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1 Introduction

Competitive analysis allows us to make strong theoretical statements about the performance of
an algorithm without making probabilistic assumptions on the inputs. However, it has been often
criticized with respect to its realism. A wide range of online algorithms —both good and not so good
in practice— seem to have the same competitive ratio. A concrete example of this is the inability
of competitive analysis to distinguish between the LRU and the FIFO algorithms for the paging
problem, whose performances differ markedly in practice. (Recall that, on a fault, LRU evicts the
page in memory whose most recent access was earliest, while FIFO evicts the page that has been
in memory the longest).

Moreover, competitive analysis frustrates not only interesting algorithms, but also information
regimes. The classical example is again from paging. Suppose we allow a paging algorithm to have
a lookahead of £ steps. Then, although we would expect better performance, the algorithm behaves
equally badly as if it had no lookahead, as we’ll see later. The search for alternatives to competitive
ratio is mainly driven by these weaknesses.

The basic source of this problem is that quite often the best offline algorithm is too powerful to
distinguish between online algorithm with different performance in practice. Different alternatives
can be exploited to resolve this. The two obvious ways to generalize is to restrict the possible input
distributions or/and the class of algorithms we compare the given online algorithm with.

Before moving to such generalizations, recall the definition of competitive ratio of a minimization
problem II and of an algorithm for IT (for maxinization problems the definitions are analogous).
Algorithm A is c-competitive if there exists a constant d, such that for any input x

A(x) <c¢-OPT(z)+d,

where OPT denotes the optimal offline algorithm. The competitive ratio of the algorithm A is
the infimum of all such ¢’s, and the competitive ratio of II, Ry, is the minimum competitive ratio
achievable by an online algorithm.

In what follows we present three alternatives to competitive analysis and give some interesting
results using them.

2 The Diffuse Adversary Model

It is true in general that the distribution of the inputs to an online algorithm is not known. However,
competitive analysis assumes we know absolutely nothing about the distribution, which seems a
little bit unrealistic in practice. The first generalization, the diffuse adversary model (defined in
[1]), arises quite naturally by removing the assumption that nothing is known about the input
distribution.

Let IT be a minimization problem, and A be a known class of possible distributions. We say that
a deterministic online algorithm A is c-competitive against the class A if there exists a constant d
such that for all distributions D € A,

ED(A(:E)) <c- ED(OPT(Z‘)) + d,
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where A(x) is the cost of A when presented with input =, and OPT denotes the optimal offline
algorithm.

The competitive ratio against A of the algorithm A is the infimum of all such ¢’s, and the
competitive ratio against A of II, Ry(A), is the minimum competitive ratio against A achievable
by an online algorithm (we will drop the index II if there is no chance of confusion). That is, the
adversary picks a distribution D among those in A, so that the expected (under D) performance
of any online algorithm and the optimal offline algorithm, are as far apart as possible.

Notice that a “worst case distribution” in competitive analysis is just a worst case input with
probability one. Therefore, if A contains such a distribution we get R = R(A). In particular, if
A is the class of all possible distributions then R = R(A). Hence, the diffuse adversary model is
indeed a refinement of the standard competitive analysis.

Now, let’s restrict ourselves to paging. Then the input distribution specifies, for each page a and
each sequence of page requests o, the probability P(a|o) that the next page fault is a given that the
sequence so far is o. It is unrealistic to assume that we know this distribution precisely. However,
we can make the simple and natural assumption that the next page request is not predictable with
absolute certainty.

So, for any € between 0 and 1, we define the class A to be the class of all distributions obeying
the inequality P(a|o) < ¢, for all a and . A natural question to ask now is, What online algorithm
achieves the optimal competitive ratio against A., R(A.)? The answer, given in [1], is quite
interesting. Here we state it without proof:

Theorem 1 For anye, LRU has optimal competitive ratio R(A;) for the paging diffuse adversary
model.

