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ABSTRACT. To a knot in 3-space, one can associate a sequence of Laurent polynomials, whose nth term is the
nth colored Jones polynomial. The paper is concerned with the asymptotic behavior of the value of the nth
colored Jones polynomial at e®/™, when « is a fixed complex number and n tends to infinity. We analyze this
asymptotic behavior to all orders in 1/n when « is a sufficiently small complex number. In addition, we give
upper bounds for the coefficients and degree of the nth colored Jones polynomial, with applications to upper
bounds in the Generalized Volume Conjecture. Work of Agol-Dunfield-Storm-W.Thurston implies that our
bounds are asymptotically optimal. Moreover, we give results for the Generalized Volume Conjecture when
« is near 27i. Our proofs use crucially the cyclotomic expansion of the colored Jones function, due to Habiro.
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1. INTRODUCTION

1.1. Asymptotics of the colored Jones function of a knot. To a knot K in 3-space, one can associate
a sequence of Laurent polynomials
Tr.n(4) € Zlg™]

forn € N = {1,2,3,...}. Jk2(q) is the famous Jones polynomial of K introduced by Jones in [J], and
JKk n(q) are roughly speaking the Jones polynomials of (n — 1)-parallels of the knot. More precisely, Jx ,(q)
is the quantum group invariant of K using the n-dimensional irreducible sl(C) representation, normalized
by Junknot,n(¢) = 1 for all n; see [RT, Tu]. The sequence {Jk (q)} for n € N is often called the colored
Jones function of the knot K.

The paper is concerned with the asymptotic growth of the colored Jones function. More precisely, fix a
knot K and consider the sequence of holomorphic functions:

frn:C—C, frn(z) = Jgu(e’™)
for n € N. In other words, we are evaluating the n-th polynomial Jg ,(q) at a complex n-th root of e*. We
will be concerned with strong and weak convergence of the sequence fg ,, for n € N. Let us explain what
we mean by that. Fix an open subset U of C containing 0.

Definition 1.1. (a) A sequence of holomorphic functions f, : U — C strongly converges in U to a
holomorphic function f : U — C (and write slim,, .o fn(2) = f(2)) if fn(z) converges to f(z) uniformly on
any compact subset of U.

(b) A sequence of holomorphic functions f,, : U — C weakly converges to a holomorphic function f : U — C
(and write wlim,_,o fn(2) = f(z)) if the Taylor series of f,(z) at z = 0 coefficient-wise converges to the
Taylor series of f(z). In other words, for every k > 0, we have:

d* d*
lim 7|z:0fn(z) = @b:of(z)-

n—oo d

It is easy to see that strong convergence of holomorphic functions implies weak convergence. The converse
is not true (see however, Lemma 2.1 below).
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The Melvin-Morton-Rozansky (MMR, in short) Conjecture, which was settled by Bar-Natan and the
first author in [B-NG], compares the function fx , of a knot K with the Alexander polynomial Ak of K,
normalized by Ag(t71) = A (t) and A (1) = 1.

Theorem 1. (The MMR conjecture) [B-NG] For every knot K we have
L
Ag (ez) '

Our sample result is the following analytic form of the MMR Conjecture, which has application in the

Generalized Volume Conjecture.

wlimy, oo fr,n(2) =

Theorem 2. For every knot K there exists an open neighborhood Uk of 0 € C such that in Uk, we have
1

Given Theorem 2 one may ask for a full asymptotic expansion of fx ,(z) in terms of powers of 1/n. In
order to formulate our results, let us introduce the notion of strong and weak asymptotic expansions.

Definition 1.2. Fix an open set U of C, and holomorphic functions f, : U — C and R,, : U — C.
(a) We will say that the sequence f, is strongly asymptotic in U to the series Z;O:o Ri(z) (i)k, and write

) Fule) e SR (2
k=0
if for every N > 0 we have:
ny\N e zZ\*
(2) slimy, 00 (;) <fn(z) - Ry(z) (5) ) = Rn(2).
k=0

(b) Likewise, we will say that the sequence f, is weakly asymptotic in U to the series > -, Ri(2) (%)k, and
write

Q Ful2) e S Re(2) (2)
k=0
if for every N > 0 we have:
n\ N = Z\k
(4) wlim, oo (;) ( Ful2) = S Ri(2) (5) ) = Ry (2).
k=0

Typically, sequences of holomorphic functions f,(z) do not have asymptotic expansions (or even a limit, as
n — 00). However, sequences that appear in perturbative expansions of Quantum Field Theory are generally
expected to have asymptotic expansions. In fact asymptotic expansions are generally easier to define (via
Feynman diagram techniques) than the partition functions fg () themselves. Even when the partition
functions can be defined, the asymptotic expansions is a numerically useful way to approximate them.

In [Ro], Rozansky discovered that the sequence fx () has a weak asymptotic expansion, where the terms
are rational functions in the variable e*. More precisely, Rozansky proved the following result.

Theorem 3. [Ro] For every knot K there exists a sequence P x(q) € Q[gF] of Laurent polynomials with
Pk o(q) =1 such that

~  p k
(5) fKn ~n—00 Z AKKekz kTl (%) .

A different proof, valid for all simple Lie groups, was given in [Gal], using work of [GK].
Our result is the following stronger version.
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Theorem 4. For every knot K there exists an open neighborhood Uk of 0 € C such that in Ug, we have

© p &
(6) fKn ~n—oo Z AKKekz 2kt (2) .

1.2. The generalized volume conjecture. In this section we state some new information about the
Volume Conjecture; the latter connects two very different approaches to knot theory, namely Topological
Quantum Field Theory and Riemannian (mostly Hyperbolic) Geometry.

Conjecture 1. [K, MM)] For every hyperbolic knot K in S* we have:

I n(2mi 1
i M = — vol(pari),
21

n— o0 n

where vol(par;) is the hyperbolic volume of the the knot complement S3 — K.

In other words, the sequence fx n(27i) of complex numbers grows exponentially with respect to n, and
the exponential growth-rate is proportional to the volume of a hyperbolic knot.

One can define the volume function vol(p) of every representation p : 71(S% \ K) — SLa(2,C), see [Th],
and vol(par;) is exactly the value of this volume function with par; being the discrete faithful representation
of the knot group.

The idea of the Generalized Volume Conjecture (formulated in part by Gukov in [Gu]) is that we should
use other representations of the knot complement in SL(2, C). For a nearby 27, in a small neighborhood of
paqi there is a unique (up to conjugation) representation

po : m(S® — K) — SL(2,C)

which satisfies

[0}

(7) po(meridian) = (60 e*a) .

Alas, there is an additional difficulty. Namely, we should distinguish two cases for o near 2mi: either a/(27i)
is a rational number not equal 1, or otherwise. The Generalized Volume Conjecture for a sufficiently close
to 27 may now be stated as follows.

Conjecture 2. If a/(2mi) € (R — Q) U1 is sufficiently close to 2mi then
log | fxe.n(a)]

() lim = ¢q vol(pa),
n—oo n
and if o/ (2mi) € Q — 1, then
1 n
1im sup M = Ca VOI(pOc)7
hrnlnf 1Og|fK,n(a)| — O7
n—o00 n

where co # 0 are some nonzero constant.

The distinction of «/(27%) being rational or not is a bit with odds with the notion of hyperbolic Dehn
surgery developed by Thurston in [Th]. When «/(27%) is a rational number, the hyperbolic Dehn surgery
theorem associates an orbifold filling to the knot complement whose volume is vol(p,). Orbifolds are mild
generalizations of manifolds. On the other hand, when «/(274) is irrational, hyperbolic Dehn surgery asso-
ciates a space which is topologically a 1-point compactification of the knot complement, with volume vol(ps,).
In the following, we will refer to the parameter o in the Generalized Volume Conjecture as the angle, making
contact with standard terminology from hyperbolic geometry.

There are two rather independent parts in the Volume Conjecture:

(a) To show that the limit exists in (8),
(b) To identify the limit with the volume of the corresponding Dehn filling.
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At the moment, the Generalized Volume Conjecture is known only for the 4; knot and certain values of
a; see Murakami, [M1].

One may further ask what happens to the Generalized Volume Conjecture when the angle « is small. For
« = 0, it is natural to define py to be the trivial representation. Then for « small enough, there is a unique
(up to conjugation) abelian SL2(C) representation p, that satisfies (7).

Abelian representations have 0 volume (see eg, [CCGLS]). On the other hand, for small enough «, we
have Ak (e*) ~ Ak (1) = 1. Thus Theorem 2 implies that

Theorem 5. For every knot K there ezists an open neighborhood Uy of 0 € C, such that for a € Uk, we

have:

lim log |fK,n (O‘)l

n— o0 n

=0 = vol(pa)-
In other words, Theorem 2 settles the Generalized Volume Conjecture for small complex angles.

1.3. The Generalized Volume Conjecture near 27i. Our next result states that the volume conjecture
can only be barely true.

