Contents

1 Two good counting algorithms 1
1.1 Spanningtrees . . . . . . .. ... 1
1.2 Perfect matchings in a planar graph . . . . .. ... .. ... 6
2  #P-completeness 13
2.1 Theclass #P . . . . . . . .. 15
2.2 A primal #P-complete problem . . . . .. .. ... ... ... 17
2.3 Computing the permanent is hard on average . . . ... ... 25
3 Sampling and counting 27
3.1 Preliminaries . . . . . .. .. ... ... 27
3.2 Reducing approximate counting to almost uniform sampling . 30
3.3 Markov chains . . ... ... ... o 33
4 Coupling and colourings 37
4.1 Colourings of a low-degree graph . . . . .. ... ... ..., 37
4.2 Bounding mixing time using coupling . . . . . .. .. .. ... 40
4.3 Pathcoupling . . ... .. ... ... L. 46
5 Canonical paths and matchings 55
5.1 Matchingsinagraph. . . . .. .. .. .. ... ... ... 55
5.2 Canonical paths. . . . . . ... ... ... ... ... .. ... 57
5.3 Back to matchings . . . . .. ... Lo oo 63
5.4 Extensions and further applications . . . . . . . . .. ... .. 69
5.5 Continuous time . . . . . . . . ... .. 70
6 Volume of a convex body 73
6.1 A few remarks on Markov chains with continuous state spaces 75
6.2 Invariant measure of the ball walk . . . . ... ... ... .. 76

6.3 Mixing rate of the ball walk . . . . . ... .. ... ... ... 81



ii

6.4 Proof of Theorem 6.7 . . . . . . . . . . . ... ... ...... 83

6.5 Proofs of geometric lemmas . . . .. ... ... ... ..., 91
6.6 Relaxing the curvature condition . . . .. .. ... ... ... 94
6.7 Using samples to estimate volume . . . . ... ... ... .. 97

7 Inapproximability 99



o4



Chapter 5

Canonical paths and
matchings

Coupling, at least Markovian coupling, is not a universally applicable method
for proving rapid mixing. In this chapter, we define a natural MC on match-
ings in a graph G and show that its mixing time is bounded by a polynomial
in the size of G. Anil Kumar and Ramesh [3] studied a very similar MC
to this one, and demonstrated that every Markovian coupling for it takes
expected exponential time (in the size of G) to coalesce. In the light of their
result, it seems we must take an alternative approach, sometimes called the
“canonical paths” method.

5.1 Matchings in a graph

Consider an undirected graph G = (V, E) with vertex set V of size n, and
edge set E of size m. Recall that the set of edges M C E is a maitching
if the edges of M are pairwise vertex disjoint. The vertices that occur as
endpoints of edges of M are said to be covered by M; the remaining vertices
are uncovered. For a given graph G = (V, E), we are interested in sampling
from the set of matchings of G according to the distribution

5.1 M A
(5.1) m(M) = 7
where Z = )", MMl and the sum is over matchings M of all sizes. In

statistical physics, the edges in a matching are referred to as “dimers” and
the uncovered vertices as “monomers.” The probability distribution defined
in (5.1) characterises the monomer-dimer system specified by G and A. The

95



56 CHAPTER 5: CANONICAL PATHS AND MATCHINGS

1. Select e = {u, v} € F u.a.r.
2. There are three mutually exclusive (but not exhaustive) possibilities.

(1) If w and v are not covered by Xy, then M — Xy U {e}.
(1) If e € Xg, then M «— Xj \ {e}.

(«») If u is uncovered and v is covered by some edge e’ € X (or vice
versa, with the roles of u and v reversed), then M’ «— M U {e} \

{e'}.
If none of the above situations obtain, then M «— Xj.

3. With probability min {1, 7(M)/7(Xo)} set X1 < M; otherwise, set
X1 < Xp. (This form of acceptance probability is known as the
Metropolis filter.)

