Figueiredo and Gomes (2004) and Gomes and
Martins (2002, 2004).

In order to avoid the difficult choice of an external estimator for 3, in this
paper we propose to employ the bias reduction technique for a tail index in
Feuerverger and Hall (1999) and Peng and Qi (2004) to the endpoint estima-
tion. That is, we propose to maximize L(6, «,c,d, 3) over these five parameters
simultaneously.

We organize this paper as follows. Main results are given in Section 2. A

simulation study is provided in Section 3. All proofs are put in Section 4.

2 Main results
Note that condition (1.6) implies (1.3). Let’s put 5* = a + 3,

vy=01, ) =(0,a,6%c,d)T and Li(y) = L0, a,c,d,p).
First we show that there is a consistent estimator as follows.

Theorem 2.1. Suppose conditions (1.6) and (1.7) hold. Then there exist solu-
tions, say (k) = (0(k), a(k), 5*(k), é(k), d(k))T, of the score equations B%Ll('y) =
0 such that
a(k) Lo, Br(k) B G5, (k) Be, d(k) B d, (B(k) - 60)/a(n/k) 20,
where (0o, o, 35, co,do)T denotes the true value of 7.
By simplifying the score equations, we can show that the above estimator
(0(k), a(k), *(k))T is indeed a solution to
Jo Quult: 0,0, 5)dt = 0
Jy Q2alt: 0., 3%)dt = 0 (2.1)
Jo @an(t:6,0, 8%)dt = 0,



where

@ 0—Z1)\ B* —a
‘ o (o= g)+ (1= alh) (=5’ 0 — Zjyg
an(t797a7ﬂ )_ 0— Z +10g 0 7
a(aly, — §) + 45 (1 — aTn) (=gt )P Tk

(2.2)
ala — 1)(aTy — &) + (5" — 1)(1 - aTn)(gg__LZ“jj])ﬁ*‘“
(T (a(aT, — &) + 51— aT) (0

QQn(t;07a7/6*) =
7o) e}
—{a+ 5" —af'T,},

(2.3)
a(f* —a)
aB*(aTy — &) + (8)2(1 — o) (G2 )5~

1 9_Zk » 1
Tn:/ lo dt—>/ log(t~ VY dt = 1/
T (=)t 5 | log(t™/ )t =1/

see Section 3 for a detailed derivation.

Q37’L(t7 9,&,/3*) =

—1 (24)

and

The following theorem gives the asymptotic limit of the new bias reduction

estimator.

Theorem 2.2. Suppose conditions (1.6) and (1.7) hold. Then there exists a

Brownian motion W such that

(VE(@(k) — a0), VEA(/K)(5*(k) - 55). @(W))T

i} E_l(Nla N27 N3)T)

where

N, = wfol {aiotﬁé/ao—Q 26* st HW() = tW (1) }dt
Ny = [y {(1= gyt Heot — *ﬁiot_l}{w — tW(1)}dt
Ny = VB [hysi/eo=2{W (1) — tW (1) }dt,

0



and ¥ = (o4;) with

( _ B3 (Bs—a0) B —ao
O = 328—a0) T alB;
oy = —_(B5)*+2a0065—ad
12 = BB —a0)2(ao—B;—1)°
o _ _x0=ff + B5 (ao—05)
13 o3 (55 —1) " ajlao—1)(26;—a0)’
o091 = ——0 %0
21 ao(ag—l)(ﬁQa—l)’
_ g
922 = (a8 DB (Bi—12
o _ ap—fB5—
23 (B5—1)(a0—1)(x0—2)
ar = L (B)?
31 a0 042(256‘—040)’
c _ aO?ﬁS*ao)
32 7 lao—B3-1) (285 —a0)®’
gon = (B5) I
33 ap(ao—1)(265—ao) ao(By—1)"
aof3 085 o3y

(0%
= 031, 013574, = 033 and O12gz—oo # 032, we

only need to show that ca1033 — 023031 # 0 in order to show that |X| # 0. A

Remark 2.1. Since O'nﬂ*o_go
0

straightforward calculation shows that

{021033 — 023031 }o (g — 1) (85 — 1)
_(B5)2(Bg—a0)  Bi(B5—ao) + B5—co+1 i (B5)%(B5 —o+1)

ag(ao—1)(2685—a0) ay(B5—1) ap—2 ag(ao—2)(265 —a0)
(B —ao+1)ao(B5—1)— (a0 —=2) 85 (85 —ao)

ala—2)(B5—1)
+(58)2{(56‘—060+1)(040—1)—(ﬁ3—040)(040—2)}
ap(ag—1)(c0—2)(265 —a0)
a0 (85 —1)+(85 —0) (285 —0) + (B5)*(B5—1)
ao(a0—2)(65—1) ao(ao—1)(c0—2)(265 —0)

> 0
since ag > 2 and B > ag. Hence the X defined in Theorem 2.2 is invertible.

