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KNOTS AND THEIR RELATED ¢-SERIES
STAVROS GAROUFALIDIS AND DON ZAGIER

ABSTRACT. We discuss a matrix of periodic holomorphic functions in the upper and lower
half-plane which can be obtained from a factorization of an Andersen-Kashaev state integral
of a knot complement with remarkable analytic and asymptotic properties that defines a
PSLa(Z)-cocycle on the space of matrix-valued piecewise analytic functions on the real
numbers. We identify the corresponding cocycle with the one coming from the Kashaev
invariant of a knot (and its matrix-valued extension) via the refined quantum modularity
conjecture of [32] and also relate the matrix-valued invariant with the 3D-index of Dimofte-
Gaiotto-Gukov. The cocycle also has an analytic extendability property that leads to the
notion of a matrix-valued holomorphic quantum modular form. This is a tale of several
independent discoveries, both empirical and theoretical, all illustrated by the three simplest
hyperbolic knots.

CONTENTS

Introduction
How the g¢-series arise
2.1.  The Quantum Modularity Conjecture
2.2. A g-series Go(q)
2.3. The index, the state integral and a second g-series G1(q)
2.4. Holomorphic functions in C \~ R
g-series and perturbative series
3.1.  Asymptotics of holomorphic functions in sectors
3.2, From divergent to convergent power series
3.3. The asymptotics of Go(q) and G1(q) at roots of unity
3.4. The quadratic relation
3.5.  Higher level and weight spaces
From vector-valued to matrix-valued g-series
4.1. Descendant g-series
4.2. The asymptotics of the descendants
4.3. The case of the 55 knot
The matrix-valued cocycle of a knot
5.1.  An equivariant state integral
5.2. A matrix-valued cocycle
5.3. The two cocycles agree
5.4. Matrix-valued holomorphic quantum modular forms
Final remarks

Appendix A. Complements and proofs

A.1. ¢-series identities

A.2. Asymptotics at roots of unity

A.3. The two matrix-valued cocycles for the 4; knot agree

A.4. The six g-series for the 55 knot

A.5. e-deformation and the factorization of the state integral
1

© 00 O T N

13
14
17
19
20
21
22
23
23
24
25
26
28
28
29
29
30
34
35



2 STAVROS GAROUFALIDIS AND DON ZAGIER

A.6. The twelve g-series for the (—2,3,7) pretzel knot 37
Acknowledgements 39
References 40

1. INTRODUCTION

In this paper, which is a companion of [32], we want to tell a story about g-series and
quantum invariants of knots that seems to us very interesting. The story started 11 years ago
with the challenge to compute the asymptotic expansion at ¢ — 1 of a ¢g-hypergeometric series
that appeared in the evaluation of a tetrahedron quantum spin network. As it turned out,
when ¢ = €*™ with 7 tending to zero on the positive imaginary axis, the asymptotics were
oscillatory (with approximate oscillation 0.32306), and after some experimentation, it was
found that the oscillation was given by the volume of the simplest hyperbolic (figure eight)
knot, divided by 27w. The appearance of the 4; knot was a bit strange, since this knot has
little to do with the tetrahedral spin network (or its complement) in Euclidean or hyperbolic
3-dimensional space. This strange coincidence persisted further, where it was found by a
numerical computation that the first and the second terms in the asymptotic expansion were,
after some minor normalization, rational numbers with numerator 11 and 697, respectively.
A search in our databases revealed that the number 697 appears as the second coefficient
in the asymptotic expansion of the 4; knot, whereas the number 11 appears as the first
coefficient. This was surely not an accident! Using numerical methods, we were able to
match the asymptotics of the Kashaev invariant of the 4; knot to the radial asymptotics of
the above ¢-series to over 100 terms.

So, our ¢-series was certainly attached to an invariant of the 4;-knot. A systematic col-
lection of such knot invariants (indexed by a pair of integers) was given by the 3D-index
of Dimofte-Gaoiotto—Gukov [12, 11], and in fact, our g-series could be re-written as a ¢-
hypergeometric sum Gg(q) related to the 3D-index, and nearly, but not quite, matched to
the so-called total 3D-index. An illegitimate (i.e., formal, but divergent) computation of the
total 3D-index suggested that the latter should equal to Gy(g)?, but a computation showed
that it did not agree. Further attempts to identify the quotient of the total 3D-index by
Go(q) did not produce any results.

The next source of g-series attached to knots was the state-integral of Andersen-Kashaev [4].
Although the latter is an analytic function of 7 in the cut plane €' = C \ (=00, 0], it was
well-known in the physics literature (see [5]) that it should factorize into a finite sum of
products of g-series times g-series, where ¢ = ¢*™" and § = e 2™/7. In fact, Kashaev and
the first author exactly did so for the state-integral of the 4; knot (and for one dimensional
state-integrals in general) and found out a second g-series G1(q); [27]. What is more, the
total 3D-index of the 4; knot experimentally was checked to be the product Go(q)G1(q), a
statement that can be proven rigorously.

We next looked at asymptotics of the vector (Go(q), G1(q)) of g-series of the 4; knot when
q approaches a root of unity e*™* (for a rational number «), and without a surprise this
time, we found the pair of asymptotic series EI\),(;YUI)(QWiT) and 2 (2miT) (corresponding to
the geometric representation of the 4; knot and its complex conjugate) that appear in a
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refinement of the quantum modularity conjecture [32]. Replacing the ¢ and §-series in the
state integral when ¢ is near a root of unity by their asymptotic expansions produced a
bilinear combination of factorially divergent series which are convergent power series! This
phenomenon was illustrated by a dramatic drop in the growth rate of the 150-th coefficient
of the corresponding power series.

Having understood the story for the simplest hyperbolic knot, we observed two new phe-
nomena. One is quadratic relations (which are trivial for the 4; knot) for the vector of 3
g-series (inside and outside the unit disk) for the 55 knot, and for the vector of 6 g-series for
the (=2, 3, 7)-pretzel knot. Another is the presence of a level, being 2 for the (—2, 3, 7)-pretzel
knot, presumably related to the fact that its Newton polygon has half-integer slopes.

Returning to the case of the 4; knot, the factorization of its state-integral suggested that
we look at a bilinear ¢ and g-combination of the vector (Go(q), G1(q)) of g-series where now

G = ™) for a fixed element 7 of SLy(Z) (the case of the original state-integral being the
one with v = (9 ')). A priori, this function is analytic only for 7 € C \ R, but a numerical
computation revealed that this function is analytic on a cut plane C,. This suggested an
extension of the Andersen—Kashaev state integral that depends on an element 7 of SLy(%Z),
and even more to an SLy(7Z)-version of the Faddeev quantum dilogarithm, which is studied
in current joint work of Kashaev and the authors [28].

A closer look at the asymptotics of the vector (Go(q),G1(q)) as g approaches 1, shows
that they were given by linear combinations of a pair of asymptotic series ZI\J(‘”)(QM'T) and
®(°2)(27i7). This suggested that suitable linear combination of the vector (Go(q), G1(q))
should be simply asymptotic to one of the two t/IS("j)(QMT) series above. However, this
statement is incorrect. Instead, the radial asymptotics when ¢ = €2™" and 7 tends to zero in
a fixed ray arg(7) = 6y depend on the ray, but different rays detect asymptotic expansions
of the form e~27™/7$()(2mir) for m a nonnegative integer. When arg(t) = 7/2, these
exponentially small corrections cannot be numerically observed, however when arg(7) is near
0 or 7, one can indeed see a multiple of these series e =27/ 7P )(27iT), appearing, and what
is more, the multiple is an integer number. This phenomenon is already hinted by the bilinear
factorization of the state-integral as a finite sum of products of g-series times ¢-series, and
was glimpsed in the present work, and studied more extensively in the work of Gu—Marino

(m) (m)
and the first author [22, 23]. This lead to a matrix (Gigﬂ()q()) GC(’TL +1(>q()
0 q 1 q

descendant ¢-series indexed by the integers with G(()O)(q) = Go(q) and Ggl)(q) = G1(q).

The matrix of descendant g-series defined for |¢| # 1 lead to a matrix of asymptotic
series, and to a matrix-valued PSLy(Z)-cocycle whose value at ((1) _01) is given by a matrix
of descendant Andersen—Kashaev state-integrals and whose value at 7 € SLy(Z) is given by
the matrix of descendant state-integral invariants of [28].

The two matrix-valued cocycles, one from [32] and the other one from the current paper
agree at the rational numbers. This follows from a second factorization property of the state-
integrals at rational points [26]. This leads to the notion of a holomorphic quantum modular
form, a generalization of a mock modular form, whose realization as periodic functions
at rational numbers was the focus of [32] and whose realization as periodic holomorphic
functions in € . R was the focus of our paper.

)) whose entries are
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In this paper we will have a number of statements called “Observations,” all of which were

first observed empirically, but of which some are now proved and others still conjectural. We
will indicate this individually in each case.

A preliminary draft of this paper was already written in 2012 but then not published
because we kept finding new results which made the older versions obsolete. In the present
paper, the relation to the perturbative series and functions on roots of unity treated in [32]
have finally become clear. Related aspects of this work appeared in [13, 14, 27, 21, 37, 36].
Modular linear g-difference equations were introduced in [29]. An extension of the matrix-
valued g-series to a matrix of one additional row and column that sees the trivial PSLy(C)-
representation was given in [24]. A detailed study of the asymptotics of the full 3D-index
(as opposed to its total version discussed here) and of the related Turaev—Viro invariant was
given in [30]. A detailed study of the 6 x 6 matrix of g-series associated to the (—2,3,7)-
pretzel knot is given by Ni An and Yunsheng Li in [1].

Finally, we mention that this story of quantum knot invariants (i.e., 3-manifolds with
torus boundary) extends to the case of the Witten—Reshetikhin—Turaev of closed hyperbolic
3-manifolds, as confirmed by Campbell Wheeler in his Ph.D. thesis [52, 51].

2. HOW THE ¢-SERIES ARISE

2.1. The Quantum Modularity Conjecture. In this section we tell the rather amusing
story of how we purely accidentally found a g-series whose asymptotics near roots of unity
agreed with the divergent perturbative series arising from the Volume Conjecture and the
Quantum Modularity Conjecture for the 4; knot, and how a series of further numerical
experiments led to the final picture that is described in this paper.

A knot K has two famous quantum invariants, the (colored) Jones polynomial J& (¢) €
Z[q,q'] and the Kashaev invariant (K)y € Q for N € N. (Both definitions will be omitted
since they aren’t used here and can be found in many places [39, 50, 40].) Murakami-
Murakami [48] found that (K)y is the value of J&(¢) at ¢ = {y and this is the formula that
we will need. For any knot it can in principle be made explicit. For instance,

(d)nv = i|(CN;CN)n‘2 (1)

with (¢;¢)n = [[;—,(1 — ¢’) being the usual g-Pochhammer symbol and (y = e?™/N _ The
Kashaev invariant can be extended equivariantly to a function J on complex roots of unity.
Moreover, it is known by the work of Murakami and Murakami [48] that the (similarly
defined) invariant J¥(—1/N) for any knot K is equal to the knot invariant (K)y defined
by Kashaev [40]. The famous volume conjecture of Kashaev states that for any hyperbolic
knot K the logarithm of (K') y is asymptotically equal to C'N as N tends to infinity, where C
equals the (complexified) hyperbolic volume of the knot divided by 2mi. There are very few
cases for which the volume conjecture has been rigorously proved, but for the 4; knot it is
quite easy using the Fuler-Maclaurin formula and standard asymptotic techniques, because
all of the terms in (1) are positive, and one finds the much more precise formula

(1) ~ () g
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with ®(h) defined by

®(h) = " d(h), (3)
where V' is the hyperbolic volume of the knot
Vo= Vol(S*\ 4;) = 2Im(Lis(e™?)) = 2.0298829 - -- (4)

and where ®(h) is the formal power series with algebraic coefficients (which up to a common

factor all lie in the trace field Q(v/—3) of the 4, knot) having the form

=~ 1 1 \ia
O(h) = ;Ajh LA = %<72\/__3) 3 (5)

with a; € Q, the first values being given by

jlol1] 2 3 4 5 6 7
a: 111111697 724351 278392949 244284791741 1140363907117019 212114205337147471
J 5 5 7 35 5

A proof of (2) is given in [6] and in [32]. A weaker asymptotic formula with ®(h) replaced
by its constant term ag was proved by Andersen and Hansen [3].

2.2. A ¢-series Gy(q). The surprising discovery that we made, completely by accident, is
that there is a close connection between the asymptotic expression occurring here and the
radial asymptotics of the function in the unit disk defined by

o0 qn(3n+1)/2 ) , . .
Golq) = (¢:0) Z(_l)nW =1—-qg—2¢"—2¢° —2¢"4+q +--- . (6)
n=0 ri/n

The infinite sum in (6) occurred in the work of the first author on the stability of the
coefficients of the evaluation of the regular quantum spin network [21, Sec.7], and in the
course of a numerical investigation of its asymptotics as ¢ — 1 we discovered empirically the
following:

Observation 1. We have
Go(e™) ~ /T (6(2m7) . ia(—zm)) (7)
to all orders in T as T tends to 0 along any ray in the interior of the upper half-plane.

It was to achieve this simple statement that we included the factor (¢; ¢)oo in (6). The proofs
of this observation and the subsequent ones in this section are sketched in the appendix.
Our next discovery were two further formulas for GGy that we found empirically.

Observation 2. We have:

1 o0 q(n+m)(n+m+1)/2 0 qn(n+1)/2
Go(q) = —1)mm = —1)" 8
o0 (43 9)oo R;O( ) (@3 @)n (¢ D ;( ) (¢:9)2 )

A proof of the above equation was given by S. Zwegers (see Section A.1). These expressions
are of interest because, unlike the original series in (6) whose origin had no obvious connection
with the 4; knot, these series are related to it: the first one, which was shown to us by T.
Dimofte, is typical of the series occurring in his work with Gaiotto and Gukov [12, 11, 20]
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on the 3D index of a triangulation, while the second one is typical of those occurring in the
work of Dimofte and the first author on g-series associated to ideal triangulations of cusped
3-manifolds [13].

