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The Quantum Modularity Conjecture of Zagier predicts the exis-
tence of a formal power series with arithmetically interesting coef-
ficients that appears in the asymptotics of the Kashaev invariant
at each root of unity. Our goal is to construct a power series from
a Neumann-Zagier datum (i.e., an ideal triangulation of the knot
complement and a geometric solution to the gluing equations) and
a complex root of unity ζ. We prove that the coefficients of our
series lie in the trace field of the knot, adjoined a complex root of
unity. We conjecture that our series are those that appear in the
Quantum Modularity Conjecture and confirm that they match the
numerical asymptotics of the Kashaev invariant (at various roots
of unity) computed by Zagier and the first author. Our construc-
tion is motivated by the analysis of singular limits in Chern-Simons
theory with gauge group SL(2,C) at fixed level k, where ζk = 1.
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2 T. Dimofte and S. Garoufalidis

1. Introduction

1.1. Quantum modular forms

Quantum modular forms are fascinating objects introduced by Zagier [41].
In the simplest formulation, a quantum modular form is a complex valued
function f on the set of complex roots of unity that comes equipped with
a suitable formal power series expansion φζ(~) ∈ C[[~]] at each complex root
of unity ζ. Usually f is given explicitly. On the other hand, the power series
φζ , although uniquely determined by f , are not easy to obtain.

One of the most interesting examples of quantum modular forms is con-
jectured to be the logarithm of the Kashaev invariant of a knot. This is
Zagier’s Quantum Modularity Conjecture [41]. Evidence for this conjecture
includes ample numerical computations performed by Zagier and the first
author [18] as well as a proof in the case of the 41 knot [18].

Our goal is to construct an explicit formula for the power series that
appear in the Quantum Modularity Conjecture of a knot. We highlight some
features of our results.

(a) The formulas for our series φγ,ζ(~) use as input a complex root of unity
ζ and Neumann-Zagier datum γ, i.e., an ideal triangulation of a knot com-
plement and a geometric solution to the gluing equations. Such a datum is
readily available from SnapPy.

(b) Our series have arithmetically interesting coefficients; see Theorems 2.2
and 2.6.

(c) Our series lead to exact computations that match the numerically com-
puted asymptotics of the Kashaev invariant at various roots of unity. The
details of our computations are given in Section 5.

(d) Our construction is motivated by the analysis of singular limits in com-
plex Chern-Simons theory, with gauge group SL(2,C). Complex Chern-
Simons theory depends on two coupling constants or levels (k, σ) ∈ (Z,C)
[37], and the series φγ,ζ(~) at ζ = e2πi/k is obtained by sending σ → k (while
keeping k fixed). We describe this limit in greater detail in Section 4, af-
ter introducing the definition of φγ,ζ(~) and proving its number-theoretic
properties in Sections 2-3.

1.2. Zagier’s quantum modularity conjecture

The Kashaev invariant of a knot K is a sequence of complex numbers 〈K〉N
indexed by a positive integer N [21]. Murakami-Murakami [26] identified
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Quantum modularity and complex Chern-Simons theory 3

the Kashaev invariant with an evaluation of the colored Jones polynomial
JK,N (q) ∈ Z[q±1] colored by the N -dimensional irreducible representation of
sl2:

〈K〉N = JK,N (e
2πi

N ) .

Identifying the set of complex roots of unity with Q/Z, the Kashaev invariant
can be extended to a translation-invariant function on Q by

(1) J0
K : Q −→ C, α 7→ J0

K(α) = JK,den(α)(e
2πiα)

where den(a/c) = c when c > 0 and a, c are coprime. Obviously, we have
J0
K(α) = J0

K(α+ 1) for α ∈ Q.
The Quantum Modularity Conjecture [41] predicts for each complex root

of unity ζ the existence of a formal power series φK,ζ(~) ∈ C[[~]] with the

following property. Choose any

(
a b
c d

)
∈ SL(2,Z) with c > 0 such that ζ =

exp(2πia
c ). Let X →∞ in a fixed coset of Q/Z, and set ~ = 2πi/(cX + d).

Then there is an asymptotic expansion

(2) J0
K

(
aX + b

cX + d

)
∼ J0

K(X)
(

2πi
~
)3/2

eV/(c~)φK,ζ(~)

where V is the complex volume of K. Furthermore, the coefficients of φK,ζ(~)
are conjectured to be algebraic integers of the following form:

(a) The coefficients of φ+
K,ζ(~) = φK,ζ(~)/φK,ζ(0) should be elements of

the field FK(ζ), where FK is the trace field of K.

(b) The constant term (under some mild assumptions on FK(ζ)) should
factor as follows:

(3) φK,k(0) = φK,1(0) k
√
εKβK,k

where φK,1(0)2 ∈ FK(ζ), εK is a unit (i.e., an algebraic integer of norm
±1) in FK(ζ) that depends only on the element of the Bloch group of
K (and ζ), and βK,k ∈ FK(ζ).

The above unit is studied in [5]. For a detailed discussion of the Quantum
Modularity Conjecture, we refer the reader to [41] and also [18] where a
proof for the case of the 41 knot (the simplest hyperbolic knot) is given.

The Quantum Modularity Conjecture includes the Volume Conjecture
of Kashaev [21] and its refinement to all orders of 1/N conjectured by
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4 T. Dimofte and S. Garoufalidis

Gukov [19] and by the second author [14]. Indeed, when
(
a b
c d

)
=
(

0 −1
1 0

)
and

X = N ∈ N, we obtain that

(4) 〈K〉N = J0
K

(
− 1

N

)
∼ N3/2eNV/(2πi)φK,1

(
2πi

N

)
.

The second author and Zagier numerically computed the Kashaev invari-
ant and its asymptotics, exposing several coefficients of the series φK,ζ(~)
for many knots, and giving numerical confirmation of the Modularity Con-
jecture. The results are summarized in [18].

A definition of the power series φK,ζ(~) in the Quantum Modularity
Conjecture was missing, though. Motivated by this problem, in an earlier
publication [11] (inspired by [13]) the authors assigned to a Neumann-Zagier
datum γ (i.e., to an ideal triangulation of the knot complement, a geometric
solution to the gluing equations and a flattening) a power series φγ,1(~)
and conjectured that it coincides with the series φK,1(~). One advantage of
the series φγ,1(~) is the exact computation of its coefficients using standard
SnapPy methods [7], together with finite sums of Feynman diagrams. In all
cases we matched those coefficients with the numerically computed values
of [18]. In [11], it was shown that the constant term of φγ,1(~) is a topological
invariant, but to date the full topological invariance of φγ,1(~) is unknown.

Finally, we ought to point out a close connection between our series
φγ,ζ(~) and

• The radial asymptotics of Nahm sums at complex roots of unity. This
connection was observed at ζ = 1 during conversations of the second
author and Zagier in Bonn in the spring of 2012.

• The evaluations of one-dimensional state-integrals at rational points
[16, 17].

• The formula for an algebraic unit attached to an element of the Bloch
group of a number field and a complex root of unity, appearing in (3)
[5].

These connections are not a coincidence; rather, they close a circle of ideas
motivated by several years of work on asymptotics of hypergeometric sums,
quantum invariants, and their geometry and physics.
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Quantum modularity and complex Chern-Simons theory 5

2. The definition of φγ,ζ

2.1. Ideal triangulations and Neumann-Zagier data

Ideal triangulations were introduced by Thurston as an efficient way to de-
scribe (algebraically, or numerically) 3-dimensional hyperbolic manifolds.
For a leisure introduction, the reader may consult Thurston’s original notes
[32], the exposition of Neumann–Zagier [28] and Weeks [34] and the docu-
mentation of SnapPy [7]. The shape of a 3-dimensional hyperbolic tetrahedra
is a complex number z ∈ C \ {0, 1}. Letting z′ = (1− z)−1 and z′′ = 1− z−1,
the edges of an oriented ideal tetrahedron of shape z can be assigned complex
numbers according to Figure 1.

z
z�

z��

z�

z��

z��

(0)

(1)

(∞)

(z)

Figure 1: An ideal tetrahedron with a shape assignement.

Let M be an oriented hyperbolic manifold with one cusp (for instance a
hyperbolic knot complement) and T an ideal triangulation of M containing
N tetrahedra. In [11] the authors introduced a Neumann-Zagier datum of
T . The latter is a tuple γ = (A,B, ν, z, f, f ′′) that consists of:

(a) Two matrices A,B ∈ GL(N,Z) and a vector ν ∈ ZN encoding the co-
efficients of Thurston’s gluing equations for the triangulation (N − 1
independent equations imposing trivial holonomy around edges, and
one equation imposing parabolic holonomy around the cusp).

(b) AnN -tuple z = (z1, . . . , zN ) ∈ C\{0, 1} of shape parameters, with each
zi parametrizing the shape of the i-th tetrahedron, satisfying the glu-
ing equations in the form zAz′′B = (−1)ν , i.e.

(5)
∏
i

z
Aji
i (1− z−1

i )Bji = (−1)νj for all j = 1, . . . , N .



i
i

“1-Dimofte” — 2018/4/9 — 14:57 — page 6 — #6 i
i

i
i

i
i

6 T. Dimofte and S. Garoufalidis

(c) Two N -tuples f, f ′′ ∈ ZN satisfying

(6) Af + Bf ′′ = ν .

These provide a combinatorial flattening in the sense of [27]. The in-
tegers f, f ′′, and f ′ = 1− f − f ′′ also label edges of tetrahedra, with
the property that the sum around any edge of the triangulation is 2.

The Neumann-Zagier datum depends not just on the triangulation T but
also on which edges of each tetrahedron are labelled by the distinguished
shape parameter zi; this 3N -fold choice has been called a choice of “quad”
or “gauge.”.

Neumann and Zagier [28] proved that (A B) forms the top half of a
symplectic matrix, i.e. that ABT is symmetric and (A B) has full rank.
It follows that if B is invertible, then B−1A is symmetric. We will call a
Neumann-Zagier datum Z-nondegeretate if B is invertible over the integers.

Fix a positive integer k. If γ is a Neumann-Zagier datum, let

(7) ζ = e
2πi

k , θi = z
1/k
i ,

where θi are chosen so that θki = zi. This defines number fields F = Q(z1, . . . ,
zN ), Fk = F (ζ), and FG,k = Fk(θ1, . . . , θN ), such that

(8) F ⊂ Fk ⊂ FG,k .

Observe that FG,k/Fk is the abelian Galois (Kummer) extension with group
G = (Z/kZ)N = 〈σ1, . . . , σN 〉 where

(9) σj(θi) = ζ−δi,jθi

where δi,j is Kronecker’s delta function. For the basic properties of Kummer
theory, see [24, Sec.VI.8].

Below, we will construct a series φγ,ζ(~) for the k-th root of unity ζ =
exp(2πi/k). Then, after proving in Theorems 2.2 and 2.6 that the coefficients
in this series belong to Fk, the series φγ,ζp(~) for any other k-th root of unity
ζp = exp(2πip/k) can be obtained from φγ,ζ(~) by a Galois automorphism.
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Quantum modularity and complex Chern-Simons theory 7

2.2. The 1-loop invariant at level k

Fix a Z-non-degenerate Neumann-Zagier datum γ and a positive integer k.
We use the notation of the previous section. For m ∈ (Z/kZ)N , we define

(10) am(θ) = e−iπm·B
−1Amζ

1

2

[
m·B−1Am+m·B−1ν

] N∏
i=1

θ
−(B−1Am)i
i

(ζθ−1
i ; ζ)mi

.

We also recall the cyclic quantum dilogarithm defined by

(11) Dk(x) =

k−1∏
s=1

(1− ζsx)s D∗k(x) =

k−1∏
s=1

(1− ζ−sx)s .

This function appears in [23, Eqn.C.3] and [22, Eqn.2.30].