Remark 2.2. [t is difficult to theoretically compare the above bias reduction
estimators with the bias reduction estimators in Li and Peng (2008) due to the
complicated formulas of the asymptotic variances. The simulation study given in
the next section indicates that the above bias reduction estimators have slightly
larger mean squared errors than the corresponding ones in Li and Peng (2009a)
with true second order parameter as the external estimator. As mentioned in
the introduction, the external estimator for 3 in Li and Peng (2009a) requires a
certain rate of convergence, which is hard to obtain. Thus, the new bias reduction

estimators are practically favorable than the ones in Li and Peng (2009a).



3 Simulation

In this section, we compare the proposed bias reduction estimators, which esti-
mate five parameters simultaneously, with the bias reduction estimator in Li and
Peng (2009a), where the external estimator of 3 is chosen as the true value. We
denote these two estimators by FEsti. beta and True beta in Figures 1-4 below.
Note that the simulation study in Li and Peng (2009a) employed a simple con-
sistent estimator for 3, which does not achieve the required rate of convergence
in general.

We drew 1,000 random samples of size n = 1000 and 3000 from a random
variable X =0 —1/Y, where Y has a Burr distribution P(Y > y) = (1+y™)" ™
for some 11,79 > 0. The distribution of X satisfies (1.3) with « = 77» and
B = 1. We consider the cases 0 =0, (11, 72,0) = (2,2,0) and (1,4,0). For each
case, we compute these estimators by increasing k from 50 to 800 with step 10
in case of n = 1000, and from 50 to 2000 with step 25 in case of n = 3000.
When there is no solution to either method, we replace the estimators for 8 and
« by the sample maximum and max{2, —1/4™ (k)}, respectively, where 4™ (k) is
the so-called moment estimator for the extreme value index in Dekkers, Einmahl
and de Haan (1989). The means and root of mean squared errors (RMSE) of
the estimators for o and 6 are plotted in Figures 1-4. From these figures, the
new bias reduction estimators have a slightly larger RMSE than the ones in Li
and Peng (2009a). However, the new estimators avoid the difficult choice of an

external estimator for .

4 Proofs

Derivation of (2.1). Score equations are:

k—1
0log L1(0, o, 5%, ¢, d) Z a0 — Z;) 1

dc ca(f — Z;)o1 +dp=(0 — Z;)P 1

B (n—k)(0 = Zx)*
1—c(0 — Zp)> —d(0 — Zy)P"

=0 (4.1)

=0,
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Figure 1: Mean and root of mean squared error (RMSE) are plotted against different %
for the case of (11,72,0) = (2,2,0) and n = 1000.
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Figure 2: Mean and root of mean squared error (RMSE) are plotted against different %
for the case of (11,72,0) = (2,2,0) and n = 3000.
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Figure 3: Mean and root of mean squared error (RMSE) are plotted against different %
for the case of (11,72,0) = (1,4,0) and n = 1000.
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k—1

dlog L1(6, v, 3, c, d) 3*(0 — 7;)%" 1

M

od =0 ca 9 Z a—1 +d/8*(9 - )ﬁ*_l (4.2)

RO

1-— 6(0 — Zk)o‘ — d(@ — Zk)ﬁ* -

dlog Ly (0, a, 5%, ¢, d) kz o(0 = Z)* {1 + alog(t — Z:)}
O« P 006(9 Z a-1 +dﬁ*(9 Z)B* ! (4'3)

_ (n—k)c(0 — Zg)* log(0 — Zk) 0

1—c(0— Zp)e —d(O — Zp)P"

dlog L1(0, a, 3*, ¢, d) = 1cl(@ Z;)P "1+ B log( — Z;)}
o3* Zz: ca(f — Z a=l 4 dp*(0 — Z;)8 1 (4.4)
(R0~ )" oo 2