Equation (7) turns out to be only a part of a bigger story. On the one hand, the power
series ®(h) is only a special case at v = 0 of the more general asymptotic series ®,(h) (o € Q)
occurring in the modularity conjecure for J*!(¢) made by the second author in [54] and play
a central role in our prior paper [32]. These asymptotic series appear in the asymptotics of
Go(q) for ¢ = €™*+7) as 7 — 0 in a cone in the upper half-plane. This will be discussed
in Section 3.3 below. On the other hand, the g-series Gy(¢) and the asymptotic formula (7)
are related to the Dimofte-Gaiotto-Gukov index and to the Hikami-Kashaev state integral.
We explain this next.

2.3. The index, the state integral and a second ¢-series G1(q). After describing the
radial asymptotics of Go(g) at roots of unity, our next step was to look for a connection
between the power series Gp(¢) and the index of 4;. The index is an invariant of suitable ideal
triangulation introduced in [12, 11]. Necessary and sufficient conditions for its convergence
were established in [20] and its topological invariance was proven in [25], leading in particular
to an invariant Indg(q) for any knot K (in equation (2) of [25], this invariant was denoted
by 132*(¢)). The index is defined as a sum over a lattice of products of the tetrahedron index
function

> n n+1)f(n+%e)m

31
In(m,e) = Z (—1)”q

(@ Dn (@ Dnse

n=max{0,—e}

For the 4; knot, the rotated index at (0,0) (abbreviated simply by the index below) is given
by

Indy, (q) = Y Ia(ki,ko)Ia(ka ki) = 1—8q—9¢" + 18¢" + 46" + 90¢° + - - - .
kl,kQEZ

It seems quite natural to expect a relation between the Indy, (¢) and Go(g). This is
encouraged by the illegitimate rewriting of Indy, (¢) as a 4-dimensional sum over the integers
(which is divergent), but after some rearrangement it decouples into the product of two
two-dimensional sums each of which is equal to Gy(¢). Nonetheless, when we performed
experiments no relation between the series Indy, (¢) and Gy(q)? was observed.

The key to finding the missing relation between Indy, (¢) and Gy(g) turned out to involve
the Andersen-Kashaev state integral associated to the 4; knot [4] and its factorization [27]
as a sum of products of g-series and ¢-series.

State integrals appear in quantum hyperbolic geometry and in Chern-Simons theory with
complex gauge group pioneered by the work of Kashaev [4, 41], Dimofte [9, 10] and many
other researchers [38, 15]. Their building block is the Faddeev quantum dilogarithm, and
a suitable combinatorial ideal triangulation of a cusped hyperbolic 3-manifold M and the
result is a holomorphic function which is often independent of the ideal triangulation, thus a
topological invariant. Below, we will use the state integral of the Andersen-Kashaev invariant
of a hyperbolic knot complement [4]. In the normalization that we will use this invariant is
a holomorphic function Zy;(7) on the cut plane €', and for the 4; knot is given by (see [4,
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Sec.11.4])

Zu(7) = /m S (e dr  (reC = T~ (~o0,0) ()

(for convenience we write Zx in place of Zgs g ), with small positive €, where ®p(x) is
Faddeev’s quantum dilogarithm [17]

( q1/2 27rbr,q) 27rz7'

~ —27ri/T )
(=g 22 1a: q) q= , 4= , T=Db". (10)

Pp(r) =

As is well-known (see for instance [5, 27]), the structure of the set of poles of the quantum
dilogarithm permits one to factorize this integral as a finite sum of a product of functions
of ¢ and ¢ as above. The answer here is given by the following theorem. Let G1(q) be the
g-hypergeometric series defined by

m m+1)/2 (m+1/2)e

qe q 4~ 1400 € 2
= = 11
12 ,;o (). Go(q) + 2G1(Q) + O(e) (11)
and given explicitly by
0 -1 mqm(m+1)/2 m 14+ qj
am>:§j(>@@2 Gu@+22h_@) (12)
m=0 1/m Jj=1

= 1—7q¢—14¢*> — 8¢® — 2¢* 4+ 30¢° + 43¢° + 95¢" + 109¢® + . ..

where &£ (¢) (“the non-modular Eisenstein series of weight 17) is the power series

&Ei(q) = 1— 42 . a =1- 4Zd(n) q" (d(n) = number of divisors of n). (13)
— qn
n=1 n=1
Theorem ([27]). When Im(7) > 0, we have:
20(a/9)"*" Za,(r) = 72 Gi(g) Go(@) — 7712 Golg) Gr(@). (14)
where ¢ = €™ and § = e~ 27,

The coefficients of Gy(q) and G1(q) can be computed easily using that

= > Tul@),  Gi@) = Y Rul@)Tn(e) (15)

where T),,(q) and R,,(q) are given by the recursion

q" 1+q™
Tm(q) = _me—l(Q)a Rm(Q) = Rm—l(Q) + 21 —(]m

with initial conditions Tp(1) = 1 and Ry(q) = &1(q). For instance, we find:
Gi(q) =1—"T7q — 14¢% — 8¢° — 2(]4 +30¢° + 43¢° + 95(]7 41094 + 137¢° + 133¢"0 + 118"
+20¢"? — 64¢"° — 232¢™* — 468¢"° — T14¢"° — 1010¢'" — 1324¢"® — 1632¢"°
— 1878¢* 4 - - - — 207821606967484464484714504354799¢"°* +

(16)
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Quite by accident, when we compared the power series expansions of Gy(q), G1(q), and the
index, we discovered the following.

Observation 3. The three q-series Go(q), G1(q) and Indy, (q) are related by
Indy, (q) = Golq) Ga(q) - (17)

A proof of Equation (17) was communicated to us by T. Dimofte and an additional proof
follows from the results of Section 5.3 of [23]. This observation suggests that the g-series Gy(q)
and G1(q) are intimately related. Since we had already discovered a relationship between
the asymptotics of Go(gq) as ¢ — 1 and the power series occurring in (2) (Observation 1), it
was natural to make a similar numerical study of the asymptotics of G1(q) as ¢ — 1. The
result of this experiment, stated in the following observation, was surprisingly simple.

Observation 4. We have:

G1(e*™) ~ — (®(2mit) + i D(—2miT)) (18)

=
to all orders in T as T tends to 0 in a cone in the interior of the upper half-plane.

The right hand side of Equation (11) defines a sequence of power series (one for every
power of ¢) the first two of which are Go(q) and Gi(¢q)/2. This is analogous to the e-
deformations of linear differential equations studied for instance by Golyshev and the second
author [34, 55], and also analogous to the theory of Jacobi forms, where ¢ plays the role of a
Jacobi variable. The connection between e-deformation and factorization of state integrals
is discussed further in Section A.5 below. One may wonder whether the g-series given by
the coefficient of €2 (or * for k > 2) in (11) has radial asymptotics given by a variation of
Observations 1 and 4. A relation was recently found by Wheeler [52].

We discovered empirically the following alternative g-series representation for GGy, which
is just a slight modification of the second formula for Gy given in (8).

Observation 5. For |q| < 1 we have:

0 n(n+1)

Gilg) = Y (-1 T

n=0

(6n+1) |

O (19)

This was later proved in [23, Sec.5.3].

2.4. Holomorphic functions in C ~\ R. The relation of the g-series Gy and G with the
state integral given in Equation (14) brings out one more aspect to the g-series G and Gy,
namely their extension outside the unit disk |g| > 1. This happens because on the one hand
the state integral satisfies the symmetry

Zy (7)) = Zy, (771, reC\R (20)

(which in turn follows from the corresponding symmetry of Faddeev’s quantum dilogarithm),
and on the other hand the state integral is factorized in terms of explicit ¢-hypergeometric
series, which are guaranteed to be convergent when |¢q| # 1. Indeed, the summand in last part
of Equation (8) is invariant under the replacement of ¢ by ¢~!, and hence the formula of the
equation defines an extension of Gy for |q| > 1 which satisfies the property Go(q) = Go(g™).
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Likewise, Equation (12), together with the convention that Fi(¢') = —E;(q) for |q| > 1,
defines an extension of G; which satisfies the property G1(¢) = —G1(¢™'). Summarizing, we
have

Go(g) =Golg™),  Gil)=-Gi(¢™"), (¢€C, |qd#1) (21)
and Equation (14) holds for 7 € C \ R.

3. g-SERIES AND PERTURBATIVE SERIES

In this section we discuss three further aspects of our pair (Go(q), G1(q)) of g-series. One is
that their asymptotic expansions depend on a sector. This seems to be a property of general
g-hypergeometric series not observed before, which is not only theoretically interesting, but
also practically so, since to numerically compute asymptotic expansions, we can choose rays
with a single dominant asymptotics, making the numerical computation much easier. From
that point of view, the numerical asymptotics when ¢ € [0,1) tends to 1 is a very resonant
situation.

A second aspect is that bilinear combinations of factorially divergent series give con-
vergent power series. These bilinear combinations are motivated by the factorization of
state-integrals, combined by the asymptotic expansions of our g-series, and lead to explicit
formulas for the Taylor series expansions of state-integrals at rational numbers, which sub-
sequently have been proven in [26].

The third aspect is that the asymptotic analysis of our ¢-series can be extended to any
complex root of unity. This is hardly a surprise, and relates the asymptotic expansions of
the pair (Gy(q),G1(q)) as ¢ approaches a root of unity to the asymptotic expansions of the
Kashaev invariant in the quantum modularity conjecture of the second author [54].

3.1. Asymptotics of holomorphic functions in sectors. Since we will be considering
functions of ¢ on |q| # 1 as well as functions of 7 € C \ R with ¢ = €™, we will use capital
letters for functions F'(q) of ¢ with |g| # 1 and small letters for the corresponding functions
f(7) := F(e*™) of 7 € C \ R. For instance, we have

9o(T) = Go(e*™7), a1(7) = G1(e*™7), Te C\R (22)

and Observations 1 and 4 can be written in the form

w(r) ~ VT (@@rir) — i®(—2mir)),  g(r) ~ % (B(2mir) +id(~2mir))  (23)
as 7 € C N\ R goes to 0 in a cone in the interior of the upper half-plane. We emphasize
here that we are not only considering limits as ¢ — 1 radially, which would correspond to
taking 7 = ie with a positive real number ¢ tending to zero, but are also allowing 7 to tend
to 0 at an fixed angle. This is important when actually doing the numerical experiments
since often (and also here) the limit when one moves along the imaginary axis only is hard
to recognize because the two terms in (18) are both oscillatory and have the same order of
magnitude, so that they interfere with one another, and it is only possible to see the numerical
structure clearly when one allows oneself more freedom. The two asymptotic series ®(27mi7)

and i ®(—2miT) partition the upper half plane into two sectors S; : arg(r) € (0,7/2] and

o~

Sy :arg(T) € [7/2,7); see Figure 1. In the interior of Sy, ®(27i7) dominates exponentially,
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and the reverse happens in Sy, while on the common ray arg(7) = 7/2 both functions have
oscillatory growth.

FIGURE 1. A plot of the growth rates Re(iV/(£2mit)) of ®(+2mir) for
arg(t) = w0 with 0 < 6 < 1 and |7| fixed. The branches cross at 0.5 and
partition the interval (0,1) in two sectors.

On a fixed ray, the asymptotic statements of equation (23) involves combinations of series
with different growth rates, and it would appear at first sight that the coefficient in front of
the dominated series in (23) is meaningless. However, the refined optimal truncation of [32]
and [31] allows us to make numerical sense of the both divergent series ®(+2mi7) with a
relative error that is exponentially rather than merely polynomially small compared to the
leading term, and then we can “see” both terms in (23).

We can also try to take a linear combination of the two equations in (23) to get new
holomorphic functions w(")(7) and w("?)(7) whose asymptotic behavior near the origin gives

~

each of the individual completed series ®(42miT) separately. Specifically, if we define a

holomorphic vector-valued function w(r) = (Z;Z;E:;) by

=10 A () () - (2

then Equation (23) might seem to imply the asymptotic statements
wo(r) ~ B2mit), W (r) ~ —iD(—2miT) (25)

to all orders in both quarter-planes S; and S5. In any case, the passage from g to w has
several other nice consequences. The first is a very simple formula for the index, namely

Indy, (*™7) = w("l)(T)2 — 111("2)(7)2 (26)

(combine Equations (17) and (24)), which when combined with Observation 6 gives the
asymptotics of the 3D index when 7 tends to zero on the vertical axis. The second, ob-
tained by combining Equation (14) with Observation 3 as 7 — 0, and using the fact that
go(T) ~ Gp(0) =1 and ¢1(7) ~ G1(0) = 1, is the asymptotic formula

(@) Zyy (1) ~ B(=2miT) (T —0F). (27)

In other words, the state integral as 7 — 0 exponentially decays with the fastest possible
rate and with an asymptotic expansion matching to all orders that of the Kashaev invariant
at ¢ = 1. This is a version of the Volume Conjecture for the state integral which has recently
been established for knot complements with suitable ideal triangulations in [2].
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However, Equation (25) is not quite true. Instead, we find that it is true in a wide
neighborhood of the imaginary axis, but fails when 7 approaches 0 from very near the
positive or negative real axis. More precisely, what we find numerically is the following

Observation 6. The first asymptotic equation in (25) holds to all orders in T as T tends
to 0 along a ray with argument between 0 and m—0.11, but fails when the argument is larger,
while the second equation holds to all orders if T tends to 0 along a ray with argument between
0.11 and m, but fails for small arguments.