Figure 5.1: An MC for sampling weighted matchings

normalising factor Z is the partition function of the system. The parameter
A € RT can be chosen to either favour smaller (A < 1) or larger (A > 1)
matchings, or to generate them from the uniform distribution (A = 1).

Note that computing Z exactly is a hard problem. For if it could be
done efficiently, one could compute Z = Z()\) at a sequence of distinct
values of A, and then extract the coefficients of Z(A) by interpolating the
computed values. (Observe that Z(\) is a polynomial in A.) But the highest-
order coefficient is just the number of perfect matchings in G. It follows from
Theorem 2.2 that evaluating Z(\) at (say) integer points A € N is #P-hard.
Indeed, with a little more work, one can show that evaluating Z(\) at the
particular point A = 1 (i.e., counting the number of matchings in G) is #P-
complete. Although it is unlikely that Z can be computed efficiently, nothing
stops us from having an efficient approximation scheme, in the FPRAS sense
of §3.1.

We construct an MC for sampling from distribution (5.1) as shown in
Figure 5.1. As usual, denote the state space of the MC by (2, and its
transition matrix by P. Consider two adjacent matchings M and M’ with
m(M) < w(M'"). By adjacent we just mean that P(M,M’) > 0, which is
equivalent to P(M' M) > 0. The transition probabilities between M and
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M' may be written

P(M,M") = i, and
m

Y L))

P(MaM) - m ﬂ_(M,)7

giving rise to the symmetric form
1

(5.2) T(M)P(M,M') = x(M')P(M'M) = — min {x(M),n(M")} .
m

The above equality makes clear that the MC is time-reversible, and that its
stationary distribution (appealing Lemma 3.7) is .

Remarks 5.1. (a) The transition probabilities are easy to compute: since
a transition changes the number of edges in the current matching
by at most one, the acceptance probability in step 3 is either 1 or
min{\, A"}, and it is easy to determine which.

(b) Broder [8] was the first to suggest sampling matching by simulating
an appropriate MC. His proposal was to construct an MC whose states
are perfect matchings (i.e., covering all vertices) and near-perfect match-
ings (i.e., leaving exactly two vertices uncovered). The MC on all
matchings presented in Figure 5.1 was introduced by Jerrum and Sin-
clair [36].

(¢) Time reversibility is a property of MC’s that is frequently useful to
us; in particular, as we have seen on several occasions, it permits easy
verification of the stationary distribution of the MC. However, we
shall not make use of the property in the remainder of the chapter,
and all the results will hold in the absence of time reversibility.

5.2 Canonical paths

The key to demonstrating rapid mixing using the “canonical paths” tech-
nique lies in setting up a suitable multicommodity flow problem. For any
pair z,y € {2, we imagine that we have to route m(x)n(y) units of distin-
guishable fluid from z to y, using the transitions of the MC as “pipes.” To
obtain a good upper bound on mixing time we must route the flow evenly,
without creating particularly congested pipes. To formalise this, we need a
measure for congestion.
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For any pair ,y € {2, define a canonical path v,y = (z = 20, 21,... , 2, =
y) from x to y through pairs (z;, z;1+1) of states adjacent in the MC, and let

I'={yyy |z,yc 2}

be the set of all canonical paths. The congestion o = o(I") of the chain is
defined by

63 o= max { —pee 5 sl |

T,Y: Yxy uses t
_

(capacity of t)—1 total flow through ¢

where ¢ runs over all transitions, i.e., all pairs of adjacent states of the chain,
and |y.,| denotes the length of the path ~,,.

We want to show that if g is small then so is the mixing time of the MC.
Consider some arbitrary “test” function f : {2 — R. The variance of f (with
respect to ) is

(5.4)  Vare f:= Y w(@)[f(2) — Ex f]* = Y w(@)f(2)? - (B )%,

zes? zes?

where
Er fi=) m(z)f(e).
zEef?
It is often convenient to work with an alternative, possibly less familiar
expression for variance, namely

(5.5) Var, f = 5 3 w(@nu)(7(@) ~ F))*

z,yes?