=0

(0 — Zp) —d(O0 — Zy)F

and
dlog Ly (6,0, 5%, c,d) kZ cala —1)(8 = Z)* % +dB*(8* —1)(8 — Z)"?
00 N — CO[(Q — ZZ')O‘_I + dﬁ*(& — Zi)’g*_l
_ (= R){cal® - Z)* T +dB (6 - Z)7 T} _
1 —c(@—Zk)a—d(G—Zk)ﬁ* '
(4.5)
It is easy to verify that
( dlog L1(0,a,8%,c,d) 0 0log L1 (0,a,8* ,c,d) —0
dc - dc -
Blong(g,da,ﬁ*,c,d) -0 calong(g,ca,ﬁ*7c,d) _’_dalong(g;ioc,ﬁﬁc,d) -0
along(g,aOé,,B*,c,d) -0 PN aalong(g,aaﬂ*,c,d) + B alonggg”?’ﬁ*7C7d) —0
dlog L1(0,a,8*,c,d) 0 0log L1 (0,a,8* ,c,d) Olog L1(0,a,5* c,d) —0
95" = da + 95" =
Odlog L1(0,0,5%,c,d) 0 0log L1 (0,0,5* ,c,d) —0
\ 00 - \ 00 -
From calOng(gf’ﬁ*’c’d) + dalOng(gf’ﬁ*’c’d) =0, we have
(0 — Z)* +d(0 — 2,)" = k/n. (4.6)

11



Using a2lsla@as’ed) _ dlogla(@af"ed) _ () we have

2 cald— Z)* Vog(6 — Zi)

ca9 Z)e b +dp(0 — Z;)P -1

“SM

(4.7)
— k)e(0 — Zi)*{log(6 — Zi) — 1/a}
1—c(0— Zp)> —d(0 — Zp)F
By ﬁ*alogL1((30é?,,B*,c,d) _ dalong(g’dau@*vad) — 0’ we have
k—1 B*—1
Z dB(0 — Z;)% ~log(6 — Z;)
(0 — Zi)oL +dB*(0 — 7;)5" !
2 ca + B( i) (4.8)
_ (n—k)d(9 — Z,)" {log(6 — Z4) — 1/5"}

1-— 6(9 — Zk)a — d(@ — Zk)ﬁ*
Combining (4.7) and (4.8) and using (4.6), we have

k—1
> log(0 — Zi) = klog(0 — Zx) — n{a"e(0 — Z4)* + (8%)7'd(0 — Z)7"}. (4.9)
=0

It follows from (4.6) and (4.9) that

o0 — 2) = gﬁﬁ’ia{% Z?’ol log(‘éig’f) — 5 (4.10)
A0 = Zi)" = il = § X los(5=2) )
c =k g 30— 27" (4.11)
d _’Zﬁ* a{l—aT}e Zg) 77"

By (4.11), it is straightforward to check that

O0log L1(0, o, 5%, ¢, d) n 0log L1(0, o, B, ¢, d)

1
_ 0«:»/ Qualt: 0, a, 37)dt =
0

Oa op*
* 1
810gL1(07a7/8 ,C,d) _0<:>/ an(t,e,a,ﬁ*)dt:()
90 ;
* 1
Poa Bt oo [ Qultit.a i -
0

~

Hence the new bias reduction estimator (A(k), &(k), 3*(k)) is the solution to the
equations (2.1).

12



For simplicity, throughout we denote & = a(k), 3* = 5*(k),0 = 0(k), Qjn(t) =
an(t 9( ) ( ) ﬁ*( )) and an(t) - Q]n(ta 907040768) fOI‘j =1,2,3. Further we

assume the consistency of (&, 3, é), ie. a—ag 20, B -5 a(;/;c’) 2.
Then by delta method, we have
( E1/2 1
0=1-a7, / Qun (D)
k1/2 ]{71/2(& . aO) 1 ann(t)
_l—aT/an Jdt + 1—aT, /0 foJel dt
k1/2A (n/k) (/8* ﬁ*)/ 1 ann(t)dt
1—aT, A(n/k) 0p*
kY20 —0) [ a(n/k) 0Qun(t)
+ a(n/k) /0 1—aT, 060 dt + 0p(1),
k1/2/ QQ
1
= k*/? / Qan(t)dt + k%(& — ap) / 0Qanlt)
0 0 Oa
(4.12)

1
K2 A /R) (B — B) / (1/k a%j’;‘f”dt

kY2(0 — 6o) an()
+(n/k/0 a(n/k) dt + 0,(1),

L1/2
170/1—, / Q3n

1/2 /24 1
k / Qun (1)l + kY2 (a ao)/ 0Q3n () gt
0

T 1-al, 1— ol dax
k:l/QA (n/k)(B* — ) 1 0Qzn(t)
1-aT, / A(n/k) 0B dt
kY26 — 00) a(n/k) 0Qsn(t)
* a(n/k) /0 1—aoT, 00 dt + op(1).