As an illustration, for 7 = i we find
w(r) & (—3.656 — 4.9374) x 1071317, O(27it) ~ (4.351 + 2.8214) x 10713,

w) (1) & (—6.057 — 9.3434) x 10888 i ®(—2mit) ~ (—6.057 — 9.3437) x 10338,

so that w(?) (1) is indeed asymptotically close to —iC/I;(—QWiT) (and in fact their ratio equals 1
numerically to over 200 digits), but w(?)(7) is not at all close to ®(2ir). On the other hand,
the ratio of w@)(7) to w(??) (1) is extremely close to 3§, where § := e2™/7 and the corrected
value w(V(7) — 3Gw® (1) now coincides with @(27”'7') with a relative accuracy of more
than 200 digits. In other words, in this region w(“")(7) is always asymptotically very close to
®(27i7)+3iGD(—2miT), but there is a phase transition on the line arg() = arctan(V/272) =
0.10247 ... where the two terms in this new approximation have the same order of magnitude
as 7 — 0. If we continue further to the left, then there is a new phase transition at arg(r) =
arctan(V/47%) = 0.05137... where we need a further correction term 18¢%w?)(7) and
similarly if we go further we find phase transitions whenever arg(r) = arctan(V/2n%m),
where §"®(—2rit) and ®(—2mir) are of the same order of magnitude, the correction needed
at T = Totl for instance being (3¢ 4 18¢° + 99¢° + 555¢*)w(°?)(7), which makes w(®?) agree
with ®(27i7) with a relative error of 10714 as opposed to the huge 1073 that we obtain
without any correction. Note that we cannot find these higher-order corrections in ¢ by
looking for a g-power series linear combination of ®(—2rir) and ®(—2mir) that is very close

to w®) (1), because even with improved optimal truncation we cannot evaluate q~mEI\>(—2m'T)
to the required degree of precision, but since w(")(7) and w(’?)(7) are given in terms of
convergent power series that can be computed to any desired precision, we can find successive
terms of a power series a = a+(q) making w®") — aw(®?) agree with ®(—2mi7) to all orders
7 approaches the real line with any argument between 0 and 7, and similarly (by studying
the power series near the positive real axis) another Z|[q]]-power series linear combination of
w(@) and w(“?) that agrees to all orders with @(272’7’) in the entire upper half-plane. Both
linear combinations are determined by these requirements only up to multiplication of the
whole expression by a power series in ¢ starting with 1. We will see later in Section 4 why
this happens and how to find canonical Z[[g]]-linear combinations of 77/2gy and 7'/2¢;see
Equation (66) below.

3.2. From divergent to convergent power series. The third interesting corollary of
Observations 1 and 4 is obtained by combining them with equation (14) and the fact that
Zy4, (1) is holomorphic in the cut plane €', since this leads to startling predictions regarding
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the factorially divergent formal power series ®(h) € R[[h]]. Specifically, using the factoriza-
tion of the state integral given in (14), the fact that each w(®/)(7) is a linear combination
of the functions 77/2gy(7) and 7'/2g;, and the fact that g, and g; are l-periodic, we can
re-express the state integral in terms of w as follows:

G/ )Y Zy (1) = —w') (1 — 1w (T ; 1) + w' (1 — Dw'V (TT_1> . (28)

The fact that the state integral is holomorphic in €’ implies that the right-hand side of (28)
has a Taylor expansion around 7 = 1 with radius of convergence 1. However, this is wasteful
because it uses only the holomorphy of Z4, in the disk |7 — 1| < 1. If we use its holomorphy,
first in {Re(7) > 0} and then in all of €', then by making the changes of variables

1+v 14+ w\2
1—v < ) ’

T =14u =

— (29)

which give biholomorphic maps between the unit u-, v- and w-disks and the sets {|7—1| < 1},
{Re(7) > 0} and (', respectively, we find:

Corollary. Let C = V/2r = 0.3230659--- and ®(z) € R[[z]] be given by (5). Fach of
the three formal power series Q(u) € R[[u]], R(v) € R|[[z?]] and S(w) € R[[w?]] defined by

Q) = e~Co(2miu)d (— 1271“ ) _ o < 121”;:) B(—2riu) | (30a)

4miv 4iv 4miv 4iv
_ —C _ _ O _
R(v) = e Cb(l_v)(b( 1—|—v) e Q)( 1—v>¢)<1+v)7 (30Db)

sw) = 2205 )e (- ay) — <o(-amu) () @

has radius of convergence 1.

Note that the original formulas obtained from (28) would have had &’s instead of ®’s and
would not have had the scalar factors e*®, which arise from a cancellation of an exponentially

large and an exponentially small prefactor. This also means that each of the three power
series @, R and S has coefficients in the ring Q(m, /=3, e“).

What the corollary says is that, although the original power series ®(x) occurring in the
asymptotic expansion of the Kashaev invariant (4,)y was factorially divergent, each of the
combinations @), R and S defined by (30a)-(30c) are convergent power series with radius of
convergence 1. This can be seen dramatically in following table showing the growth of the
coefficients (rounded), part of which was already given in [32] (equations (35) and (83)):

k 0 50 100 150
[RF]@(h) | 075 6.7-107  3.1-107 7.4.10%8
WFQ(v) | —0.379  0.012 —0.007 0.002
[W]R(u) | —0.380  —0.037 0.009 ~0.001
[wF]S(w) | —0.379 —52068.5 —43932564.0 —75312313899.2

Note that the fact that the coefficients of S, although very much smaller than those of ®,
are much larger than those of () and R, does not mean that S is the worst of these three
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series, but actually the best one, since the larger growth reflects the fact that the unit w-disk
corresponds to the entire domain of holomorphy C’ of the state integral rather than a subset
like the two other series, and that consequently this power series has essential singularities
on the entire unit circle rather than at only one or two points. (This observation was already
made in [32].)

3.3. The asymptotics of Gy(¢) and G;(q) at roots of unity. Observations 1 and 4
express the asymptotics of the functions Gy(q) and G1(gq) at ¢ = 1 in terms of the series
h (h) which appears in the asymptotics of the Kashaev invariant at ¢ = 1. We now extend
the above observation to all roots of unity using the series ®%1 (1) that appear in the quantum
modularity theorem of the Kashaev invariant of the 4, knot [32]. Let us briefly recall the
latter. Let

J-Q-QccC
denote the extension of the Kashaev invariant of 4; [40] to @ where J(—1/N) = (K)n. The

quantum modularity theorem for the 4, knot asserts that for every matrix v = (‘g 3) €
SLo(Z) we have

aX +b ~ 2mi
3 )~ (X A By(—) J(X 1
cX +d (X +d) / c(eX +d) (X) (31)
to all orders in 1/X as X — oo in Q with bounded denominator where o = a/c,
D, (h) = /"D, (h) (32)

and P, (h) is a power series with algebraic coefficients. Various refinements of the quantum
modularity conjecture were discussed in detail in [32]. Since J is 1-periodic (i.e., defined for
a € Q/7), it follows that the series ®4(h) depends on a € Q/7Z.

The reflection of the quantum modularity statement (31) for the power series gy and g; is
the following extension of Equation (23), in which we have set 7 = a +¢/c:

Observation 7. For a rational number a = a/c, we have:

gola+efc) ~ Ve (D_o(2mic) — i By(—2mic)), (33a)
nla+e/c) ~ %(i_a(%ie)ﬂ@a(—m@) (33Db)

to all orders in € as e € C~\ R tends to 0 in a cone in the interior of the upper half-plane.

Finally, we reformulate the asymptotic expansions given in Equations (33a) and (33b)
in a way that resembles the Quantum Modularity Conjecture. Consider the vector-valued
holomorphic function g = (§) on €\ R where gy and g; are declared to have weights —1/2
and 1/2, and define the corresponding vector-valued “slash operator” by

cT Y2 go(yr
(9|(r) = ((E;T J:L dci)—l/Qggl(?VT)))

for v = (2%) € SLy(R), where 7 = ‘CITTIS as usual. Then Equations (33a) and (33b) can be
written in the equivalent form
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Observation 8. For any v = (a b) in SLo(Z) we have

(g17) () ~ G _11) cT%ﬁ) (reCAR, [Im(n)] o) (34

to all orders in 1/T, where ZI\Da(h) = (ig("((f)h))

Notice that Observation 8 has a corollary generalizing the one given in Section 3.2, giving
linear combinations of two products of a ®,-series and a ®_;/,-series with radius of conver-
gence 1 for any rational number «, and not just for a = 1 as before. We leave the details to
the reader.

3.4. The quadratic relation. We now describe some new phenomena that we observed
using other knots. The knot 4; was amphicheiral and hence special: in general one should
expect an r-tuple of pairs of g-series, one on each half-plane, hence a total of 2r g-series.
(We will see in a later section 5.4 the topological meaning of this number r). However, in
the case of the 4; knot, the four g-series are actually two, each appearing twice, due to the
amphicheirality of the 4; knot. On the other hand, the factorization integral for the 55 knot
and for the (—2,3,7) pretzel knot gives a total of 6 and 12 ¢-series. For each knot, the
collection of these ¢-series satisfies one quadratic relation, which is trivial for the case of the
41 knot.

Let us illustrate the quadratic relation using the 55 knot as an example. The Andersen-
Kashaev state integral of the 55 knot is given by [4, Eqn.39]

Zsy(7) = /}R e e (rer). (35)

In [27], by the same type of residue calculation as in the 4; case, it is shown that Zs, has
the decomposition

2G5 Ty () = Thamholr) + 2 + ~ho(r) e (36)
for 7 € C \ R, where
hi(t) = (£1) H: (e**™7)  for +Im(7) >0 (37)

are holomorphic functions in a half-plane and H ]i(q) € Z[[q]] are g-series with coefficients in
1/67 defined by

(qea; q)go qm(m+1)6(2m+1)6 N N
(:9)3 Gy, ol e
) o0 m:0 ) m
2
9
+ 5 (B @) + 6@ H] (@) + 0
n(n+1)/2€(n+1/2) B B
(qe 5761 =0k Z (qe5;9)3 = o0 + <Hi ()

L€
2

(H (@ + (- &) Hy (@) + 0
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whose first few terms are given by

Hf(q) = 1+¢*+3¢% +6¢* +10¢° + - -- Hy(q) = 1—q—3¢° —5¢° —T¢* — 6¢° + - --

Hi(q) = 1-3q—3¢°+3¢° +6¢* +12¢° + - -- Hy(q) = 5 (1-9¢—21¢° —19¢> — 9¢" +54°) +--- (39
5 53 117 601 1 37 17 115 389

H¥ (o) = 2 504+ 22+ 203 o117t + 200 5 o (o) = = _ 20, 22 108 9% 4

2 (@) g " 0at pa T g 11T+ =g (9) PR Al el Ml

and whose further properties are given in Section A.4. Here, &(q) = 1243 -, %
is the weight 2 Eisenstein series and (2 q)eo = [0 (1 — ¢"2).

The index of the 55 knot is given by the following expression:

Ind52 (q) = Z ]A(_kla ]{?1 — k?g)IA(—kﬁl, k’l — k’g — k’g)]A(le — 2]{?2 — ]{?3, —]{51)

k1,ko,k3€Z
= 1—12q + 3¢* + 74¢® + 90¢* + 33¢° — 288¢° — 684¢" — - - -,

The next observation (a proof follows from results of Section 5.3 of [23]) was expected given
what we knew from the case of the 4; knot.

Observation 9. The g-series H; are related to the index by
Inds,(q) = 2Hy (q)H; (q). (40)

The next observation, a quadratic relation among the 3 pairs of ¢-series was unexpected
and found by accident. This relation could not be seen in the case of the 4; knot, since it
reduces to the empty equation Go(q)G1(q) — G1(q)Go(q) = 0, as a consequence of the fact
that the 4; knot is amphicheiral.

Observation 10. The g-series H; satisfy the quadratic relation
Hy (q)Hy (q) — 2H\ (@) Hy (q) + Hy (¢)Hy (@) = 0. (41)

We now discuss the asymptotics of the six g-series of the 55 knot. Just as in the case of the
4; knot, the asymptotics of h;(7) as 7 € C\ R tends to zero in a ray are given by a rational
linear combination of three asymptotic series @‘”(h) that appear in the quantum modularity
conjecture of the 55 knot [32], where o denotes one of the three embeddings of the trace field
of the 5, knot (the cubic field of discriminant —23 generated by £ with €3 —¢2+1 = 0). Each
embedding corresponds to a boundary parabolic SLy(C) representations of the fundamental
group of the complement of the knot, with the convention that o, oo and o3 denotes the
geometric embedding, (corresponding to Im(§) < 0, its complex conjugate, and the real
embedding of the trace field). When 7 approaches zero in a fixed generic ray, the three
asymptotic series d(es) (h) have different growth rates and this divides each of the upper and
lower half-plane into four sectors shown in Figure 2.

Just as in the case of the 4; knot, the refined optimal truncation of [32] finds in each

~

sector R a unique matrix Mg such that h(7) ~ Mg ®(2miT) as 7 € R and 7 — 0, where

T 1h, ~ o) -~

h = ( hy O) and ¢ = (@(as) ) Using 108 exact coefficients of the power series ® and refined
Tha H(o2)

optimal truncation we found the following.
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N
N

FIGURE 2. A plot of the growth rates Re(Vole(p;)/27iT) of w(%) () defined in
Equation (45) for j = 1,2,3 where arg(r) = 76 and 6 € (0, 7). The branches
cross at 0.19,0.5,0.81 and partition the interval [0, 1] in four sectors.