Definition 2.1. With the above assumptions, the level k 1-loop invariant
of γ is
(12)

τγ,k :=
1

kN/2
√

det(A∆′′z + B∆−1
z )zf ′′/kz′′−f/k

N∏
i=1

D∗k(θ
−1
i )1/k

∑
m∈(Z/kZ)N

am(θ) ,

where ∆z = diag(z1, . . . , zN ) and ∆z′′ = diag(z′′1 , . . . , z
′′
N ) are diagonal ma-

trices.

Note that τγ,k depends on the Neumann-Zagier datum γ, the k-th root
of unity ζ but also on the choice of k-th roots θi of zi. The next theorem
implies that τ2k

γ,k depends only on γ and ζ, and therefore that τγ,k is well
defined modulo multiplication by a 2k-th root of unity. The proof (given in
Section 3) follows from results of Zagier and the second author [18] via a a
comparison of an arithmetic to a geometric mean over the Galois group of
FG,k/Fk, reminiscent of Hilbert’s theorem 90.

Theorem 2.2. We have τ2k
γ,k ∈ Fk.

Remark 2.3. It is easy to see that τ2k
k /τ2k

1 is an S-unit of the ring of
integers of Fk where S = 〈z, 1− z〉 ⊂ F ∗K . For an illustration, see Section 6.
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8 T. Dimofte and S. Garoufalidis

Remark 2.4. After replacing ζ by ζ−1, We can give an alternative formula
for the 1-loop invariant at level k as follows:

τγ,k :=
1

kN/2
√

det(−A∆′′z −B∆−1
z )zf ′′/kz′′−f/k

(13)

×
N∏
i=1

z
k−1

2k

i (z′′i )
k−1

k

Dk(ζ−1θi)1/k

∑
m∈(Z/kZ)N

bm(θ) ,

where

(14) bm(θ) = eiπ L·mζ−
1

2

[
mTQm+L·m

] N∏
i=1

θQi·mi

(ζ−1θi; ζ−1)mi

and

(15) L = −B−1ν + (1, . . . , 1)T , Q = I −B−1A .

2.3. The n-loop invariants at level k for n ≥ 2

The definition of the higher-loop invariants Sγ,n,k is motivated by pertur-
bation theory of the state-integral model for complex Chern-Simons theory,
reviewed briefly in Section 4. In this section we define the higher-loop in-
variants using formal Gaussian integration, and in the next section we give
a Feynman diagram formulation of the higher-loop invariants.

Fix a Z-non-degenerate Neumann-Zagier datum γ and a positive integer
k. We will use the notation of the previous section. If f : (Z/kZ)N −→ C,
we define

(16) Av(f) =

∑
m∈(Z/kZ)N am(θ)f(m)∑

m∈(Z/kZ)N am(θ)
,

assuming that the denominator is nonzero. Consider the symmetric matrix

(17) H =
1

k
(−B−1A + ∆z′) ,

where ∆z′ = diag(z′1, . . . , z
′
N ). Assuming that H is invertible, a formal power

series f~(x) ∈ Q(z)[[x, ~
1

2 ]] has a formal Gaussian integration, given by

(18) 〈f~(x)〉 =

∫
dx e−

1

2
xTHxf~(x)∫

dx e−
1

2
xTHx .
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Quantum modularity and complex Chern-Simons theory 9

This integration, which is a standard tool of perturbation theory in physics,
and may be found in numerous texts (e.g. [4]) is defined by expanding f~(x)
as a series in x, and then formally integrating each monomial, using the
quadratic form H−1 to contract x-indices pairwise.

The building block of each tetrahedron is the power series
(19)

ψ~(x, θ,m) = exp

 ∞∑
n=1

∞∑
j=0

~n−1(−1)j

n!j!kj

k∑
s=1

Bn

( s
k

)
Li2−n−j(ζ

m+sθ−1)xj


For an ideal triangulation T with N tetrahedra, a natural number k, and
m ∈ (Z/kZ)N , we define

(20) fT ,~(x; θ,m) = exp

(
− ~

1

2

2k
xTB−1ν +

~
8k
fTB−1ν

) N∏
i=1

ψ~(xi, θi,mi)

Definition 2.5. We define

(21) φ+
γ,ζ(~) = Av(〈fT ,~(x; θ,m)〉) ∈ 1 + ~C[[~]] .

Thus, we can write

(22) φ+
γ,ζ(~) = exp

( ∞∑
n=1

Sγ,n+1,k~n
)
.

We call Sγ,n,k the level k, n-loop invariant of γ. We finally define

(23) φγ,ζ(~) = τγ,ζφ
+
γ,ζ(~) .

Theorem 2.6. The coefficients of the power series φ+
γ,ζ(~) are in Fk.

In particular, the series φ+
γ,ζ(~) depends on γ, the k-th root of unity ζ,

but it is independent of the choice of k-th roots θi of zi. The above theorem
is not trivial since am(θ) is an element of the larger field FG,k, whereas the
coefficients of the above average are claimed to be in the field Fk. For the
proof, see Section 3.

Remark 2.7. Theorems 2.2 and 2.6 remain valid if ζ denotes a fixed prim-
itive k-th root of unity instead of ζ = e2πi/k. Probably a better notation is
Sγ,n,ζ rather than Sγ,n,k which is valid for all primitive k-roots of unity ζ.
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10 T. Dimofte and S. Garoufalidis

2.4. Feynman diagrams for the n-loop invariant

In this section we give a Feynman diagram formulation of the higher-loop
invariants. A Feynman diagram D is a finite graph possibly with loops and
multiple edges. To every edge in a Feynman diagram we associate the sym-
metric N ×N propagator matrix

(24) Π = ~k(−B−1A + ∆z′)
−1 ,

and to a vertex with valence j we associate the vertex factor Γ(j), which is

a tensor of rank j whose only nonzero entries Γ
(j)
i := Γ

(j)
ii...i ∈ FG,k((~)) lie on

the diagonal, and are functions of m ∈ (Z/kZ)N and θ,

(25)

Γ(0) =
~
8k
fB−1ν +

∞∑
n=2

~n−1

n!

k∑
s=1

Bn
(
s
k

) N∑
i=1

Li2−n(ζmi+sθ−1
i )

Γ
(1)
i = − 1

2k
(B−1ν)i −

∞∑
n=1

~n−1

k n!

k∑
s=1

Bn
(
s
k

)
Li1−n(ζmi+sθ−1

i )

Γ
(2)
i =

∞∑
n=1

~n−1

k2 n!

k∑
s=1

Bn
(
s
k

)
Li−n(ζmi+sθ−1

i )

Γ
(j)
i =

∞∑
n=0

(−1)j~n−1

kj n!

k∑
s=1

Bn
(
s
k

)
Li2−n−j(ζ

mi+sθ−1
i ) (j ≥ 3) ,

where Bn(x) are the Bernoulli polynomials, defined by

text/(et − 1) =
∑
n≥0

Bn(x)tn/n! and FG,k((~))

denotes the ring of formal Leurent series in ~ with coefficients in FG,k.

Note that each Γ
(j)
i only depends on m, θ through the combination

ζmiθ−1
i . Moreover, all the l-polylogarithms appearing here involve non-

positive l, hence are rational functions. The evaluation [D]m of a diagram is
obtained by contracting propagator and vertex indices, and multiplying by a
standard symmetry factor 1/|σ(D)|, where σ(D) is the diagram’s symmetry
group,

(26) [D]m =
1

|σ(D)|
∑

coincident indices

∏
edges e

Π(e)
∏

vertices v

Γ(v) .

For example, the diagram in the center of the top row of Figure 2 has

an evaluation [D]m = 1
8

∑N
i,i′=1 ΠiiΓ

(3)
i Πii′Γ

(3)
i′ Πi′i′ . To the trivial diagram •
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Quantum modularity and complex Chern-Simons theory 11

that consists of one vertex and no edges we associate the vacuum energy
[•]m = Γ(0). The next Lemma follows from evaluating the formal Gaussian
integral (21) in terms of Feynman diagrams; see [4].

Lemma 2.8. For a Z-non-degenerate Neumann-Zagier datum γ, we have

(27) φ+
γ,ζ(~) = Av

[
exp

( ∑
connected D

[D]m

)]
∈ 1 + ~C[[~]] ,

where the sum is over all connected diagrams D, including the empty dia-
gram.

Using the above Lemma and Equation (22), it follows that in order to
compute Sγ,n for n ≥ 2, it suffices to consider the finite set of Feynman
diagrams with

(28) #(1-vertices) + #(2-vertices) + #(loops) ≤ n ,

and to truncate the formal power series in each of the vertex factors to finite
order in ~. In the next two sections, we give axplicit formulas for the 2 and
3-loop invariants.

2.5. The 2-loop invariant in detail

The six diagrams that contribute to Sγ,2 are shown in Figure 2, together
with their symmetry factors. Their evaluation gives the following formula
for Sγ,2,k:

Sγ,2,k = Av

(
coeff

[
Γ(0) +

1

8
Γ

(4)
i (Πii)

2 +
1

8
ΠiiΓ

(3)
i ΠijΓ

(3)
j Πjj(29)

+
1

12
Γ

(3)
i (Πij)

3Γ
(3)
j +

1

2
Γ

(1)
i ΠijΓ

(3)
j Πjj

+
1

2
Γ

(2)
i Πii +

1

2
Γ

(1)
i ΠijΓ

(1)
j , ~

])
,

where the dependence of vertex factors on m is suppressed; all the indices
i and j are implicitly summed from 1 to N ; and coeff[f(~), ~k] denotes the
coefficient of ~k in a power series f(~).
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1

8

1

8

1

12

1

2

1

2

1

2

Figure 2: Diagrams contributing to Sγ,2 with symmetry factors. The top
row of diagrams have exactly two loops, while the bottom row have fewer
loops and additional 1-vertices and 2-vertices.

Concretely, the 2-loop contribution from the vacuum energy is

Γ(0) =
1

8k
fB−1ν − 1

2

k∑
s=1

(
s2

k2
− s

k
+

1

6

) N∑
i=1

(1− ζ−mi−sθi)
−1 .

The four other vertices contribute only at leading order; abbreviating θ̃i =
ζ−mi−sθi and θ̃′i = (1− ζ−mi−sθi)

−1, they are

Γ
(1)
i = − 1

2k
(B−1ν)i +

1

k

k∑
s=1

(
s

k
− 1

2

)
θ̃′i ,

Γ
(2)
i =

1

k2

k∑
s=1

(
s

k
− 1

2

)
θ̃iθ̃
′
i
2 , Γ

(3)
i = − θ̃iθ̃

′2
i

k~
, Γ

(4)
i = − θ̃i(1 + θ̃i)θ̃

′
i
3

k~
.

2.6. The 3-loop invariant

For the next invariant Sγ,3,k, all the diagrams of Figure 2 contribute, col-
lecting the coefficient of ~2 of their evaluation. In addition, there are 34 new
diagrams that satisfy the inequality (28); they are shown in Figures 3 and 4.
Calculations indicate that the 3-loop invariant Sγ,3,k is well defined, and
invariant under 2-3 moves. The invariants τγ,k, Sγ,2,k, Sγ,3,k have been pro-
grammed in Mathematica as well as in python and take as input a Neumann-
Zagier datum readily available from SnapPy [7].

The number of diagrams that contribute to the n-loop invariant is given
in Table 1. For large n, we expect that n!2Cn diagrams contribute to the
n-loop invariant. It would be nice to find a more efficient computation.
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Figure 3: Diagrams with three loops contributing to S3.
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Figure 4: Diagrams with 1-vertices and 2-vertices contributing to S3.

n 2 3 4 5 6

gn 6 40 331 3700 53758

Table 1: The number gn of graphs that contribute to the n-loop invariant
for n = 2, . . . , 6.



i
i

“1-Dimofte” — 2018/4/9 — 14:57 — page 14 — #14 i
i

i
i

i
i

14 T. Dimofte and S. Garoufalidis

2.7. Matching with the numerical asymptotics of the Kashaev
invariant

Numerical asymptotics of the Kashaev invariant were obtained by Zagier
and the second author in [18] for several knots, summarized in Table 2. Our
n-loop invariants at level k, presented in Section 5, agree with the numerical
computations of [18]. This is a strong consistency test for all computational
methods.