The following steps are used to derive the asymptotic limit: i) approximate

8Qgg(t), 8%”;*@) and 6Q§g(t) for j = 1,2,3; (ii) approximate k'/2 fol Qjn(t)dt for

j =1,2,3; (iii) approximate k'/2(& — ag), k'/2A(n/k)(5* — %) and k1/2a9(n/9,3)
by the results in step (i) and (ii).
Before proving our theorem, we need some lemmas. The first three lemmas

come from Li and Peng (2009a). Recall Z3 = X, ,—rs), and define ©,,(t) =

13



0—Ziga) 3+ :
( 0—2[1:] )3~ Then we write

| (aTu— §)+ (1-aTu)0,) 0~ Zio
Ul = o —aten® T T %) )
= uln(t)/ugn(t) + U3n(t)7
aa—1)(aTy — )+ B*(5" = 1)(1 — aT,)On(t)
Qan(l) = 0—Z 1t
(T2 Ha@T = ) + 8 (1 - aT)0n()}
(4.14)
—{a+ 5" —af'T,}
=: Vln (t)/'UZn (t) - U3n(t)
and
B o8 - a) .
Cnll) = T, — )+ PO -aTe.® s

=: wln(t)/wgn(t) — wgn(t).
Lemma 4.1. Under the conditions of Theorem 2.2, we have

0 — Xn,n— [kt]

—_ TR A
I — {1+ A1)}

uniformly for t € [0,1], where

~ PR A _ A(n M
Ap(t) = =t VW () —tW (1)} + A(n/k) PCEY)

+ YA /k)B(n/k){t"[Ry p4(1/t) = Ry pn(00)] + Ry pm(o0)}
+ 7120, (k712 + |A(n/k) B(n/k))).

Proof. See the proof of Lemma 4.2 of Li and Peng (2008).

Lemma 4.2. Under the conditions of Theorem 2.2,

1 a
1—aT, 20* — «

and
1—aT, p af—«)
€n o 6* ’
where
n= 1 An/k) = - A(n/k).
R e A (e e VA

14



Proof. It follows from Lemma 4.3 and its proof of Li and Peng (2008).

Lemma 4.3. Under the conditions of Theorem 2.2,

/ Ol [’“t] ) d

+cuﬁ @)a? + (39 — 308
P (267 — )25

Lo—Z
[kt]\—1 p «o
—— )70, () dt - ———,
/O(H—Zk) (*) 8% —1

VO — Zjy 4 0—Zyy, . » o
t/w_%>ewmawjﬁﬁeqw,w

en + 0p(A(n/k)),

and
1 «a *) 2 *—042
[t~ renpa - CLEE Lo,

Proof. Put 7,(t) = €,(t7” — 1). Then it follows from Lemma 4.1, * = § — a,
v=—1/a and p = —(/«a that

/ O )

= / P10+ Bru(t) + 0p(A(n/k) H{ =y logt + ma(t) + 0p(A(n/k))} dt

0

1
= / A1 —~logt 4+t Pe, — €y — yBent P logt + vfBen logt }dt + op(A(n/k))
0

B v 1 1 ole) B,
= Glat ) " Bla—pil Blatl Gla—pi P (Blat D
T op(A(n/k))

« a(B* — a)(a? *)2 — 3a3*
Gt e A

The rest can be shown in a similar way.

Lemma 4.4. Under the conditions of Theorem 2.2,

o ( ’

1 — o)l da
/0 (1= T, Aln/k) 0B} dt = o2

ban/k)  0Qun(t) , »
/0(1—ozTn)I{j;é2} og ot i

15



for j =1,2,3, where 0j; is defined in Theorem 2.2.

Proof. The proof follows from the following three steps. The first step is to
approximate fol %’?(t)dt.