It is an open problem to determine the competitive ratio against A of known paging algorithms,
in particular to estimate the competitive ratio of FIFO. Papadimitriou and Koutsoupias conjecture
that FIFO is suboptimal for some values of €. If this is the case, it will add extra validity to the
diffuse adversary model, in the sense that the model can actually distinguish between LRU and
FIFO.

3 Comparative Analysis

Comparative analysis was also introduced in [1]. Let A and B be two classes of algorithms for the
same minimization problem. The comparative ratio R(A,B) is defined as follows:

R(A, B) = max min max Alz) .
BeB AcA = DB(x)

Notice that the definition does not require A C B, although this is usually the case, and this is
how we are going to use it here. In particular, notice that if A is the class of online algorithms and
B is the class of all (online and offline) algorithms for the problem in question, then R(A, B) = R,
that is the comparative ratio becomes the competitive ratio. Hence, comparative analysis is indeed
a refinement of competitive analysis.

Before we see an application of comparative analysis, let’s take a deeper look in the motivation
for the above definition. As discussed in the introduction, we may consider online algorithms for
paging with a lookahead of ¢ steps. Obviously, lookahead is a valuable feature of a paging algorithm
in practice. However, it is easy to see that in competitive analysis it doesn’t give any power at all.
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To see this, let Ay be the variation of algorithm A with a lookahead of ¢ steps and o = g10903. ..
be a worst case sequence for A. Consider o’ = af“oﬁ“aé“ ... and notice that Ay, given o', faults
as often as A, given o.

The question about the power of lookahead is a question about classes of algorithms and not
just a single algorithm. Let’s formalize this question. An online algorithm for the paging problem
has lookahead ¢ if it can base its decision not only on the past, but also on the next £ requests. Let
Ly be the class off all the online algorithms for paging with lookahead ¢. In particular, Ly is the
class of all traditional online algorithms. We want to determine R(Lg, Ly). The following theorem

is due Koutsoupias and Papadimitriou [1].
Theorem 2 If k is the number of pages in the memory, we have R(Ly, Ly) = min{l + 1, k}.

Proof. Let n = min{/,k — 1} and let B € £;,. We may assume, without loss of generality, that
algorithm B moves pages only to service requests. We are going to prove that algorithm A below
has comparative ratio n + 1. This proves that n + 1 is an upper bound for the comparative ratio
R(Lo, Ly).

So, let A be the following generalization of LRU:

If a request r is already in the fast memory, do nothing.
Otherwise, to service r do the following:
Ignore the n most recent distinct requests(includind r), and
amongst the remaining pages choose to evict one, so that the
resulting configuration is as close as possible to the last
known configuration of B.

It suffices to show that for every n + 1 consecutive page faults of A, there is at least one page
fault for B. By using induction on the number of requests we are going to show that after each
subsequence of requests that causes ¢ page faults to A but no page fault to B, the configurations
of A and B differ by at most n — ¢ pages. In particular, after each subsequence of requests that
causes n page faults to A but no page fault to B, both algorithms are in the same configuration.
Then it follows that for every n + 1 consecutive page faults of A, B suffers at least one page fault,
as desired.

Fix a request sequence p = ri7rs... and let Ag, A1,... and By, B1,... be the configurations
of A and B that service p. Notice that Ay = By and therefore the base of the induction is
trivial. In what follows, let |A; — B;| denote the number of pages by which A; and B; differ, i.e.
|Aj — Bj| =k — (4; N B)).

Assume that the induction hypothesis holds for ¢ — 1. For the inductive step we consider the
following cases.

First consider r; € A;—1. Then, A suffers no page fault and therefore |A; — B;| < |A;—1 — B—1].
The inductive step follows.