Knot Level Loops

41 ≤ 7 ≤ 5

52 ≤ 5 ≤ 4

(−2, 3, 7) ≤ 5 ≤ 4

(−2, 3,−3) ≤ 3 ≤ 5

(−2, 3, 9) ≤ 3 ≤ 5

61 ≤ 3 ≤ 3

Table 2: Numerical asymptotics of the Kashaev invariant from [18].

2.8. Topological invariance

We conjectured in the introduction that φγ,ζ(~) is actually a topological
invariant — depending only on a knot K and the root of unity ζ, rather than
on a full Neumann-Zagier datum — and thus φγ,ζ(~) = φK,ζ(~) is the series
that appears in the right hand side of the Quantum Modularity Conjecture.
We can now make this a bit more precise.

We begin with the following experimental observations:

• For all 502 hyperbolic knots with at most 8 ideal tetrahedra in the
CensusKnots, their default SnapPy triangulations are Z-nondegenerate,
in the sense that there is a gauge (for a definition, see Section 2.1) for
which |det B| = 1.

• The default and the canonical SnapPy triangulation of the 52 and
61 knots have several gauges for which |det B| = 1. For each of the
above knot we have checked that (τγ,k)

12k is independent of the above
gauges, and that Sγ,2,k is independent up to addition of Z/24k, and
that Sγ,3,k is independent. These are slightly better than the general
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ambiguities that appear in the nonperturbative level-k state-integral
(see Section 4), which motivated the definitions above. Moreover, (lo-
cal) triangulation-invariance of the level-k state integral suggests that
Sγ,n,k should be independent of triangulation and γ for all n.

We are therefore led to conjecture

Conjecture 2.9. For any knot K, there exists a triangulation with a non-
degenerate Neumann-Zagier datum γ. The series φγ,ζ(~) is independent of

the choice of triangulation and γ, up to multiplication by ζ
1

12 and e~/24k.
Modulo these ambiguities, φγ,ζ(~) = φK,ζ(~) equals the series on the right
hand side of the Quantum Modularity Conjecture.

Note that if Fk does not contain a primitive third root of unity (for
example, if F is sufficiently generic and 3 - k) then topological invariance of
(τk)

12k together with Theorem 2.2 implies topological invariance of (τk)
4k.

3. Proofs

3.1. Proof of Theorem 2.6

First, we need to prove that the summation in Equation (12) is well-defined
over the set (Z/kZ)N . This was observed in [18] and uses the fact that θk is
a solution to the Neumann-Zagier equations.

Lemma 3.1. [18] The summation in Equation (12) is k-periodic.

Proof. We need to show that

am+kej (θ) = am(θ) .

This follows from the definition of am(θ) given in Equation (10), the fact
that z is a solution to the Neumann-Zagier equations, and Lemma 3.3 for
the cyclic dilogarithm. �

To prove Theorem 2.6, recall the Galois extension FG,k/Fk, and the
element am(θ) of FG,k. Let σj denote the j-th generator of the Galois group
from Equation (9), and let

(30) εj(θ) = aej (θ)
−1 .

The next lemma was observed in [18].
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Lemma 3.2. [18] For all m we have:

(31)
am(σjθ)

am+ej (θ)
= εj(θ) .

Proof. It suffices to show that the left hand side of the above equation is
independent of m, since the right hand side is the value at m = 0. To prove
this claim, we compute

am(σjθ)

am+ej (θ)
=

e±πiB
−1ν·m

e±πiB−1ν·(m+ej)
· ζ

1

2
(mTB−1Am±B−1ν·m)

ζ
1

2
((m+ej)TB−1A(m+ej)±B−1ν·(m+ej))

×
N∏
i=1

(σjθi)
−(B−1Am)i

θ
−(B−1A(m+ej))i
i

·
N∏
i=1

(ζθ−1
i ; ζ)mi+δi,j

(ζσjθ
−1
i ; ζ)mi

.

We focus on the m-dependent part of each of the 4 fractions. Obviously,

e±πiB
−1ν·m

e±πiB−1ν·(m+ej)
= (term independent of m) .

Next,

ζ
1

2
(mTB−1Am±B−1ν·m)

ζ
1

2
((m+ej)TB−1A(m+ej)±B−1ν·(m+ej))

= ζ−(B−1Am)j×(term independent of m) .

Splitting the product of the third fraction to the case when j 6= i and the
case when j = i implies that

N∏
i=1

(σjθi)
−(B−1Am)i

θ
−(B−1A(m+ej))i
i

= ζ(B−1Am)j × (term independent of m) .

Using the identity

(ζθ−1
j ; ζ)mj+1

(ζ2θ−1
j ; ζ)mj

= 1− ζθ−1
j ,

and splitting the product of the fourth fraction to the case when j 6= i and
the case when j = i implies that

(ζθ−1
i ; ζ)mi+δi,j

(ζσjθ
−1
i ; ζ)mi

= (term independent of m) .

This completes the proof of the lemma. �
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Using the fact that the sum is m-periodic it follows that

(32) σj

 ∑
m∈(Z/kZ)N

am(θ)

 = ej(θ)
∑

m∈(Z/kZ)N

am(θ) .

Suppose that f(m, θ) is a rational function of θ with the property that

(33) f(m,σjθ) = f(m+ ej , θ)

for all j = 1, . . . , N and all m. Then, it follows that for all m we have

am(σjθ)f(m,σjθ) = εj(θ)am+ej (θ)f(m+ ej , θ) .

Summing up, we obtain that

(34) σj

 ∑
m∈(Z/kZ)N

am(θ)f(m, θ)

 = εj(θ)
∑

m∈(Z/kZ)N

am(θ)f(m, θ) .

Equations (32) and (34) and the fact that FG,k/Fk is a Galois extension
imply that if f satisfies Equation (33), then Av(f(−, θ)) ∈ Fk.

Now observe that the vertex weights of the Feynman diagrams are Q(ζ)-
linear combinations of values of the polylogarithm Lil(ζ

mi+sθ−1
i ) for l < 0.

Since the polylogarithm is a rational function, and ζmiθ−1
i satisfies Equa-

tion (33) for all i and j, Theorem 2.6 follows. �

3.2. Some identities of the cyclic dilogarithm

Lemma 3.3. We have:

Dk(ζx) = Dk(x)
(1− x)k

1− xk(35a)

D∗k(ζ
−1x) = D∗k(x)

(1− x)k

1− xk(35b)

D∗k(x) =
(1− xk)k−1

Dk(ζx)
(35c)

Dk(x) = e
2πi

3
(k2−1)x

k(k−1)

2 D∗k(1/x)(35d)
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Proof. Parts (a) and (b) are straightforward. For (35c), use

D∗k(x) =

k−1∏
s=1

(1− ζ−sx)s =

k−1∏
s=1

(1− ζs−kx)k−s

=

(∏k−1
s=1(1− ζsx)

)k
∏k−1
s=1(1− ζsx)s

=

(
1− xk
1− x

)k
1

Dk(x)

and then apply (35a). For (35d), use

Dk(x) =

k−1∏
s=1

(1− ζsx)s

=

k−1∏
s=1

(−ζx)s(1− ζ−sx−1)s = e
2πi

3
(k2−1)x

k(k−1)

2 D∗k(1/x) .

�

3.3. Proof of Theorem 2.2

Let us define

S(θ) =
∑

m∈(Z/kZ)N

am(θ)

P (θ) =

N∏
i=1

D∗k(θ
−1
i )1/k .

To begin with, we have S(θ), P k(θ) ∈ FG,k. If σj is the j-th generator of the
Galois group of FG,k/Fk then Equation (32) implies that

σjS(θ) = εj(θ)S(θ) .

We claim that

(36) σjP
k(θ) = εj(θ)

−kP k(θ) .

Combined, they show that Sk(θ)P k(θ) ∈ Fk which implies Theorem 2.2. To
prove Equation (36), we separate the product when i 6= j and when i = j as
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follows:

σjP
k(θ)

P k(θ)
=

 N∏
i=1,i 6=j

D∗k(σjθ
−1
i )

D∗k(θ
−1
i )

 · D∗k(σjθ−1
j )

D∗k(θ
−1
j )

=
D∗k(ζθ

−1
j )

D∗k(θ
−1
j )

=
1− z−1

j

(1− ζθ−1
j )k

by Equation (35b) .

On the other hand, θk = z satisfies the Neumann-Zagier equations

zAz′′B = (−1)ν

Using the fact that B is unimodular, we can write the above equations in
the form

z′′ = (−1)B
−1νz−B

−1A .

In other words, for all j = 1, . . . , N we have

1− z−1
j =

N∏
i=1

z
−(B−1Aej)i
i .

Combining with the above, and the definition of εj(θ), concludes the proof
of Equation (36). �

4. Complex Chern-Simons theory

In this section we review in brief some of the physics of complex Chern-
Simons theory, discuss the limits related to the Quantum Modularity Con-
jecture, and explain how to derive the definition of the series φγ,ζ from
Section 2.

4.1. Basic structure

Chern-Simons theory with complex gauge group GC (where G is a compact
Lie group) was initially studied by Witten in [35, 37]. It is a topological quan-
tum field theory in three-dimensions, whose action is a sum of holomorphic
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and antiholomorphic copies of the usual Chern-Simons action

(37) S(A,A) =
t

8π
ICS(A) +

t̃

8π
ICS(A) ,

where A is a connection on a GC bundle over a 3-manifold M , and ICS(A) =∫
M (AdA+ 2

3A3) (with additional boundary terms if M is not closed). In
order for the path-integral measure exp(−iS) to be invariant under all gauge
transformations of A, the levels t, t̃ must obey the quantization condition

(38) k := 1
2(t+ t̃) ∈ Z .

Additionally, the theory is unitary for σ := 1
2(t− t̃) ∈ iR, and less obviously

so for σ ∈ R. We will not require unitarity in the following, however.
The classical solutions of Chern-Simons theory are flat GC connections.

Indeed, in the limit t, t̃→∞, which corresponds to infinitely weak coupling,
the partition function Z(t, t̃) =

∫
DADA e−iS is dominated by flat connec-

tions

Z(t, t̃) ∼
∑

flat A∗
τ(A∗) exp

[
t

8πi
ICS(A∗)+δ(A∗) log t+

∞∑
n=2

(
8πi

t

)n−1

Sn(A∗)
](39)

× τ(A∗) exp

[
t̃

8πi
ICS(A∗) + δ(A∗) log t+

∞∑
n=2

(
8πi

t̃

)n−1

Sn(A∗)
]

where τ(A)−2 is a Ray-Singer torsion twisted by the flat connection A and
the Sn are “higher-loop” topological invariants. For GC = SL(2,C) and A∗
the hyperbolic flat connection, such an asymptotic expansion at weak cou-
pling played a central role in the generalized Volume Conjecture [19].

4.2. A singular limit

At present we are interested in a very different limit in complex Chern-
Simons theory, namely (t, t̃)→ (2k, 0), or equivalently σ → k with k ∈ Z
held fixed. This is a singular limit rather than a weak coupling limit. We
propose
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Conjecture 4.1. In the limit (t, t̃)→ (2k, 0), the partition function of com-
plex Chern-Simons theory has an asymptotic expansion
(40)

Z ∼
∑

flat A∗
τk(A∗) exp

[
1

k~
ICS(A∗) + δ(A∗) log(k~) +

∞∑
n=2

~n−1Sn,k(A∗)
]
,

where ~ = 2πi t̃/t = 2πi(k−σk+σ ) and ICS is the holomorphic classical Chern-

Simons action. Moreover, if M = S3\K is a hyperbolic knot complement,
GC = SL(2,C), and A∗ is the hyperbolic flat connection on M , then δ(A∗) =
−3

2 and the series in the Quantum Modularity Conjecture (2) at ζ = e2πiα =

e2πi/k is

(41) φK,ζ(~) = τk(A∗) exp

[ ∞∑
n=2

~n−1Sn,k(A∗)
]
.