Theorem 6. For every knot K and every fized integer m # 0
1
lim —log|Jk ntm(exp(2wi/n))| = 0.
n—oo N

It follows that the double-scaling limit
1
liI}cl — log | Jx n(exp(27i/k))|
n,k N

when n,k — oo and n/k — 1 does not exist, or equals to 0; with the latter case in contradiction with the
Volume Conjecture.

Our next result confirms the strange behavior in the Generalized Volume Conjecture when a/(2wi) is
rational, not equal to 1.

Theorem 7. For every knot K there exist a neighborhood Vi of 1 € C such that when o/(2wi) € Vi is
rational and not equal to 1, then

lim inf =0.

|fK,n(a)|
n

1.4. Upper bounds for the generalized volume conjecture.

Theorem 8. For every knot K with ¢+ 2 crossings and every o € C, we have

p o8 lfxn(@)] ct+?2
n

lim su §clog4—|—T|§‘E(o¢)|.

n—oo

1.5. Relation with hyperbolic geometry, and optimal bounds. When a = 27, the upper bound in
Theorem 8 is not optimal, and does not reveal any relationship between the lim sup and hyperbolic geometry.
Our next theorem fills this gap.

Theorem 9. For every knot K with ¢+ 2 crossings we have

1 27
Jim sup o8 | (2mi)l _ vs
n— o0 n 2T

where

vg = 8A(m/4) ~ 3.6638623767088760602. . .

is the volume of the regular ideal octahedron—see [Th].

Using an ideal decomposition of a knot complement by placing one octahedron per crossing, it follows
that for every knot K with ¢+ 2 crossings, we have

(9) vol(S® — K) < wge,
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where vol(S® — K) is the hyperbolic volume of the knot complement. On the other hand, if the volume
conjecture holds for a = 2, then

lim o | fic.n (2m1)) = iVol(S?’ —K)< B

n—o0 n 2 2
One may ask whether (9) (and therefore, whether the bound in Theorem 9) is optimal. Optimality is at
first sight surprising, since it involves all knots (and not just alternating ones) and their number of crossings
(which carries little known geometric information). In conversations with I.Agol and D.Thurston, it was
communicated to us that the upper bound in (9) is indeed optimal. Moreover a class of knots that achieves
(in the limit) the optimal ratio of volume by number of crossings is obtained by taking a large chunk of the
following weave, and closing it up to a knot:

The complement of the weave has a complete hyperbolic structure associated with the square tessellation of
the Euclidean plane:

N

Optimality follows along similar lines as the Appendix of [La], using a stronger estimate for the lower bound
of the volume of Haken manifolds, cut along an incompressible surface: If M is a hyperbolic finite volume
3-manifold containing a properly imbedded orientable, boundary incompressible, incompressible surface S,
then

vol(M) > vol(Guts(M — int(nbd(S))),
where vol stands for volume, and the Guts terminology are defined in [Ag]. The proof of this stronger
statement (of Agol-Dunfield-Storm-W.Thurston [ADST]) uses, among other things, work of Perelman.

The reader may compare (9) with the following result of Agol-Lackenby-D.Thurston [La]: If K is an
alternating knot with a planar projection having ¢ twist, then

v3(t —1)/2 < vol(S® — K) < 10v3(t — 1),

where vz = 2A(7/3) ~ 1.01494 is the volume of the regular ideal tetrahedron. Moreover, the class of knots
obtained by Dehn filling on the chain link has asymptotic ratio of volume by twist number equal to 10v3.
The corresponding tessellation of the Euclidean plane is given by the star of David.
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So far, we have formulated a Generalized Volume Conjecture for a near 0 and « near 2mi, using repre-
sentations near the trivial one and a discrete faithful, respectively. How can we connect these choices for
other complex angles a? A natural answer to this question requires analyzing asymptotics of solutions of
difference equations with a parameter. This is a different subject that we will not discuss here; instead we
will refer the curious reader to [GG], and forthcoming work of the first author. For a further discussion, see
also Section 11.

1.6. The main ideas and organization of the paper. In section 2.1 we show that weak convergence plus
uniform boundedness implies strong convergence. Thus the strong convergence of Theorems 2 and 4 follows
from the weak convergence of Theorems 1 and 3, plus uniform bounds. Uniform bounds for the colored
Jones function require large cancellations. In order to control these cancellations, we use the cyclotomic
expansion of the colored Jones function of a knot, which is recalled in Section 3. An important point about
this expansion is that its kernel can absorb the exponential bounds of the coefficients of the cyclotomic
functions; see Sections 4 and 5.

Using a state-sum formula for the colored Jones function, we give in Section 6 bounds for the degrees and
coefficients of the n-th colored Jones polynomial. The result is also of independent interest. The important
point is that the local weights in the state-sum formula (i.e., the entries of the R-matrix) are Laurent
polynomials, given by some ratio of g-factorials. A priori, the bounds of the n-colored Jones function are
not good enough to deduce the bounds for the n-th cyclotomic function. However, in Section 7, we use a
lemma on the growth-rate of the number of partitions of an integer, in order to deduce the desired bounds
for the cyclotomic function. As a corollary, we can deduce the upper bound of Theorem 8.

In the independent Section 8, we give a better bound for the growth-rate of the entries of the R-matrix.
The important point is that these entries are ratio of 5 g-factorials, and each g-factorial grows exponentially
with rate given by the Lobachevsky function. The g-factorials are arranged in such a way to deduce that
the exponential growth-rate of the entries of the R-matrix is given by the volume of an ideal octahedron.
Together with our state-sum formulas for the n-th colored Jones polynomial, it results in the upper bound
of Theorem 9.

We discuss in Section 9 the proof of Theorems 6 and 7.

In Section 10 we discuss bounds on the degrees and coefficients of g-holonomic functions. Earlier work of
the authors implies that the colored Jones and the cyclotomic functions of a knot are g-holonomic.

In Section 11 we discuss some physics ideas related to the various expansions of the colored Jones function.

Finally, in Appendices we establish the Volume Conjecture for the Borromean rings, the Generalized
Volume Conjecture for torus knots, and prove a technical statement in the main body of the paper.

The logical dependence of the Theorems is as follows:

Thm 5 Thm 6 Thm 7

N

Thm 2 Thm 4

e -

Thm 1 Thm 10 Thm 12 Thm 3

e

Thm 11 Thm 8 Thm 9

~N PN

Thm 13 Prop 8.5 Prop 8.6

1.7. Acknowledgement. The authors wish to thank I. Agol, D. Boyd, N. Dunfield, D. Thurston and D.
Zeilberger for many enlightening conversations.
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2. WEAK VERSUS STRONG CONVERGENCE

2.1. A lemma from complex analysis. To prove Theorem 2, we need to improve the weak convergence
of Theorem 1 to the strong convergence.

The improvement will use the following lemma on normal families that is sometimes referred to by the
name of Vitali or Montel’s theorem. For a reference, see [Hi, Sch]. The lemma exhibits the power of
holomorphy, coupled with uniform boundedness.

Lemma 2.1. If
fni{zeC:|z|<r}={z€C: |z| <M}

is a uniformly bounded sequence of holomorphic functions such that for every m > 0, we have:

lim £{™(0) = ay,.

n—oo

Then,

o The limit f(z) = lim,, f,(2) exists pointwise for all z with |z| < .
e f is holomorphic,

e The convergence is uniform on compact subsets, and

e For every m, f™(0) = ay,.

In other words, weak convergence and uniform boundedness imply strong convergence.

Proof. {fn}n is uniformly bounded, so it is a normal family, and contains a convergent subsequence f; — f.
Convergence is uniform on compact sets, and f is holomorphic, and for every m > 0, lim f§m) (0) = fm™(0) =
G-

If {f.}n is not convergent (uniformly on compact sets), since it is a normal family, then there exist two
subsequences that converge to f and g respectively, with f # g. Applying the above discussion, it follows
that f and g are holomorphic functions with equal derivatives of all orders at 0. Thus, f = g, giving a
contradiction. g

Theorem 2 follows from Lemma 2.1 and the following result, whose proof will be given in Section 4.

Theorem 10. For every knot K there exists an open neighborhood Uk of 0 € C and a positive number M
such that for a € Uk, and all n > 1, we have:

|[fren(a)] < M.

2.2. The main difficulty for uniform bounds. Before we proceed with the proof of Theorem 10, let us
point out the main difficulty. As we will see later, Jk ,(¢q) is a Laurent polynomial in ¢ whose span (i.e.,
powers of its monomials) are O(n?) and whose coefficients are e©(™). In addition, due to our normalization,
Jin(1) = 1. In other words, the O(n?) many exponentially growing coefficients of Jx ,(g) add up to 1.
When we evaluate Jx.,(e®/™), we want to bound the result independent of n. This will happen only if
major cancellations occur. How can we control these cancellations? The answer to this is a key cyclotomic
expansion of the colored Jones function, which we review next.