Equivalence of (5.4) and (5.5) follows from the following sequence of identi-
ties:

T,yes?

=S " w(@)f@)? Y wly) - Y w@)f@) Y 7))
TES? ye rESf? ye

=) (@) f(2)’ = (Ex f)?
x€ES
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The variance Var, f measures the “global variation” of f over (2. By con-
trast, the Dirichlet form

(56) Efif) =5 O @) Ply) () - F9))

z,yes?
measures the “local variation” of f with respect to the transitions of the

MC. The key result relating the congestion o to local and global variation
is the following.

Theorem 5.2 (Diaconis and Stroock [20]; Sinclair [57]). For any func-
tion f: 2 — R,

(5.7) E(f, ) > %Varw f.

where o = o(I") is the congestion, defined in (5.3), with respect to any set
of canonical paths I'.

Remarks 5.3. (a) An inequality such as (5.7), which bounds the ratio
of the local to the global variation of a function, is often termed a
Poincaré inequality.

(b) If the congestion g is small, then high global variation of a function en-
tails high local variation. This in turn entails, as we shall see presently,

short mixing time.

Proof of Theorem 5.2. We follow Sinclair [57, Thm. 5].

2Var, f = > w(@)m(y) (fz) — F )

z,y€es?
2
(5.8) =3 w<x>w<y>< 3 1-(f(u)—f(v))>
T,yes? (u,v)EYay
(5.9) < 3 w@r) byl Y. (Flu) — f0))?
x,yefn (u,0)EVay
=3 Y 7@ ) eyl (Fu) — f(0))°
u,vES? T,y:

(u,0)EVzy



60 CHAPTER 5: CANONICAL PATHS AND MATCHINGS

=3 (f) — f@)* Y m(@)m(y) eyl

uwEN @,y
(u,0)EYzy
(5.10) < 37 (f(u) — f(©)* m(w)P(u,v) 0
u,VEL?
= 2@ 57!‘(f7 f)

Equality (5.8) is a “telescoping sum,” inequality (5.9) is Cauchy-Schwarz,
and inequality (5.10) is from the definition of p. O

For the following analysis, we modify the chain by making it “lazy.” In
each step, the lazy MC stays where it is with probability %, and otherwise
makes the transition specified in Figure 5.1. Formally, the transition matrix
of the lazy MC is P,, := %(I + P), where I is the identity matrix. It is
straightforward to show that the lazy MC is ergodic if the original MC is,
in which case the stationary distribution of the two is identical. (In fact,
irreducibility of the original MC is enough to guarantee ergodicity of the
lazy MC.)

Exercise 5.4. Verify these claims about the lazy MC.

Remarks 5.5. (a) This laziness doubles the mixing time, but ensures
that the eigenvalues of the transition matrix are all non-negative, and
avoids possible parity conditions that would lead to the MC being
periodic or nearly so. In an implementation, to simulate 2¢ steps
of the lazy MC, one would generate a sample T from the binomial
distribution Bin(2t, %), and then simulate T steps of the original, non-
lazy MC. Thus, in practice, efficiency would not be compromised by
laziness.

(b) The introduction of the lazy chain may seem a little unnatural. At the
expense of setting up a little machinery, it can be avoided by using a
continuous-time MC rather than a discrete-time MC as we have done.
Some other parts of our development would also become smoother in
the continuous-time setting. We shall return to this point at the end
of the chapter.

Before picking up the argument, some extra notation will be useful. If f
is any function f : {2 — R then P,,f : {2 — R denotes the function defined
by

[P f](@) ==Y Pula,y)f(y).

ye
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The function P, f is the “one-step averaging” of f. Similarly, P. f, defined
in an analogous way, is the “t-step averaging” of f: it specifies the averages
of f over t-step evolutions of the MC, starting at each of the possible states.
If the MC is ergodic (as here), then P! f tends to the constant function
E.f as t — oo. (Observe that E;(P,f) = E; f and hence E.(PLf) =
E, f; in other words, t-step averaging preserves expectations.) Thus we can
investigate the mixing time of the MC by seeing how quickly Var, (P, f)
tends to 0 as ¢ — oo. This is the idea we shall now make rigorous.

