
����� �����	
����
 � ������� � � �
�
 ���������� ����	� ����
������� �  ! " #$ #%&

'()*+,(,- ./ ,01*21 3 45 4607 0*,02+ 8),09(- : ,04; < 0=)/ > ?4)/ (= ?+90;

� ���
�� �� @ A/ (1( ;2*(1 / 4B( ;2* 9((; 1+9C ()*(6 *2 */ ( +1+4= 1),+*0;D ,(1(,B(6 E 2, E 2,7 4= 5 +9=0)4*02;1 FA/ (D 7 4D 9( 601*,09+*(6 2+*106( */ 01 )=411 2;=D G 0*/ */ ( 5 (,7 01102; 2E */ ( H;1*,+)*2,F

IJKJ LMMNOP QRSTQOU L VWONQTXR Y KKKZ QTX S TZ QYT

[ \]^_`abcded bf`gcda h ifd icc jkhlmkhdh `n eod hia d eokpl
[ qme ibbf`r ka iek`p icl`fkeoa h ifd jksdfhd t
[ u` nif vd oisd hddp ibbf`rka iek`p icl`fkeoa h n`f sdfedr _`sdf w hde _`sdf ipj xu] v keo efkiplcd kp^
dymickez{ |d oisd _dcdgfiedj haicc s k_e`fkdh w ck}d ip kabf`sdadpe `n i ni_e`f `n ~

[ qme p`v eodfd kh i jk�dfdpe _cihh `n ibbf`r ka iek`p icl`fkeoa h {{{

IJKI LMMNOP QRSTQOU O� TX� �USMYS�� �NO�V�R

|d oisd i }pibhi_} eoie _ip `pcz o`cj i _dfeikp vdkloe w ipj vd vipe e` airka k�d eod e`eic sicmd `n eod
keda h kp eod }pibhi_} { |d oisd i lf`mb `n ; keda h e` _o``hd nf`a di_o v keo i b`hkeksd vdkloe G� ipj i
b`hkeksd sicmd B� { xodfd kh `pcz `pd _`bz `n di_o keda { �de � � air � B� {
xod bf`g cda kh e` �pj � � ������ � eoie a irka k�dh � � B� hmg� d_e e` �� G� � � {
xodfd ifd hdsdfic eokplh e` p`ed ig`me eod �������  bf`gcda @

�{ ¡e kh \]^_`abcded
~ { ¡e _ip gd h`csdj kp ¢ £�� ¤ eka d v keo jzpia k_ bf`lfiaa kpl gz �cckpl kp i eigcd eoie lksdh w n`f di_o

b`hhkg cd e`eic vdkloe w eod a`he sicmig cd _`agkpiek`p `n keda h v keo eokh vdkloe
¥ { ¡e _ip gd h`csdj kp i jmic viz gz �cckpl i eigcd eoie lksdh w n`f di_o b`hhkgcd sicmd w eod ckloedhe

_`agkpiek`p `n keda h v keo eokh sicmd { xokh ei}dh ¢ £�¦� ¤ eka d {
§ { ¡e kh ibbf`rka igcd gz mhkpl ¨¥ v keo i ev khe

©`f driabcd w cde ªh c``} ie i bifek_mcif kpheip_d `n �������  { �de � � �«« { ¬`m ifd lksdp eod sicmdh @
sicmd ®¥ � ¯�® � §«~°  ��¥ ® �® {{{
vdkloe ±®¥ ¥« {{{ {{{ {{{{ {{{
xodhd sicmdh a i}d i omld eig cd £® �® ² �«« keda h¤ eoie z`m v`mcj oisd e` � cc kp v keo eod icl`fkeoa `n ¨¥ {
u` w o`v j` z`m _me _`fpdfh³ ´`mpj eod sicmdh t

~ �^ �
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¡p eokh _ihd w vd v kcc f`mpj j`vp e` eod pdifdhe �«« {
sicmd ®«« ¯�«« §«««  �«« ® �«« {{{
vdkloe ±®¥ ¥« {{{ {{{ {{{{ {{{
Ìip vd lde ipz g`mpj `p eod dff`f `n eokh ibbf`r ka iek`p³ �de � gd eod `bekama h`cmek`p `n eod `fkl kpic
bf`gcda { �de � Í g d eod `bekama vkeo eod f`mpjdj sicmdh { |d v kcc mhd Î Í� e` jdp`ed eod f`mpjdj sdfhk`p `nÎ � {