3. TWO EXPANSIONS OF THE COLORED JONES POLYNOMIAL

3.1. The loop expansion. With ¢ = ¢”, one has

Jrn(e") = ZaK,i(n) h' € Q[[h]].
=0

It turns out that ax ;(n) is a polynomial in n with degree less than or equal to i, see [B-NG]. Hence there
are rational numbers ax ; ;, depending on the knot K, such that
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JK,n(eh) = Z aK.i,j nIht = Z QK.i,j (nh)jhiij
0<j<i 0<4,0<y5<s
= Z aK1j+k7j(nh)jhk.
0<j,k
If we define
Ricp(@) =Y ax i o’ € Q[lx]],
0<y
then we have the following loop expansion
(10) Jrn(e") = Y Rir(nh)h* € Q[[h]]
k=0
It turns out that Rx ;s are rational functions. In fact, the MMR Conjecture states that
1
R = .
More generally, Rozansky [Ro] proves there are Laurent polynomials P 1 (q) € Q[¢*] such that in Q[[z]],
PKﬁk(ez)
R p(z) = Ax(er)HT

Remark 3.1. For every i, j, the function KX — ag ; ; is a finite type invariant of degree i. Although the
polynomials Pk (¢) are not finite type invariants (with respect to the usual crossing change of knots), they
are indeed finite type invariants with respect to a loop move described in [GR]. We will not use these facts
in our paper.

3.2. The cyclotomic expansion. Habiro [H1] found another interesting expansion, known as the cyclo-
tomic expansion. Although the cyclotomic expansion has a strong geometric flavor, we discuss only its
algebraic properties here. Let us define:

(@"+q"—¢ —q7), with Cholq) =1

-

(11) Cnk(q) =

<
Il
—

By successively solving for Hg ,(q), beginning with n = 0, from the equation

n—1
(12) Tren(q) = Cuklq) Hi 1(g)

k=0
we see that the unique solution Hg ;(q) € Q(q) are rational functions in q. A non-trivial result of Habiro
[H1] is that for any knot K, the functions Hg x(q) are Laurent polynomial in q with integer coefficients:
Hy 1(q) € Z]g*™']; see [H1]. We will call the expansion (12) the cyclotomic expansion. Note that C,, x(q) =0
if k > n, hence the summation in (12) can be assumed from 0 to oco.

Explicitly, from [H1] one has

n+1
(13) Hin@) = gy S0 00 |22 Lo
Tk

=1

where we use the following definition

{n}:= g% — ¢ % and {n}!:= H{z},
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R (O L T a|l _  {a}!
lahi=m09n = II G} [b}'_ (b1{a — b}!

j=a—b+1

3.3. Comparing the cyclotomic and the loop expansion. In the loop expansion, as well as in the
cyclotomic expansion, one should treat ¢ and ¢ (where n is the color) as two independent variables. Con-
sider two independent variables z (standing for a) and y (standing for a/n). Let us define the following
biholomorphic functions

k
ck(z,y) = H(ez +e 7 — eV — eI,
j=1
(2

Y Hrcp(e?).

The cyclotomic expansion says that for every n we have:

h/K,k(Zay) =

(14) frem(a th (o, a/n) € Q[[a]].

k=0

The loop expansion is a Taylor expansion in «/n, so we will consider Taylor expansion in y (around 0):

th z y de,p 7

where dy, ,(z) is holomorphic for z € C.
Comparing the loop and the cyclotomic expansion (Equations (5) and (14)), we obtain that:

Lemma 3.2. For every knot K and every p € N we have

(15) R p(z Z dy, () € Q[[]).

as formal power series in x.

4. A REDUCTION OF THEOREM 10 TO ESTIMATES OF THE CYCLOTOMIC FUNCTION

4.1. Uniform bounds of the colored Jones function. In this section we will deduce Theorem 10 from
estimates of the degree and the coefficients of the cyclotomic expansion of the knot. These estimates will be
established in a later chapter.

By definition fr,(a) = Jx.n(e®/™), hence equation (12) gives that

(16) frn(a ZC (€/™) Hc g (e*/™).

To have upper bounds for | fr ,(a)| we will need bounds for Hg ,,(e®/™) and the “kernel” C,, x(e®/™) (the
kernel does not depend on the knot K).

Definition 4.1. For a Laurent polynomial f(q) = ", arq®, we define its {'-norm by
1l = laxl.
k

The proof of the following Theorem, which gives bounds for the degrees and the {!-norm of H ,,, will be
given in Chapter 7.
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Theorem 11. For every knot K, there are positive constants Ao, A1 (depending on K ) such that

A()’ﬂ
(a) HK n Z bg nq
j=—Aon?
and
(b) [Hrnll1 < AT

The next lemma follows from an elementary estimate.

Lemma 4.2. Suppose |a| < 1.
(a) For every knot K there is a constant Ay such that for every 0 < k < n, we have

|[Hieo(e%/™)] < (A2)".
(b) There is a constant Az > 0 such that every 0 < k < n we have:
[Cr e (€%/™)] < (A3)*|arf".

Proof. (a) By Theorem 11(a),
Aok?
HKk a/n _ Z b ke]a/n
J—onkz

From the bounds for j and k < n one has that j/n < Agk, hence |e7*/™| < exp(ApkR(c)) < exp(kAg). From
the above equation one has
| Hicn(e®™)| < [[Hic k1 (exp Ao)*.

Using Theorem 11, it is enough to take As = Ay exp(Ay).
(b) By definition,

a/n 6 fe o ega/n _ efja/n

.':]»

g(ja/n)),

H'.':]»

j=1

where g(z) = e* + e %. One has ¢'(z) = e* — e %, hence for z on the interval connecting o and ja/n, with
0 < j < n, one has |[¢/(2)| < 2exp(|a]) < 2e. By the mean value theorem, we have, for 0 < j < k < n,

lg(a) — g(ja/n)| < 2e|la — ja/n| < 2e|al.
It follows that
|Cri (/)] < (2€)*|o*.
It is enough to take Az = 2e. a

4.2. Proof of Theorem 10, assuming Theorem 11. It follows from Lemma 4.2 that for 0 < k < n and
|a] <1, we have:

|Cn7k(€a/n)HK7k(€a/n)| S |04A2A3|k.

Let us choose Uk to be the disk centered at the 0, with radius 1/(2A42A43 + 1), then |adsA3| < 1/2 for
a € Ug. Equation (16) and the above estimate imply that for all n and all & € U, we have:

n—1 n—1
i (@)] < D 1Cnw(e® ™) Hie (™M) < D (1/2)F < 2.
k=0 k=0

which concludes the proof of Theorem 10, assuming Theorem 11. g



12 STAVROS GAROUFALIDIS AND THANG TQ LE

5. A REDUCTION OF THEOREM 4 TO ESTIMATES OF THE CYCLOTOMIC FUNCTION
5.1. Some estimates. The following is a higher order version of Lemma 4.2. The proof is similar.

Lemma 5.1. Suppose |a| < 1.
(a) For1<k<mn,0<I, andy on the interval from 0 to a/n we have

Fox _
e < (4ol
b) For anyy € C,|ly| <1/n and 1 <k < n we have
( vy y
al
’8 lHKk( )’ <Ak(A0/€2)

Proof. (a) We have ¢ (o, y) = H?Zl gj, where
Gi(y) = €+ e — e — ¢,

Here we suppress the variable a.. The I-th derivative (with respect to y) of ¢y, is the sum of k! term, each of
the form

k
(17) t—Hg(l), with > ;=1
j=1

We will estimate each term ¢. There are at least k — [ indices j from {1,...,k} such that I; = 0. Choose a
set I C {1,...,k} such that [; =0 for j € I and I has cardinality k — [. Note that if [ > k, then I is empty.
We consider two cases, j € [ and j & 1.

Suppose j € I. Then gj(-lj) =g;=e*+e @ —el¥ —e Y. Since j < k < n, the interval connecting o and
jy lies totally in the disk of radius || (remember that |y| < |a|/n). As in the proof of Lemma 4.2, we have

(e + ™) = (¢ + 7)) < (2¢)al.

Taking the product we have

(18) Hg(l) (2¢)5~jalkL,
jerl

Note that this also holds true when I is empty, as long as 2e|a| > 1.
Now suppose j ¢ I. We have

g;lj) = e — eIVl — eIV (—j)l

It is clear |e*®| < e. Since |j| < |k| and |jy| < |, we have [e*7Y(£5)l| < ekli. Hence

(5)

’gj (14 kY) < 2k,

Taking the product, we have

(19) H g§lj) < (2€)lk2l.
J{Ls kT
Combining (18) and (19), and recalling that we have in total k' terms of the form (17), we get the result
with A3 = 2e.
(b) By Theorem 11(a),
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9l Aok?
8 lHKk( ) Z bj)kejyjl.
j—*Aokz

From the bounds for j and k < n one has |e/¥| < exp(Apk) and j' < (A¢k?)!. From the above equation
one has

al
|8 Hie(€¥)] < [|Hr k1 (exp Ao)* (Aok?).
Using Theorem 11, it is enough to take A2 = Ay exp(Ao). O
Corollary 5.2. For every knot K there are positive constants A4, As such that
(a) for 0<k,0< N, and |a| <1 and y is on the interval from 0 to a/k, we have
oN k—N
a9 ——hier(a,y)| < ladl" N (Ask)N.