Observation 11. We have

N, ®(2ri 1
hiry ~ N A( 7TZ.7') when arg(t) € (0,0.19) (42)
N_®(2mit) when arg(r) € (—7/2,0)
where
12 12 1 —1/2  —1/2  1/2
Ny = 0 /2 1/2 |, N_ = 3/4 —1/4 —-1/4] . (43)
—1/12 5/12 —2/3 —13/12 —1/12 1/12
w(o1)
Inverting the matrices N1 we obtain a vector w = <wE63;> of holomorphic functions on
C\R B
o h 1
w(r) = Nt1h<7—> when arg(7) € (0,0.19) (44)
NZ'h(r) when arg(r) € (—m/2,0)

that express Equation (42) in the equivalent form
w (1) ~ &) (2miT), (1 = 0) (45)

when arg(7) € (—7/2,0.19) ~ {0} and j = 1,2, 3. Since the functions h and w are related
by a linear transformation, it follows that the state integral, the index and the quadratic
identity can be expressed in terms of the function w as follows:

0= Z w) (7)) (—7) (46)

275, (T ZWJ — Dw) (77t —1). (47)

4Inds, (e*™7) = w("S)(T)w(US)(—T) — w (D)W (—71) — w (D)W (=7) . (48)
In terms of the ®(%3) series, Equation (46) and (45) implies the quadratic identity

> ()9 (—z) =0, (49)
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(where we are summing over o € {0y, 09,03}) whereas Equation (47) and (45) implies that
the expansion of Zs,(7) around 7 = 1 when 7 is given by (29) is a power series

2x 2
—Co F(0) (o)
E ) () — 50
= ‘ (1 - x) ( 1+ x) (50)

convergent when |z| < 1. Here, C, = Volg(p)/(27i) where Volg(p) is the complexified
volume of the corresponding boundary parabolic SLy(C)-representation p of the fundamental
group of the complement of the 55 knot.

3.5. Higher level and weight spaces. In this section we describe a new phenomenon,
the level of a knot, and examples where the weight spaces have higher multiplicity. For
the (—2,3,7) pretzel knot, there are 6 pairs of g-series, and the weight spaces are not one-
dimensional; there are weights 0, 1 and 2 with dimensions 1, 4 and 1 respectively. The 6
pairs of g-series involve power series in integer powers of ¢'/2, meaning level N = 2, and so
we should introduce the level of a knot, presumably the same as the one coming from the
periodicy of the degree of the colored Jones polynomial [19, 18]. This ¢*/? will be upgraded
to a whole SLy(Z) and I'(2) story in Section 4. As an added complexity for the (—2,3,7)
knot, the 6 asymptotic series come in two Galois orbits of size 3 defined over the cubic field
of discriminant —23 (the trace field) and over the abelian field Q(cos(27/7)) of discriminant
49. Moreover, the 3 complex volumes of the latter Galois orbit are rational multiples of 7.

To illustrate the new phenomenon we begin by introducing the 6 pairs of g-series for the
(—2,3,7) pretzel knot. The state integral of the (—2,3,7) pretzel knot was given in [26,
App.B]. Using the functional equation for Faddeev’s quantum dilogarithm [26, Eqn.(78)],
and ignoring some prefactors, the state integral is given by

L |
Z—o37)(T) = <g~> /JR+' o (Pﬁ(x)Z‘bﬁ(z’U—Cb) e~ =a)? gy (red) (51)
icp i€

with small positive €, where b = /7 and ¢, = £(b+ b~'). Using the method of [27], we can
express the above state integral in terms of 6 ¢-series as follows.

Proposition 12. We have:

1
2T

. %(hg(T)m(Tl) — ha(r)ha(T7Y) + hs(7)hs(7 7))

2% (¢/0)'"* Ziaam) () = —5-ho(Dha(r ™) + ()ha(r7) = Sha(ho(r ) (52)

for 7 € C \ R, with the same convention as in (37), but with (£1)7 replaced by (41)%
where (dg,...,d5) = (0,1,2,0,0,0) denotes the e-deformation degree and where the Hf(q)
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are power series in ¢'/? whose first few terms are given by

Hi () = 14¢° +3¢* +7¢° + 13¢5 + - - Hf(q) = q+3¢> — 24"/ +8¢° —8¢"/* + -

Hg (q) = 1+¢°+3¢° +7¢" +13¢° + - Hy (q) = q+44°° +9¢° +18¢°/* + 31¢° + - --

Hi(q) = 1—4¢—8¢" —3¢° +3¢" + - Hi(9) = 14+49+12¢° +33¢° + 79¢* + - -
_ _ 1 5, 54 15

Hy(q) = 1-4¢—5¢° + ¢ +7¢" + - Hiq) = g —a+ "=+ a'+-- (53)
+ 2 2, 242 3 4 + 2 5/2 3 7/2

Hy(q) = 5 —6q+6¢" + —=q° +200¢" + - - Hi (q) = q¢+3¢" +2¢7/° +8¢° +8¢"/ " + -
_ 5 17 , 141 4 971 _

H (q) = 6—10q+€q2+7q3+Tq4+~-~ Hi (q) = q—4¢%% +9¢° — 18¢°/% + 31¢° + - -

and whose precise definition and properties are given in the appendix (Section A.6).

The vector space (H) spanned by (Hy, ..., Hs) has the (e-deformation) weight decompo-
sition
(h) =Wy @& Wy & Wy, Wo = (Ho, H3, Hy, Hs), W1 = (Hy), Wy = (Ha). (54)
There is a representation p of SLy(Z) on (H) which is the identity on W; and W5 and has
kernel I'(2) on Wy. Thus, the action of p on Wy comes from a representation p’ of the
quotient group S5 = I'/I'(2). The latter decomposes as the direct sum of the 2-dimensional

irreducible representation of S3 and two copies of the trivial representation of S3.
The index of the (—2,3,7) pretzel knot is given by the following expression:

Indzsm(@) = Y (—q2)" 2 Ia(2ka, k1 — 2k — ks)

ki, ko, k3€Z
X Ia(—ky + ko, k1 — 2ko)In (k1 — 2ko — 2k3, ko)
= 1— 8¢+ 3¢* + 50> + 58¢* + 13¢° — 196¢4° — 456¢" — - - -
Observation 13. The relation with the index is given by

Ind(237(q) = Hi (9)H; (q) (55)

and the following quadratic relation holds:

S H3 @3 (0) ~ HY @)y (a) + 3 H (0)Hg (a)

— Hy (q)Hy (q) + H{ (9)Hy (q) — Hy (9)H5 (q) = 0.
Just in the case of the 4; knot and the 55 knots, the asymptotics of h;(7) as 7 € C\R tends
to zero in a ray are given by a rational linear combination of the asymptotic series <T>(U)(h)
that appear in the quantum modularity conjecture of the (—2,3,7) knot [32]. However, this
knot has 6 boundary parabolic SLy(C) representations, arranged in two Galois orbits of size
3, one defined over the trace field of the (—2, 3, 7) pretzel knot (the cubic field of discriminant
—23 generated by ¢ with £ — &2+ 1 = 0) and another defined over the real abelian field
Q(2cos(2m/7)). Let {01, 02,03} denote the three embeddings of the trace field corresponding
to Im(¢) < 0, Im(§) > 0 and Im(&) = 0, and let {04, 05, 06} denote the three embeddings of
Q(n) with n*> +n* —2n — 1 = 0 (the abelian cubic field with discriminant 49) into C given
by sending 7 to 2 cos(27/7), 2cos(47/7) and 2 cos(67/7), respectively. When 7 approaches

zero in a fixed generic ray, the six asymptotic series ®()(h) have different growth rates, and
the ordering of the growth rates in each ray is dictated by Figure 3.

(56)
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FIGURE 3. A plot of the growth rates Re(Volg(p;)/2miT) of w\(z) for j =
0,...,5 where arg(7) = 76 and 6 € (0,7). The two Galois orbits are 1,2,4
and 0, 3, 5 for the number fields of discriminant 49 and -23. The branches cross
at 0.,0.16,0.19,0.22,0.28,0.5,0.71,0.77,0.81,0.84, 1 and partition the interval
[0,1] in 10 sectors.

Let $o(h) = (C/IS(”f)(h))?:l denote the vector of asymptotic series, and let h(7) = (h;(7))3_,
denote the vector of holomorphic functions on C \ R with weight (—1,0,1,—1,—1,—1). As
before, if we let X — oo in a fixed sector and v € SLy(Z), we can fit the asymptotic expansion
of the vector h|,(X) with the asymptotic series ®,(2mi/(cX + d)) after multiplication by a
matrix. There is an additional subtlety which is absent in the case of the 4; and 55 knots,
namely the fact that some of the g-series H Ji(q) are power series in ¢'/2, which implies that
the functions h;(7) are 2-periodic, but not 1-periodic. This implies that the matrices that
determine the linear combinations depend on the cosets of I'(2) in SLy(%Z).

Observation 14. As X € C R in a sector near the positive real azris and X — oo, we
have:

0 1 -1 0 -1 -1/2

0 1 1 0 0 0

0 2/3 —2/3 0 4/3 1/6 |~ , 2mi
hX)~p() g 2 ] 0 1 -1, cI>a(—CX+d) (57)

00 0 -1/2 -1 0

2 0 0 -1/2 -1 0

to all orders in 1/X.

Inverting the matrix in Equation (57), allows one to define holomorphic lifts w(?) in C~\ R
of the asymptotic series ®(?) (h). This gives a practical method for computing the coefficients
of the 6 asymptotic series () (h). Indeed, a numerical computation of the series w(?) at cusps
and the Galois invariant of the series ®(®)(h) reduces the computation of their coefficient to
the recognition of rational numbers with prescribed denominators. We used this method to
compute 37 terms of the six ®)(h), and to compare the results with the asymptotics of the
Kashaev invariant in [32].

4. FROM VECTOR-VALUED TO MATRIX-VALUED ¢-SERIES

So far, we used the state integral of a knot to define a vector of g-series for |¢q| # 1 whose
asymptotics were found to be related to the r-vector of asymptotic series of the knot from
our earlier paper [32]. In this section we report a recent discovery, descendants, which places
the vector as the first column of an invertible r by r matrix of g-series for |¢| # 1. It turns out
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that asymptotic series [32], g-series and state integrals [22, 23] all have descendants. We will
explain the notion of descendants in Section 4.1 for the 4; knot, where there will be infinitely
many descendants G(()m)(q) and Ggm)(q) (Laurent series in ¢ with integer coefficients) with
m ranging over Z, and then we will construct the matrix (q) whose second column is
%(ng.l) — q_ng.fl)) for 7 = 0,1. (We will explain in Section 5.3 below why we choose this
particular linear combination.) In Section 4.2 we discuss the asymptotic properties of these
descendants, and in Section 4.3 we state the analogous results for the 55 knot.

4.1. Descendant ¢-series. In this section we will focus on the 4; knot following the work
of the first author, Gu and Marifio [22] (with detailed proofs provided in [23, Sec.3.1]) but
using a slightly different notation. Consider the pair G(()m) (q) and Ggm)(q) of ¢-series from [22]
for integers m

0 n(n+1)/24+mn
m nd
Ge™(a) = ()" s (58)
n=0 VA
0 n(n+1)/24+mn n 1 J
GYla) = D ()" <2m+a<q>+221_ ) (58D)
~ 4 q)? —~1l-q

(,m)(q). Observe that Gg-o)(Q) =

for |¢| < 1 and extended to |¢| > 1 by G§m)(q*1) (—1YG,
(12), respectively. Consider the

G,(q) for j = 0,1, with Go(¢q) and G;(g) given in (8) and
matrix

(& G
Wi (q) = (G(erl)(q) Gngrl)(q) 5 (lgl #1). (59)

0
The properties of these functions are given in [23, Sec.3.1].

Theorem ([23]). The matriz w,,(q) is a fundamental solution of the linear q-difference
equation
Ym+1(q) = 2= ¢")ym(@) + ym-1(q) =0 (m€Z). (60)
It has constant determinant
det(wn(q)) = 2 (61)

and satisfies the symmetry and orthogonality properties

wnla) =w-nie) (5 ) (62)

(@) (1 o)t = (5 ) (63)

for all integers m and for |q| # 1.

The descendant series G§m) (q) arise from a factorization of the “descendant state integral”

’

Z41,m,m’ (7_) _ / (I)ﬁ(’lj)z e*ﬂivz+2ﬂ(m71/2—m =1/2)y dv (m’ m e Z) (64)
R+:0
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introduced in [22]. This is a holomorphic function of 7 € €’ that coincides with Z4, (7) when
m =m’ = 0 and can be expressed bilinearly in terms of Gg-m)(q) and G;m )(§) as follows [22,

Eqn.(69)]
1
7

(Here ¢ = e(—1/7) as usual.) This implies that the matrix-valued function

W) = (@) (M7 1) wnla)”. (66)

which is originally defined only for 7 € € \ R, extends holomorphically to 7 € €’ for all
integers m and m’. A similar story of descendants for the 55 knot was given in [23], Section
4.1k, and will be reproduced in Subsection 4.3 below.

'

m—m' { m 1 om 1 m') , ~ m
Zgy e (T) = (1) — g taig M(¢?G8)QDG§)M)—

: A" @G ().