Theorem 5.6. For any function f: 2 — R,

(511) Varw( zzf) < Var; f — - (f7 f)

Proof. We follow closely Mihail’s [51] derivation. Consider the one-step
averaging of f with respect to the lazy chain:

[Puf)(@) = Pula,y)f

ye

- %f(w) - ; > Pl i)

ye

(5.12) :—ZP:ry )+ f(y)).

ye

For convenience, assume! E, f = 0, and hence E,(P,f) = 0. Then the
left-hand side of (5.11) is bounded above as follows:

Var,r(Pzzf) - Z 7'('(:13) {[Pzzf](x)}2

el
2
613 =23 @) (Z VP@) (Fa)+ 1) P(x,w)
TEesf? yesn
(5.14) Z Z Z P(z,y) )+ f(y))2 Z P(z,2)
zes? ye? zEeQ
(5.15) i Z ) (f(2)+ F()*,

yesn?

Otherwise add or subtract a constant, an operation that leaves unchanged the quan-
tities of interest, namely Var, f, Varr (P, f) and Ex(f, f).
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where step (5.13) uses (5.12), and inequality (5.14) is Cauchy-Schwarz. To
get at the right-hand side of (5.11) we use yet another expression for the
variance of f:

Vare f = 3 3 w@)f @) + 5 3 7))

zEef yesn

= 3 @Ry + g Y @) Py )

z,yef z,yef

(5.16) == > w(@)P(x,y) (f)* + F)?).

x,yel?
Subtracting (5.15) from (5.16) yields
Vary f —Vars(Paf) 2 ;3 w(@)Pley) (£() — ()’

z,yes?
1
= 5 gw(fv f)7
as required. O

Combining Theorem 5.2 and Theorem 5.6 gives:

Corollary 5.7. For any function f: 2 — R,
1
Var, (P, f) < (1 — 2—) Var, f,
0
where o = o(I") is the congestion, defined in (5.3), with respect to any set

of canonical paths I.

Remark 5.8. The algebraic manipulation in the proof of Theorem 5.6
seems mysterious. The discussion of the continuous-time setting at the end
of the chapter will hopefully clarify matters a little.

We can now use Corollary 5.7 to bound the mixing time of the chain,
by using a special function f. For a subset A C (2 of the state space, we
consider its indicator function

fa) = {1, if 2 € A;

0, otherwise.

Then we have Var,; f < 1 and therefore

1\*¢ —t
? < _ <
Var,(P,,f) < (1 20) _eXp{QQ},
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where P! f is the t-step averaging of f. Fix some starting state x € 2 and
set

t=[20(2me ! +Inm(z)"")].
This gives
Varg(PLf) < exp{—2lne ™ —Inn(z)"'} = n(a).
On the other hand,
Vary(PL,) > w(x) ([PL,f](x) — Ex(PL))"

which implies
e > |[P,f](x) — Ex f| = | Py, (2, A) — 7(A)]

for all A. This in turn means that the total variation distance Dy, (PL (x, - ), )
is bounded by €, and we obtain the following corollary:

Corollary 5.9. The mizing time of the lazy MC is bounded by
72(e) <20 (2Ine” ! +Inn(z)7"),

where o = o(I") is the congestion, defined in (5.3), with respect to any set
of canonical paths I'.

Remark 5.10. The factor 2 in front of the bound on mixing time is an
artifact of using the lazy MC.