(b) for 0 <k, 0< N, and |a| <1 and every positive integer n, we have

thozoz/n dep a/n

L (a k—N N
<ﬁ(—) AN (Ask)

Proof. (a) The N-th derivative of hx (a,y), which is the product of cx(a,y) and Hg r(e¥), is the sum of
2N terms, each is of the form

o oN—l
al (O‘y)aNlHKk()

Using the Lemma 5.1, the absolute value of the above term is bounded by |a|*~! (A3 A3)*(Ag)N !k, which,
in turn, is less than |a|* =N (A2A43)%(A)V kY. Hence, multiplied by 2V we get

l
’%Ck(a7y)’ < 2N X |Oz|k_N(A2A3) (AQ)NkN (OéAQAg)k N(2A0A2A3]€)

It is enough to take Ay = As A3 and A5 = 24 Az As.
(b) By Taylor’s Theorem,
aN

hi (o, a/n) — Z dip(a) (a/n)? oy k(@ y)‘

1 (a)N N
— | — max
N! n

where max is taken when y is on the interval connecting 0 and «/n. Using the estimate of part (a), we get
the result. 0

5.2. Proof of Theorem 4 assuming Theorem 11. To simplify notation, let us define, for a knot K,
N—1

(20) R0 = (e = 3 el (G)

AK ez 2k+1 n
Theorem 4 follows from Theorem 3, Lemma 2.1 and the following uniform bound.

Theorem 12. For every knot K there exists an open neighborhood Ux of 0 € C such that for every N >0
there exists a positive number My such that for a € Uk, and all n > 0, we have:

‘(E)N @) < My.

«
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Proof. (of Theorem 12, assuming Theorem 11)
We have the following identities, where the second follows from (14) and (15):

(@) = fren(a ZRK,p (E)p

z 3 (See) G
>

N-1
e a\P
h ’ n B d (_)
l K p(@, ) pz:% ko) ( ]
Using the estimate in Corollary 5.2, we see that

[V 71 )] < 57 Do (@) N (ask)Y
" k=0

If |«Ay| < 1, the series of the right hand side is absolutely convergent. It is enough to take Uk to be the
disk centered at 0 with radius 1/(2A44 + 1). This proves Proposition 12, assuming Theorem 11. O

6. BOUNDS FOR THE DEGREE AND COEFFICIENTS OF THE COLORED JONES FUNCTION

6.1. Bounds for the degree. For a Laurent polynomial f(q) = E,iw:m arq®, with a,,ap # 0, let us define
deg, (f) = M and deg_(f) = m. The bounds of degrees of ¢ in the colored Jones polynomial was studied by
the second author in [Le2]. In [Le2], the framed version of the colored Jones was used, the variable t = ¢'/*
was used, and the normalization of Jg , was chosen so that it is equal to [n] times our Jg ,. Suppose the
knot K has a planar projection with ¢+ 2 crossings. Let w be the writhe number, i.e. the number of positive
crossing minus the number of negative ones. Let s denote the number of +-oriented circles, as in [Le2,
Prop.2.1]. Then by Proposition 2.1 of [Le2], taking into account the change of variable, the framing, and the
normalization, one has the following bounds for the degrees of Jx ,(q).

Proposition 6.1. With the above notations, one has

(c+2)(n—1)24+2(n—1)(sy — 1) —w(n?-1)
4
(c+2)(n—1)2+2(n—1)(s— — 1) +w(n? —1)
1 .

deg+(JK,n) <

deg_(Jrn) > —

6.2. Bounds for the coefficients. For Laurent polynomials f € Z[qi1/4], we use the same definition of

[1-norm: it is the sum of the absolute values of the coefficients. Observe that

(21) F+glle <A+ lgll, (gl < (1 f1hlgll-
Since ||{j}||1 = 2, we have, for k < n

(22) Hadelh =11 T[T G} <2t <2n

j=a—k+1

It is known that the quantum binomial [ m ] is a Laurent polynomial in ¢'/? with positive integer

k
coefficients, hence its I'-norm is obtained by putting ¢'/? = 1, which is the classical quantum binomial ('}').
One has, if m < n,

29 1[5 = () <om <2



ASYMPTOTICS OF THE COLORED JONES FUNCTION OF A KNOT 15

Theorem 13. For every knot K of ¢ + 2 crossings and every n we have:

(24) [ iealls < no4e™.

Proof. The proof of the Theorem is pretty simple using the state sum definition of the colored Jones poly-
nomial: The colored Jones polynomial is the sum, over all states, of the weights of the states. There are ¢"
states, the weight of each is the product of several g-factorials and g-binomial coefficients for which an upper
can be easily found.

Let us go to the details.

The knot K is the closure of a (1,1)-tangle T (or long knot), with orientation given by the direction from
the bottom boundary point to the top boundary point. The crossing points of the diagram of T' (on the
standard 2-plane) break T into 2¢ + 5 arcs, two of them are boundary (i.e. each contains a boundary point
of T'). The two crossings adjacent to the boundary arcs are called boundary crossings.

To get from ¢+ 2 to ¢ in the estimate, we will choose the (1,1)-tangle T such that (1) when going along
T, starting at the bottom boundary point, we must pass the very first crossing (resp. very last crossing) by
an overpass (respectively, an underpass) and (2) the two strands at each crossing are pointing upwards, as
in the following figure:

b+k  a—k b-k  a+k

a b a b

Here is how to get such a (1,1)-tangle T.. Consider a diagram of K on a 2-sphere S2. The ¢+ 2 crossings
break the knot diagram into 2¢ + 4 arcs. At each crossing we have an overpass and an underpass. When
we go along the knot starting at some point, following the direction of the orientation, we pass through all
these underpasses and overpasses. Hence there must be an arc which starts at an underpass and ends at an
overpass, assuming there is at leat one crossing. Remove from S? a small disk which is a small neighborhood
of a point inside this arc. What is left is a long knot diagram on a disk, which can also be considered as a
(1,1)-tangle diagram in the strip R x [0,1] in the standard 2-plane which satisfies requirement (1). Using

the isotopy of the form
X~ S
AN &

which moves crossings (positive or negative) into standard upright position, we get the desired (1, 1)-tangle.

A state k is an assignment of numbers, called the colors, to the crossings of the diagram of T', where each
color is in {0,...,m — 1}. For a fixed state we will color the 2¢ + 5 arcs as follow. First color the bottom
boundary arc by 0. Going along the diagram of 7" from the bottom boundary point, if we are on an arc of
color a and pass a crossing, the next arc will have color a + k or a — k, according as the pass is an underpass
or an overpass, see Figure 25. Here k is the color of the crossing.

We will only consider states such that the colors of arcs are between 0 and n — 1 and the color of the
top boundary arc is 0. The under/overpass configuration at the two boundary crossings ensures that the
two boundary crossings have color 0, otherwise the arcs next to the two boundary arcs would have negative
colors. It follows that the number of states is at most n°.

The weights of the positive crossing (on the left) and negative crossing (on the right in Figure 25) are

(26) Ry(n;a,b,k) = (unit) { b_;;k ]{n—l—!—k—a}k,
(27) R_(n;a,b,k) = (unit) [ a—l::—k }{n—l—i—k—b}k,
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where (unit) stands for + a power of ¢&/4 which does not affect the I' norm. Note that both a + k and
b+ k in the above formulas are between 0 and n — 1.
The weight of a maximum/minimum point is a also + a power of ¢ , whose exact formula is not

important for us. Let F'(n,k) denote the product of weights of all the crossings and all the extreme points.
Then

+1/4

(28) Jicnla) = 3 F(n.k).
k

Using the estimates (23) and (22), we see that ||[Ri(n;a,b,k)|l1 < 4™. Since the weight of the two
boundary crossing is just a unit, the I norm of F(n,k) is less than 4°". From (28) and the fact that there
are n® states, we get ||Jx n|[1 < n®4e". O

Since there is a constant b such that n® < b", we have the following.
Theorem 14. For every knot K, there is a constant Ag such that for every positive integer n,
1kl < (A6)".
As an application of our bounds, we can prove Theorem 8.

Proof. (of Theorem 8) Fix a knot with ¢ + 2 crossings. The bounds for the degrees of Jg ,(see Proposition
6.1), allow us to write

Tien(a) = an,¢’
i

where |j| < n?(c+ 2+ |w|)/4 + O(n). For such j, we have:
10/ ] = R/ < (k2 lul)n/4+0(1)|R()]

Using Theorem 13 we get

|JK7n(ea/n)| < pegenelet2tw)n/4+0(1)R(a)]
Thus,
Dol ien(o)] < cloga+ 2 ) 0 (1)),
The result follows from the observation that |w| < ¢+ 2, since ¢ + 2 is the total number of crossings. (]

7. BOUNDS FOR THE DEGREE AND COEFFICIENTS OF THE CYCLOTOMIC FUNCTION
The goal of this Section is to prove Theorem 11.
7.1. The bound for degrees of Hi ,. Note that

degy(fg) = degy(f) +degi(g), and deg,(f+g) < max(deg,(f),deg,(9))-
From deg, {k} = £k/2, we get

degy ({k}!) = +k(k +1)/4, degi({ . ]) — +k(n — k)/2.