Recall that w,(t) for i = 1,2,3 are defined as in (4.13). Since T), & o', it
is easy to check that i, (t) = 1 —a/F* and ugp(t) 2 (1 — a/B*) uniformly for
t € [0,1]. Straightforward calculations show that

Oun(t) * ki)
o = LB+ Ta(l=6u() — (1 - aTi)On(t) log(5— ).
Bugn (t) . * * b~ Z[kt]
o = 20T, — 20/5" — F*On(t) [Tn + (1 — aly)log(—5— 7 )]’
oo 7
Quin(t) o — Il
S =0/ (7 + (1= oT)@n (1) los(5— 4,
Otz (t . * 7
?ﬁf )_ o /(5)* + (1= aTy)On(t) | 1 + " log(~5— ZUZ] )}’
au3n(t) -0
o3 ’
BUIi(t) Aty Lo (t
00 -z O
. 0 = Zike)\ g+ —a1 ZIkt) — 2k
+ (8" —a)(1 — aTy)( 0— 7, ) (0 — Z)?’
Quan(t) oty .
T e A0
. i} 0 — Ziki) \ g —a1 Zikt] — 2k
+ 67 (1= aTn) (8" — o) (=) (=LA
6U3n(t) _ Z[kt] — Zk
90 (0 — Zya)) (0 — Z1,)’

where

0 — Z, 0T, _1/1 0— Z » -1
= =" = 1— —
R TR {1-7- Zi pat & ala—1)
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First, let’s consider kngn 01 aQéZ[(t) dt. Write
win(t) = (1 — %) (1= aTy) + (1 — aTy)0n(t),
Uon(t) = a1 — %) —a(1 = aTy) + F*(1 — aTh)On(t),
uin(t) 1 1 1 ~
oa (a_ﬁ_agn(t»_a 1(1_04Tn)(1_9n(t))
— (1= aT)On(t)lo (0 _ Z““])
Ouan(t) o 5 5*
Do - 2(1 - E) - Egn(t) - 2(1 - aTn) + E(l - aTn)Gn(t)

0— 2, "

- ﬁ*(l - aTn)Gn(t) log(

We find that the constant item (i.e. item without (1 — a7},)) in auég(t) U (t) —
8u2n(t) .

u1n (t) =5e— is
1 1 1 « « « G*
(3 - 3~ 20uHal - 2} - {1- )20 - ) - Zo,0)
:(ﬂ* — O‘)z{@ (t) — g} — W
T S A
the item involving (1 — a7},) in 31%2(15) U () — u1n(t) 8“52}” is
(1= aZ){{(5 - 5 ~ 2 Ou0}{T0u(0) -~ )
o _ 0 — Z[kt}
‘Fan*B;H‘Of1ﬂ**@nUD**@n@)bg(9__Z%)}
o p* . 0 — Zjy
1= 22+ Lo - ronn gy
- 20- £ - Zeuwienn - 1}
B a a B (B* — a)? 0 — Zuy
=1 - aT) (1~ )+ (= Dyeun + T e, 010070
=:5,

and the other terms in auég(t) U () —u1n(t) au;g(t) is op(1—aT},). It follows from
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the above approximations, Lemmas 4.2 and 4.3 that

/1 1 0Qu,(t) "
0

1—al, Oa
A= o e 1)~ ) 22 Y
B /01 a?(1 —1a/ﬁ*)2{1 —M;Tn 1 _S 7t + op(1)
», az((ﬁf*fap { (ﬁ*aﬁ*af fﬁ**_ =21 %) N (% - ﬁa*)ﬂ*
n (ﬁ*gka)Q(_(ﬂ(f)z)}

(8)? (B —a)® (B -a)
- aQ(ﬁ* _ a)Q{aﬁ*(2ﬁ* — ) + (ﬂ*)?’ }

= 011-

Secondly, let’s consider 1= ;Tn A(é 75 1 6Q1”(t) dt. We find that the constant
augn(t)

item (i.e. without (1 — aT},)) in 8%91[?*( )UZn(t) — uin(t) =55 is zero, the item

involving (1 — aT),) is

o 0 — Zpy
(1-a T){( 72 (70a(t) — @) + a1 = Z)0n(H) og(5— )
o 0= iy o?
= (1= 500 (1457 los(5—21) = G (@) - D}
*_a2 0 — .
<1—aT>{ e - Lo, mon( L),

and the item involving (1 — aT,,)? is

(1~ T {0(0) o) [3°0u(1) ~ o]

~ (©alt) ~ 1001 + 5" og( L]}
0 — Z[kt]
0— Zy

—(1 — aTo)*{ (8" ~ 0)On(t) log( )= On(t)? + Ou(t) }.