5.3 Back to matchings

In the previous section, we saw how a general technique (canonical paths)
can be used to bound the Poincaré constant of an MC, and how that constant
in turn bounds the mixing time. Let’s apply this machinery to the matching
chain presented in Figure 5.1. Our ultimate goal is to derive a polynomial
upper bound on mixing time:

Proposition 5.11. The mizing time 7 of the MC on matchings of a graph G
(refer to Figure 5.1) is bounded by

7(e) < nmA*(4lne”! + 2nlnn +n[nA|),

where nand m are the number of vertices and edges of G, respectively, and
A = max{1,\}.
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Remark 5.12. It is possible, with a little extra work, to improve the upper
bound in Proposition 5.11 by a factor of A\: see Exercise 5.17.

The first step is to define the set I' of canonical paths. Given two
matchings I (initial) and F' (final), we need to connect I and F' by a canonical
path 7 in the adjacency graph of the matching MC. Along this path, we
will have to lose or gain at least the edges in the symmetric difference I & F;
these edges define a graph of maximum degree two, which decomposes into a
collection of paths and even-length cycles, each of them alternating between
edges in I and edges in F. If we fix some ordering of the vertices in V,
we obtain a unique ordering of the connected components of (V,I & F),
by smallest vertex. Within each connected component we may identify a
unique “start vertex”: in the case of a cycle this will be the smallest vertex,
and the case of a path the smaller of the two endpoints. We imagine each
path to be oriented away from its start vertex, and each cycle to be oriented
so that the edge in I adjacent to the start vertex acquires an orientation
away from the start vertex. In Figure 5.2 — which focuses on a particular
transition ¢ = (M, M) on the canonical path from I to F'— the m connected
components of I & F are denoted Pi,... , Pp,.

To get from I to F', we now process the components of (V,I @& F) in
the order Pi,..., P,,. In each cycle, we first remove the edge in I incident
to the start vertex using a |-transition; with a sequence of «—-transitions
following the cycle’s orientation, we then replace I- by F-edges; finally, we
perform a T-transitions to add the edge in F' incident to the start vertex. In
every path, if the start vertex is incident to an F-edge, we use «-transitions
along the path and finish by a -transition in case the path has odd length.
If the start vertex is incident to an I-edge, we start with a |-transition, then
use «-transitions along the path, and finish with an J-transition in case
the path has even length. This concludes the description of the canonical
path yrr. Each transition ¢ on a canonical path vyrr can be though of a
contributing to the processing of a certain connected component of I & F;
we call this the current component (or cycle, or path, if we want to be more
specific).

Denote by

cp(t) :=={(I,F) |t € vir}

the set of pairs (I,F) € {2 whose canonical path y;p uses transition ¢.
To bound the mixing time of the MC, we need to bound from above the
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Figure 5.2: A step in a canonical path between matchings

congestion

5.17 =
(5.17) 0= max

(c.f. (5.3)), where the maximum is over all transitions ¢t = (M, M’). Tt is

{ﬂ'(M)P

(M, M’)

S w(D)m(F) \w}

(I,F)ecp(t)
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not immediately clear how to do this, as the sum is over a set we don’t have
a ready handle on. Suppose, however, that were able to construct, for each
transition ¢t = (M, M), an injective function 7; : cp(t) — {2 such that

(5.18) m(Dm(F) £ m(M)P(M, M) w(ne(I, F)),

for all (I,F) € cp(t), where the relational symbol “<” indicates that the
left-hand side is larger than the right-hand side by at most a polynomial
factor in the “instance size,” i.e., some measure of G and A. Then it would
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Il ] p“I '/gp ] S PmI

o NN 7

Figure 5.3: The corresponding encoding 7;(X,Y).

follow that

0 S mtax{ Z w(ne(L, F)) ]’yjp\} from (5.17) and (5.18)
(I,F)ecp(t)

< i <
S max { . Z w(ne(1, F))} since |yrr| <n

F)€cp(t)
<1 since 7 is injective.
In other words, the congestion ¢ (and hence the mixing time of the MC) is
polynomial in the instance size, as we should like.