From these and Equation (13) we get

(_(2n+2)(2n+3) m+1+k)(n+1-k)

2

deg, (Hgn(q)) < max

T 1<k<n+1 4

Using Proposition 6.1 for the upper bound of deg, (Jx,x), after a simplification, we get
nn+3) ck-12 (k—1)s; |w|(k*-1)
T2 T Tt '

The right hand side reaches maximum when &k =n + 1. Using w < ¢+ 2, we have

deg, (Hrn(q)) < nc/2+n(sy +c—1)/2.

k
+ht g+ +deg+(JK,k)>~
k)u

<
deg (Hin(q) < | Jpax <
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A similar calculation shows that
deg_(Hrn(q)) > —(n"c/2+n(s_ +c—1)/2).

If we choose Ag bigger than ¢ and |sy + ¢ — 1|, then we have |deg, (Hf )| < Aon®. This proves the first
statement of Theorem 11.

7.2. The bound for the [!-norm of Hy ,. Multiply both sides of (13) by {2n + 2}!, then use (23) and
Theorem 14, we see that there is a constant A7 such that

(29) [{2n + 2} Hk n(q)|[1 < (A7)
The polynomials
2n+-2
Hicnlq) =" Hin(g) and  g(q) == Hrnle) [] (01— ')
j=1

have only non-negative degrees in ¢, with deg+(ﬁK7n) < 24912

2A0n

(30) HKn Z akq

Since g(q) is the product of the polynomial on the left hand side of (29) and a power of ¢, we have

(31) lg()llr < (A7)

A priori, this estimate is weak and implies an exponential upper bound on the Mahler measure of Hg ,, (),
and a doubly exponential upper bound on the /!-norm of Hg ,,(g). The following argument was communi-
cated to us by D. Boyd: Since

~ 1
Hgn(q) = ()——zrir—————,
[T (1 — %)
we have that
k
ak:Zbick—i7 where g(q):Zbqu and 2n+2— Z crg”.
i=0 k k=1

Note that ¢y is the number of partitions of k of length < 2n+ 2. Hence 0 < ¢ § ¢k, and ¢ < pg, where
pr is the number of partitions of k. Using the growth rate of py (see [An]), we see that there is a constant
Ag such that

(32) P < (45)YF
The upshot is that the exponent is v/k. Now we can easily obtain the desired upper bounds for ||H ,||1:
Since aj = Zf:o b;cr—; we have

k k
lar] < Ibilek—i < (Z |bz-|> cr < [lg(@)lre
i=0 i=0

< (A7) (Ag)™V*o by (31), (32) and k < 240n2
It follows that, for n > 1,

2A0’ﬂ
Hinll < D lak] < 2400°(A7)"(As)"V?* < (A1),
k=0

for appropriate A;. This completes the proof of Theorem 11.
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8. GROWTH RATES OF R-MATRICES AND THE LOBACHEVSKY FUNCTION

8.1. The Lobachevsky function. In Section 6 we got a simple but crude estimate for the {'-norm of the
R-matrices, which are a ratio of five quantum factorials. In this largely independent section we will give
refined (and optimal) estimates for the growth rate of the R-matrices. These estimates reveal the close
relationship between hyperbolic geometry and the asymptotics of the quantum factorials.

Recall that the Lobachevsky function is given by

* 1 o= sin(2
Az) = —/0 log |2sinz|dx = 51;8“15172”2)

The Lobachevsky function is an odd, periodic function with period . Its graph for z € [0, 7] is given by:

0.4

0.2

0.5 1 1. 2 2.5 3

Definition 8.1. If f(q) € Z[¢*'/4], let us denote by ev,,(f) the evaluation of f at ¢*/* = e™/ (),

For 0 < k < n we have _ _
evp [{kY| = [/ — ek = 2sin(kr /n),

hence,

log(eva|({7}D]) Zlog|2sm kw/n)|,
k=1

which is very closely related to a Riemann sum of the integral in the definition of the Lobachevsky function.
It is not surprising to have the following.

Proposition 8.2. For every a € (0,1) we have:
log |ev, ({|an]}N)| = —%A(TFOZ) + O(logn).
Here O(logn) is a term which is bounded by C'logn for some constant C' independent of a.

Remark 8.3. The proof reveals an asymptotic expansion of the form:

eva({an]}1) ~ n’ exp (~ A (ra)) (co e . )

for explicitly computable constants C;.

Proof. Recall the Euler-MacLaurin summation formula with error term (see for example, [O, Chpt .8]):

/ Fla)da+ (@) + 2 (b S B0 = 0 a)) + Ros(a 1)
k=1

where .
—2m B m m
Rl )l < @ =222 [ @,

and By is the kth Bernoulli number given by the generating series:

o k
X xr
— = By
k=0




ASYMPTOTICS OF THE COLORED JONES FUNCTION OF A KNOT

Applying the above formula to for m =1 to f(z) = log(2sinxm/n), we have:

Lon]

log( [ ] 2sin(km/n))

k=1

TQ

w/n

N~ N~ N~ N

Now,

S+ flan) = Oftogn), — and  |e(a,m)| = O(1)

lan]
(FO + Flan)) + [ log(2sinem/m)de + Ba(1, lan). 1
(f(1) + f(an) + /10m log(2sin(tm/n))dt + R1(1, |an], f) + e(a, n)
(1) + flam)) + 2 [ log[2sinu)fu + i1 lan). £) + elan)

(f) + f(an) + = (=A(ra) + A(D)) + B (1, [an], f) + (@, n).

19

Moreover, f'(x) = —Z cot(rx/n) and f"(z) = Z—j(csc(ms/n))z, and (cscz)? = 1/2% +1/3 + 22 /15 + O(2?).

Thus f};lsj | cscx|dz = O(n?), and

|R1(1,an, f)| = O(1).
Furthermore, using the asymptotic expansion of A(z) for z € (0, 7):
. By (22)2k+1

k=1
it follows that n -
—|A(=)| = O(logn).
T n

The result follows.

Corollary 8.4. For every a € (0,1) and any fixzed number d we have:
log [evn ({|an + d]}1)| = —ZA(wa) + O(logn).

Proof. There is € > 0 such that for big enough n, we have ¢ < z/n < 1 — ¢ for every integer x between
lan] and |an 4+ d|. For such z, we have 0 < 2sinem < 2sinzm < 2, and hence there is a constant M
such that |log2sinzmw| < M. There are at most |d| + 1 such values of z. Hence the difference between
log |ev, ({|an + d]}!)| and log |ev,({|an]}!)| by absolute value is less than (|d| + 1)M, a constant. The

result follows.

O

8.2. Asymptotics of the R-matrix using ideal octahedra. Since the entries of the R-matrix are given
by ratios of five quantum factorials (see Equations (26)), Proposition 8.2 gives a formula for the asymptotic

behavior of the entries of the R-matrix when evaluated at e27¢/"

Proposition 8.5. (a) Suppose that «, 3, k are real numbers that satisfy the inequalities

(33) a, B,k € [0,1] 0<B8+k<1, 0<a-x<l1.
Then the following limit exists

.1
(39 il By) i= T ~levs (Ry (0 [na. [n3): [ns)).

and is equal to

(35) r(a, B, k) = [=A(T(B + k) + A7P) + A(mr) — A(ma) + A (o — w))] /7.

(b) 4 (a, B, k) equals to 1/7 times the volume of an ideal octahedron with vertices

(36) 0,1, 00, exp(2miar), exp(27mi3), exp(27mik).

. This is the content of the next proposition.
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(c) Suppose that «, 3, k are real numbers that satisfy:
a, B,k €[0,1] 0<a+kr<1, 0<pB—-—r<I1.

Then the following limit exists

r—(a,B,k) := lim l|evn(R, (n; [nal, [nB], [nk]))|-

n—oo n

and is equal to
(37) r_(a, B,k) = ri (08, a, k).
Proof. (a) Observe that

n—1

leva ({3)] = leva({n = j})| = 2sin(jn/n), and |eva({n - 1}))| = ] 2sin(jr/n) = n.

Jj=1

From these, we have that

(38) levan({7})] = leva({n — 1 —j})|.
Using (26) and then (38), we have

'a _ lev, ({b+ k)| leva({n — 14+ k — a}!)]
feva (e (ms 0. bR = oy D T Tova (k3 ) Jevn (fn — T — a1
_ Jevaldb )l eva({a})

v n (O] [evn (YD Jeva (e — T

Proposition 8.2 concludes the proof of (a).