Ï
�

B� Ð Ï
�Ñ

B� g d_imhd � kh `bekama n`f Î� ªh
Ð Ï

�Ñ
B Í� g d_imhd Î Í� � Î�

Ð Ï
�

B Í� g d_imhd � Í kh `bekama n`f Î Í� ªh
Ð Ï

�
B� Ò ; Ó �«« gd_imhd Ô� Ô � � ipj p` pmagdf kh f`mpjdj j`vp gz a`fd eoip °°

Õ Ï
�

B� Ò Ï
�Ñ

B� � ; Ó �««

´dcieksd dff`f @ � � B� Ò � � Ñ B�
� � B� � ; Ó �««

�
xod kpdymickez o`cjh gd_imhd � kh ip mbbdf g`mpj `p � � B� { \`ed eoie kn � kh ha icc w jzpia k_ bf`lfiaa kpl
kh Ö× { ¡n � kh cifld w eod dymiek`p ig`sd ho`v h eoie eod fdcieksd dff`f kh ha icc {

µ ¶·µ ·µ ÈÉÉÇ¹Ê ½ËÃ¿½¹» ØÙ ÚÇº»ÛÃ¿½¹»
Ü`v am_o eka d j`dh ke ei}d e` h`csd eod bf`gcda v keo f`mpjdj sicmdh³ Öp_d vd f`mpj w vd _ip efmp_ied eod
cihe ndv jklkeh `n eod sicmdh w z kdcjkpl ha iccdf pmagdfh { qi_} e` eod driabcd {
sic ® ¯� §« � ®~ {{{
veh ±®¥ ¥« {{{ {{{ {{{{ {{{

| oie kn kphedij `n efmp_iekpl `� eod cihe ~ jklkeh w ¡ efmp_ied `� eod cihe Ý gkeh `n eod sicmdh³ xodp eod �««
_oipldh e` ~Þ @

� � B� Ò �� Ñ B�
� � B� � ; Ó ~Þ

� � ß

umbb`hd vd oisd h`a d ß eoie vd vipe e` i_o kdsd { xodp vd _ip h`csd n`f Ý {
Ý � c`l à áâ
xod a irkama Î Í� sicmd kh � ã~Þ { u` vd _ip h`csd eod pdv bf`gcda kp eka d ¢ £;¦ à¦ä ¤ � ¢ £ â åá ¤
u` eod fmppkpl eka d jdbdpjh `p eod i__mfi_z eoie z`m vipe t xodfd kh i nia kcz `n b`czp`a kic^eka d icl`fkeoa h w
`pd n`f dsdfz ß { xokh kh _iccdj i 5 2=D;27 04=æ*07 ( 455 ,2ç 07 4*02; 1)/ (7 ( £]xèu¤ {
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Vertex Cover

Triangle Inequality TSP

Max 3SAT

Set Cover

Clique

Knapsack

harder

Log−approx

No Fixed epsilon

NP Complete Optimization Problems

Some but not all epsilon

PTAS

©klmfd ~ �{�@ xodfd ifd hdsdfic _iedl`fkdh `n \]^_`abcded bf`gcda h kp edfa h `n eodkf ibbf`r ka igkckez{

è h kccmhefiedj kp ©klmfd ~�{�w jk�dfdpe \]^_`abcded `beka k�iek`p bf`gcda h _ip gd ibbf`r ka iedj e` jk�dfdpe
jdlfddh `n i__mfi_z kp b`czp`a kic eka d { | oz _ip ªe vd � mhe fdjm_d di_o bf`gcda e` w hizw �������  w
ipj ibbf`rka ied ke m hkpl `mf ]xèu n`f ������� ³ xod fdih`p kh eoie fdjm_ek`ph g devddp \]^_`abcded
bf`gcda h `pcz bfdhdfsd b`czp`a kic^eka d h`csig kckezw p`e b`czp`a kic^eka d ibbf`r ka igkckez{ ¡n í fdjm_dh e`î w eoie j`dh p`e kabcz eoie ip ibbf`r ka iek`p icl`fkeoa n`f î bf`skjdh i hka kcifcz l``j ibbf`r ka iek`p
icl`fkeoa n`f í {
Ü`v j` vd }p`v eoie _dfeikp bf`gcda h j`p ªe g dc`pl c`vdf j`vp kp eokh jkilfia ï n`f kp heip_d w eoie eodfd
kh p` ]xèu n`f ðñòóñôõö÷øñò³ xod _cika kh eoie eo kh jkilfia kh _`ffd_e mpcdhh ] � \]{ |d _ip i_emiccz
j` oifjpdhh bf``nh n`f ibbf`r ka iek`ph @ n`f kp heip_d w ciedf kp eo kh cd_emfd vd bf`sd eoie mpcdhh ] � \]w eod
ldpdfic efisdckpl hicdha ip bf`gcda £v keo`me eod efkiplcd kpdymickez ¤ oih p` ß^ibbf`r ka iek`p icl`fkeoa n`f
ipz ß { u`a d fdhmceh `n eokh ezb d oisd gddp }p`vp n`f i c`pl eka d { Ü`vdsdf w i gkl gfdi}eof`mlo ï eod bf``n
eoie bf`gcda h hm_o ih ù�ôõúûüý ipj efkiplcd^kpdymickez xu] oisd p` ]xèu ï `__mffdj `pcz edp zdifh
il` þ�ÿ { ¡e ªh dp_`mfilkpl e` }p`v eoie ev` `n eod imeo`fh `n eokh bibdf vdfd qdf}dcdz lfij hemjdpeh ie eod
eka d {