We now complete the programme by defining an encoding 7, with the
appropriate properties, and making exact the calculation just performed. To
this end, fix a transition ¢t = (M, M'). If ¢ is a «<>-transition, (I, F') € cp(t),
and the current component (with respect to the canonical path v;p) is a
cycle, then we say that t is troublesome (with respect to the path vrp). If
t is troublesome, then we denote by erp; € I the (unique) edge in I that
is adjacent to the start vertex of the cycle being processed by t. For all
(I,F) € cp(t), define

(IeF®&(MUM))\{erpe}, iftis troublesome;

nt(Iv F) = { .
IoF®(MuUM), otherwise.

Roughly speaking, the encoding C' = n,([, F') agrees with I on the compo-

nents that have been completely processed, and with F' on the components

that have not been touched yet. Moreover, C agrees with I and F' on the

edges common to both. (See Figure 5.3.) The crucial properties of n; are

described in the following sequence of claims.

Claim 5.13. For all transitions t and all pairs (I, F') € cp(t), the encoding
C =m(1,F) is a matching; thus n; is a function with range 2, as required.
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Proof. Consider the set of edges A=1&® F & (M U M'), and suppose that
some vertex, u say, has degree two in A. (Since A C I U F, no vertex
degree can exceed two.) Then A contains edges {u,v1},{u,vs} for distinct
vertices v1,v9, and since A C I U F', one of these edges must belong to I and
the other to F'. Hence both edges belong to I & F', which means that neither
can belong to M U M’. Following the form of M U M’ along the canonical
path, however, it is clear that there can be at most one such vertex u;
moreover, this happens precisely when t is a troublesome transition and u is
the start vertex of the current cycle. Our definition of 7; removes one of the
edges adjacent to u in this case, so all vertices in C' have degree at most one,
i.e., C is indeed a matching. O

Claim 5.14. For every transition t, the function ny : cp(t) — 2 is injective.

Proof. Let t be a transition, and (I,F) € cp(t). We wish to show that
the pair (I, F') can be uniquely reconstructed from a knowledge only of ¢
and n.(I, F'). It is immediate from the definition of 7, that the symmetric
difference I & F' can be recovered from C' = n(I, F') using the relation

& F = (C®(MUM')) U{erpe}, if tis troublesome;
ClCe(MuUM), otherwise.

Of course, we don’t know, a priori, the identity of the edge e;p;. However,
once we have formed the set C'@® (M UM') we can see that e;py is the unique
edge that forms a cycle when added to the current path. There is a slightly
delicate issue here: how do we know whether we are in the troublesome case
or not? In other words, how to we know whether the current component
is a cycle or a path? The answer lies in the convention for choosing the
start vertex. It can be checked that choosing the lowest vertex as start
vertex leads to a path being oriented in the opposite sense to a cycle in this
potentially ambiguous situation.

Given I @ F, we can at once infer the sequence of paths Py, Ps,... , Py,
that have to be processed along the canonical path from I to F', and the
transition ¢ tells us which of these, P; say, is the current one. The partition
of I @ F into I and F is now straightforward: I agrees with C on paths
Pi,...,P;_1, and with M on paths P;;1,...,Py. On the current path, P;,
the matching I agrees with C' on the already processed part, and with M on
the rest. (If ¢ is troublesome, then the edge e;p; also belongs to I.) Finally,
the reconstruction of I and F' is completed by noting that INF = M\ (I&F),
which is immediate from the definition of the paths. Hence I and F' can be
uniquely recovered from C' = n;(I, F), so 1, is injective. O
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Claim 5.15. For all transitions t = (M, M") and all pairs (I, F) € cp(t),
*(I)ym(F) < mA2m(M)P(M, M') x(n(I, F),
where \ := max{1, \}.
Proof. Let C = n(I, F), and consider the expressions
MINEFL and AMUM| O]
which are closely related to the quantities
n()n(F) and w(M)P(M,M")w(n(I,F))

of interest. Each edge e € E contributes a factor 1, A or A2 to AINIE
according to whether e is in neither, exactly one, or both of I and F. A sim-
ilar observation can be made about AMYMINICl If ¢ ¢ [ and e ¢ F then
e ¢ MUM' and e ¢ C, and the contribution to both expressions is 1. If
e€land e € F then e € M UM’ and e € C and the contribution to both
expressions is A2, If e € I @ F then e € (M U M’) @ C and the contribution
to both expressions is A, with one possible exception: if ¢ is troublesome
and e = ejp; then there is a contribution A to AINEFL and 1 to AIMUMINIC],
Thus,
ATINFL < ) \[MuM'[y[C]