(39)

(b) was pointed out to us D. Thurston. An ideal octahedron has eight six vertices, which modulo the
isometries of hyperbolic space can be taken to be given by (36). It is easy to see that we can triangulate an
ideal octahedron into five ideal tetrahedra. Their signed sum of volumes is given by the right hand side of

(35).
(c) is analogous to (a).

8.3. The maximum of the growth rate of the R-matrix. In this section we determine the maximum

of ro (o, B, k).

Proposition 8.6. (a) With «, 3, k satisfying (33), r4(«, 8, k) achieves maximum when o = 3/4, 5 = 1/4,

and k = 1/2. Moreover

re(8/4,1/4,1/2) = 3=,

where
vg = 8A(m/4) ~ 3.6638623767088760602 . . .

is the volume of the regular hyperbolic ideal octahedron.

(b) Similarly, r_(«, 8, k) reaches maximum when o = 1/4, 8 = 3/4, and k = 1/2; and its maximum value is

the same as that of r1 («, 3, ).

Thus, asymptotically, the winning configuration is given by:
3n/4 n/4
n/2

<
N

3n/4 n/4
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Proof. Tt is enough to consider the case of r;. The result for r_ follows from (37).
There are three proofs of the proposition, each useful in its own context.
The first proof is as follows. Let § = o — K, we have

ri(a,B,6) = =Ar(B+K)) + A(7B) + A(rk) — A(m(6 + K)) + A(7(0)).
with domain 0 < 3,4, k, and 0+ k < 1,0 + k < 1. Note that symmetry between § and §.
Using A'(z) = —log(2sinz) for 0 < z < 7, one can easily show that the function —A(w(8 + k)) + A(73),
for a fix k € [0, 1], achieves maximum at 8 = (1 — k)/2. It follows that the maximum of ro (o, §, k) is the
same as the maximum of

9(k) == 2(=A(7 (8 + K)) + A7) + A(mr),

with 8 = (1 —k&)/2. The domain for g is k € [0, 1]. Using the derivative of g it is easy to show that g achieves
maximum when k£ = 1/2. In this case a = 3/4,0 =1/4.

The second proof uses part (b) of Proposition 8.5 and the fact that the volume of an ideal octahedron is
maximized at a regular ideal octahedron; see [Ra).

The third proof uses ideas from angle structures.

Since the domain (33) is compact and 74 (given by (35)) is continuous, the maximum exists. Suppose
that the maximum is at the interior (we will leave the other case to the reader). To find the critical points
in the interior, let us set

_ 2mia

2o =€ , 25 = e27r15 271'111'

, Zw =€
Using the derivate of the Lobachevsky function
N'(2) = log|e®® — 1],

it follows that

0
SE = loglra — 1] —loglzazgt 1] =0
Ja
Ory log | 1] —log|zs — 1| = 0
— = 2z — 1| — zg— 1| =
23 g1z g 123
ory -1
— = loglzpzk — 1] — log|z, — 1] — log |zaz,  — 1| = 0.
Ok
Thus, the critical points in the interior are given by the solutions of:
|za =1 = |zaz;1—1|
l22x —1] = |zp — 1
|2z — 1| = |ze — 1||2azs b — 1].

Using Lemma 8.7 below, and the fact that z,, 23, 2. # 1, the first two equations imply that

Zo = z;lz,i 282k = zgl

Thus, 2z, = 22 = 2% and z, = +25. Plugging in the third equation gives (za,23,2+) = (—i,i,—1), i.e.,

(o, B, k) = (3/4,1/4,1/2). Since
A(m/2) =0, ABBr/4) = —A(n/4),
it follows that
1 (3/4,1/4,1/2) = éA(w/zL) _ 8
™ 21
The result follows. O

Lemma 8.7. If z,w are complex numbers that satisfy |2| = |w| =1 and |1 — z| = |1 —w|, then z = w¥.
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Proof. Let us define
Cupr i ={u e C||u—up|=r>0}.

Then Cy, - is a circle with center ug and radius r. Fixing w, it follows that z € Co1 N Cy 1. The

intersection of two circles is two points, and since w and w™! = @ both lie in the intersection, the result
follows. O

8.4. The maximum of the R-matrices at roots of unity. Proposition 8.6 gives the maximum of
the growth rate of ev,(Ry(n;a,b,k)), as n — oo. The following proposition gives the maximum of
evy, (R4 (n;a,b,k)), for a fixed n.

Proposition 8.8. The value of |ev,(R+(n;a,b,k))| achieves mazimum at a = | (3n—3)/4|, b= |[(n—1)/4],
and k = a —b. The value of levy,(R—_(n;a,b, k))| achieves mazimum at a = [(n —1)/4], b = [(3n — 3)/4],
and k = b — a. The mazimum values of |evy, (R4 (n;a,b, k))| is the same as that of |ev,(R—_(n;a,b, k))|.

Note that for these optimal values in the R case, |a —3n/4| <1, |[b—n/4] <1 and |k —n/2| < 1. The
proof of this proposition will be given in the Appendix.
From Corollary 8.4 and Proposition 8.8, we have the following.

Corollary 8.9. The growth rate of the mazimum of |ev,(Ry(n;a,b, k))| is given by

iy AXa bk levn(Rx(n;a,b, k))| _ Vs
n— 00 n 27

8.5. Proof of Theorem 9. Recall that by (28), the colored Jones function is the sum of n° summands.
Each summand F'(n,k) is the product of R-matrices (which are weights of crossing points) and weights of
extreme points (which have absolute value 1). There are ¢ + 2 crossing points, but the weights of the two
boundary crossing have absolute value 1. Hence

|JK7n(e2”/")| <n° (ml%devn(Ri(n;a, b, k)) ) .

From the growth rate of maxgy p 1, |[evy (R4 (n;a, b, k))| given by Corollary 8.9 we get the theorem.

9. THE GENERALIZED VOLUME CONJECTURE NEAR « = 271

In this section we will prove Theorems 6 and 7 which are concerned with the Generalized Volume Conjec-
ture near 2mi. Our proofs use crucially the well-known symmetry principle, see [KM, Lel]: Suppose m,m’
and n are positive integers with m = +m’ mod n, then

(40) JK)m(G%Ti/n) — JK)m/(G%Ti/n).

Note that this fact is also a consequence of the existence of the cyclotomic expansion. However, the case of
higher rank Lie algebra requires results from canonical basis theory, see [Lel].

Proof. (of Theorem 6) The symmetry principle implies that for all n > m > 0, we have:
JK,nim (eZTri/n) _ JK,m (eZTri/n)

which implies that

im Jg e (€27/™) = lim Jgm (e2™/™) = Jg (1) = 1,

n—oo n—oo

from which Theorem 6 follows easily. O

Proof. (of Theorem 7) Fix a knot K and consider the neighborhood Uk of 0 as in Theorem 2. Define
Vk =1+ Ug.
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Let us suppose that «/(27i) € Vi is a rational number not equal to 1. Assume that a = 2mip/m with
p, m unequal coprime positive integers. Let N = np. Then, the symmetry principle implies that

fen(@) = Jxn(eN)

e27ri/(nm) )

JK,np(
_ JK,n|p7m\ (e2frz/(nm) ) i

Since n|p — m|/(nm) = |p/m — 1| € Ux. Theorem 2 implies that

. 1
. 2mif/(nm)y _ o~
nll»lfr;o J[Qn‘pfml(e /( ) - A(€27'ri(|p/M*1|)'
In other words,
. 1
A i (@) = Xrzmitprmn
is bounded. The result follows. -

10. THE ¢-HOLONOMIC POINT OF VIEW

10.1. Bounds on /'-norm of g-holonomic functions. The main result of [GL] is that for every knot
K, the functions Jx and Hg are g-holonomic. Recall that a sequence f : N — Q(q) is g-holonomic if
satisfies a g¢-linear difference equation. In other words, there exists a natural number d and polynomial
a;(u,v) € Qu,v] for j =0,...,d with agq # 0 such that for all n € N we have:

d
Z a; (qnv Q)fn-l—j (q) =0.
j=0

In this section we observe that g-holonomic functions satisfy a priori upper bounds on their degrees and
(under an integrality assumption) on their /*-norm. As a simple corollary, we obtain another proof of the
bounds in Proposition 6.1.

Definition 10.1. We say that a sequence f : N — Z[q*] is g-integral holonomic if it satisfies an g-difference
equation as above with aqg = 1.

Question 1. Is it true that Jx and Ck are g-integral holonomic for every knot K?
For a partial answer, see [GS].
Theorem 15. (a) If f : N — Z[q*] is g-holonomic, then for all n we have:
deg, (fu) =0(n?)  and  deg_(fa) = O(n?).

(a) If f is g-integral holonomic, then for all n we have:
[ fnlly < C™
for some constant C. In particular,

< Ca

lim sup
n—oo

log | fn(e®/™)]
n

for all a € C.
In other words, integral g-holonomic functions grow at most exponentially.