4.2. The asymptotics of the descendants. In [32], studying the refined quantum mod-
ularity conjecture for the 4; knot, we found a 2 by 2 matrix of asymptotic series

sy @) )
q)(x)_(z@(—x) —i@(—x)) (67)

where U(z) = e%/"¥(z) where U(z) is the series
d . V3 1 \Jib,

U(z) = S Bai, B — i———(——————) % 68

@ =3 B =iy () G (69

with b; € Q, the first values being given by

ilo|1] 2 3 4 5 6
b; | —1 |37 | 1511 | 1211729/5 | 407317963/5 | 331484358355/7 | 1471507944921541/35

Naturally, we looked into the asymptotics of its descendant holomorphic blocks. Since any
three consecutive are related by the recursion (60), so are their asymptotics. For consistency,
and for symmetry, we looked into the asymptotics of tb\e descendant holomorg\hic blocks for
m = —1,0,1. Naturally, we expected that the series U as well as the series & would show
up, and indeed we found the following asymptotics for the matrix of g-series defined by

o (13 (G @) 5(Gy () - GV () _
Q(1) = wo(q) (0 1) = (Ggm(q) %(Ggl)(q)—G({l)(q)) (q=e(7)) (69)

Observation 15. As 7 — 0 in the upper half-plane, we have:
1/ 0 1 =1\ 2, .
( 0 \/F) Q(r) ~ (1 1 > ®(2miT) . (70)

Note that Equation (61) implies that det(Q(7)) = 2 for all 7, and combined with the
above, it follows that the function ®(z) satisfies

~

det(®(z)) = 1 (71)
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as well as the orthogonality property

B(—2)®(2) = ((Z) 6) . (72)
4.3. The case of the 5, knot. Consider the linear g-difference equation
Y () = 3Ym+1(q) + (3 = " )Ym12(q) = Ymia(a) =0 (m € Z), (73)

In [23, Sec.3.2] it was shown that it has a fundamental solution sets given by the columns of
the following matrix
5 Hy" q) 1) Y (g)
wnl) = wiple) = | B (@) H" @) H" )|, (meZ o #1) (T4
m+1 m+2
) )

where for |¢| < 1

" m)( ) e qn(n+1)+nm
q) = 7 N3
’ = (@3
(m) 0 qn(n+1)+nm (n)
B0 =D (1420 +m - 36" (a)) , (75)
n=0 v
X _n(n+1l)+nm 1
m q n n
) = T (23002 - 3600 - 800 )
=0 q;9)n
and
00 n(n+1)+nm
-m), _ qz2
1y = Do)
n=0 rmn
o0 =n(n+1)+nm
-m), — q2 n
) = Y (G m- s (70
n=0 ym
o0 n(n+1)+nm 1 1
_ _ qz 2
) = 0 (G m =30 @) - 36870 - 15800
n=0 P

with £ (q) defined in Equation (138) below. Note that when m = 0, H}O)(qil) = H;"(q)
where H ]i(q) are the six g-series of the 55 knot (38) that appear in the factorization of its
state-integral.

Theorem. ([23]) The function w,,(q) defined by (74) is a fundamental solution of the linear
q-difference equation (73) that has constant determinant

det(win(q)) =2, (77)
satisfies the orthogonality property
1 0 01 10 0
§wm_1(q) 02 0)w_pa(gHr=(00 1 (78)
100 01 3—¢™
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as well as
1 0 01
Sum(@) | 02 0 ) wi(g™)" € SL(3, Z[g™]) (79)
1 00
for all integers m,{ and for |q| # 1.

The series H(™)(q) for |q| # 1 appear in the factorization of the descendant state integral
of the 59 knot

sy mm (T) = / D 7 (v)’ e 2mit il P e 2 gy (ol € Z, T e C) (80)
R4i0

of [22]. Tt is a holomorphic function of 7 € €' that coincides with Z5,(7) when m =m’ =0
and can be expressed bilinearly in terms of H™(q) as follows

s} 1
me-m'+1€* m.m' (g s
Zspman (T) =(=1)" " g7 g2 (T) (81)

m m'), — m m'), L m m'), _
(s (Db () + 2™ (OB () + b () b ()

where
(m) . i rr(m) ¢ omir
h; (1) := (—1)3Hj (e*™), (re C\R) (82)
for 7 =0,1,2 and m € Z. 1t follows that the matrix-valued function
1 0 0
Wm,m’ (7—) = (wm’(Cj)T)_l 0 Lo wm(q)T (83)
0 0 7

defined for 7 = C\ R, has entries given by the descendant state integrals (up to multiplication
by a prefactor of (81)) and hence extends to a holomorphic function of 7 € ' for all integers
m and m/. Using this for m = —1 and m’ = 0 and the orthogonality relation (78), it follows
that we can express the Borel sums of ®(7) in a region R in terms of descendant state
integrals and hence, as holomorphic functions of 7 € €’ as follows.

5. THE MATRIX-VALUED COCYCLE OF A KNOT

In this section we extend the observations of the previous sections to matrix-valued analytic
functions which naturally give rise to a cocycle on on the set of matrix-valued piece-wise
analytic functions on P'(R). What’s more, we conjecture (and in the case of the 4, prove)
that this cocycle, restricted to the rational numbers, exactly agrees with the cocycle of our
previous work [32], which naturally binds the two works together and naturally leads to the
concept of a matrix-valued holomorphic quantum modular form.

5.1. An equivariant state integral. We return to the 4; knot. The factorization of the
state-integral (9) given in Equation (14) in terms of the pair (go(7), g1(7)) motivates us to
consider the following function

Zy (7)) = % (@) ((er +d) " go(T)n(7(7)) = (7 + d) Pgi(T)go(¥(7)))  (84)
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for an element v of SLy(Z) and for 7 € € \ R, where now ¢ denotes e(vy7). A priori, this
function is not defined for any real value of the argument. However, experimentally (by
looking at the asymptotics of the function as we approach real points vertically) we found
the following.

Observation 16. For every v = (¢ %) € SLy(Z), the function Zy, (v;T) extends to the cut
plane C, = C~{7|cr +d < 0}.

To explain and prove this observation, we introduced an SLy(Z)-version of the state-
integral using an SLo(Z)-version of Faddeev’s quantum dilogarithm (where the latter function
corresponds to v = ((1] o )) that satisfies a pentagon identity. The functional properties of
this quantum dilogarithm implies that the corresponding state-integral extends on C,,, and
its factorization coincides, up to elementary factors, with the function Zy, (v; 1) for the case
of the 4; knot. This is discussed in current joint work with Kashaev [28], where in particular

a proof of the above observation is given.

5.2. A matrix-valued cocycle. The state integral Z,, (7) is just one component of a 2 x 2
matrix closely related to the matrix Wy o(7) defined in Equation (66), and similarly the
equivariant state integral (84), up to elementary factors, becomes just one component of a
2 x 2 matrix-valued function

W, (r) = Q(yr)~"diag((cr +d)~", 1) Q() (1€ C\R). (85)

Observation 16 now generalizes to the statement that the function W, extends holomorphi-
cally from the upper and lower half-planes to C, . Its restriction to C \ R is a matrix-valued
holomorphic cocycle there, meaning that it satisfies

Ww’<7) = Ww('7,7'> Wv’(T) (86)

because the diagonal matrix appearing as the middle factor in (85) is a cocycle, so that
the function v — W, is a “twisted coboundary”. If W, extended to the whole plane, then
this cocycle property would automatically extend to the real line by continuity. This doesn’t
quite work since W, does not extend to the whole real line, but only to a subset of it, namely
the set of z with cx + d > 0, depending on ~. To solve this problem, we pass from SLy(Z)
to its quotient PSLy(Z) = SLy(Z)/{£1} and define a PSLy(Z)-cocycle 7 — WX with values

in the group of piecewise-analytic invertible matrix-valued functions on P*(R) by setting
Wg(m) = WA,(T)‘T:x for cx +d > 0, (87)

observing that for any element 7 of PSLy(Z) and x € R\ {—d/c} we can lift 7 to a unique
element vy € SLy(Z) with cx + d positive. Of course the new cocycle on P!(R) is no longer
a coboundary in any sense. But this is a bonus rather than a defect, since non-trivial
cohomology classes are more interesting than trivial ones.

In the paper [32] we had also found a cocycle on piecewise analytic functions on R with
a completely different definition, in terms of the asymptotics near rational numbers of gen-
eralized Habiro-like functions. The two cocycles turn out to agree, provably for the 4, knot
and conjecturally in general. We discuss this next.
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5.3. The two cocycles agree. We now show that the cocycle (87) and the one from our
prior paper [32] agree for the case of the 4; knot.
We first recall from [32, Sec.7.1] the periodic function J = J®) on @ defined by

Jl,l X JLQ X
J(z) = ( Jz’lgxg ngfc;) (88)

where

1 . i 124/c
J171($) = \/6\4/3 Z H}l — q3Z| /

Z°e=C j=1

Jop(x) = ! 1—quQ‘j/c

1 1 _ 124/ c
J = ——= > (Zg-z'¢") ][] - 727
) = e g ) -2

i=1

? 1 — i —~127/c

J2,2(x) = m Z_1<Zq — 7 1q 1) 11‘1 — qu‘ il .
Ze=¢; =

with ¢ = e(z) and ¢ = denom(x) being the denominator of z. (Actually, the periodic function

defined in [32], and denoted there by J = J1) was a 3 x 3 matrix with first column (100)7

and bottom 2 x 2 piece J, but we will only need this part of it.) The matrix J defines a

cocycle [32, Sec.5]

Wfab(:z;) = J(yo)™* diag(eCA”(x),e’C’\W(x)) J(zx), (90)

where C' is 1/27 times the volume of the figure 8 knot and v + A, is the Q-valued cocycle
defined in Equation (24) of [32]

1 c c
(@) = den(z)2(x —y~1(o0))  s(cr +ds) * den(x)den(yz) (O1)
One of the main discoveries of [32], conjectural in general but proved for the 4; knot, is that
this coboundary extends smoothly from Q \ {—d/c} to R~ {—d/c}. (Actually, in [32] only
a somewhat weaker statement was discussed, namely, that the function on @ has a power
series to all orders in x — zy as the argument z tends to a fixed rational number x(, with the
stronger statement with smoothness, or even real-analyticity, being mentioned there as an
consequence of the results in the current paper.)
The next theorem links the cocycle of our paper [32] with the one of the current paper
and explains the bond between our two papers.

Theorem 17. The cocycles W® and WH coincide.

Because SLy(Z) is generated by S = ((1) _01) and T' = (é %), and both of the functions
under consideration are cocycles and are trivial on 7', and because both are continuous
on R ~ {0}, it is enough to prove the equality

Wi (z) = Ws(x) for x € Q. (92)
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The proof of this identity, given in Appendix A.3, uses a “factorization” of state integrals
at positive rational points (i.e., a bilinear expression of a vector of functions of 7 € Q and
—1/7) established by Kashaev and the first author [26], similar to the “factorization” of state
integrals when 7 € € \ R of the first author and Kashaev [27]. These two “factorization”
properties of state integrals, one in the upper-half plane and another in the positive rational
numbers, are separate (in the sense that we do not know how to deduce one from the other)
but closely-related facts.

5.4. Matrix-valued holomorphic quantum modular forms. We believe that the re-
sults we have been describing for the 4; knot will apply to all hyperbolic knots (possibly
with the disclaimers given in the introduction to [32] about the behavior of character vari-
eties of general knots). Some part of the story, the matrix of “descendant” functions and
the factorization formula (81), was carried out for the 55 knot in [22] and described in Sub-
section 4.3, and another part, the asymptotics (analogue of Observation 15) was carried out
for the same knot in [30]. For the (—2, 3, 7)-pretzel knot, only a part of the story, concerning
what should be the upper left-hand of the matrix W (7) for this knot, was given in Sub-
section 3.5. We have not done the corresponding calculations for any other knots, but the
expected pattern is clear and will be told here. These examples will also lead to a new notion
of “matrix-valued holomorphic quantum modular forms” which we expect will be of interest
also in areas that are unrelated to quantum topology.

To each hyperbolic knot we are going to assign various r X r matrices, where r is the number
of non-trivial boundary parabolic SLy(C)-representations. (Some of them, and perhaps all,
extend to square matrices of size r + 1 including also the trivial representation, as discussed
n [32] and [52], but we will not go into this here. These larger matrices were denoted by
boldface letters there and we will use non-boldface names here to distinguish them.) Some
of these will be periodic functions (on either Q or C \ R), but with the property that the
corresponding coboundaries lead to the same cocycle W, with values in the group of invertible
matrices of piecewise analytic functions on P!(R). The periodic functions on Q are either
the generalized Habiro functions J¥)(a) or the related matrices of power series ®(a) of
the previous paper [32], whereas the matrix-valued functions in C \ R are the functions
Q = Q% () studied here. They have the following properties and interrelations:

(i) The matrix Q = Q¥ is a holomorphic and periodic in C . R and meromorphic at
infinity, meaning that each of its entries is a power series in some rational power of ¢ = e(7)
in the upper half-plane and in ¢~! in the lower half-plane. We also have “weight” k =
(k1,...,k;) € Z" and a representation p : SLy(Z) — GL,.(C) which factors through I'(IV) for
some integer N (called the level of the knot) which are compatible in the sense that the map

v = gy(1) = p(y)diag((er +d)*) for v = (2})

is a cocycle on SLy(Z). (The representation p is a minor technical point that arose in [32] for
the (—2,3, 7)-pretzel knot but was trivial for both the 4; and 55 knots and can be ignored.)
The key property, which is the one that says that ¢ is a holomorphic quantum modular
form, is that the matrix-valued function

W.(1) =Q(yr)™! Jy (1) Q(7) (e CNR) (93)
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extends holomorphically from C \ R to C, for each v € SLy(Z), just as we saw above for the
4; knot. This map automatically satisfies Equation (86), and therefore leads to a PSLy(Z)-
cocycle w®, with values in the ring of invertible piecewise analytic matrix-valued functions
on P!(R), by the same formula (87) as before.