IJK� LMMNOP QRSTQUW � SP�é�Lê

qdn`fd vd a`sd `p e` ip ibbf`r ka iek`p oifjpdhh bf``n w vd dria kpd i bf`gcda kp ©klmfd ~�{� eoie vd
oisdp ªe eic}dj ig`me g dn`fd @ ù�ôõúûüý { xod bf`gcda kh w l ksdp i c`lk_ic n`famci kp ¥^Ì\© w e` �pj i efmeo
ihhklpa dpe eoie a irka k�dh eod pmagdf `n hiekh�dj _cimhdh { xod jd_khk`p sdfhk`p `n eokh bf`g cda kh `gsk`mhcz
\]^_`abcded w hkp_d ke oih úûüý ih i hbd_kic _ihd {
Ì`phkjdf voie oibbdph kn vd � m he hdcd_e i fipj`a efmeo ihhklpa dpe n`f i lksdp n`famci { �i_o _cimhd oih¥ ckedfich w ipj di_o ckedfic kh hiekh�dj kpjdbdpjdpecz v keo bf`gigkckez �ã~ w h` eod bf`gigkckez eoie icc eofdd
ckedfich ifd mphiekh�dj kh £�ã~¤� � �ã® { u` ipz lksdp _cimhd kh hiekh�dj v keo bf`gigkckez � Ò �ã® � ¯ã® {



xomh w eod drbd_edj nfi_ek`p `n _cimhdh hiekh�dj kp eod vo`cd n`famci kh ¯ã® { x` hdd eokh w cde � gd eod hde `n
_cimhdh w ipj n`f di_o � � � jd�pd eod fipj`a sifkigcd @

�� � 	 � kn _cimhd � kh hiekh�dj
« `eodfv khd

xodp @
£¨efmd _cimhdh¤ � Ï

�
� ��� £¨efmd _cimhdh¤ � Ï
�
� � �� gz ckpdifkez `n drbd_eiek`p

� ¯
® �

vodfd � kh eod pmagdf `n _cimhdh {
xod a irkama pmagdf `n hiekh�dj _cimhdh kh p` a`fd eoip � w h` eod (ç5 ()*(6 fdcieksd dff`f `n hkabcz bk_}kpl i
efmeo ihhklpa dpe ie fipj`a £ih ip ibbf`r ka iek`p icl`fkeoa n`f ù�ôõúûüý¤ kh � ¯ã® { ¡p ni_e ke kh b `hhkgcd
e` jd^fipj`a k�d eokh icl`fkeoa w _o``hkpl ibbf`bfkied sicmdh n`f eod sifkigcdh £fieodf eoip  kbbkpl _`kph¤ h`
eoie eod fdcieksd ibbf`r ka iek`p dff`f kh lmifipeddj e` g d � ¯ã® {
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¡p eokh hd_ek`p w vd jkh_mhh eod ldpdfic sdfhk`p `n eod efisdckpl hicdha ip bf`g cda w v keo`me ihhma kpl jkheip_dh
hiekhnz eod efkiplcd kpdymickez{

������� ���� �;=(11 3 � �3 > */ (,( 01 ;2 ß æ455 ,2ç 07 4*02; 4=� 2,0*/7 E 2, */ ( A83 E 2, 4;D ß � « F

xokh a diph w n`f driabcd w eoie p` xu] icl`fkeoa kh lmifipeddj e` fdemfp i h`cmek`p vo`hd _`he kh cdhh eoip
�«« eka dh eod `beka ic _`he {� ��� � � ´d_icc eoie vd bf`sdj xu] e` gd \]^oifj gz eod n`cc`v kpl fdjm_ek`p nf`a ���� ó÷� w eod bf`gcda
`n hddkpl vodeodf i lfibo oih i Üia kce`pkip _z_cd @