Dividing by Z2, the square of the partition function, it follows that
7(D7r(F) < Xa(M)rx(C) and 7(I)7(F) < XN2x(M')7(C),
where we have used the fact that [M|, |M'| > |M U M'| — 1. Then

7(I)7(F) < A\?min {m(M),n(M")} (C)
= m\2n(M)P(M, M")x(C) by (5.2),

yielding the required inequality. U
Now we are ready to evaluate the congestion p.

Proposition 5.16. With a set of canonical paths I' defined as in this sec-
tion, the congestion o = o(I") of the MC on matchings of a graph G (refer
to Figure 5.1) is bounded by 0 < nmA2%, where n and m are the number of
vertices and edges of G, respectively, and X\ = max{1, \}.
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Proof. We just need to make precise the rough calculation following (5.18).

1
0= max m()w(F) 1]
t=(M,M") {W(M)P(M, M) u F)ze:cp(t)
<mX Y 7w, F))|yir by Claim 5.15
(I,F)ecp(t)
< nm\? Z m(ne(I, F)) since |yrrp| <n
(I,F)ecp(t)
< nmA? by Claim 5.14.

The sought-for bound on mixing time follows immediately.

Proof of Proposition 5.11. Combine Corollary 5.9 and Proposition 5.16, not-
ing the crude bound In7(z)~' < nlnn + in|InA|, which holds uniformly
over T € f2. m

Exercise 5.17. Show how to tighten the upper bound in Proposition 5.11
by a factor A. Since Claim 5.15 is essentially tight when ¢ is troublesome, it
is necessary to improve somehow the inequality

Z ﬂ-(nt(‘LF)) S 17

(I,F)ecp(t)

by studying carefully the range of n;. See Jerrum and Sinclair [36], specifi-
cally the proof of their Proposition 12.4.

5.4 Extensions and further applications

Let G be a graph with at least one perfect matching (i.e., matching that
covers all vertices of G). In the limit, as A — oo, the partition function Z(\)
counts the number of perfect matchings in G. However, the bound on mixing
time provided by Proposition 5.11 grows unboundedly with increasing A, so
it is not clear whether the MC we have studied in this chapter provides us
with a FPAUS for perfect matchings in G. At first we might hope that it
is not necessary to set A very large; perhaps the distribution (5.1) already
places sufficient probability on the totality of perfect matchings at some quite
modest A. (According to Proposition 5.11, we need A to be bounded by a
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i e

(k hexagons)
Figure 5.4: A graph with many “near perfect” matchings.

polynomial in n, the number of vertices in G, to achieve a FPAUS/FPRAS
for perfect matchings.)

Unfortunately, there are graphs (see Figure 5.4) for which the perfect
matchings make an insignificant contribution to distribution (5.1) unless A
is exponentially large in n. This claim follows from the these easily verified
properties of the illustrated graph: (i) it has a unique perfect matching, and
(ii) it has 2% matchings that cover all vertices apart from u and v. The ques-
tion of whether there exists an FPRAS (equivalently, by the observations of
Chapter 3, an FPAUS) for perfect matchings in a general graph is still open
at the time of writing. However, progress has been made in some special
cases, that of bipartite graphs being perhaps the most interesting.