18



Thus, by Lemmas 4.2 and 4.3,

/1 1 8Q1n(t)dt
0

1-—aoT, J06*
*21 Opl 1 *—062 *—042 Q_Zt
:(ﬁa)Q(;i a)(2))/0 {_ (5(6*)2) o,(t) - 8 = ) @n(t)log( e—z[z])
0 — Zjy

T (1 - aTu){(8° — )0, (1) log(
P ol) g (5 o)

) = Ou(t) + On(t)} }dt
ﬁ — )

0— 7,

(o + (1 —aTy)

a?(f* — a)? GO 26" —a
LBl o el o)t (57— 30),
p* B2 (28* — a)?(6%)?
+(1- aTn){a(?ﬁ;f )_ Qﬁ*a_ ~+ % +op(1)}}
(o (Fa)e?-S0f k(3 F o
aB* (28" —a) " af* (20" — a)? tpr2B—a) "
+op(A(n/k))

*_ o *)2 a3t — 042
U )y
__ (B) 428" — o
(28— ) e =B - 1)

=a12A(n/k) + 0p(A(n/k)).

A(n/k) + op(A(n/k))

Thirdly, the limit of ‘11_7;/;3 01 aQég(t) dt follows from Lemma 4.4 of Li and

Peng (2009a). Hence we finish the approximations in step one.

The second step in the proof is to approximate 01 %ﬁl(t)dt as follows.

Recall that v, (t) for i = 1,2,3 are defined as in (4.14). Straightforward
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calculations lead to

6U1n(t) B a
oo~ Ba—2)(aTn - E)
0— Z
R AU 1)
(%%(t) B 60— Z[kt] .
n) 0o, e
0—Z
— B*6n(t) (Tn + (1= o) log(—— ZUZ] )> }
6U3n(t) B .
oo LT
Quin(t) _ o*(a—1)
apx (5*)2

0—Z
+ (1= aT)0n(1) (267 — 14 5°(5" ~ Dloa( =),

Do 07 . -z
) S+ (1 - a0 1+ 6 o) )
Dvan(t)
a5 1—aT,,
2
Pl - 2 (a(a = 1) - (5 — 10 (1)
.l ) 0= Ziki)\ g a1 Zikt) — 2
+ 858" = 1)(B" — a)(1 — aTn)( 0— 7, ) O—7p2
van(t)  Zige) — Zk 0 — Zj)  Quagn(t)
0 -z Wt g T
ngn(t) _ azﬁ*tg
L 00 0—2Z
Write
vip(t) = ala —1)(1 - %) —a(a = 1)(1—aTy) + 856" = 1)(1 — aT,)0n(1),
07
van(t) = —— ZV:” {a(l - %) —a(l—al,) + B (1 - aTn)Gn(t)}.
1 9Qa2n(t)

First let’s consider [; —5~~dt. Using the above expressions and Lemmas 4.2

20



and 4.3, we have

L 0Qun(1)
| el

Ovin(t) van ()

= /1 TUZW’(t) — vin(?) o gy /1 Ovzn (1) dt
0 0 0

U%n(t) (0%

(28 B a0 P e,
0 \0—Zpy/ a(f* —a) s .
200 3

— e =12 = el + op(l)}dt —(1- B'Ty)

o 20 [ vy, (BB 1) (11 s
(3 a)/ot dt 25— o) /Ot t e dt
,8*(06—1) 1 “1/a 20 ﬁ* B*—a /8*
‘aw*—a)/o A A (s
_3a—2 (8%)? B (a—1) 28" — 20 « 3
T a—1 _a(ﬁ*—a)_a(ﬂ*—a){ 3+ a—l_ﬁ*—l}
Ll

(67
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Secondly, we consider (n 75 f ! a%zﬁ”( )dt. As above, we obtain

15Q2n(t)
d
/0 o

_ V0 —Zg\ 1 1+0p(1) a?(a—1) ol
_A ( H—Zk ) az(l_a/ﬁ*)2{ (ﬂ*)Q [ (1 ﬁ*)
—a(l—aT,) + (1 — aT,)0,(t)]