���� ó÷� ! ýû"# � £� $ % ¤ & £� $ ' ¤ � 	 � kn £� $ ' ¤ � %
~ `eodfv khd

\`ed eoie eod jkheip_dh � ipj ~ icvizh hiekhnz eod efkiplcd kpdymickez & �( ) &( * � & �* { qme p`v hmbb`hd vd
fdbci_d eod ~ v keo ~ ) ß� @ & £� $ ' ¤ � 	 � kn £� $ ' ¤ � %

~ ) ß� `eodfv khd £~ �{�¤
|d _cika eoie v keo eo kh fdjm_ek`p w ip ß^ibbf`r ka iek`p icl`fkeoa n`f xu] v kcc icc`v mh e` h`csd ���� ó÷� {
¡p `mf `cj fdjm_ek`p w vd hikj @

+ Üia kce`pkip _z_cd ! `bekama xu] _`he �, + Üia kce`pkip _z_cd ! `bekama xu] _`he Ð � ) �



\`v vd oisd @ + Üia kce`p kip _z_cd ! `bekama xu] _`he �, + Üia kce`p kip _z_cd ! `bekama xu] _`he Ð � ) � ) ß�
xomh w eodfd kh i lib kp eod hde `n b`hhkg cd h`cmek`p _`heh @ p` h`cmek`p oih _`he lfdiedf eoip � gme cdhh eoip
� ) � ) ß� {
u` odfd kh ip icl`fkeoa n`f h`cskpl ���� ó÷� w ihhma kpl vd oisd ip ß^ibbf`r ka iek`p icl`fkeoa í n`f xu] @

[ lksdp i lfibo # w _fdied & £� $ ' ¤ ih kp �y { ~ �{� w ipj fmp í `p ke
[ kn eod e`mf fdemfpdj gz í oih _`he � w `mebme -zdh.
[ kn eod e`mf fdemfpdj gz í oih _`he � � w `mebme -p`.

\`ed eoie g d_imhd `n eod lib w kn eod _`he `n eod e`mf fdemfpdj kh � � w ke amhe g d � � £� ) ß¤ { ¡n eodfd vdfd iÜia kce`pkip _z_cd w eod efmd `bekama _`he v`mcj gd � w h` eod e`mf fdemfpdj gz `mf ß^ibbf`r ka iek`p icl`fkeoa
v`mcj oisd _`he � � £� ) ß¤ { u` vd ifd � mhek�dj kp fdemfpkpl -p`. kp eod hd_`pj _ihd {
xomh w vd oisd i b`czp`a kic^eka d fdjm_ek`p `n ���� ó÷� e` ß^ibbf`r ka iek`p `n xu]{ xokh kabckdh ß^
ibbf`r ka iek`p `n xu] _ip ªe g d j`pd kp b`czp`a kic eka d mpcdhh ] � \]{
xod _oiccdpld kp bf`skpl i bf`gcda oifj e` ibbf`r ka ied kh e` _fdied i lib w ih vd jkj kp eod bf``n ig`sd {
xokh _ip gd drefdadcz oifj n`f bf`gcda h `eodf eoip xu]{