The problem of counting perfect matchings in a bipartite graph is of
particular significance, since is is equivalent to evaluating the permanent of
a 0, 1-matrix. (Refer to problems #BIPARTITEPM and 0,1-PERM of Chap-
ter 2.) Recently, Jerrum, Sinclair and Vigoda [37] presented an FPRAS for
the permanent of a 0, l-matrix (in fact a general matrix with non-negative
entries) using MC simulation. Noting that the counterexample of Figure 5.4
is bipartite, it is clear that we need to introduce a more sophisticated MC to
achieve this result. In very rough terms, it is necessary to weight matchings
according not just to the number of uncovered vertices but also their loca-
tions. In this way it is possible to access perfect matchings from near-perfect
ones via a “staircase” of relatively small steps. Full details may be found
in [37].

The canonical paths technique has also been applied by Jerrum and
Sinclair to the ferromagnetic Ising model [35] and by Morris and Sinclair to
“knapsack solutions” [52]. The latter application is particularly interesting
for its use of random canonical paths.

5.5 Continuous time

It is possible to gain a better understanding of Theorem 5.6 and Corollary 5.7
by moving to continuous time.
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Associated with any discrete-time MC (X; : ¢t € N) is a “continuised”
MC (X; : t € RT). (We use tilde to distinguish continuous-time notions
from their discrete-time analogues.) The MC (X;) makes jumps at times
(t1,to,ts,...) where the time increments ¢; 1 —t;, for i € N, are independent
r.v’s that are exponentially distributed with mean 1. (Here we use the
convention ¢ty = 0.) Between the jumps, i.e., in the intervals [t;,t;11), for i €
N, the value of )Aft is constant. The jumps, when they occur, are governed by
the same transition matrix P as the original MC (X}). Informally, we have
replaced deterministic time-1 holds between jumps by random, exponential,
mean-1 holds. See Norris [53] for a proper treatment of continuous-time
MC’s.

The continuous-time MC has an “infinitesimal description” Pr()AfHdt =
y | X, = x) = P(x,y)dt for all z # y. As a consequence, the distribution
of )Aft has a particularly pleasant form:

Pl(z,y) :=Pr(X; =y | Xo =z) = exp{(P — I)t},

where I is the identity matrix.? As in the discrete-time case, we aim to
bound the rate of convergence of (X;) to stationarity by analysing the decay
of the variance

(5.19) Varg(P'f) == 3 w(@){[P'f](x)}",

zes?

where the function P! f 2 — R is defined by

(5.20) [P'f](z) ==Y P'a,y)f(y),

ye

and f: {2 — R is any test function with E, f = 0.

By calculus, starting with (5.19) and (5.20), we may derive (calculation
left to the reader):

%Varw(ﬁtf) =2 " (@) (P(x,y) — I(z,9)) [P'f](z) [P' f](y).

T,yEes?

2The exponential function applied to matrices can be understood as a convergent sum
expQ:=T+Q+Q%/2' +Q%/3 +---.
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Hence, setting ¢ = 0, we obtain

GVPN)| =2 3 @) (Play) ~ 1) 1))
t= T,yEes?
=2 Z m(x)P(x,y)f(x)f(y) — 2 Var, f
z,yes?
=2 gﬂ'(f? f)a

a continuous-time analogue of Theorem 5.6.
Applying Theorem 5.2, we see that Var, (P! f) is bounded by the solution
of the differential equation v = —(2/p)v, and hence

(5.21) Varw(ﬁtf) < exp { — 2—;} Var, f,

a continuous-time analogue of Corollary 5.7.
Exercise 5.18. Follow through in detail the calculations sketched above.

Remarks 5.19. (a) The rate of decay of variance promised by (5.21) is
faster than Corollary 5.7 by a factor 4. A factor 2 is explained by
the avoidance of the lazy MC, but the remaining factor 2 is “real.”
This suggests that the calculation in Theorem 5.6 is not only a little
mysterious, but also gives away a constant factor.

(b) Simulating the continuised MC is unproblematic, and can be handled
by a device similar to that employed in the case of the lazy MC (c.f.
Remarks 5.5). To obtain a sample from the distribution of X;: (i) gen-
erate a sample T" from the Poisson distribution with mean ¢, and then
(ii) simulate the discrete-time MC for T steps.
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