Proof. We have
aa(q", a) fnra(q) = —aa-1(q", @) fora—1(a) — ... ao(q", @) fn(@)-
Choose C’ so that
o deg a;j(q",q) <2C'(n+d) forall j =0,...,d -1, and
e deg f(n) <C'(n+1)?forn=0,...,d—1.
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We will prove by induction on n that deg, f(n) < C'(n+1)%. By assumption, it is true for n =0,...,d —1
Then, by induction we have:
deg, fn+d(q) < degiaq(q",q) +deg, fnialq)
= deg, (aqa(q",q)fn+a(q))
< (g™ )
= Orgfgd maxdeg(a;(q", q) fn+;(q))
= 2C" j+1)+C’ i +1)?
Jax, m+i+1)+C'n+5+1)
= 20'(n+d)+C'(n+d)?
C'(n+d+1)2
The second claim in (a) follows similarly.
For (b), let ¢; = ||a;(Q,¢)||1 for 5 =0,...,d — 1, and choose C so that
o C4 <y 1C41 4. 4 ¢9CY, and
o ||fn(@ll1 <C™forn=0,...,d—1.
Then, it is easy to see by induction that (b) holds for all n. O

Remark 10.2. Tt is easy to see that the bounds of Theorem 15 are sharp. For example, consider the sequence
fald=(0+a)1+¢)...(1+q").

Theorem 15 gives an alternative proof of Proposition 6.1 (and Theorem 13 if Question 1 has a positive
answer). However, the explicit upper bounds in terms of the number of crossings cannot be obtained from
Theorem 15, unless we know something more about the g-difference equation of the colored Jones function.

10.2. Bounds for higher rank groups. In [GL], we considered the colored Jones function
Jo i Ny — ZlgF]

of a knot K, where g is a simple Lie algebra with weight lattice A,,. In the above reference, the authors
proved that Jg i is a g-holonomic function, at least when g is not G». For g = sl, Ja, x is the colored
Jones function Jg discussed earlier.

In [GL] , the authors gave state-sum formulas for Jy x similar to (28) where the summand takes values
in Z[gT'/P], where D is the size of the center of g.

The methods of the present paper give an upper bound for the growth-rate of the g-colored Jones function.
More precisely, we have:

Theorem 16. For every simple Lie algebra g (other than G3) and every o € C, and every \ € A,,, there
exists a constant Cy o, x such that for every knot with c 4 2 crossings, we have:

1 n a/n
Jim sup og |Jg, k,na(e”™)]

n— o0 n

< Cganc.
The details of the above theorem will be explained in a subsequent publication.

11. SOME PHYSICS

11.1. A small dose of physics. One does not need to know the relation of the colored Jones function and
quantum field theory in order to understand the statement and proof of Theorem 4. Nevertheless, we want
to add some philosophical comments, for the benefit of the willing reader. According to Witten (see [Wi]),
the Jones polynomial Jk , can be expressed by a partition function of a topological quantum field theory
in 3 dimensions—a gauge theory with Chern-Simons Lagrangian. The stationary points of the Lagrangian
correspond to SU(2)-flat connections on an ambient manifold, and the observables are knots, colored by the
n-dimensional irreducible representation of SU(2). In case of a knot in S3, there is only one ambient flat
connection, and the corresponding perturbation theory is a formal power series in h = logg.

Rozansky exploited a cut-and-paste property of the Chern-Simons path integral and considered pertur-
bation theory of the knot complement, along an abelian flat connection with monodromy given by (7). In
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fact, Rozansky calls such an expansion the U(1)-RCC connection contribution to the Chern-Simons path
integral, where RCC stands for reducible connection contribution, and U(1) stands for the fact that the flat
SU(2) connections are actually U(1)-valued abelian connections. Formal properties of such a perturbative
expansion, enabled Rozansky to deduce (in physics terms) the loop expansion of the colored Jones function.
In a later publication, Rozansky proved the existence of the loop expansion using an explicit state-sum
description of the colored Jones function.

Of course, perturbation theory means studying formal power series that rarely converge. Perturbation
theory at the trivial flat connection in a knot complement converges, as it resums to a Laurent polynomial
in e”; namely the nth colored Jones polynomial. The volume conjecture for small complex angles is precisely
the statement that perturbation theory for abelian flat connections (near the trivial one) does converge.

At the moment, there is no physics (or otherwise) formulation of perturbation theory of the Chern-Simons
path integral along a discrete and faithful SLo(C) representation. Nor is there an adequate explanation of
the relation between SU(2) gauge theory (valid near o = 0) and a complexified SLy(C) gauge theory, valid
near o = 2mi. These are important and tantalizing questions, with no answers at present.

11.2. The WKB method. Since we are discussing physics interpretations of Theorem 4 let us make some
more comments. Obviously, when the angle « is sufficiently big, the asymptotic expansion of Equation (6)
may break down. For example, when e® is a complex root of the Alexander polynomial, then the right hand
side of (6) does not make sense, even to leading order. In fact, when « is near 27, then the solutions are
expected to grow exponentially, and not polynomially, according to the Volume Conjecture.

The breakdown and change of rate of asymptotics is a well-documented phenomenon well-known in physics,
associated with WKB analysis, after Wentzel-Krammer-Brillouin; see for example [O]. In fact, one may
obtain an independent proof of Theorem 4 using WKB analysis, that is, the study of asymptotics of solutions
of difference equations with a small parameter. The key idea is that the sequence of colored Jones functions
is a solution of a linear g-difference equation, as was established in [GL]. A discussion on WKB analysis of
g-difference equations was given by Geronimo and the first author in [GG].

The WKB analysis can, in particular, determine small exponential corrections of the form e~ ™ to the
asymptotic expansion of Theorem 4, where ¢,, depends on «, with Re(c,) < 0 for « sufficiently small. These
exciting small exponential corrections cannot be captured by classical asymptotic analysis (since they vanish
to all orders in n), but they are important and dominant (i.e., Re(cy) > 0) when « is near 23, according to
the volume conjecture. Understanding the change of sign of Re(c, ) past certain so-called Stokes directions
is an important question that WKB addresses.

We will not elaborate or use the WKB analysis in the present paper. Let us only mention that the loop
expansion of the colored Jones function can be interpreted as WKB asymptotics on a g-difference equation
satisfied by the colored Jones function.

APPENDIX A. THE VOLUME CONJECTURE FOR THE BORROMEAN RINGS

It is well-known that the complement of the Borromean rings B can be geometrically identified by gluing
two regular ideal octahedra, see [Th]. As a result, the volume vol(S® — B) of S® — B is equal to 2vs.

Suppose L is a k-component framed link, and ni,...,ny are positive integers. The colored Jones poly-
nomial Jz(n1,...,nx) € Z[gt'/4] is the sla-quantum invariant of the link whose components are colored by
slo-modules of dimensions nq,...,ng, see [RT, Tu]. The normalization is chosen so that for the unknot,

Ji(n) = [n]. Define

Toalg) = el )

The next theorem confirms the volume conjecture for the Borromean rings.
Theorem 17. Let B be the Borromean rings, then

1 n 27i/n 1
lim 8B L egs gy

n—00 n 2
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Before giving the proof let us introduce some notation. Fix a positive integer n. For an integer j and a

positive integer k let x; = 2sin(jn/n).
Then, see (39),

n—1
Tj=Tp—j = —Tpt+j, and H x; =n, hence
j=1
k
(41) zp =n/zp—1- forl1<k<n-—1, where zj, := ij.
=1

Proof. Using Habiro’s formula for J, of the Borromean ring [H2], one has

3
it P (e dn + Hn - 5))
Tonla) = Y (1) ——
= (5 o)

When ¢'/2 = e™/™ on has {j} = 2isin %, which is 0 exactly when j is divisible by n. Hence if 214+ 1 < n,
then the denominator of the term in the above sum is never 0, while the numerator is 0, since it has 2 factors
{n}. On the other hand, if 24+ 1 > n, then the denominator has 2 factors {n}, which would cancel with the
2 same factors of the numerator. Hence at ql/2 = ¢'™/™ one can assume that 20 + 1 > n,orl>n/2—1:

3
| [Ty {n+jiHn—j}
JB,n(GQT”/n): Z (—l)levn ( — le 1 J ) 5
wtnf (I ) TEE L 0))

One important observation is that each summand on the right hand side is a positive real number:

2mi/ny _ (Zl>8
Tpn(™/m) = 3"

n>l>n/2—1 (Zn_1)2 (22l+1—n)2 ’

Using z,—1 = n, and z; = n/z,_1-;, we have

2mi/ny _ (Zl)2 ’
JB,n(e ) = Z ( .

n>l>n/2—1 Zn—1-1)% Z2141-n
By (44) below, we have:
(=)
(Zn—1-1)% 22141-n

wherea =1, b=n—1—1and k =2l 4+ 1 — n. Note that when [ = |(3n — 3)/4], then a, b, k are exactly the
ones that make |ev,,(R(n;a, b, k))| maximum, according to Proposition 8.8. There are less than n summands,
hence

= |evy (R4 (n;a,b, lc))|2

max |ev,, (R(n; a, b, k))|? < Jp.n(e2™/™) < nmaxmax |ev, (R(n; a, b, k))|?

a,b,k a.b,

It follows that
27i/n . 9
o tim 08MEA(CT_, logmaxa feva(R(nia, b k)

n—00 n n—00 n

)

which is equal to 2vg, according to Corollary 8.9. O
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APPENDIX B. THE VOLUME CONJECTURE FOR TORUS KNOTS

Let T'(a,b) denote the (a,b)-torus knot for co-prime integers a,b (a,b > 1). Although T(a,b) is not a
hyperbolic knot, the wvolume function vol(p) of SLo-representations can be defined, see [CCGLS]. Let us
discuss this first. The derivative of the volume function, or the volume form, depends only on its pull-back
on the deformation variety, which is the set of 0 of the A-polynomial Ak (l,m). For torus knots, the A-
polynomial is either of the form [ + m® for some integer ¢, or the product of 2 factors of that forms. Using
explicit formula of the volume form, it is easy to check that the volume form on any such factor is equal to
0.