«Q * * * 0 _ Z[kt]
Fall = 2)[(1 = aT)On(B){25" ~ 1+ 5°(5” ~ 1)loa(5 =)

_ (élT)Q[O‘(O‘ 11— %) —a(a—1)(1—aTy)

+3%(8" = 1)(1 = oT;)On(t)]

o 0 — Zpy
—ala=1)(1 = 2)[(1 - 0T)On(0){1 + 5 loa(5—7")}]
+0p(1_0‘Tn)}d - (1 —aTy)
[Py 1+ o) 20(a — )
_/0 o=z @i a0 O

(1= aT,)0, (1) log(

A Ja(B* — a)? +o,(1 — aT,)} dt

— (1= aTy).

By Lemmas 4.2 and 4.3, we have

1 0Qan(t)
AR op
_ g 20(a = %) 10— Dy
B e G = =L
Lg—Z 0—Z 2
* 2 [kt] \—1 [kt] -
+a(f* - ) /0 (W) On () log( 0= 7 )dt) + G (a5 —1) + 0p(1)
_ 2 o apr —a N a? + 0,(1)

a—pr—1 p—1 a-p-1 (=12 p(a—-p -1
2022+0p(1).

Thirdly, the limit of fo a(n/k) dQ2"(t) dt follows from Li and Peng (2009a).

Hence we finish the approximations in step two.

1 Ban( )

The third step is to approximate dt as follows.

22



Recall that w;,(t) for i = 1,2,3 are defined in (4.15). Since T,, &> a~!, we
have wa, (t) 2 a(6* — a) = win(t). It is straightforward to verify that

a“’én(t) = /6* - 20&,
Buzn(f) :mﬁ]}—mwﬂﬁP@Aﬂ@}+u—anﬂ%(%gw)
Owszn(t) 0
Bwaa(t) 7
0 O 0—7
wan (T * * -
2l — 2T, + 51— aT,)0n(1) (2 + 5 log(G42) ),
Owsn (t)
Baﬁ*(t) .
9 éz(t) _ 0726
wonlt)  — @Bl (o — %O, (1)
% ’ Zf 2( *) 0—Zikt) \g* —a—1 Zikt) —Zk
F(E72(1 — o) (5 — o) (G- e 2

6w3n(t) -0

L 00 =V

First, let’s consider l—iTn 01 8Q§Z(t) dt. Since
Qw1 (t) Owap (t)
n t) — n t
5o W2n(t) —win(t) =5~
* * « *
:(/8 - 204){&,8 (aTn - ﬁ) + (/6 )2(1 - aTn)G)n(t)}

(5" — )20 T — 20— (870, (1) (T + (1 — o) oy}

=a(6*)*(1 - aTy,) — a(8*)*(1 — aT,)On(t)
2( g 0 — Zy
+ a(ﬁ ) (ﬁ - O‘)(l - aTn)Gn(t) log(

0— Z, )
— (= B)(B*)*(On(t) — o/ ),
it follows from Lemmas 4.2 and 4.3 that
1
o 1—aT, O«

(B2 +0p(1) [T ) 0 — Zik
- /0 (1= 0u(t) + (5"~ )Ou(1) los(5—4))

a(f* — a)?
*)2 ' O, (t)dt — o) 5*
- QQ(((f_) 3%) k 1(t_) ;Tn /7 +0p(1)
o () a alf-a) (8)?
Oé(ﬁ* _ a)2 (1 /8* (/8*)2 ) + 062(2,8* _ Oé)
—=031-
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Secondly, we consider 17iTn A(r} 75 f ! 8Q3”( )dt. Since
Ownp(t)

Owap ()
op* op*
=a{af"(aly — W +(8%)%(1 - aT0)On(t)}

—a(p - a){aQTn + 3% (1 — aT,)On(t) (2 + 8 1og(90_ZZ“Z] ))}

Won (t) — W1in (t)

=— (1 — aTy) + af*(2a — 5*)(1 — aT},)0,(t)
*\2 (% 0 — Z[kt]
—a(f7)°(8" — a)(1 — aTy)On(t) log(

0 _ Zk; )7

it follows Lemmas 4.2 and 4.3 that
/1 1 aQBn(t)
o (1=aTy)A(n/k) 0p*

1+0,(1 ! . .
~a2(5 - oz)2(A)(n//-c) /0 {-a®+a2a—pen)

(85 — con(t) log( L) Yt

dt

B 1+ 0p(1)
S a?(fr - ) A(n/k)

—a(p *—a) /@ t) log( })dt

1 * o ﬁ* (ﬂ a) —«
2[5 —ay 07 (2 5)25* a( 5 T —atD)
g 08— a)(a + ()~ 305") —a

GBI =0 ey o —atD)

{af*(2a — %) /@ t_ﬁ)

(0%

p
N

=032.