Note that, by definition, ICS(A∗) already equals the complex hyperbolic
volume V , so the exponential term exp( 1

k~V ) already matches on the right
hand side of Equations (40) and (2).

The existence of the expansion (40) is physically far from obvious. One
explanation for (40) comes from the so-called 3d-3d correspondence [10, 31].
An extension of the original correspondence relates Chern-Simons theory at
level k on M to the supersymmetric partition function of an associated 3d
N = 2 theory T [M ] on a lens space L(k, 1) ' S3/Zk [6, 9]. The lens space
is a Zk orbifold of a sphere, whose geometry has been ellipsoidally deformed

such that the ratio of minimum to maximum radii is b =
√
t̃/t =

√
k−σ
k+σ .

It is well known that as b→ 0 the partition function of T [M ] on a sphere
L(1, 1) ' S3 has an expansion of the form (40), whose leading exponential
term is 1

~ICS(A∗), see [10, 12, 31]. One then expects the L(k, 1) partition
function to have a similar expansion as b→ 0, with leading term 1

k~ICS(A∗),
just as in (40).

There are also some preliminary hints that the existence and structure
of (40) may be explained using electric-magnetic duality in four-dimensional
Yang-Mills theory, with Chern-Simons theory on its boundary along the lines
of [38, 39]. Indeed, the electric-magnetic duality group SL(2,Z) can relate
a singular limit such as (t, t̃)→ (2k, 0) to a more standard weak-coupling
limit. Electric-magnetic duality has been linked to modular phenomena in
the past [33], and it is tempting to believe that it could provide a physical
basis for Quantum Modularity as well. We aim to explore this further in the
future.
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4.3. State integrals

Complex Chern-Simons theory has not yet been made mathematically rig-
orous as a full TQFT, in contrast to Chern-Simons theory with a compact
gauge group [36] and the Reshetikhin-Turaev construction [29]. Neverthe-
less, there exist state-integral models, based on ideal triangulations, that
provide a definition of complex Chern-Simons partition functions for a cer-
tain class of 3-manifolds [2, 9]. These state-integral models generalize earlier
work [1, 3, 8, 13, 20] that computed Chern-Simons partition functions at
level k = 1.

In the present paper, we use the asymptotic expansion of these state
integrals in the limit (t, t̃)→ (2k, 0) to motivate the definition of the power
series φγ,ζ(~) given in Section 2.

Before we discuss the state-integral Zγ associated to a Neumann-Zagier
datum γ of an ideal triangulation, it is worth mentioning that convergence
of the state-integral requires certain positivity assumptions, which are sat-
isfied when the ideal triangulation supports a strict angle structure. This
is discussed at length in [2, 9]. In the rest of this section, we will assume
that the background ideal triangulation admits such a structure. Although
positivity is required for the convergence of the state-integral, the formula
that we will obtain for its asymptotic expansion makes sense without any
positivity assumptions.

It was shown in [8, 11] that a Neumann-Zagier datum γ = (A,B, ν, z,
f, f ′′) with non-degenerate matrix B leads to a state-integral partition func-
tion for SL(2,C) Chern-Simons at level k = 1, given by

Zγ =
1√

det B
(i)fB

−1νe
1

k
(~
8
−π2

8~ )fB−1ν(42)

×
∫

dNZ

(−2πi~)
N

2

e−
1

2k
(1+ 2πi

~ )ZB−1ν+ 1

2k~ZB
−1AZ

N∏
i=1

Z~[∆](Zi) ,

where the integral runs over some mid-dimensional contour in the space CN
parametrized by Z = (Z1, . . . , ZN ), and Z~[∆](Zi) is a quantum dilogarithm
function associated to every tetrahedron, given for <(~) < 0 by

(43) Z~[∆](Zi) =

∞∏
r=0

1− e(r+1)~−Zi

1− er 4π2

~ )− 2πi

~ Zi
=

(eZi+~, e~)∞

(e
2πi

~ Zi , e
4π2

~ )∞
.
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This function has an asymptotic expansion as ~→ 0,

Z~[∆](Zi) ∼ (eZ+~, e~)∞ ∼ exp

∞∑
n=0

~n−1

n!
Bn(1)Li2−n(e−Z)(44)

=
1

~
Li2(e−Z) +

1

2
Li1(e−Z) +

~
12

Li0(e−Z) + · · · .

Using Li2(e−(Z∗+δZ)) = Li2(e−Z
∗
) + log(1− e−Z∗)δZ + · · · , it follows that

at leading order in ~, the integrand of (42) has critical points at

(45) AZ∗ + B log(1− e−Z∗) = iπν ,

which are a logarithmic version of the gluing equations. In particular, if
γ is a positive Neumann-Zagier datum, then the equations are satisfied by
Z∗i = log(zi) for all i = 1, . . . , N . By performing formal Gaussian integration
around this “geometric” critical point, order by order in the formal param-
eter ~, we obtained in [11] a diagrammatic formula for the series φK,1(~).

The actual contour of integration appropriate for (42) and its level-
k generalization has been carefully described in [2, 3, 9]. We emphasize,
however, that in order to perform a formal perturbative expansion around
a given critical point, a choice of contour is irrelevant.

The level-k generalization of the state integral, as developed in [9], reads

Z(k)
γ =

1

kN
√

det B
ζ

1

4
fB−1νe

1

k
(~
8
−π2

8~ )fB−1ν(46)

×
∑

m∈(Z/kZ)N

∫
dNZ

(−2πi~)
N

2

(−ζ 1

2 )mB−1Ame−
1

2k
(1+ 2πi

~ )ZB−1ν+ 1

2k~ZB
−1AZ

×
N∏
i=1

Z(k)
~ [∆](Zi,mi) ,

where ζ = e
2πi

k as usual, and (−ζ 1

2 )C is understood as e( iπ
k
−iπ)C for any C;

and

Z(k)
~ [∆](Zi,mi) =

(
ζmi+1e

~
k
−Zi

k ; ζe
~
k

)
∞(

ζ−mie−
2πi

k~ Zi ; ζ−1e
4π2

k~
)
∞

(47)

=
∏

0≤s,t<k
s−t≡mi (mod k)

Z~[∆]

(
Zi
k

+ ~
s

k
+ 2πi

t

k

)
.
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Recall some well-known facts about the asymptotic expansion of the quan-
tum dilogarithm that can be found, for instance, in [40, Sec. II.D].

Lemma 4.2. We have:

log (qx; q)∞ = −
∞∑
n=1

qnxn

n(1− qn)
∼
∞∑
n=0

~n−1 (−1)nBn
n!

Li2−n(x)

when q = e~ and ~→ 0, where Bn is the n-th Bernoulli number and Lin(x) =∑∞
k=1 x

k/nk is the n-th polylogarithm. Since x∂xLi2−n(x) = Li2−n−1(x), it
follows that

log (e~e−(u+w); e~)∞ ∼ exp

 ∞∑
n,k=0

~n−1 (−1)n+kBn
n!k!

Li2−n−k(e
−u)wk


The asymptotic expansion of Z(k)

~ follows from its product representa-
tion,

Z(k)
~ [∆](Zi,mi) ∼

k−1∏
s=0

(ζmi−se(1− s

k
)~− 1

k
Zi ; e~)∞

∼ exp

∞∑
n=0

k∑
s=1

~n−1

n!
Bn
(
s
k

)
Li2−n(ζmi+se−Zi/k)(48)

= exp

[
1

k ~
Li2(e−Zi)−

k∑
s=1

(1

2
− s

k

)
Li1(ζmi+se−Zi/k) + · · ·

]
(where we have substituted s by k − s in the second sum). Notably, the
leading asymptotic 1

kLi2(e−Zi) is independent of mi. Indeed, this remains
true for the entire integrand in (46).

The critical points Z∗ of the integrand at order ~−1 simply satisfy the
standard gluing equation (45). Let us assume that the Neumann-Zagier has
all zi strictly in the upper half-plane and focus on the geometric critical
point Z∗ = log(z). The value of the integrand at the critical point, at order
~−1, then becomes (after some manipulation)

(49) exp
1

k ~

[
− 1

2
(Z∗ − iπf) · ((Z∗)′′ + iπf ′′) +

N∑
i=1

Li2(e−Z
∗
i )

]
,

where (Z∗)′′ = log(1− e−Z∗) = log z′′. The quantity (49) appears to agree
with the complex hyperbolic volume of a manifold M with Neumann-Zagier
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datum γ, modulo π2/6 [11], though knowing this is unnecessary for obtaining
the series φγ,ζ . On the other hand, it is crucial for our computation that the
value at the leading-order saddle point is independent of m — so all terms
in the sum over m contribute equally to the higher-order asymptotics.

By using (48), or (better) the double series expansion around the critical
point Z∗,

Z(k)
~ [∆](Z∗i + δZi,mi) ∼ exp

∞∑
n=0

∞∑
j=0

~n−1(−δZi)j
kj n!j!

(50)

×
k∑
s=1

Bn
(
s
k

)
Li2−n−j(ζ

mi+se−Z
∗
i /k)

a saddle-point approximation or formal Gaussian integration of (46) leads
immediately to the definition of φγ,ζ(~) in Section 2. Indeed, in the finite-
dimensional Feynman calculus, the propagator Π is the inverse of the Hessian
matrix, appearing at order ~−1 in the exponent of (46) as 1

kδZ · (−B−1A +

∆(z∗)′) · δZ; while each vertex factor Γ
(j)
i is the coefficient of (δZi)

j in the
exponent of (46).

4.4. Derivation of the torsion

To illustrate how the formal Gaussian integration works, let us derive the k-
twisted torsion or “1-loop invariant” τγ,k of (12), starting from (46). Let us

set ζ = e
2πi

k and θi = z
1/k
i = eZ

∗
i /k as usual, and work at fixed m ∈ (Z/kZ)N

to start.
There are two contributions to the torsion. First there is the integrand

itself, evaluated at Z = Z∗, keeping only terms of order ~0 in the exponent:

ζ
1

4
fB−1ν

kN (−2πi~)
N

2

√
det B

× (−ζ 1

2 )mB−1Ame−
1

2k
Z∗B−1ν(51)

×
N∏
i=1

k∏
s=1

(1− ζmi+se−Z
∗
i /k)

1

2
− s

k ,

where we have used that Li1(x) = − log(1− x). Second, there is the deter-
minant of the Hessian, coming from the leading-order Gaussian integration,

(52)
[

det 1
2πk~(−B−1A + ∆z)

]− 1

2 .
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Combining these terms, using Af + Bf ′′ = ν and AZ∗ + B(Z∗)′′ = iπν to
rewrite Z∗B−1ν as Z∗ · f ′′ − (Z∗)′′ · f + iπfB−1ν, and observing that∏N
i=1

∏k
s=1(1− ζmi+se−Z

∗
i /k)

1

2 =
∏N
i=1(1− e−Z∗i )

1

2 = (det ∆z′′)
1

2 , we arrive
at

τγ,k =
1

(ik)
N

2

√
det(A∆′′z + B∆−1

z′ )zf ′′/kz′′f/k
(−ζ 1

2 )mB−1Am(53)

×
N∏
i=1

k−1∏
s=0

(1− ζmi−sθ−1
i )s/k .