Assume now that ry ¢ A;_1, and ry € By (if ry ¢ By_1, B suffers a page fault). Let z; be the
page evicted by A to service r;. It is easy to see that if z; ¢ By_1, then |A;— B;| = |A;—1— Bi—1|—1.
The final and more complicated case is when x; € B;_1. By the definition of algorithm A, x;
is not one of the n most recent requests and consequently x; is also in By;_,. It follows that
A1 C By U{ri—ny1,...,7—1}, otherwise A would not choose x; € B;_,, to evict. Therefore,

At C B U{ri—pg1,.o ., re—1, 1t}
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We also have the obvious relation
By C Br g U{Tt—ni1s- -, Te—1, 71},

since we assumed that B moves pages only to service requests. If B suffered no page fault during
the last ¢ requests, i.e., By = By_1 = ... = B;_, the set By_,, U{ri_n41,...,7r¢4—1, 7} has cardinality
at most k+mn—c. We conclude that |4;UB;| < k+n—c, which implies the desired |A; — B;| < n—c.

To show that min{¢ + 1, k} is also a lower bound of the comparative ratio, let B be a variant
of the optimal offline algorithm adapted to lookahead ¢. More precisely, B never evicts one of the
next n requests. Fix a set of k+ 1 pages. Then, for every request sequence p, B suffers at most one
page fault for every n+ 1 consecutive requests. The lower bound follows because for any algorithm

A, there is a request sequence p such that A suffers a page fault for every request. -

4 The Accommodating Function

In this generalization of competitive ratio (defined in [2]), we restrict the set of input sequences
that the adversary can provide. We will give the definition of the accommodating function for
maximization problems; for minimization problems it is analogous. Consider an online problem
with a fixed amount of resources n. For an online algorithm A, let A(x) be the value of running A
on input z, and OPT(x) be the maximum value that can be achieved on x by an optimal offline
algorithm. A and OPT use the same amount of resources n. For a problem with some limited
resource, let OPT,,(z) denote the value of an optimal offline algorithm on input # when the amount
m of the resource is available. Similarly we may define A,,(x).

Now we give the key definition. Let x be an input sequence. We say that x is an a-sequence
if OPT,,(z) = OPT,,(x) for all m > an. That is, a-sequences are the input sequences where the
optimal offline algorithm will not obtain a better result by having more than the amount an of
resources.

We define the accommodating function A(a) to be the usual competitive ratio restricted on
a-sequences. To be more precise, an algorithm A is c-competitive an a-sequences if there exists a
constant d such that for every n and every a-sequence x we have A, (x) > ¢- OPT,(z) —d. The
accommodating function of A is then the supremum of such ¢’s, i.e.

Aa(a) = sup{c| A is c-competitive on a-sequences},
while the accommodating function for the problem is

Ala) = sgp Aa(a).

Notice that as a goes to infinity, there is no restriction on the input sequences, and therefore
the limit lim, .~ A() is exactly the competitive ratio R.

It would be interesting to notice here that the accommodating function is also a generalization
of yet another alternative to competitive ratio. In [3] Boyar and Larsen define the accommodating
ratio which is the competitive ratio on 1-sequences, that is just A(1).

In [2], Boyar ,Larsen and Nielsen, showed that the accommodating function provides extra in-
formation, by showing that the best choice between First-Fit and Worst-Fit algorithms for Fair
Bin Packing cannot be made based on either the competitive ratio or the accommodating ratio
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alone. In general, the choice as to which online algorithm to use, depends on which ratio A(«) is
more relevant in a specific situation. This of course depends on the actual distribution of request
sequences and on the accommodating function for the algorithms.

Fair Bin Packing. Consider the following online variant of bin packing. Let n be the number of
bins, all of size k. Given a sequence of integer sized items of size at most k, we want to maximize
the number of items in the bins. Since the problem is online, the requests occur in a definite order.
Moreover, we require the packing to be fair, that is an item can be rejected only if it cannot fit in
any bin at the time it is given.

Notice that the fairness criterion is part of the problem specification. Therefore, the optimal
offline algorithm must process the requests in the same order as the online algorithm and do so
fairly, even though it knows the whole sequence in advance.