Thus the volume function on the deformation variety must be constant. Because the Gromov norm of the
knot complement is 0, one should define V (I, m) = 0 for every I,m. Then the generalized volume conjecture
can be proved easily in this case:

Proposition B.1. For the torus knot K = T(a,b) and for any real number «, one has

(42) lim 108 rn (€271%7)

n— o0 n

=0.

Proof. There are two cases: « is an integer, or « is not. The first case is actually much more difficult, this
is the usual volume conjecture and it has been proved by Kashaev and Tirkkonen in [KT]. Let us consider
the easier case, when « is not an integer.

Note that if ¢'/? = exp(mia/n) and « is not an integer then {n} = 2isinwa/n # 0.

The colored Jones polynomial was calculated by Morton in [Mo:

v_ab(n2_1)/2 « 2abk?42ka+2kb+1 2abk?+2ka—2kb—1
(43) JK,n(Q) = W Z (’U abk®+2ka+2kb+1 _ 2abk”+2ka—2kb— )

k=1—n,k+n=1 (mod 2)
The sum contains n + 1 terms, each by absolute value is less than or equal to 2. Hence

2(n+1)

Jin 2mic/n )
[Jicn(e )< sin(ra/n)

Thus, the limsup is less than or equal to 0. The argument in Section 4 shows that the lim inf is greater than
or equal to 0. The result follows. (I

Remark B.2. In [M2], H. Murakami discusses the Generalized Volume Conjecture for the torus knots and
angles v with nonzero imaginary part.

APPENDIX C. PROOF OF PROPOSITION 8.8
Recall that z; = 2sin(jm/n).
Lemma C.1. (a) Thexj, as a function of j, is increasing for j € [0,n/2] and decreasing for j € [n/2,n].
In particular, for j <1 <mn—j we have x; < x;.

(b) For every1 <j<mn-—1, one has 2 > zj. Forn/4 <j <3n/4, one has 2 < (x;)%. For1<j<n/4,
one has (z;)? < ;.

Proof. Only the last statement of (b) is not trivial, and here is a proof. For 1 < j < n/4, one has

sin(jm/n) < cos(jm/n).
Multiply both side by 4sin(jm/n), using the identity sin(2u) = 2sinu cosu, we get (z;)? < za;. O

Lemma C.2. For a fized k, 1 < k < n — 1, the value of yp := H?I];H x; achieves mazimum at b =

[(n = k)/2].
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Proof. We will prove that if b < |(n — k)/2], then y, < ypi1, while if b > |[(n — k)/2] then yp < yp—1. This
will prove the lemma.
Suppose b < [(n—k)/2]. Then b < |[(n—k)/2] —1 < (n—k)/2— 1. It follows that (b+1) <b+k+1<
n— (b+1). From Lemma C.1(a) we get Zp11 < Tprp1. Hence Ypi1/Yp = Totkt1/To+1 > 1, OF Yor1 > Yp-
Suppose now b > 1+ [(n — k)/2]. If b > n/2, then x, > xpiy since y; is deceasing on [n/2,n]. If
b < n/2, then from b > 1+ [(n — k)/2] one can easily show that b+ k > n —b > n/2. Hence we also have
Ty = Tn_p > Tppk. Thus yo_1/yp = xp/Tp4r > 1. O

Recall that z = H?:l x;. Using (39), with |ev,({j})| = z;, we have

Zb+kZa _ Rb+kRd+k
ZbZkZa—k ZbZK2d

with d = a — k.

(44) levy, Ry (n;a,b, k)| =

Since zp4k/zp = yp in Lemma C.2, by this lemma, both zpyr/2p and z44k/z4 achieve maximum when
b=d=|(n—k)/2]. To find maximum of |R;| we need to find the maximum of

_ (zp48)?
s(k) = (oo e

with b = | (n — k)/2]. Tt is easy to check that

stk+1) ()

S(IC) Th+1 '

Lemma C.3. The function s(k) achieves mazimum at an integer k in the interval (”772, "TH’)

Proof. We we prove that if k < % — 1 then s(k + 1) > s(k), and if k& > 2L, then s(k + 1) < s(k). This will
prove the lemma.

Suppose k < n/2 — 1. Note that b = |(n — k)/2| > is always greater or equal to (n — k — 1)/2, which, in
turn, is greater than or equal to n/4. Hence b > n/4. By Lemma C.1(b), we have (x3)? > 2 > z341. Hence
s(k+1)/s(k) > 1.

Now suppose k > n/2 + 1/2. Counsider 2 cases: n — k is odd or even. Suppose n — k is odd. Then
b= (n—k—1)/2 <n/4. Hence by Lemma C.1(b), we have

(2)? < Top = Ty—k—1 = Tht1.

It follows that S<’f(;)1> _@? g
S Tht1

Suppose n—k is even. Then b = (n—k)/2, and we have b < (n—1)/4. Note that 2541 = Tp—1-1 = T2p—1.
In this case the fact that (z3,)? < 295_1 is the statement of Lemma C.5 below. O

There are only 2 values of k in the interval ((n — 2)/2,(n + 3)/2). For example, if n = 4m, then
k =2m or k = 2m + 1. Direct comparison show that the maximum in this case is when k& = 2m + 1, then
b=|(n—k)/2] =m—1,and a = b+ k = 3m. Other cases when n = 4m+r, with » = 1,2, 3, can be checked
by comparing the values at the two possible k. The answer is given as in Proposition 8.8. This completes
the proof of Proposition 8.8, modulo Lemma C.5 below.

T _

Lemma C.4. The function g(x) = sinzsin(f — x) on the interval [, — €], with 0 < e < %, achieves
minimum alt T = €.

s

Proof. One has g'(z) = sin(§ — 2x), hence g(z) is increasing on [0, g] and decreasing on [, 7]. From here

the result follows. O

Lemma C.5. Let u = 7/n, where n > 40 is an integer. Suppose 1 <b < (n —1)/4. Then

sin(2b — 1)u > 2sin® bu.
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Proof. One has
sin(2b — 1)u — 2sin®bu = S; — Sp, where
Sy = sin 2bu — 2sin® bu
Sy = sin 2bu — sin(2b — 1)u.
Let d = n/4 —b. Then bu = 7/4 — du, and cosbu = sin(w/4 + du). Using sin 2bu = 2 sin bu cos bu, we have

S1 = 2sinbu X (cosbu — sin bu)
= 2sinbu x (sin(n/4 + du) — sin(w/4 — du))
= 4sinbu x 2cos(n/4)sindu, by trigonometry identity
Thus
(45) Sy = 2v/2sin bu sin du.

1
So = 2sin g cos(2b — E)u, by trigonometry identity
1 1 1
= 2sin % sin(2d + J)u,  since (2b— 3)u+ (24 + S)u = g
Consider two cases.
Case 1: 1 < d. By assumption 1 < b. Note that du + bu = w/4. From (45) and Lemma C.4 we see that
S reaches minimum when d = 1, i.e.

S > 2\/§sin(£ —u)sinu

s s
> \/§sinu7 since 1 —u > 5

> 2\/§singcosg > 2sing since u < 7/40 and V2 cosu > 1
On the other hand,

1
Sy = QSingsin@d—i— §)u < 25111%.
Thus Sy < S7.

Case 2: 1/4 < d < 1. Then 2d+1/2 < 5/2, and

5 5 5
So < 2singsin7u = 4sin%cos%sin7u < 4Sin%sin7u.
Using sin 3% < 2% = 57/2n < 1/4, we have S < sin %.

On the other hand, Lemma C.4 shows that S; reaches minimum when d = 1/4, i.e.

™ u u u ™ u
Sy > 2v2sin(= — —)sin — > v/2sin—, since — — — > 7/6.
b= (7 7)sing 1 1717
We also have S; > Ss. O
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