The product may be manipulated further using

k−1∏
s=0

(1− ζm−sθ−1)
s

k =

k−1−m∏
s=−m

(1− ζ−sθ−1)(s+m)/k

=

k−1−m∏
s=−m

(1− ζ−sθ−1)s/k
k−1−m∏
s=−m

(1− ζ−sθ−1)m/k

=

k−1−m∏
s=−m

(1− ζ−sθ−1)s/k(z′′)m/k

= (z′′)m/k
k−1−m∏
s=0

(1− ζ−sθ−1)s/k
−1∏

s=−m
(1− ζ−sθ−1)s/k

= (z′′)m/k
k−1−m∏
s=0

(1− ζ−sθ−1)s/k
k−1∏

s=−m+k

(1− ζ−sθ−1)s/k−1

= (z′′)m/k
k−1∏
s=0

(1− ζ−sθ−1)s/k
k−1∏

s=−m+k

(1− ζ−sθ−1)−1

= (z′′)m/kD∗k(θ
−1)

−1∏
s=−m

(1− ζ−sθ−1)−1

= (z′′)m/kD∗k(θ
−1)(ζθ−1; ζ)−1

m .

Finally, setting
∏
i z
′′
i

mi
k = exp[ 1

k (Z∗)′′ ·m] = exp[ iπk mB−1ν− 1
kmB−1AZ]=

ζ
1

2
mB−1νθ−B

−1Am, and summing the whole expression over m ∈ (Z/kZ)N ,
we recover (12).
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4.5. Ambiguities

The state integral (46) has an intrinsic multiplicative ambiguity [9, Eqn. 5.8].
Namely, it is only defined modulo multiplication by factors (at worst) of the
form

(54)
(
e
π2

6k~
)a1
(
ζ

1

24

)a2
(
e

~
24k
)a3 , a1, a2, a3 ∈ Z .

The second and third factors affect τk and S2,k, respectively, in the asymp-
totic expansion. Higher-order terms in the expansion are unaffected. These
ambiguities in the state integral are consistent with those discovered exper-
imentally for φγ,ζ , as discussed in Section 2.8.

5. Computations

5.1. How the data was computed

We use the Rolfsen notation for knots [30]. SnapPy computes the Neumann-
Zagier matrices of default ideal triangulations of the knots below, as well as
their exact shapes and trace fields (computed for instance from the Ptolemy
module of SnapPy) [7, 15].

Given a Neumann-Zagier datum, the 2 and 3-loop invariants at level k
are algebraic numbers, elements of the field FK,k = FK(ζk), where FK is the

trace field of K and ζk = e
2πi

k . However, these numbers are obtained by sums
of algebraic numbers in a much larger number field. Moreover, the 1-loop
invariant at level k already contains a k-th root of elements of FK,k. This
makes exact computations impractical. To produce the interesting factoriza-
tion of Equation (3), and keeping in mind the ambiguities of Section 4.5 we
proceed as follows. We know that xk,` = τkk /(τ

k
1 ζ

`
24k) ∈ FK,k for some natu-

ral number `. Given this, we compute the numerical value xnum
k,` of xk,` (for

several values of `) and find a value of ` for which there is an element xexact
k,`

of FK,k which is reasonably close to our element. We accomplish this by the
LLL algorithm [25]. The Quantum Modularity Conjecture asserts that the
exact element of FK,k should to have the form:

(55) xexact
k,` = εK,kβ

k
K,k

for εK,k ∈ O×FK(ζk) (an algebraic unit) and βK,k ∈ FK(ζk)
×. To find εK,k and

βK,k, factor the fractional ideal

(56) xexact
k,` OFK(ζk) = pe11 · · · perr
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into a product of prime ideals pi, i = 1, . . . , r. If all ramification exponents ei
are divisible by k, and if the prime ideals are principal pi = (℘i) for ℘i ∈ F×K,k
(the latter happens when the ideal class group of FK,k is trivial), then we
define

βK,k =

r∏
i=1

℘
ei
k

i ∈ F×K,k, εK,k = xexact
k,` /βkK,k .

It follows that εK,k is a unit, and that (55) holds. This gives us strong
confidence that xexact

k,` is the correct element, and that the computation is
correct.

In practice, we have used a Mathematica program to compute xnum
k,` and

xexact
k,` , and a Sage program (that uses internally pari-gp) to compute the

ideal factorization (56).

5.2. A sample computation

Let us illustrate our method of computation in detail with one example,
the 52 knot with k = 7. 52 is a hyperbolic knot with trace field F52

= Q(α)
where α = 0.8774 . . .− 0.7448 . . . i is a root of

x3 − x2 + 1 = 0 .

F52
is of type [1, 1] with discriminant −23. With the notation of the previous

section, and with ` = 6, we can numerically compute (with 500 digits of
accuracy)

xnum
7,6 = −235162149.63362564574 . . .− 40898882.99885002594 . . . i

Fitting with LLL guesses the element of F7 = F (ζ7)

xexact
7,6 = −42626237− 31168064α+ 54414583α2

+ (3905252− 48974302α+ 103510169α2)ζ7

+ (91608760− 23650188α+ 97210659α2)ζ2
7

+ (158817619 + 22023535α+ 44886912α2)ζ3
7

− (−149267670− 54779388α+ 17355247α2)ζ4
7

− (−80916790− 45810663α+ 37182537α2)ζ5
7

How can we trust this answer? We can compute the norm N(xexact
7,6 ) of xexact

7,6

(that is, the product of all Galois conjugates) and find out that:

N(xexact
7,6 ) = 4314 · 60071112359717217 .
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It is encouraging that the above norm is the seventh power of an integer.
But even better is the fact that we can factor the ideal generated by the
above element as follows:

(xexact
7,6 ) = (℘43)14 · (℘6007111235971721)7

where

℘43 = (α− 1)ζ5
7 + αζ2

7 + α

℘6007111235971721 = (4α2 + 6α− 7)ζ5
7 + (5α2 + 4α− 3)ζ4

7 + (8α2 + α− 8)ζ3
7

+ (3α2 + 5α− 6)ζ2
7 + (2α2 + α− 5)ζ7 + 6α2 − 2α− 2

are primes of norm 43 and 6007111235971721 (a prime number), respectively.
If we define β7 = ℘2

43 · ℘6007111235971721 ∈ F7 and ε7 = xexact
7,6 /β7

7 it follows
that

xexact
7,6 = ε7β

7
7

where ε7 ∈ F×7 is a unit, given explicitly by the rather long expression:

ε7 = (318981244103α2 + 40488788528803α+ 30382313828818)ζ5
7

+ (−52797766935255α2 + 38212176617858α+ 58931813581928)ζ4
7

+ (−29477571352182α2 − 1263424293533α+ 15843777055057)ζ3
7

+ (13260713424737α2 + 18581482784028α+ 6470257562608)ζ2
7

+ (−29079808246903α2 + 49225269181062α+ 53729902713340)ζ7

− 52974788170701α2 + 15742594165404α+ 42070901450997 .

This is an answer that we can trust. There is an additional invariance prop-
erty of the above unit under the Galois group of Q(ζ7)/Q, discussed in detail
in [5].

6. Data

6.1. The 41 knot

The 41 knot is the simplest hyperbolic knot with volume 2.0298 . . . with 2
ideal tetrahedra and trace field F41

= Q(α) = Q(
√
−3) where α = e2πi/6 is

a root of

x2 − x+ 1 = 0 .

F41
is of type [0, 1] with discriminant −3.
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The default SnapPy triangulation of 41 generates several Neumann-
Zagier data. Most are Z-nondegenerate; for example

γ : A =

(
−2 1
−1 1

)
, B =

(
−1 2
−1 1

)
,(57)

ν = (0, 0) , z = (α, α) , f = (0, 1) , f ′′ = (1, 0)

is Z-nondegenerate. The 1-loop invariant at k = 1 and its norm is given by

(58)
knot τ−2

1 N(τ−2
1 )

41 2α− 1 3

The norm of the 1-loop of 41 at level k is given in (59).

(59)

k N(τk/τ1) for 41

1 1

2 3

4 112

5 34 · 292

7 397332

8 34 · 3832

10 192892

11 310 · 4632 · 1282372

13 133392 · 139632 · 1300272

14 36 · 4192 · 44512

16 972 · 4181407192

17 316 · 1702392 · 3776155493572

19 5712 · 28512 · 275133292 · 837029940592

20 38 · 592 · 9759119392

22 1312 · 147832 · 396672 · 929272

In the above table, we avoided the (degenerate) case when k is divisible by
3, since in those cases the trace field contains the third roots of unity. Notice
that the above norms are squares of integers. This exceptional integrality
may be a consequence of the fact that 41 is amphicheiral.

Next, we give some sample computations of the factorization (3). In this
and the next sections, more data has been computed (even for non-prime
levels k), but only a sample will be presented here. Throughout this section,
℘n will denote a prime in OFk of norm n, a prime power.
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For k = 2 we have

ε2 = α

β2 = ℘3

℘3 = 2α− 1

For k = 4 and ζ = ζ4 we have

ε4 = (−2α+ 1)ζ − 2

β4 = ℘112

℘112 = (−4α+ 2)ζ + 1

For k = 5 and ζ = ζ5 we have

ε5 = (4α− 5)ζ3 + (8α− 5)ζ2 + 7αζ + 2α+ 3

β5 = ℘33 · ℘292

℘33 = 2α− 1

℘292 = −2ζ3 + (−α− 1)ζ2 − αζ + α− 2

For k = 7 and ζ = ζ7 we have

ε7 = (60α+ 115)ζ5 + (239α+ 90)ζ4 + (390α− 61)ζ3

+ (415α− 240)ζ2 + (300α− 300)ζ + 114α− 186

β7 = ℘39733,1 · ℘39733,2

℘39733,1 = αζ5 + (α− 2)ζ4 + (2α− 1)ζ3 + (α− 2)ζ2

+ (2α− 1)ζ + 2α− 2

℘39733,2 = αζ5 − ζ4 + αζ3 − ζ2 + (2α− 1)ζ + 2α− 2

For k = 8 and ζ = ζ8 we have

ε8 = (−12α+ 36)ζ3 + (17α+ 17)ζ2 + (36α− 12)ζ + 34α− 34

β8 = ℘32,1 · ℘32,2 · ℘3832

℘32,1 = ζ3 − ζ2 − α+ 1

℘32,2 = −ζ3 + αζ + 1

℘3832 = (−2α+ 2)ζ3 + (3α− 1)ζ2 + (α+ 1)ζ − α+ 3
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For k = 10 and ζ = ζ10 we have

ε10 = (−3α+ 7)ζ3 + (6α− 4)ζ2 + (α+ 1)ζ + 9α− 10

β10 = ℘192892

℘192892 = (2α− 5)ζ3 + (3α+ 3)ζ2 + (−α+ 6)ζ + 9α+ 2

For k = 11 and ζ = ζ11 we have

ε11 = (−353875255116707α+ 117872583555117)ζ9

+ (−688446384174845α+ 401155759804328)ζ8

+ (−897492189704312α+ 759910737126284)ζ7

+ (−914641448990872α+ 1080237360407592)ζ6

+ (−734446808203694α+ 1260432001194770)ζ5

+ (−414120184922386α+ 1243282741908210)ζ4

+ (−55365207600430α+ 1034236936378743)ζ3

+ (227917968648781α+ 699665807320605)ζ2

+ (345790552203898α+ 345790552203898)ζ

+ 260826355539896α+ 84964196664002

β11 = ℘35,1 · ℘35,2 · ℘463,1 · ℘463,2 · ℘1282372

℘35,1 = (α− 1)ζ8 + (α− 1)ζ7 + (α− 1)ζ6 + (α− 1)ζ5 − ζ4

+ (α− 1)ζ2 + (α− 1)ζ − 1

℘35,2 = −ζ8 − αζ5 − ζ4 + (α− 1)ζ3 − ζ + α− 1

℘463,1 = (α− 1)ζ9 + αζ8 + ζ7 − ζ6 + (α− 1)ζ5 + αζ4 + (α− 1)ζ2 + αζ

℘463,2 = αζ8 + ζ7 + αζ5 + ζ4 + (−α+ 1)ζ3 + (α− 1)ζ2 + αζ + 1

℘1282372 = 2αζ9 + 2αζ8 + ζ6 + (−2α+ 1)ζ5 + (−α− 1)ζ + α− 1

Some 2 and 3-loop invariants are shown next.