Thirdly, we consider a(n/k) 1 an"( )dt. Since

1-aT, JO
aQ?m(t) _ _wln( )8UJ2n( )
% w3, (t) 00
T
+ (ﬁ*)Q(l — OéTﬂ)(Oé _ ﬁ*)(ae__ZZ[I:t])ﬁ*al
0 — Zikg | g
_(ﬁ*)2(1—aTn)(a_ﬁ*)<0_7Z[kk])ﬁ a},
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—m, it follows from Lemmas 4.1, 4.2 and 4.3 that

/1 a(n/k) 8Q3n(t)d
o 1—aT, 00

t

paff—a) 1y 5 wp -1 (-«
_>042(ﬂ* —04)2&{0[ (5°) ala—1)26* — «

HEPa-g) [ e ) )

=033.

Hence, we finish the approximations in step three, i.e

., we finish the proof of
Lemma 4.4.

Lemma 4.5. Under the conditions of Theorem 2.2, we have \ffo Qin(t)d

R+ N =
(1), \/Efo Qon(t)dt + Ny = op(1) and \ffolQ‘ZTt)dt + N3 = op(1), where

N = B i s

w* T H{W () — tW (1) }dt
No _fol{( - et = g W) W (1) e
Ny = S L /am2 () — e (1)t

Proof. The formulas of N7 and Ny follows from Lemma 4.5 in Li and Peng
(2009a). Write

1
/ Q3n (t)dt
0
1

1
= Y [ e ) M

Y O Y R 1-aly e 2
_/0 oG o8 — (0700 + [ G as(as” = (3°6n()] '}
+ 0,((1 — aTp)?).
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Using Lemmas 4.1, 4.2 and 4.3, we have

o
\/%/0 1 _ OzTn Q3n(t)dt
B ﬁ* B (ﬂ*)Q g
g ar-ale

a(f* —a)?

T —a)™

+ wlﬂL*;ﬁ /1 £5 /02 W () — (W (1)}t + 0, (k™ Y/2))

0

1 a(8)*(8" — a)?

ool

*

= % / LW (1) — W (1)}t + 0,1,

« 0

Proof of Theorem 2.1. Define [;(y) =

A= (7 - ’70) & (a_l(n/k)> I, 1,1, 1)T7
M) = (a(n/8), 1,1, 1,17 & Ly (),

a*(n/k) a(n/k) a(n/k) a(n/k) a(n/k)

a(n/k) 1 1
Ms(v) = a(n/k) 1 1
a(n/k) 1 1
a(n/k) 1 1

5 —a Oplen)) }

k~'log L1 (%),

Oy

—_ = =

—_ = =

where ® is the Kronecker product. It follows from Taylor expansion that

L(v) = () = AT Mi(y) + %ATMQ(V)A

where 5 = (31, -- ,75)! and ¥; lies between 7;9 and ; for 4 = 1,--- , 5. Like the

proofs in Lemmas 4.2—4.4, Lemma 4.1 can be used to show that
Mi(y) 50 and  My(yo) 5 —M,

where M is a positive definite 5 x 5 matrix. So, the smallest eigenvalue of M, say
A1, is positive. Using Lemma 4.1 again, we can further show that there exists
do > 0 such that Msy(y) > M — A;/2 with probability tending to one when ~

satisfies ||y — 70|| < dp. Therefore

ATMy(7)A > ATMA —
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with probability tending to one when ||y — y9|| = dp. Thus, with probability
tending to one, I1(y) < l1(7) for all A in a small e-sphere about 7. To complete
the proof, just proceed as in the proof of Theorem 6.4.1 in Lehmann (1983).

Proof of Theorem 2.2. The theorem follows from (4.12), Lemmas 4.4 and 4.5.
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