(i) Secondly, we associate to the knot K a collection a — ®q(h) of matrices, indexed by
numbers o € Q/7Z) (or equivalently, by roots of unity), which are the generalized Habiro
invariants whose existence was conjectured, and in some cases extensively checked numeri-
cally, in [32]. The entries of these matrices are completed power series in an formal variable
h, where “completed” means that they belong to e*/*C[[h]] for some v, which in fact will
depend only the column of the matrix in which the entry lies and will be the appropriate
complexified hyperbolic volume. We think of ®,(h) as the value of some formal function ®
at * = «a + ih, defined in infinitesimal neighborhoods of all rational points a. The group
PSLy(Z) acts on the space of such formal functions, so that we again get a coboundary
a)(’y:v)_lcbw(x), and this turns out to become a smooth function W1**(z) of v and of a real
variable z € R~ {7 !(00))}. (For a more precise statement, see equation (78) of [32].) This
new function is then of course a cocycle, and the conjectural general statement is that it
simply coincides with W&. The relation with what we said for the 4; knot in Subsection 5.3
is that, if we write the completed power series-valued matrix EI\Da(h) as the product on the
left, of a true power series-valued matrix ®,(h) by the diagonal matrix with entries e"i/¢*"
(t=1,...,r, c =denom(«)) and then define J(«) to be the constant term ®,(0) of this ma-
trix, then we have yet another coboundary defined by the obvious analogue of Equation (90).
The latter is now a GL,(C)-valued function on rational numbers, that again extends con-
tinuously to the same smooth cocycle W, as before. It is this latter statement that directly
generalizes Theorem 17 above, but the statement that we want to emphasize is that the same
cocycle v — W, trivializes (i.e., becomes a coboundary) in each of three larger spaces than
the space of piecewise real-analytic functions on P*(R) in which it is originally defined. We
can think of each of these trivializations (given by @, ® and J ) as realizations of the same
object in different spaces, similar to the various realizations of motives in differently defined
cohomology groups.

(iii) Finally, and in some sense quite amazingly, the cocycle W is not only determined by
the completed power series-valued matrix-valued function o +— ®, as its coboundary, but
conversely determines this function uniquely by the asymptotic property.

W0~ B () (94)

The matrices we have been discussing have a number of further interesting properties,
some of which we list in no particular order.

Orthogonality. There exists a matrix B € GL,(C) such that
Q(-7)'BQ(r) = I. (95)

g-holonomicity. This property was discussed for the Habiro-like matrix invariants in [32],
while its g-series analogue, of which Equation (60) is a special case, was the starting point
of [29].
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Unimodularity. In the cases that we have looked at, all of the matrices we have been
discussing were unimodular. We do not know whether to expect this property in general.

Bilinearity. Property (95) implies that W can be expressed bilinearly in terms of the
entries of () by

-1 0
Whereaz<0 1).

Taylor series. The cocycle property of W, allows one to compute the Taylor series
expansion of the smooth function W., at every rational point and express them bilinearly in

W,(r) = (Q‘EWE)t(gT)BQ(T) (96)

terms of the matrix ® as was done in [32, Prop. 5.2].

6. FINAL REMARKS

In this paper we discussed the properties of a 2 by 2 matrix @) of periodic functions on
C \ R associated to the 41 knot (see equation (69)). On the other hand, in our companion
paper [32], we constructed a 3 by 3 matrix QT of periodic functions on @ (see equation (88)).
Wheeler [52] has found an extension of our 2 by 2 matrix @ (with one boring column (1, 0, 0)°
and one interesting row) using the e-deformation series (11).

Another aspect of the matrix () of ¢-series associated to a knot appears to be in connection
to the resurgence, i.e., analytic continuation, of the the factorially divergent series ®(h) in
the complex Borel plane. In fact the matrix () appears to completely describe this problem
of analytic continuation as found by the first author and Gu and Marino [22, 23]. The
so-called Stokes constants of the analytic continuation problem are integers, multiplied by
integer powers of § = e~>™/7 that assemble into power series with integer coefficients which
are none other than the matrix Q(—1/7). This approach to resurgence of asymptotic series
is similar to the one proposed abstractly by Kontsevich-Soibelman [45, 44, 43, 46, 47].

It is clear from the data that is used to define a state integral that the proposed holomor-
phic quantum modular forms are not only associated to knots, but more generally to suitable
half-symplectic matrices introduced in [32], or alternatively to combinatorial gadgets often
called K, Lagrangians.

The proposed quantum holomorphic modular forms that appear here presumably corre-
spond to the partition functions Z(h) and 7 (q) predicted by the ongoing program of Gukov
and collaborators [37, 36, 35, 16] for general 3-manifolds.

In the present paper we do not study the dependence of the invariants on Jacobi variables,
but postpone this for a later study. An example of such invariants with the Jacobi variable
corresponding to the holonomy of the meridian of a knot complement was given in [23].

APPENDIX A. COMPLEMENTS AND PROOFS

In this appendix we provide proofs of some of the observations, in particular regarding the
4, knot, that were made in Section 2 and Section 3.
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A.1. g-series identities. We begin by giving the proof of the two identities of Equation (8),
as communicated to us by Sander Zwegers. We will use the identity (145) and

1 qrt
— = —_ (97)
(@)m(D)n TSZM (9)r(@)s(q)s
r—&-s:,nlb,;—i—t:n
which may be found for instance in [53], where we abbreviate (¢), = (¢; ¢)». If we sum over
m using (145) we find

1 1,.2,1

Im24mn4-In24im+in in24ly sn+sn
m an 2 2 2 an 2 nal an 2
> (=™t =Y (D) ("o = (G @) Y (1)
Equation (97) with m = n gives
1 qrt qr2
X2 @@ 2 @
r4+s=n,s+t=n r+s=n
and so
Im24mn+in?+im+in r2
m-n 4 : 2 ? n in241in q
> (=nmt = (@) Y_(—1)"gz" 2" Y =
m’nzo (q)m(q)n TLZO 7.7320 (q)’l‘(q)s
r4+s=n
which we can also write as
Sr2prs4is24irtls
q2 2 2 2
(@ Q) D (=1 3
7‘7820 (q)T(q)s
Summing over s and using (145) with = ¢" we get that this equals to
q%TQ—l-%r q%ﬂ—l—%r
(€ D)oo Y _(—1) @ e = (@) > (=)
7.20 q)’l” 7.20 <q>1”
This concludes the proof of (8). O

A.2. Asymptotics at roots of unity. For the comparison of the results of this paper and
those of [32], we need to understand the asymptotics of our g-series near roots of unity. This
is not the main theme of the paper and we will not go into detail, but as an indication of
the method we prove Observation 1 giving the asymptotics (to all orders) of the two g-series
Go(q) and G1(q) associated to the 4; knot at ¢ = 1. For this purpose we will use the formula
for Go(q) given in the second part of equation (8).

To find the asymptotics of Gy(q), we use the “Meinardus trick” as explained on pp. 54-55
of [53]. This would work using either identity in equation (8), but since the first would lead
to a double rather than a single integral, we use only the second one. From the second
representation of Gy(g) in equation (8) and the standard expansion

o0

1 1 T
— = — = g, x€C, |qg <1
(%3 @)oo gl —qr = (G ( al <1)

we get the integral representation
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G - e (Y _ [ o)
(% 9)eo Colg) = et <<x; q>zo> // COm %)

where € > 0 is a small and positive, “c.t.” means “constant term” with respect to x, and
©,(x) is defined by

Oy2) = > (~1)"qa (g, zeC ol <1). (99)

n=—oo

From the transformation law 6(7,u) = +/i/Te(—u?/iT)0(—=1/7,u/T) of the Jacobi theta
function 6(7,u) = e(7/8 + u/2)0,(e(u)) we get

\/7 3y e&;) (q=e(r), 7= —1/7).

cu— 1+7‘ +Z

Inserting this into the integral representations of G(¢q) and unfolding in the usual way gives

)
T efu—HT2
T o) = L /+R (E( 2) ) du.

i (¢:9)oo e(u); q)2,

We now apply the method of stationary phase to this integral, deforming the path of in-
tegration to pass through a point where the derivative of the integrand vanishes and then
expanding as a Gaussian integral around this point to get the desired asymptotic expansion.
We use the standard (and easy) expansion

(x;el”)oo - eXp<L12f£x) 310 g(lia) * 1573 % * O(h2)> (h = 0),

where Lig(x) is the dilogarithm function, to find that the logarithm of the integrand has an
asymptotic expansion of the form "> | A, (u)h", where

A y(u) = —27%(u— %)2 + 2Tis(e(u)).

The function A_;(u) has two local maxima at u = 5 £ 3. A careful analysis of each of the
local maxima, whose details we omit, reproduces each of the two terms in the asymptotic
expansion (7). A similar analysis can be done for the asymptotics of the series Gi(q) at
q = 1 using Equation (19). All of this was sketched for ¢ = 1 (¢ = e™", h \,0), however it
can be extended to the case of ¢ = (e™" following ideas similar to those discussed in [33].
Finally, we mention that in principle the formulas we have given for 5, would allow us to
compute the asymptotics for this case too, but we have not done this.

A.3. The two matrix-valued cocycles for the 4, knot agree. In this section we give
the proof of Theorem 17. Let us begin by explaining the choice of matrix @(q) of g-series
for the 4; knot given in Equation (69), using the matrix-valued function J on the rational
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numbers from (32, Eqn.(95)] whose first row is 1, Jo(z) and i(qJi(q) — ¢'J_1(q)) when
q = e(x) where
Tn(@) =Y (@ @)nlq g7 g™ (100)
n=0
is a sequence of elements of the Habiro ring for integers m that satisfies the linear ¢-difference
equation

Imy1(q) = (2= ¢") (@) + Jm-1(q) = 1, (meZ). (101)

It follows that the first row of J is a basis for the @3[¢*]-module spanned by {J,,(¢) | m € Z}.
The recursion (101) is an inhomogeneous analogue of (60) and the first row of J above
explains the choice for the second column of the matrix (69).

Observe next that the elements of the matrix J given in (89) can be written in the form

Jll D )

a(z) = \/—3226 )
J2,1 D )

() = \/7 Z )

(102)
Jia(z) = Z =g DY (Z2)Dy1 (271,
2 BZC C6
n+l —n 1 N -1

Taa(@) = - ¢— Z )Dy(Z)Dy-1(Z71),

where ¢ = den(z) and ¢ = e(x) where DC(J:) is the renormalized version of the cyclic quantum
dilogarithm D.(x) given by

c—1
Dg(l’) — 671/2$(a,c)D<(x)’ Dc(x) — 671/2s(ac) eXp(
J

when ¢ = e(a/c), where s(a,c) is the Dedekind sum [49] and where the logarithm is the
principal one away from the cut at the negative real axis and equals to the average one on
the cut. The cyclic quantum dilogarithm appears in the expansion of Faddeev’s quantum
dilogarithm at roots of unity (see for example [42, 26]) and plays a key role in the definition
of the near units associated to elements of the Bloch group [8].

With the notation of Section 5.3, The 2 x 2 matrix J from (89) has determinant 1, hence
its inverse is given by J ! = (_J§’221 _J‘{lf). Since Ag(a) = W [32, Sec.3.1] (where

num(a) and den(a) > 0 denote the numerator and the denominator of a rational number),
it follows that when v = S, the cocycle (90) is given by

C
a Joo(=1/a) —Jia(—1/a)\ [ eden(a)num(a) 0 Jia(e) Jia(a)
WH b( ) (—,,272271(_1/04) Jl,lli_l/a) > ( 0 6den((Jz)?;um(()c)) <J;1(04) J;;(Oé)>

(104)

Og(l — (') (103)

QI%

1
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for a a positive rational number and C' = V/(2r) = 0.32--- with V as in (4), On the
other hand, the 2 x 2 matrix Q(7) of Equation (69) has determinant 1, and when v = S, the
cocycle WE of Equation (87) is given by

wee = (G o) (o ) (@ on) - oo

This and the factorization (14) of the state-integral implies that W5 (7)s,.0, equals to the
state-integral Zy, (), up to multiplication by elementary factors that involve a (¢/§)/?*, a
root of unity, a rational number and a square root of 7.

To identify the two cocycles (104) and (105), we use a “factorization” property of state
integrals at positive rational points (i.e., a bilinear expression of a vector of functions of
7 € Q and —1/7) of the first author and Kashaev [26], similar to the “factorization” of
state integrals when 7 € C\ R of the first author and Kashaev [27]. These two factorization
properties of the state-integral are related, but we not know how to deduce one from the other.
Note also that Theorem 1.1 of [26] proves the needed factorization for all 1-dimensional state
integrals at positive rational numbers, and this covers the case of all three knots (namely,
the 41, 5o and (—2,3,7) pretzel knots) and all of their descendant state-integrals of interest
to us.

We need to show that for all positive rational numbers «, we have:

Ws(a) = Wg™(-a). (106)

We will focus on the equality of the (o3, 01) entries in the above equality, in which case
Ws(a) = Z4(a), where = means equality up to elementary factors. The proof also
matches those elementary factors, and moreover works for the remaining three entries of the
above equation, since they are all given by descendant state-integrals.

We write « = M /N with M and N fixed coprime positive integers, and let C' = V/(2m),
where V' = 2.02... is the volume of the 4; knot. In Theorem 1.1 of [26] it was shown that

Zi, (M/N) =G TN (107)
C
(e_mg&lijM/N(Z_;'_, 01—’\—[, QJD)GM,N(QJ—C'? 9}\’—/[)

_ eﬁCMNPM/N(Z*7 9&', 0;4>GM,N(6]</7 9]?4))

where
2o —e(1/6) 0% —e(1/(6N)) 8 = e(1/(6)1)) 10
2~ =e(5/6) Oy =e(5/(6N)) 6 =e(5/(6M)),
De(x) = [15Z} (1 — ¢*Fz)¥/¢ where ¢ is a c-th root of unity, (y = e(1/N),
Py (e, 0567 = 1 (1 — 2, )2+1/M+1/N+1/(2MN) (109)

V=3 (1= 0x)*(1 = 03,)* Deps (03)* Dy (6;)°
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and

MN-1
1

VM kZO (CNO%: A Pe(C™M (08) 7 ™) P
1
(Carfars CM)Qk(CM (0 )_I;C&N)Qk

and P and @ are integers with M P+ N(Q =1 (G y is independent of the choice of P and
Q). Likewise, we can define PM/N(Z+, 05,07, and Gy N(é’;,, 6,,)- Define

GM,N(QJJ\;,H X (110)

(111)

So.
(a) vV N |DCa 0 Z | Cae]—i\-HCa |

1 i 1

= >
N\/__3|D<a(0]:f)|2 1 |(Ca9]<7§ca)‘2

where N is the denominator of o and A(x) is the tweaking function from Section 3.1 of [32].
Moving the quantum factorials from the denominator to the numerator and using Equa-
tion (102), it follows that

So, () = e’\(O‘)CJM(a), Sep (@) = e”\(o‘)cJQJ(a). (113)

(112)

SO'Q ((1/) =

Lemma 18. Up to a prefactor, for every a € Q@ with o > 0, we have:
Z41 (CY) = 670/(MN)J171(—1/04)J271(Oé) — GC/(MN) J1’1 (Q)J2,1<—Oé71) . (114)

Proof. Let a = M /N with M, N coprime positive integers as before. As was observed in [26],
when M =1 we can choose P =1 and ) = 0 and then P, y and Gy are independent of
65, and given by

1 (1—z,)i3/eN

P oy) =
1N (24, 0%) /=3 (1 —03)%D¢, (0%)?