k S2,k for 41

1 (−10 + 11α)/108

2 (−25 + 41α)/216

3 (−20 + 37α)/108

4 (−977 + 1855α)/4752 + (5ζ)/44

5 (−14482 + 37559α)/78300 + (11ζ)/87− (2(−133 + 11α)ζ2)/2175
+((31− 22α)ζ3)/2175
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k S3,k for 41

1 −1/54

2 −19/216

3 −401/1944

4 −17783/52272 + 347(−1 + 2α)ζ/23232

5 (−1569081 + 48037α)/2838375 + 48037(−1 + 2α)ζ/2838375
+(−64041 + 64472α)ζ2/1892250 + (−94781− 1268α)ζ3/5676750

6.2. The 52 knot and its partner, the (−2, 3, 7) pretzel knot

The 52 knot is a hyperbolic knot with volume 2.8281 . . . with 3 ideal tetra-
hedra and trace field F52

= Q(α) where α = 0.8774 . . .− 0.7448 . . . i is a root
of

x3 − x2 + 1 = 0

F52
is of type [1, 1] with discriminant −23.
The (mirror image of) the (−2, 3, 7) pretzel knot is a hyperbolic knot

same volume and trace field as the 52 knot. In fact, the complements of the
two knots can be obtained from the same triple of ideal tetrahedra with two
different face pairing rules. So, we will use α and F as in Section 6.2. The
1-loop invariant at k = 1 and its norm is given by

(60)

knot τ−2
1 N(τ−2

1 )

52 3α− 2 −23

(−2, 3, 7) −6α2 + 10α− 4 −23 · 23

The norm of the 1-loop of the 52 and (−2, 3, 7) pretzel knots at level k is
given in (61) and (62) respectively.

(61)

k N(τk/τ1) for 52

1 1

2 11

3 72 · 43

4 21377

5 9491 · 1227271

6 709 · 2689

7 432 · 6007111235971721

8 17 · 113 · 7537 · 30133993

9 2083098097 · 85444190599483
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10 1811 · 4391 · 68626575961

11 363424007 · 793250477933 · 3103695493140688356241

12 420361 · 5976193 · 119577001

13 33 · 35023 · 17090197144904885763873428788615162336954707155761

14 397951 · 4686537997 · 36383829926671291

15 61 · 271 · 5728621 · 5533526674625134504126790661929671

16 72 · 17 · 6709259559659307953 · 10201336785134943810833

17 37251471121483 · 478394043550588093915627
·680530260143787862026942663543619843463116564673

18 4519 · 8815472623 · 178770985453 · 2913137889913

19 12772437704449 · 3508919046521483041
·498973019420515924143242422019287
·10714512841561797401872096224519192623

20 281 · 3821 · 3989122481 · 3748225906180094225903982496437822401

21 26 · 72 · 211 · 337 · 913753 · 2082346663352803
·17854362817614367334282334028504194189424575574129

22 11 · 6029 · 54583 · 7275369969656838010303
·8746524744220626866965904589334067

(62)

k N(τk/τ1) for (−2, 3, 7) pretzel

1 1

2 2 ·
√

2

3 373

4 23 · 373

5 7121 · 7951

6 23 · 7 · 7537

7 38543 · 215990584223

8 26 · 47389590553

9 192 · 109 · 357859 · 3981077803

10 26 · 112 · 9712 · 1091 · 1151

11 727 · 2272057394576817291015189643460557

12 26 · 20467677759464113

13 937 · 6761 · 160967 · 23955361 · 635301473
·57335784304171782943

14 29 · 1163 · 89392529932786422898277

15 33137687439067819192706277002439756570331

16 212 · 74 · 17 · 5963163273069615265031366100433

17 137 · 82399986307 · 3263165781611
·39270783190888798960324268124076297625100114717631
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18 29 · 19 · 776332747 · 464491149268013810443

19 97553069 · 451234687 · 4511912067991298785435699217959
·10780714359892164395007021907819650272965937

20 212 · 101 · 1812 · 58661 · 1310381 · 311721147290512745903667881

21 26 · 5839 · 295429 · 10289973200263
·168245809559535775760775546501360397248599028829

22 215 · 8532271651199678660022917719747178676450107088703587421

Next, we give some sample computations of the factorization (3).
For k = 2 we have for 52

ε2 = −α2 + α

β3 = ℘11

℘11 = α2 + α− 2

and for (−2, 3, 7), respectively:

ε2 = α+ 1

β2 = ℘
1/2
23

℘23 = 2

For k = 3 and ζ = ζ3 we have for 52

ε3 = (−4α2 + 2α+ 4)ζ − 4α2 − α+ 1

β3 = ℘2
7 · ℘43

℘7 = (−α2 + 1)ζ − α2 + α

℘43 = 2ζ + α+ 1

and for (−2, 3, 7), respectively:

ε3 = −α2 + 1

β3 = ℘373

℘373 = (−2α2 + 2α)ζ − 2α2 + α+ 2

For k = 4 and ζ = ζ4 we have for 52

ε4 = −2αζ − 2α2 + α+ 1

β4 = ℘21377

℘21377 = (4α2 − 2α+ 1)ζ − 4α2 + 2α+ 2
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and for (−2, 3, 7), respectively:

ε4 = (2α+ 2)ζ + 3α2 − 2

β4 = ℘23 · ℘373

℘23 = −ζ + 1

℘373 = (−α2 − 2α+ 1)ζ + α2 − α

For k = 5 and ζ = ζ5 we have for 52

ε5 = (−α2 + 3α)ζ3 + (−2α2 + α)ζ2 + (2α2 − α)ζ − α2 + 2α+ 1

β5 = ℘9491 · ℘1227271

℘9491 = (−α2 + 2)ζ3 + (−α2 + α+ 1)ζ2 + α

℘1227271 = (2α2 + 1)ζ3 − ζ2 + (−α2 + α)ζ + 1

and for (−2, 3, 7), respectively:

ε5 = (−5α− 4)ζ3 + (10α2 − 10α− 3)ζ2 + (20α2 − 10α− 2)ζ + 12α2 − 5α

β5 = ℘7121 · ℘7951

℘7121 = (−α2 + α− 1)ζ3 + (−α2 + α− 1)ζ2 − ζ + 2α− 1

℘7951 = (α2 − α+ 1)ζ3 + (α+ 1)ζ2 + (α2 − 1)ζ + α2 + 1

For k = 6 and ζ = ζ6 we have for 52

ε6 = (−24α2 − 12α+ 4)ζ − 6α2 + 24α+ 21

β6 = ℘709 · ℘2689

℘709 = (α+ 1)ζ − 2α2 − 2

℘2689 = (α2 + 2α− 3)ζ − 3α2 + α+ 3

and for (−2, 3, 7), respectively:

ε6 = (α2 − 1)ζ − α2 + 1

β6 = ℘
1/2
26 · ℘7 · ℘7357

℘26 = 2

℘7 = (−α2 + α+ 1)ζ − 1

℘7357 = (−2α2 − 3α+ 3)ζ + 2α2 + 1
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For k = 7 and ζ = ζ7 we have for 52

ε7 = (318981244103α2 + 40488788528803α+ 30382313828818)ζ5

+ (−52797766935255α2 + 38212176617858α+ 58931813581928)ζ4

+ (−29477571352182α2 − 1263424293533α+ 15843777055057)ζ3

+ (13260713424737α2 + 18581482784028α+ 6470257562608)ζ2

+ (−29079808246903α2 + 49225269181062α+ 53729902713340)ζ

− 52974788170701α2 + 15742594165404α+ 42070901450997

β7 = ℘2
43 · ℘6007111235971721

℘43 = (α− 1)ζ5 + αζ2 + α

℘6007111235971721 = (4α2 + 6α− 7)ζ5 + (5α2 + 4α− 3)ζ4 + (8α2 + α− 8)ζ3

+ (3α2 + 5α− 6)ζ2 + (2α2 + α− 5)ζ + 6α2 − 2α− 2

and for (−2, 3, 7), respectively:

ε7 = (349α2 + 119α− 176)ζ5 + (439α2 − 196α− 450)ζ4

+ (60α2 − 189α− 143)ζ3 + (185α2 + 42α+ 52)ζ2

+ (555α2 − 154α− 278)ζ + 279α2 − 324α− 305

β7 = ℘38543 · ℘215990584223

℘38543 = (−α2 − α+ 1)ζ5 + (−α2 + 1)ζ4 + (−α2 − α+ 1)ζ3

+ (−2α+ 1)ζ2 − αζ − α
℘215990584223 = (−3α2 − 1)ζ5 + (−5α− 3)ζ4 + (2α2 − 3α− 3)ζ3

+ (−α2 − 1)ζ2 + (−3α2 − 3α+ 1)ζ − 3α− 3

For k = 8 and ζ = ζ8 we have for 52

ε8 = (−41580α2 + 32068α+ 49052)ζ3 + (−4418α2 + 43620α+ 32476)ζ2

+ (35332α2 + 29620α− 3124)ζ + 54385α2 − 1731α− 36894

β8 = ℘17 · ℘113 · ℘7537 · ℘30133993

℘17 = ζ − α2

℘113 = (α2 − α)ζ2 − ζ + 1

℘7537 = (α− 1)ζ3 + (−α2 + α)ζ2 + α2ζ + α

℘30133993 = (α− 1)ζ3 + (−2α2 + 2α− 2)ζ2 + (2α2 + 2α− 1)ζ



i
i

“1-Dimofte” — 2018/4/9 — 14:57 — page 38 — #38 i
i

i
i

i
i

38 T. Dimofte and S. Garoufalidis

and for (−2, 3, 7), respectively:

ε8 = (−245132α2 + 447868α− 364300)ζ3

+ (−888194α2 + 1592676α− 1214108)ζ2

+ (−1010964α2 + 1804516α− 1352708)ζ

− 541525α2 + 959295α− 698910

β8 = ℘2
23 · ℘47389590553

℘23 = ζ3 + 1

℘47389590553 = (−5α2 + 5α)ζ3 + (4α2 − α)ζ2 + (4α2 + 2α− 3)ζ + α2

For k = 9 and ζ = ζ9 we have for 52

ε9 = (−4941α2 − 5373α)ζ5 + (−12105α2 + 5373α)ζ4

+ (−13605α2 + 13605α)ζ3 + (−13680α2 + 10098α)ζ2

+ (−11889α2 + 15471α)ζ − 4535α2 + 13605α

β9 = ℘2083098097 · ℘85444190599483

℘2083098097 = 2α2ζ5 + (α2 + 2)ζ4 + αζ3 + (α2 − 1)ζ2 + α2 + 1

℘85444190599483 = (3α2 − 5α+ 1)ζ5 − αζ4 + (−2α2 − 3α+ 1)ζ3

+ (2α2 − 4α+ 1)ζ2 + 2α2ζ − 4α− 1

and for (−2, 3, 7), respectively:

ε9 = (331893396α2 + 165165777α− 64446273)ζ5

+ (76625316α2 + 307221984α+ 188250822)ζ4

+ (−214496600α2 + 305525612α+ 352863266)ζ3

+ (−73359774α2 + 326036187α+ 287920791)ζ2

+ (−329761962α2 + 248164137α+ 375245217)ζ

− 431864865α2 + 54173331α+ 286988238

β9 = ℘192 · ℘109 · ℘357859 · ℘3981077803

℘192 = (−3α2 + 2)ζ5 + (−2α− 2)ζ4 + (3α2 − α− 3)ζ3

+ (−2α2 + 2α+ 3)ζ2 + (−3α2 + 1)ζ + α2 − 3α− 2

℘109 = −α2ζ4 − α2ζ − α2 + α

℘357859 = (−α2 + 2α)ζ5 + (α2 − α− 1)ζ4 + (−α2 + α+ 1)ζ3

+ (−α2 + α)ζ2 + (α2 − α− 1)ζ − α2 + 2

℘3981077803 = ζ5 + (−2α+ 2)ζ4 + (α2 − α+ 2)ζ3 + ζ2 + (−α+ 2)ζ − α− 1
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For k = 10 and ζ = ζ10 we have for 52

ε10 = (−3824672997α2 − 3325045215α− 330502768)ζ3

+ (−2263297486α2 + 2676462965α+ 3310113266)ζ2

+ (−3762572681α2 − 400845875α+ 1841500561)ζ

+ 100480422α2 + 4731453922α+ 3514375210

β10 = ℘1811 · ℘4391 · ℘68626575961

℘1811 = (α2 − α)ζ3 + α2 + 1

℘4391 = (−α2 + α− 1)ζ3 + ζ2 − α2ζ − α
℘68626575961 = (−2α2 + α+ 10)ζ3 + (−α2 − 3α− 7)ζ2

+ (−α2 + 2α+ 5)ζ + α2 − 3α− 5

and for (−2, 3, 7), respectively:

ε10 = (2069226α2 − 1143696α− 2044373)ζ3

+ (308318α2 + 1037807α+ 609316)ζ2

+ (1469403α2 − 65443α− 886914)ζ

− 970534α2 + 1744650α+ 1872808

β10 = ℘
1/2
212 · ℘112 · ℘9712 · ℘1091 · ℘1151

℘26 = 2

℘112 = (−α2 + α)ζ3 + (−α2 + 1)ζ + α2

℘9712 = αζ3 + (α2 + 2)ζ2 + (α2 − 1)ζ − α2 + α− 1

℘1091 = −αζ3 + αζ − α2 + α

℘1151 = (α2 + α− 1)ζ2 + (−α2 + 1)ζ + α− 1

Some 2 and 3-loop invariants for 52 and (−2, 3, 7) pretzel knots are shown
next.

k S2,k for 52

1 (245− 242α− 33α2)/2116

2 (6295− 10303α− 1314α2)/46552

3 (1763029− 3730884α− 616974α2)/11464488 + (727 + 40α− 52α2)ζ/6923

4 (198755261− 468329838α− 88322976α2)/1085609568
−(−144841− 3059α+ 3724α2)ζ/1966684

5 (1252389600136849− 2036921357788788α− 291646682299854α2)/3697084423961400
+3(109837198792− 4170485943α+ 4920447944α2)ζ/1339523342015
+3(392592030863− 20752850276α+ 41177718597α2)ζ2/6697616710075
+3(−57107525462− 19759788121α+ 42866787232α2)ζ3/6697616710075
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k S3,k for 52

1 3(18− 155α+ 155α2)/24334

2 3(−70769− 255956α+ 319945α2)/11777656

3 (−1863760571− 9092540536α+ 10659951670α2)/59526487818
+(581674213− 725755840α− 213728162α2)ζ/29763243909

4 3(−1447363406795− 7699225522158α+ 9371835787629α2)/88960456984688
−3(−6173681325057 + 7935320251722α+ 1607053670497α2)ζ)/355841827938752

5 3(−10989752660217610311084459− 59081913982949711575555062α
+69563350243075727956792969α2)/412694240274697972779851750
−3(−4209383365964471973165111 + 5860219093140674277853192α
+586631030165980383508791α2)ζ/206347120137348986389925875
+9(359260923564919009455273− 2046639621559644326769101α
+171017223371634425264447α2)ζ2/412694240274697972779851750
+3(−6713426920522807160021312 + 3867227919717696039743014α
+2476626379634791382781767α2)ζ3/412694240274697972779851750

k S2,k for (−2, 3, 7) pretzel

1 (−73− 1524α− 879α2)/25392

2 (5213− 6774α+ 726α2)/25392

3 (6428435− 7198212α− 1601715α2)/28413648 + (10598− 6375α+ 3506α2)ζ/51474

4 (1772576− 2698227α− 1231152α2)/9471216 + (11085− 4012α+ 1543α2)ζ/34316

5 (22745305769203− 23958770711676α+ 1292918125467α2)/35941786270800
+(4515992099− 1436127126α+ 641928216α2)ζ/13022386330
+(30141870223− 17414407586α+ 9676608447α2)ζ2/65111931650
+(14370066463− 15291381996α+ 9801845647α2)ζ3/65111931650

k S3,k for (−2, 3, 7) pretzel

1 (2099− 2099α+ 6874α2)/778688

2 (−10438 + 8532α− 177α2)/389344

3 (19141449113− 148532821745α+ 206516117210α2)/2925128234304
+(7427517757− 10156808752α− 14120983571α2)ζ/731282058576

4 (181162947− 969125569α+ 2031947518α2)/13542260344
+(2348859343− 5533235364α+ 628243915α2)ζ/108338082752

5 (−26527900336733230761869 + 1135819865279935909813α
+35348426895458618612714α2)/312031884139098398776000
+(4131462185677760934998− 5937844115855778532936α
−327921124596643988013α2)ζ/78007971034774599694000
+(−3615963624053978498519 + 2059165800970040528333α
−6722732999448794955676α2)ζ2/78007971034774599694000
+(−7145964286998284204683 + 6060423272846646989631α
−5019314438337630298992α2)ζ3/78007971034774599694000
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6.3. The 61 knot

The 61 knot is a hyperbolic knot with volume 3.1639 . . . with 4 ideal tetra-
hedra and trace field F61

= Q(α) where α = 1.5041 . . .− 1.2268 . . . i is a root
of

x4 − 2x3 + x2 + 3x+ 1 = 0

F61
is of type [0, 2] with discriminant 257, a prime. We chose to give the data

for this knot because the Bloch group of its trace field is a finitely generated
abelian group of rank 2. The 1-loop invariant at k = 1 and its norm is given
by

(63)
knot τ−2

1 N(τ−2
1 )

61 7α3 − 17α2 + 17α+ 12 257

The norm of the 1-loop of 61 at level k is given in (64).
(64)
k N(τk/τ1) for 61

1 1

2 29

3 79 · 373

4 487057

5 401 · 8120801581

6 4969 · 33601

7 23 · 19013 · 3957451 · 33546226214089

8 732209 · 85423522285273

9 212 · 192 · 1992 · 541 · 12313999 · 39491789023

10 100981 · 317733001 · 36502384021

11 291418667 · 3515449621583206989038092387793289595509816623

12 157 · 15086917 · 479105929 · 3349280377

13 79 · 117777271 · 5870910773677 · 644682638171983561196398860905544937015222089370889

14 23 · 1405219181759 · 57474686640618078167230081699

15 312 · 2379691 · 63360261033352141 · 1042507380808009331327711940605725261

16 196053041 · 21917758321 · 2943442798173814595177658255884613139633

18 26 · 192 · 4678492152497445991171 · 1135119536120342889490177

20 32261 · 500083848464103577816221055593641 · 200729720160049090343996502563952161

21 1009 · 538727231341573
·69679537903457255216788492238561211259581901781788919921647100909271764443148059688148169

22 23 · 1304249 · 17520427 · 35064943 · 662517155967701 · 13980312643423978437421727
·653195100488320873699349233

For k = 2 we have

ε2 = −α3 + 2α2 − α− 3

β2 = ℘29

℘29 = −4α3 + 10α2 − 8α− 7
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For k = 3 and ζ = ζ3 we have

ε3 = (−4α3 + 10α2 − 9α− 8)ζ − 3α3 + 7α2 − 5α− 8

β3 = ℘79 · ℘373

℘79 = (α3 − 2α2 + α+ 2)ζ + 3α3 − 7α2 + 5α+ 6

℘373 = (−2α3 + 5α2 − 5α− 3)ζ − 3α3 + 7α2 − 7α− 4

For k = 4 and ζ = ζ4 we have

ε4 = (α3 − 3α2 + 3α)ζ + 4α3 − 10α2 + 8α+ 10

β4 = ℘487057

℘487057 = (2α3 − 4α2 + 2α+ 4)ζ + α3 − α2 + 3α− 2

For k = 5 and ζ = ζ5 we have

ε5 = (−2α2 + 6α+ 24)ζ3 + (−20α3 + 56α2 − 38α− 12)ζ2

+ (−40α3 + 114α2 − 92α− 68)ζ − 18α3 + 56α2 − 49α− 40

β5 = ℘401 · ℘8120801581

℘401 = (−α3 + 2α2 − α− 2)ζ3 + ζ2 + (α3 − 3α2 + 3α+ 2)ζ

℘8120801581 = (α+ 3)ζ3 + (−5α3 + 11α2 − 9α− 5)ζ2

+ (−2α3 + 3α2 − 3α− 1)ζ − α2 + 4

For k = 6 and ζ = ζ6 we have

ε6 = (3α3 − 8α2 + 7α+ 5)ζ − 3α3 + 7α2 − 5α− 6

β6 = ℘4969 · ℘33601

℘4969 = (3α3 − 7α2 + 8α+ 4)ζ + 1

℘33601 = (4α3 − 10α2 + 8α+ 5)ζ + α3 − 3α2 + 4α+ 2
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Some 2 and 3-loop invariants are shown next.

k S2,k for 61

1 (−178515− 946382α+ 924836α2 − 371920α3)/1585176

2 (−27011582− 51129989α+ 48845639α2 − 19497370α3)/45970104

3 (−82893368809− 117384982993α+ 115430695442α2 − 47280180216α3)/70065571788
+(1706191− 1154600α+ 2708170α2 − 1385605α3)ζ/22719057

4 (1/3088284268128)(−4950930619209− 7026286049126α+ 7165813225694α2

−2954092842556α3) + ((84879497− 121998463α+ 149562867α2

−55782966α3)ζ)/500694596

5 −103464360336910543873− 188649056185634232247α+ 173804121553360109686α2

−66971292202517629952α3)/64525410081903320700 + (2813833153341350
−62305691106986α− 557364703389415α2 + 377823446091675α3)ζ/4184527242665585
+(13304890388975226 + 6297147216121499α− 10590487560881967α2

+4980152420171024α3)ζ2/20922636213327925 + (4532417943052961 + 6683187696077234α
−9628594457667602α2 + 4438295075710969α3)ζ3/20922636213327925

k S3,k for 61

1 (−2772972− 2244430α+ 2833463α2 − 1140832α3)/33949186

2 (−32774690022− 17111505319α+ 26321905652α2 − 10527251164α3)/114205061704

3 (−1598504997001206261− 909085206892628307α+ 1322686345008572948α2

−540917115639525443α3)/2387735578783745874 + (−340987970089137309
−593382515118577161α+ 540555632185247860α2

−224218760661580090α3)ζ/2387735578783745874

4 (−76552043703957527182− 43852642902836424033α+ 62680976630422417186α2

−25715623922859379240α3)/64428635165146026512− 3(40174169918962174465
+74704051006678295591α− 69345923760309927344α2

+27498092656227102870α3)ζ/257714540660584106048

5 (−83535030268880547833711035882206548− 57630500922078935770505946948391332α
+79407230942955753160123180497661371α2−
30884930225756906416238335746759432α3)/45001389388648840291462688518018250
+(−16829652415100927830509785657370971− 36833773286121610403780003873363084α
+34528306662808298407142994334953867α2

−13138908536274467739177531307979864α3)ζ/45001389388648840291462688518018250
+(1887348067005309217790728173337463 + 8201430020783561588938132296311242α
−5410900283083316911728968138281266α2 + 2484658725916747927696004662854207α3)ζ2/
45001389388648840291462688518018250 + (14884459939384051281789536921780086
+35638731679608054276763036584609939α− 30236970444383524674457588584916012α2