Here, the resource is the number of bins; thus, for a given «, we only consider sequences which
could be packed in an bins by an optimal offline algorithm. Next, we prove an upper bound on the
accommodating function for fair bin packing:

Theorem 3 Ifk > 7, then for any algorithm for fair bin packing, the accommodating function is

at most 6 _
= Jif a=1

Ala) < 2+(a—?)(k—2) Jif 1<a<]

S >
Proof. First consider the case where v = 1. Consider an arbitrary fair online algorithm A and
assume 7 is even. An adversary first gives n items of size {%] — 1. Since k > 7, A has packed at
most two items per bin. Let q denote the number of empty bins in A’s packing.

In the case where ¢ < 7 , the offline algorithm can pack these n requests in the first 5 bins. Now

n+q __ 2n+42q < 6
n+3 — 3n

In the case where ¢ > 22, observe that A has ¢ bins with exactly two items. Let the ofﬂme

the adversary can give 5 long requests of size k. The performance ratio is then

algorithm place one item in each bin. The adversary can now give n requests of size [%W + 1. The
2n 6
<

performance ratio is then
Notice that the above sequences could be packed in n bins by an optimal offline algorithm.

Now, let 1 < a < % and consider an arbitrary fair online algorithm A. An adversary can give A
the following request sequence, divided into three phases. Phase 1 consists of n small items of unit
size. Phase 2 consists of items, one for each bin which A did not fill completely with size equal to
the empty space in that bin, sorted in decreasing order. After these are given, A has filled all bins
completely and so must reject the items in phase 3, which consists of (o« — 1)nk items of unit size.
Let g denote the number of empty bins in A’s configuration after the phase 1.

In the case where ¢ < %, we know that A has at least n — 2¢ > 2n(a — 1) bins with exactly
one item after phase 1. The optimal offline algorithm (OPT) can arrange the items from phase
1 such that half of the bins contain two items and half contain no items. In the second request
phase, there are at least 2n(a — 1) items of size k — 1. OPT rejects at least n(a — 1), leaving room
for at least n(a — 1)(k — 1) of the unit size items from phase 3. This gives a total gain of at least

2n

(k —2)n(a — 1), and the performance ratio is at most 5 ——r=tr— = 575= 1)(k 5
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In the case where ¢ > %, we know that A has at least n(a — 1) empty bins after phase 1. OPT
places each of the items from phase 1 in a different bin. This gives a performance ratio of at most
> since OPT rejects n(a — 1) items of size k.

2n _ 2
2n+n(a—1)(k—1) = 2+4(a—1)(k—1

Since the accommodating function is decreasing, O — 61F is an upper bound in the
5

case where a > 7. In particular, 6%« is an upper bound on the competitive ratio of Fair Bin
Packing.
O
Now we’ll state without proof the result discussed above. Consider these two algorithms for
fair bin packing: First-Fit, that places an item in the lowest numbered bin in which it fits, and
Worst-Fit, that places an item in a bin which is least full. Then we have the theorem below that
points out the fact that the choice of an online algorithm depends on which ratio is more relevant
in a specific situation; and this in turn depends on the actual distribution of request sequences.

Theorem 4 If App and Awr are the accommodation functions for First-Fit and Worst-Fit re-
spectively, then App(1) > Awp(1), while limg—,o0 App(a) < limg—oo Awr(a). That is, First-Fit
has a better accommodating ratio, while Worst-Fit has a better competitive ratio.

5 Remarks

It is interesting to compare the three alternatives presented here with the standard competitive
analysis as well as with each other. There is no doubt that they offer new insight in problems that
are already well-studied and that they give rise to new interesting questions; however they all share
some crucial drawbacks. Competitive ratio is defined in a simple, natural way and is meaningful
for any online problem. The alternatives presented here are usually more complicated to analyze
and they rely on the nature of the problem and on the subjective question of what is useful and
meaningful in practice. That is, we lack a general criterion for choosing the class of distributions A
in the diffuse adversary model, or the class of algorithms B in comparative analysis, or for deciding
how meaningful it is to restrict our inputs to a-sequences. Therefore, they should not be viewed
as replacements of competitive analysis, but as tools for further refinement.
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