(115)

and
1

VN % (O i (S (OR) 5 G

Now, the proof of [26, Lem.2.2] implies the following factorization of Gy n

Gun (03, 05r) = Gin (0y)Gara(03) (117)
which was unfortunately not stated explicitly in [26]. The key observation, using the notation
of [26, Lem.2.2], is that in the context of [26, Thm.1.1], we have g} (7;qy) = gn(y;q-) =
(—2)*(1 — 2)® = 1, which implies that g y(z4;q1) = g (z4;¢1) and g y(z_;¢-) =
gy, (x_;q_). This, together with Equation (107) and the fact that the tweaking function A

satisfies A(z) — A(—1/2z) = 1/(den(z)num(z)) (where num(x) and den(z) > 0 denotes the
numerator and denominator of a rational number) concludes the proof of the lemma. U

Gin(0%) = (116)

On the other hand, Equation (104) implies that
Wi (@)oz0r = €MV T (<1/a) Joi(a) — MV (@) Jop(—ah). (118)
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This and the previous lemma completes the proof of the (o3, 01)-entry of (106). O
We may say that equations (118) and (114) syntactically agree.
More generally, in [26] the evaluation of the 1-dimensional state integrals

Zanlr) = / By(2)Pe AT dy  (r = b e C) (119)
R+ie

at rational points was given, where A and B are integers with B > A > 0. Following the
notation of [26, Sec.1.3| fix a pair of coprime positive integers M and N and define

b=+/M/N, s=VvVMN (120)
and
g(2) = (=) (1 - 2) 7" € Q[z*] (121)
and
S={w]| g(e™)=1, 0<slm(w) — X <1}, (122)
where A is a generic real number such that
—(M+N)/2<X<0. (123)

Note that if w € S, then €?™% is an algebraic number with a fixed choice of N and M-th
roots. For « = M/N and w € S define

(1 - 2)FrA@F —2ERE) 2 k()

(0" 5 (124)
VNzg'(z) D (07)5 n%d:N (Catts5 )i
where R(z) is the Rogers dilogarithm, and let S(a) = (S, (@))wes and SP(a) = (Sz(@))wes-
Then, using the factorization (117), Theorem 1.1 of [26] takes the form

ZA,B(a) = pasop(_a)ts(a_l) = Pao Z Sw(_a)sw(a_l) (125)
weS

where p, = e((B+ 3A(M + N +1)> —6MN)/(24MN)).

Sw(a) =

A.4. The six ¢-series for the 5, knot. The six g-series of the 55 knot are given by ¢-
hypergeometric sums and their e-deformations (see (38)), and this allows for an efficient
recursive computation of their coefficients similar to the one for the 4; knot given in (15).
Explicitly, the six g-series are given by

H(q) = itm(Q)p%)(QL H; (q) = iTm(Q)Pﬁf)(q) (J=0,1,2)  (126)

with

) Tm(Q) = _ N3 ) (127)
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and
14+385(¢) &R2+¢ 3+52 “ '
0 _ a _ 2N _ (1
(@ =1, P = ———+ 3 5 @ =)@ - +§ l_q]
Jj=1 =1
3&1(q) — 1 1+ 2¢ E(q) — 3¢
0) _ (1) _ 0c1l\4) — & E (2) — pM) N2 _ £2\H) 7 2 E e S
Pm (Q) 17 Pm (q) 4 +j:1 1_qj ) Pm (Q) Pm (Q) 24 +j:1 (l—qj)2

Here & (q) and & (g ) are the weight 1 and weight 2 Eisenstein series defined by (13) and
E(q) = 1-24 Zn>1 el respectively. Since each of t,,,, T}, p,(fl) and PY can be obtained
from its predecessor 1n Just O(1) operations, we can use the formulas (126) to compute a

several thousand coefficients of H ]i efficiently.

Remark 19. Our notation (p&),pg,ll),pfn)), (Pé?), Py, P,(,?)), (Hy,H{",H)and (H; ,H; , Hy)
coincide with the quantities denoted (p3.m; D2.m, P1.m)s (P %ngm, —Ps.), (93, 92, gl—i—%&gg)
and (G1, 3Ga, —G3— &Gy ) of Sec.1.4 of [27]. Our formula (36) matches with Cor. 1.8 of [27]
using the above translation of notation combined with the quasi-modularity property

Ey(T) = 7By (1) — 6277 (128)

of Fy(1) := E(e*™T) (see Proposition 6 of [7]). Note also that if we define the functions
Ei(q) and &(q) for |g| > 1 by &(q) = —&(g™") (k = 1,2), then T,,(q) = t,(¢”) and
Pﬁf)(q) = (=1)p% (¢"). Tt follows that both of the above g-hypergeometric formulas are
convergent for |¢| # 1 and that they are related by

H: (q)=(-1YHf(¢") (7=0,1,2). (129)

J

A.5. e-deformation and the factorization of the state integral. In this section we
comment further between a connection of the factorization proof of state integrals taken
from [27] and the e-deformations of difference/differential equations. Whereas only finitely
many g¢-series appear in the factorization of a state integral (via the residue theorem), their
e-deformation leads to a sequence of g-series that contains further information, as Wheeler
has recently found out [52]. Consider the one-dimensional state integral

Uy 4a1() = /R O (p) ey (2 e ) (130)
+ie

from [27] (which was denoted Z, ,, 7(v/z) in ibid) for positive integers AA > 0. Let us

briefly recall its factorization following [27] and their notation. Since A, A > 0, it follows
that the integral is absolutely convergent. The idea (when 7 = b'/2 is in the upper half-plane)
is to move the contour of integration upwards, and collect the residues from the poles of the
integrand. The quantum dilogarithm is a meromorphic function of x with poles given by

T = € +ibm +ib~'n = ib(m + %) +ib'(n+ %) m,n € N. (131)
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The quasi-periodicity of ®,(z)

(I)b<£L‘+Cb+ib) _ 1
dy(r+¢) 1 —gerbe
Py(z+cp+ib7Y) 1 I i
(x4 ) 1 —gle 1 — ge2mle

implies that

1 (_1)nqw€72ﬂb_lxn
(q€27rba:; q)m ((je—Qﬂb—lx; (j)n

n(n+1l) ~

1 (—1)”(7T66n

= Dy(z+ ¢ — 132
( >(qe8; Dm (365 @)n (152)
where ¢ = 2™ § = ¢72"0"* ¢ = 27bx and € = —27b~'x. Moreover, the formula ®,(z) =
(e2rb(zten). q)oo/(e2 Ha—a), Ej)oo implies that
1 (qe%’“, 7)o 1 (¢€%:9)
P = = . - . 133
b(T + o) 1 — 2™ (Ge2mb 1o, ) 1—e%(Ge % oo (133)
Combining, we find a product that decouples
n(n+1) 1\~
e 1 1z (n+5)é
Oo( + 2mp) = LD — ~/2( Sl e (134)
(e @)oo €77 — €72 (qe®; q)m(qe%; @)n
and an exponential that also decouples
1
ot Emn)? _ 5 <g)Sqmwé“)q—"(";”(_1)m+n6z4w+a(m+ L-&(n+3) (135)
q
A similar computation works when Im(7) < 0, and the result is the following.
Theorem. ([27]) For 7 € C N\ R, we have:
%
U, 4 4(7) = 2mie™s (g) (136)
A+A
. B o A iAst (qes; q)a 1
Res;=o (FAvA(q’ €)F7.4(0:€)e (qe & ATA (652 — 6—5/2)A+Z)
where
A= (7F oD (137)
(q,¢ .
Fad o (qes; q)+4

We can think of F, 7(q,¢) as a function of a Jacobi variable ¢, or as a power series in ¢
with coefficients rational functions in ¢ that can be computed by expanding (ge®; q),, as a
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power series in €. To do so, recall the g-series é’ém) (q)

m—+1)

I S e N AED L /S (D Sl

s>1, n>m s>1 dls,s/d>m
(138)

from [27, Eqn.(29)]. The next lemma is contained in [27, Prop.2.2]. For completeness, we
state it and prove it here.

Lemma 20. We have:

11 (@9 .exp(—ié‘ém)(q);). (139)
=1 '

(@ Om  (GOm (€550

m+1

Proof. Using (q7;q) oo = (475 q) 00 /(" 25 q) 0, it follows that

1 1 (@®n 1 (@9 (@€ q)x

(g€ @)m (@ Dm (@€ D)m (G Dm (@€ (265 )o0
Finally,
m—+1 e.

("% @)oo _ Hl—q”ea

(qe%; q)oo 1—qgn

n>m
which implies that

(¢"e%; q)oo - 1 nj jey — ! 01 nj

fop (=) ST S S e = - G

n>m j>1 (=1 7>0 n>m

The result follows by summing the geometric series in n > m. O

Using the above method, we can sketch a proof of Proposition 12 which expresses the state
integral of the (—2,3,7) pretzel knot as a sum of products of g-series and g-series.

A.6. The twelve g-series for the (—2,3,7) pretzel knot. In this whole section, let
f(l’) - (I)b(:t)2CI)b(2x — Cb) e—m(2$—cb)2

denote the integrand of (51), which is a meromorphic function with poles at @, /2,2 for
natural numbers m,n € N. These poles are of third order when m and n are even and of
first order otherwise. First, we compute the contribution from the third order poles z,, .
Using 22, — ¢y = Tom 2, and (134) and (135) and the modularity transformation of the eta

function
1

(¢ Do _ (Q) M (140)

H™ q

it follows that
f(w—l—xm,n) _ 6—wi(2x+x2m,2n)2@b(x+mm7n)2q)b(2m_’_x2m72n)

5mi 61%5 ~
= et - — I F(q, ¢
e B3 (1 —e2)2(1 — e %) (q,6)F(q,¢)
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and
m(2m+1) e(dm+1)

Flge) = (49l ooi

(q, Q)2 — (qe;9)7,(a%; @)om
. ( 0 n (n+1) (2n71)
F —
(@) (ge59)%( qe‘% Z (qes; q qe?s, Qan

n=

It follows that the third order poles contribute

EE

671'

1—e9)2(1 - e*%)F(q’ e)F (g, 5)) :

to the state integral. Expanding out, it follows that the contribution to the state integral is
given by

e (s7 Hif (@) Hy (@) + *H{ (q) Hy (4) + ~H7 () Hy () + 5 H{ () H; ()

Imie T Resx 0<b3(

where x are easily computable rational numbers.
Next, we compute the contribution from the first order poles. Recall that

f(l' + xm/Z,n/Q) = e—ﬂi(2x+xm,n)2q)b(l, + xm/2,n/2)2q)b(2$ + xm,n)

When (m,n) are not both even, e ™(*+#mn) dy (2 + x,,/9,2)% is regular at x = 0 and
Dy (22 + 24y,,) has a first order pole at & = 0. Note that z(am4m’)/2,(2n4n7)/2 = T +im'b/2+
in'b=1/2 for (m/,n’) = (1,0), (0,1) and (1,1). Equations (132) and (133) together with the
replacement of = by im/b/2 + in’b~!/2 imply that when (m/,n’) = (1,0), we have

3/2

1
= . 2 ~
—ni(m(2m+1)/2,2n/z)2q) 2 _ ?(g)g (2m+1)(m+1) (q aQ)oo q
€ b\ T (2m+m’)/2,(2n+n’')/2 € ~ q = ~ ~
(e ey ) g (@*% 02, (-1;0)%(=¢ )

and

i (G 24 n(2n+1)
Resx:0¢b(2[[ —I— I’2m+172n) — *63T (g) q _
q) (¢ @)2m+1(q @)an

where * is a constant independent of b. Likewise, we can treat the case of (m/,n") = (0, 1)
and (1,1). With the definition of the six g-series (inside and outside the unit circle) given
below, and whose first few terms are given in (53), the above computation concludes the

proof of proposition 12. O
The series H, (g ) and H, (q) for |¢| <1 and k£ = 0, 1,2 are defined, respectively, by

e o m(2m+1) ge(4m+1) 2
! 7qu1 () = ((tlzes'q)2 @€ Q)am H (a) + <H (0) + %(H;(q) + %gz(q)Hg—(Q)) +0(e)’
(141)
: n(n+1)65(2n+1) B _ 2 1 1 _
(qeff,qggo(t)ze 2% q)oo ,;) (g€, 9)2 (2€2%; Q)an Ho (@) + ey (9) + %(HQ (@) + (5 =~ 382(0)H, (@) +0()°,

where

= itm(Q)p%)(Q), H;(q) = iTm(q) PP(q)  (j=0,1,2)
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with
( ) qm(2m+1) T( ) qn(n+1) ( A )
tm(Q) = 57— Q) = T 142
" (4307 (a: @)2m " (43 9)2(a: 4)2n
(not to be confused with (127)) and
P =1, P @) =4m+1-280" (@) - 260" (0), P2 (@) = pY (@) — 260" (0) — 4652 (@) - 382(0),
PO =1, PO@=2n+1-2"(0) 26 (@), PP()= PV (@) + 126l - 1 —26{" () — 460" (a) + 5 E2(a) .