IJK/ LMMNOP QRSTQUW � SP�0 VQ12�

©klmfd ~�{� ho`v h ù�ôõö �34ñ kp eod e`b bife `n eod jkilfia w ih i bf`gcda v keo p` _`pheipe^ni_e`f
ibbf`r ka iek`p { |d ifd p`e zde fdijz e` bf`sd eo kh fdhmce w gme vd _ip bf`sd eoie ù�ôõö �34ñ gdc`plh kp
dkeodf eod e`b `f eod g`ee`a hd_ek`p `n eod jkilfia w p`e kp eod a kjjcd {
������� ���� HE +ß � « 1+)/ */ 4* ù�ôõö �34ñ 01 ß æ455 ,2ç 07 49=(> */ (; ù�ôõö �34ñ 01 ß æ455 ,2ç 07 49=(E 2, 4= = ß � « 50F(F> 0* / 41 4 3 A687 F
� ��� � � ¡e hm8 _dh e` ho`v eoie n`f ipz ß w eod dr khedp_d `n ip ß^ibbf`r ka iek`p kabckdh eod dr khedp_d `n ip
£ á¦ ¤^ibbf`r ka iek`p { |d j` eokh mhkpl i hdcn^fdjm_kgkckez iflmadpe w fdjm_kpl `pd ù�ôõö �34ñ bf`gda e`
ip`eodf ù�ôõö �34ñ bf`g cda `p i jk�dfdpe^hk�dj lfibo {
©`f ipz lfibo # `n hk�d � w vd _ip _`phefm_e i lfibo # ¦ ih ho`vp kp ©klmfd ~�{~ @ vd fdb ci_d di_o p`jd `n #
vkeo i _cm hedf `n p`jdh eoie kh i _`bz `n eod dpekfd lfibo # { ¡n eodfd kh ip djld £9 $ Î ¤ kp # w eodp vd _`ppd_e
dsdfz p`jd kp eod _cmhedf _`ffdhb`pjkpl e` 9 e` dsdfz p`jd kp eod _cm hedf _`ffdhb`pjkpl e` Î { xodfd ifd p`
`eodf djldh gdevddp _cmhedfh {
¡e kh _cdif eoie # ¦ oih �¦ p`jdh { è ch` w kn eodfd kh i _ckymd `n hk�d : kp # w eodp eodfd kh i _ckymd `n hk�d : ¦ kp# ¦ @ kp di_o `n eod : _cm hedfh _`ffdhb`pjkpl e` p`jdh kp eod _ckymd w eodfd kh i hka kcif _ckymd `n hk�d : w ipj icc
eodhd : ¦ p`jdh n`fa i gkl _ckymd {
Ì`psdfhdczw kn eodfd kh i _ckymd `n hk�d : ¦ kp # ¦ w eodp dkeodf @

[ eod p`jdh `n eokh _ckymd fdhkjd kp Ð : hdbified _cmhedfh w kp vok_o _ihd eo`hd : _cmhedfh amhe _`ffdhb`pj
e` p`jdh eoie n`fa i _ckymd `n hk�d : kp # ;



G
2

G
©klmfd ~�{~ @ è bikf `n lfiboh # ipj # ¦ { xod h_fkggcdj djldh g devddp _cmhedfh kp # ¦ fdbfdhdpe djldh g devddp
icc p`jdh kp `pd _cmhedf ipj icc p`jdh kp eod `eodf _cmhedf {

[ h`ad hkplcd _cmhedf _`peikph Ð : `n eod p`jdh kp eokh _ckymd w kp vok_o _ihd eo`hd : p`jdh n`fa i _ckymd
kp eod _cm hedf w ipj eod _`ffdhb`pjkpl : p`jdh n`fa i _ckymd kp # {

u` kp dkeodf _ihd w kn vd �pj i _ckymd `n hk�d : ¦ kp # ¦ w vd _ip _`phefm_e i _ckymd `n hk�d : kp # {
\`v hmbb`hd vd oisd ip ß^ibbf`r ka iek`p icl`fkeoa í n`f ù�ôõö �34ñ { < ksdp i lfibo # w vd _ip `geikp
ip á¦ ^ibbf`rka iek`p e` ù�ôõö �34ñ £# ¤ ih n`cc`v h @

[ ´mp í `p # ¦ { �de = gd eod hk�d `n eod _ckymd fdemfpdj {
[ ´d_`phefm_e eod _`ffdhb`pjkpl _ckymd `n hk�d >= kp # ih jdh_fkgdj ig`sd w ipj fdemfp eokh _ckymd {

x` hdd eoie eokh icl`fkeoa oih fdcieksd dff`f � á¦ w hmbb`hd eod a irkama _ckymd hk�d kp # kh ? { xodp w gz eod
iflmadpeh ig`sd w eod a irkama _ckymd hk�d kp # ¦ kh ?¦ { u` @

= Ð ?¦
� ) ß gd_imhd í lksdh ip ß^ibbf`rka iek`p

>= Ð @ ?¦
� ) ß �

?> � ) ß>= Ð ?
� ) á¦

g d_imhd £� ) ß¤ ABC¦D � � ) á¦

u` lksdp ip ß^ibbf`r ka iek`p icl`fkeoa w vd _ip _`phefm_e ip á¦ ^ibbf`r ka iek`p icl`fkeoa w vok_o a diph ù�ôõ
ö �34ñ dkeodf oih i ]xèu `f oih p` _`pheipe^ni_e`f ibbf`r ka iek`p {
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þ�ÿ uip� dds èf`fi w Ìifhedp �mpj w ´i� dds F `evipk w F ijom umjip w ipj F ifk` u�dldjz{ ]f``n sdfk�_iek`p
ipj oifjpdhh `n ibbf`r ka iek`p bf`gcda h { ¡p 3 ,2)F GG,6 HHHH 8D75 210+7 2; I2+;64*02;1 2E .275 +*(,8 )0(; )( 5I J.87 w bildh �§K ~¥ w �°°~ {