+12454010292496128569264912949291219α3)ζ3/45001389388648840291462688518018250

6.4. The (−2, 3,−3) and the (−2, 3, 9) partner pretzel knots

The (−2, 3, 9) and the mirror of the (−2, 3,−3) pretzel knots (the latter is
also known as the 820 knot) are partners. They can both be assembled from
the same set of ideal tetrahedra. It follows that they have equal volume
4.1249 . . . and equal elements of the Bloch group. They also have equal
trace fields F(−2,3,−3) = F(−2,3,9) = Q(α) where α = 0.4425 . . .− 0.4544 . . . i
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is a root of

x5 − x4 + x3 + 2x2 − 2x+ 1 = 0

This field is of type [1, 2] with discriminant 23 · 733. The 1-loop invariant at
k = 1 and its norm is given by

(65)

knot τ−2
1 N(τ−2

1 )

(−2, 3,−3) −10α4 + 8α3 − 7α2 − 22α+ 13 −24 · 733

(−2, 3, 9) −4α4 + 10α3 − 10α2 + 2α+ 14 −27 · 733

The norm of the 1-loop of the (−2, 3,−3) and (−2, 3, 9) pretzel knots at
level k is given in (66) and (67) respectively.
(66)
k N(τk/τ1) for (−2, 3,−3) pretzel

1 1

2 9 ·
√

2

3 86677

4 22 · 389 · 829

5 251 · 3701 · 5641 · 9573881

6 2 · 32 · 73 · 1675763533

7 21059216779259 · 15637926099144015661

8 28 · 1677121 · 2821611376969577

9 37 · 288361 · 16887730311458362485922054098785491

10 22 · 6451 · 765151 · 2036899317566108665824611

11 572683 · 15481222769 · 123058773843133908627743611 · 40590314050385646643724337053081

12 24 · 72 · 11701 · 570178703041 · 76017401206533083977

13 33 · 3121 · 8581·
5208780692011162885806751823435154606807560938151916182486066554111775765097437387670769

14 23 · 29 · 883 · 95890797076684070930617 · 196704656196706336391779227757264369

15 2731 · 84871 · 517081 · 73175750117941351 · 2791635002919906087031 · 49318837138663878429931849195141

16 216 · 337 · 54673 · 55181281 · 16869371249354588848817 · 2300418425808890616155725510116534231121

(67)
k N(τk/τ1) for (−2, 3, 9) pretzel

1 1

2 22

3 18217

4 25 · 32 · 29 · 101

5 31 · 28541 · 1731399041

6 24 · 31 · 11059 · 171043

7 43 · 1972 · 218454864083787040860053

8 214 · 241 · 3361 · 1003193 · 15946313

9 17594311532167603 · 50545284538200619535209

10 28 · 313 · 101 · 74098513175515361398321

11 232 · 1917210263 · 869440556615693617955386097 · 3945088199088552145275994613

12 210 · 32 · 61 · 73 · 229 · 483950196831635581064375269

13 394369 · 1817999 · 910838088184909
·1305464531078495668738541122232633072902748130522596602480377557

14 212 · 23031231430410673 · 6254905477428365514627650788018899766459

15 61 · 96331 · 4470070545691 · 144159618930221245901711143825031366430385501494972724861589731

16 228 · 72 · 764993 · 13057776577 · 3859919412481173535559894253284600362010320636824481
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Next, we give some sample computations of the factorization (3).
For k = 2 we have for (−2, 3,−3)

ε2 = α3

β3 = ℘
1/2
2 · ℘32

℘2 = −α4 + α3 − α2 − 2α+ 1

℘32 = α3 + α+ 1

and for (−2, 3, 9), respectively:

ε2 = α4 − α2 + α

β2 = ℘
1/2
23 · ℘1/2

2

℘23 = α4 − α3 + 3α− 2

℘2 = −α4 + α3 − α2 − 2α+ 1

For k = 3 and ζ = ζ3 we have for (−2, 3,−3)

ε3 = (α4 + α2 + 2α+ 1)ζ + α4 + 3α− 1

β3 = ℘86677

℘86677 = (3α4 − α3 + 8α− 1)ζ + α4 + 3α

and for (−2, 3, 9), respectively:

ε3 = (α4 + α2 + 3α)ζ + α4 − α3 + α2 + 2α− 3

β3 = ℘18217

℘18217 = (α2 + α+ 2)ζ + α2 + 2

For k = 4 and ζ = ζ4 we have for (−2, 3,−3)

ε4 = (97/2α4 − 36α3 + 55/2α2 + 211/2α− 151/2)ζ

− 37/2α4 − 13α3 − 15/2α2 − 107/2α− 75/2

β4 = ℘2
2 · ℘389 · ℘829

℘2 = (−1/2α4 − 1/2α2 − 1/2α+ 1/2)ζ − 1/2α4 − 1/2α2 − 3/2α+ 1/2

℘389 = (−α4 + α3 − 3α+ 2)ζ − α4 + α3 − α2 − 3α+ 2

℘829 = (−3/2α4 + α3 − 3/2α2 − 7/2α+ 3/2)ζ

− 1/2α4 + 1/2α2 − 3/2α+ 3/2
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and for (−2, 3, 9), respectively:

ε4 = (−43/2α4 + 40α3 − 105/2α2 + 29/2α+ 31/2)ζ

+ 5/2α4 + 22α3 − 73/2α2 + 127/2α− 35/2

β4 = ℘23 · ℘2
2 · ℘32 · ℘29 · ℘101

℘23 = (−1/2α4 − 1/2α2 − 3/2α+ 1/2)ζ + 1/2α4 + 1/2α2 + 3/2α− 1/2

℘2 = (−1/2α4 − 1/2α2 − 1/2α+ 1/2)ζ − 1/2α4 − 1/2α2 − 3/2α+ 1/2

℘32 = (−1/2α4 − 1/2α2 − 3/2α− 1/2)ζ − 1/2α4 − 1/2α2 − 1/2α+ 1/2

℘29 = (α4 + α2 + 2α)ζ − α
℘101 = (α4 − α3 + 2α− 2)ζ + α4 − α3 + α2 + 2α− 2

For k = 5 and ζ = ζ5 we have for (−2, 3,−3)

ε5 = (6α4 + 5α3 + 2α2 − 2α− 9)ζ3

+ (−13α4 + 30α3 + 9α2 − 49α+ 7)ζ2

+ (−32α4 + 30α3 + 11α2 − 66α+ 23)ζ

− 31α4 + 19α3 + 10α2 − 48α+ 25

β5 = ℘251 · ℘3701 · ℘5641 · ℘9573881

℘251 = (α4 − α3 + α2 + 2α− 1)ζ2 + αζ

℘3701 = (−α4 − 2α)ζ3 + (α4 − α3 + α2 + 2α− 2)ζ2 + α

℘5641 = (α3 + α+ 1)ζ3 + (α4 + 3α− 1)ζ2 + (α4 + 3α− 1)ζ + α4 + 3α− 1

℘9573881 = ζ3 + (α3 + 2)ζ2 + (−α4 + α3 − 2α)ζ − α4 + α3 − 2α+ 2

and for (−2, 3, 9), respectively:

ε5 = (222α4 − 1294α3 − 585α2 + 990α− 662)ζ3

+ (1179α4 − 1708α3 − 1460α2 + 1910α− 994)ζ2

+ (1551α4 − 677α3 − 1420α2 + 1495α− 541)ζ

+ 819α4 + 379α3 − 515α2 + 312α+ 74

β5 = ℘31 · ℘28541 · ℘1731399041

℘31 = (−α4 + α3 − α2 − 2α+ 2)ζ3 + (−α4 + α3 − α2 − 2α+ 2)ζ2

+ (−α4 + α3 − α2 − 2α+ 1)ζ − α4 + α3 − α2 − 2α+ 2

℘28541 = (α4 − α3 + α2 + α− 2)ζ3 + (α4 + 2α)ζ + 2α4 − α3 + α2 + 5α− 2

℘1731399041 = −α2ζ3 + (2α4 − α2 + 3α)ζ2 + (3α4 + α3 − α2 + 4α)ζ

+ 3α3 − α2 − α+ 3
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For k = 6 and ζ = ζ6) we have for (−2, 3,−3)

ε6 = (20α4 − 2α3 + 29α2 + 21α+ 35)ζ

− 71α4 + 89α3 − 144α2 − 9α+ 5

β6 = ℘
1/2
22 · ℘32 · ℘73 · ℘1675763533

℘22 = (−α4 + α3 − α2 − 2α+ 1)ζ

℘32 = ζ + α4 − α3 + 2α− 2

℘73 = (α4 − α3 + 2α− 1)ζ + α4 + 2α− 1

℘1675763533 = (−5α4 + α3 + 2α2 − 10α+ 3)ζ + 5α4 + α3 + α2 + 14α+ 2

and for (−2, 3, 9), respectively:

ε6 = (−30α4 + 4α3 + 27α2 − 21α+ 5)ζ + 11α4 + 34α3 + α2 − 17α+ 14

β6 = ℘
1/2
26 · ℘1/2

22 · ℘31 · ℘11059 · ℘171043

℘26 = (α4 − α3 + 3α− 2)ζ − α4 + α3 − 3α+ 2

℘22 = (−α4 + α3 − α2 − 2α+ 1)ζ

℘31 = (α+ 1)ζ − α
℘11059 = (−α+ 2)ζ + α3 − α2 + 1

℘171043 = (−2α4 + 2α3 − 2α2 − 3α+ 2)ζ + 5α4 − 4α3 + 3α2 + 9α− 6

6.5. The 912 knot

The 912 knot has volume 8.3664 . . . with 10 ideal tetrahedra and trace field
F912 = Q(α) where α = −0.06265158 . . .+ i 1.24990458 . . . is a root of

x17 − 8x16 + 32x15 − 89x14 + 195x13 − 353x12 + 542x11 − 719x10 + 834x9

− 851x8 + 764x7 − 605x6 + 421x5 − 253x4 + 130x3 − 55x2 + 18x− 3 = 0

F912
is of type [1, 8] with discriminant 3 · 298171 · 5210119 · 156953399. We

chose this final example because of the complexity of the ideal triangulation,
and the complexity of its trace field. The 1-loop invariant at k = 1 and its
norm is given by
(68)
knot τ−2

1 N(τ−2
1 )

912 59α16 + 40α15 − 14α14 + 12α13 − 164α12 − 82α11 3 · 298171 · 5210119
+107α10 − 186α9 − 55α8 + 356α7 − 387α6 − 410α5 ·156953399
+342α4 + 207α3 − 117α2 − 68α− 13
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The norm of the 1-loop of 912 at level k is given in (69).
(69)
k N(τk/τ1)

1 1

2 175013 · 139320586381

3 26 · 3 · 317089 · 618610957 · 16597704247 · 17781027987117308670607579

4 892 · 193 · 113664060425758850100362844843557553491441831726215669353830969

For k = 2 and ζ = e(1/2) we have

ε2 = 4α16 − 2α13 − 8α12 − 2α11 + 8α10 − 13α9 + 4α8 + 16α7

− 24α6 − 20α5 + 28α4 + 12α3 − 16α2 − 4α+ 4

β2 = ℘175013 · ℘139320586381

℘175013 = −9α16 + 12α15 − 2α14 + 5α13 + 15α12 − 23α11 − 17α10

+ 50α9 − 57α8 − 8α7 + 98α6 − 49α5 − 82α4 + 52α3

+ 34α2 − 17α− 8

℘139320586381 = 26α16 − 5α15 − 4α14 − 11α13 − 53α12 + 2α11 + 61α10

− 97α9 + 42α8 + 110α7 − 193α6 − 94α5 + 225α4 + 45α3

− 124α2 − 12α+ 32
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