The remaining series H, (q) and H, (q) for |q| < 1 and k = 4,5,6 are defined, respectively,

by
mw = R S et 1O
it = qqf)l: mZO( q<2>;:<22>2m Hy a)
) = S Y e a0

Note that the above g-hypergeometric series are
symimetries

Hi(q')=Hy(q) Hf(¢7")
Hi(¢')=—-H;(q) Hf(¢")=

—Hy
Hy (
Remark 21. Despite appearances, Hy (q)(q;q)2% (
g-series) is a rank 3 Nahm sum. Indeed, use

q)

as well as H; (q )(Q;Q)2

qn(n+l)

>

1 q)%o = (03 (402

oo

>

n=

n(n+2)
(@2 9% (¢ @)2n+1

n(n+2)

” _1/2 (143)

(a;0)2%,
(—q=1/2;q)2 Z

X n=0

(—¢%/%,92 (¢ Q2nt1

convergent for |q| # 1 and satisfy the

(9) Hi(¢')=Hjy(q)
Hf(q') = —H; (q).

=

(144)

as the other 10

[e.e]

2 gmem +1 2m+1
(4:9)5Tm(q) = . (@™ Doo(@™™ 5 Qoo
I m
together with the identity
00 k(k+1) k

(975 @)oo
=0

to obtain that

(¢;9)%.Hy (q)

Z 1kq2

pay (145)

(k2 +124+-4m2+-2km+4lm)+ 5 (k+1-+2m)

Z(_l)kﬂ q2

k,l,m

(@ 0)(g;

0i(¢; Dm

ACKNOWLEDGEMENTS

The authors would like to thank Tudor Dimofte, Gie Gu, Rinat Kashaev, Marcos Marino

and Sander Zwegers for their input.



40

[1]

23]
[24]

[25]

STAVROS GAROUFALIDIS AND DON ZAGIER

REFERENCES

Ni An and Yunsheng Li. On the quantum modularity conjecture for the (—2,3,7)-pretzel knot. In
preparation.

Jorgen Ellegaard Andersen, Stavros Garoufalidis, and Rinat Kashaev. The Volume Conjecture for the
KLV state-integral. In preparation.

Jorgen Ellegaard Andersen and Soren Kold Hansen. Asymptotics of the quantum invariants for surgeries
on the figure 8 knot. J. Knot Theory Ramifications, 15(4):479-548, 2006.

Jorgen Ellegaard Andersen and Rinat Kashaev. A TQFT from Quantum Teichmiiller theory. Comm.
Math. Phys., 330(3):887-934, 2014.

Christopher Beem, Tudor Dimofte, and Sara Pasquetti. Holomorphic blocks in three dimensions. J.
High Energy Phys., (12):177, front matter+118, 2014.

Sandro Bettin and Sary Drappeau. Modularity and value distribution of quantum invariants of hyper-
bolic knots. Math. Ann., 382(3-4):1631-1679, 2022.

Jan Hendrik Bruinier, Gerard van der Geer, Giinter Harder, and Don Zagier. The 1-2-3 of modular forms.
Universitext. Springer-Verlag, Berlin, 2008. Lectures from the Summer School on Modular Forms and
their Applications held in Nordfjordeid, June 2004, Edited by Kristian Ranestad.

Frank Calegari, Stavros Garoufalidis, and Don Zagier. Bloch groups, algebraic K-theory, units, and
Nahm’s conjecture. Ann. Sci. Ec. Norm. Supér. (4), 56(2):383-426, 2023.

Tudor Dimofte. Complex Chern-Simons theory at level k via the 3d-3d correspondence. Comm. Math.
Phys., 339(2):619-662, 2015.

Tudor Dimofte. Perturbative and nonperturbative aspects of complex Chern-Simons theory. J. Phys.
A, 50(44):443009, 25, 2017.

Tudor Dimofte, Davide Gaiotto, and Sergei Gukov. 3-manifolds and 3d indices. Adv. Theor. Math.
Phys., 17(5):975-1076, 2013.

Tudor Dimofte, Davide Gaiotto, and Sergei Gukov. Gauge theories labelled by three-manifolds. Comm.
Math. Phys., 325(2):367-419, 2014.

Tudor Dimofte and Stavros Garoufalidis. The quantum content of the gluing equations. Geom. Topol.,
17(3):1253-1315, 2013.

Tudor Dimofte and Stavros Garoufalidis. Quantum modularity and complex Chern-Simons theory. Com-
mun. Number Theory Phys., 12(1):1-52, 2018.

Tudor Dimofte, Sergei Gukov, Jonatan Lenells, and Don Zagier. Exact results for perturbative Chern-
Simons theory with complex gauge group. Commun. Number Theory Phys., 3(2):363-443, 2009.
Tobias Ekholm, Angus Gruen, Sergei Gukov, Piotr Kucharski, Sunghyuk Park, and Piotr Sulkowski. Z
at large N: from curve counts to quantum modularity. Comm. Math. Phys., 396(1):143-186, 2022.
Ludwig Faddeev. Discrete Heisenberg-Weyl group and modular group. Lett. Math. Phys., 34(3):249-254,
1995.

Stavros Garoufalidis. The degree of a g-holonomic sequence is a quadratic quasi-polynomial. Electron.
J. Combin., 18(2):Paper 4, 23, 2011.

Stavros Garoufalidis. The Jones slopes of a knot. Quantum Topol., 2(1):43-69, 2011.

Stavros Garoufalidis. The 3D index of an ideal triangulation and angle structures. Ramanugjan J.,
40(3):573-604, 2016. With an appendix by Sander Zwegers.

Stavros Garoufalidis. Quantum knot invariants. Res. Math. Sci., 5(1):Paper No. 11, 17, 2018.

Stavros Garoufalidis, Jie Gu, and Marcos Marino. The resurgent structure of quantum knot invariants.
Comm. Math. Phys., 386(1):469-493, 2021.

Stavros Garoufalidis, Jie Gu, and Marcos Marino. Peacock patterns and resurgence in complex Chern-
Simons theory. Res. Math. Sci., 10(3):Paper No. 29, 67, 2023.

Stavros Garoufalidis, Jie Gu, Marcos Marino, and Campbell Wheeler. Resurgence of Chern-Simons
theory at the trivial flat connection. Preprint 2021, arXiv:2111.04763.

Stavros Garoufalidis, Craig Hodgson, J. Hyam Rubinstein, and Henry Segerman. 1-efficient triangula-
tions and the index of a cusped hyperbolic 3-manifold. Geom. Topol., 19(5):2619-2689, 2015.


https://arxiv.org/abs/2111.04763

KNOTS AND THEIR RELATED ¢-SERIES 41

Stavros Garoufalidis and Rinat Kashaev. Evaluation of state integrals at rational points. Commun.
Number Theory Phys., 9(3):549-582, 2015.

Stavros Garoufalidis and Rinat Kashaev. From state integrals to g-series. Math. Res. Lett., 24(3):781—
801, 2017.

Stavros Garoufalidis, Rinat Kashaev, and Don Zagier. A modular quantum dilogarithm and invariants
of 3-manifolds. In preparation.

Stavros Garoufalidis and Campbell Wheeler. Modular ¢-holonomic modules. Preprint 2022,
arXiv:2203.17029.

Stavros Garoufalidis and Campbell Wheeler. Periods, the meromorphic 3D-index and the Turaev—Viro
invariant. Preprint 2022, arXiv:2209.02843.

Stavros Garoufalidis and Don Zagier. Asymptotics of factorially divergent series. Preprint 2022.
Stavros Garoufalidis and Don Zagier. Knots, perturbative series and quantum modularity. Preprint
2021, arXiv:2111.06645.

Stavros Garoufalidis and Don Zagier. Asymptotics of Nahm sums at roots of unity. Ramanujan J.,
55(1):219-238, 2021.

Vasily Golyshev and Don Zagier. Proof of the gamma conjecture for Fano 3-folds with a Picard lattice
of rank one. Izv. Ross. Akad. Nauk Ser. Mat., 80(1):27-54, 2016.

Sergei Gukov and Ciprian Manolescu. A two-variable series for knot complements. Quantum Topol.,
12(1):1-109, 2021.

Sergei Gukov, Marcos Marino, and Pavel Putrov. Resurgence in complex Chern-Simons theory. Preprint
2016, arXiv:1605.07615.

Sergei Gukov, Du Pei, Pavel Putrov, and Cumrun Vafa. BPS spectra and 3-manifold invariants. J. Knot
Theory Ramifications, 29(2):2040003, 85, 2020.

Kazuhiro Hikami. Hyperbolic structure arising from a knot invariant. Internat. J. Modern Phys. A,
16(19):3309-3333, 2001.

Vaughan Jones. Hecke algebra representations of braid groups and link polynomials. Ann. of Math. (2),
126(2):335-388, 1987.

Rinat Kashaev. A link invariant from quantum dilogarithm. Modern Phys. Lett. A, 10(19):1409-1418,
1995.

Rinat Kashaev, Feng Luo, and Grigory Vartanov. A TQFT of Turaev-Viro type on shaped triangula-
tions. Ann. Henri Poincaré, 17(5):1109-1143, 2016.

Rinat Kashaev, Vladimir Mangazeev, and Yuri Stroganov. Star-square and tetrahedron equations in
the Baxter-Bazhanov model. Internat. J. Modern Phys. A, 8(8):1399-1409, 1993.

Maxim Kontsevich. Talks on resurgence. July 20, 2020 and August 21, 2020.

Maxim Kontsevich and Yan Soibelman. Stability structures, motivic Donaldson-Thomas invariants and
cluster transformations. Preprint 2008, arXiv:0811.2435.

Maxim Kontsevich and Yan Soibelman. Cohomological Hall algebra, exponential Hodge structures and
motivic Donaldson-Thomas invariants. Commun. Number Theory Phys., 5(2):231-352, 2011.

Maxim Kontsevich and Yan Soibelman. Wall-crossing structures in Donaldson-Thomas invariants, inte-
grable systems and mirror symmetry. In Homological mirror symmetry and tropical geometry, volume 15
of Lect. Notes Unione Mat. Ital., pages 197-308. Springer, Cham, 2014.

Maxim Kontsevich and Yan Soibelman. Analyticity and resurgence in wall-crossing formulas. Lett. Math.
Phys., 112(2):Paper No. 32, 56, 2022.

Hitoshi Murakami and Jun Murakami. The colored Jones polynomials and the simplicial volume of a
knot. Acta Math., 186(1):85-104, 2001.

Hans Rademacher. Zur Theorie der Dedekindschen Summen. Math. Z., 63:445-463, 1956.

Vladimir Turaev. The Yang-Baxter equation and invariants of links. Invent. Math., 92(3):527-553, 1988.
Campbell Wheeler. Quantum modularity for a closed hyperbolic 3-manifold. Preprint 2023,
arXiv:2308.03265.

Campbell Wheeler. Modular q-difference equations and quantum invariants of hyperbolic three-manifolds.
2023. Thesis (Ph.D.)-University of Bonn.


https://arxiv.org/abs/2203.17029
https://arxiv.org/abs/2209.02843
https://arxiv.org/abs/2111.06645
https://arxiv.org/abs/1605.07615
https://arxiv.org/abs/0811.2435
https://arxiv.org/abs/2308.03265

42 STAVROS GAROUFALIDIS AND DON ZAGIER

[53] Don Zagier. The dilogarithm function. In Frontiers in number theory, physics, and geometry. II, pages
3-65. Springer, Berlin, 2007.

[54] Don Zagier. Quantum modular forms. In Quanta of maths, volume 11 of Clay Math. Proc., pages
659-675. Amer. Math. Soc., Providence, RI, 2010.

[55] Don Zagier. Life and work of Friedrich Hirzebruch. Jahresber. Dtsch. Math.-Ver., 117(2):93-132, 2015.

INTERNATIONAL CENTER FOR MATHEMATICS, DEPARTMENT OF MATHEMATICS, SOUTHERN UNIVER-
SITY OF SCIENCE AND TECHNOLOGY, SHENZHEN, CHINA
http://people.mpim-bonn.mpg.de/stavros

Email address: stavros@mpim-bonn.mpg.de

MAX PLANCK INSTITUTE FOR MATHEMATICS, BONN, GERMANY AND INTERNATIONAL CENTRE FOR
THEORETICAL PHYSICS, TRIESTE, ITALY
http://people.mpim-bonn.mpg.de/zagier

Email address: dbz@mpim-bonn.mpg.de


http://people.mpim-bonn.mpg.de/stavros
http://people.mpim-bonn.mpg.de/zagier

	1. Introduction
	2. How the q-series arise
	2.1. The Quantum Modularity Conjecture
	2.2. A q-series G0(q)
	2.3. The index, the state integral and a second q-series G1(q)
	2.4. Holomorphic functions in CR

	3. q-series and perturbative series
	3.1. Asymptotics of holomorphic functions in sectors
	3.2. From divergent to convergent power series
	3.3. The asymptotics of G0(q) and G1(q) at roots of unity
	3.4. The quadratic relation
	3.5. Higher level and weight spaces

	4. From vector-valued to matrix-valued q-series
	4.1. Descendant q-series
	4.2. The asymptotics of the descendants
	4.3. The case of the 52 knot

	5. The matrix-valued cocycle of a knot
	5.1. An equivariant state integral
	5.2. A matrix-valued cocycle
	5.3. The two cocycles agree
	5.4. Matrix-valued holomorphic quantum modular forms

	6. Final remarks
	Appendix A. Complements and proofs
	A.1. q-series identities
	A.2. Asymptotics at roots of unity
	A.3. The two matrix-valued cocycles for the 41 knot agree
	A.4. The six q-series for the 52 knot
	A.5. -deformation and the factorization of the state integral
	A.6. The twelve q-series for the (-2,3,7) pretzel knot

	Acknowledgements
	References

