Math. 4581, Suggested homework problems 1.

1. Show that (1,4,—1,—1),(1,—1,1, — 1), (1,—i,—1,1) are orthogonal.

2. Find (f,g) in L?(—m,7) if f(x) = €%, g(x) = e~'".

3. Find || f|| in L?(—1,1) if f(z) = —1 for z <0and f(z) =1 for z > 0.
4. Let L > 0. Calculate

(a)
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(cos — - cos ) in L*(~L, L),
(b) ( . nmx mﬂ'x) . L2( I L)
sin ——, cos — in L),

where n,m are nonnegative integers.

5. Find an orthonormal basis in L?(—1,1) for span{l,z,x?, 23}.
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6. Define Legendre polynomials Py(z) =1, Pi(z) = =, Pa(x

(a) Are these functions mutually orthogonal in L?(—1,1)?
(b) Are they orthonormal?

(C) Is Span{POaP17P27P3} = Spcm{l,x,xQ,x?’}?

7. Find f(x) = az? + bz + ¢ such that in L?(—1,1)
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i.e. find a quadratic polynomial that best approximates e” on [—1,1] in the least squares sense.



Answers:
2. 0.

3. V2.
4. (a)0ifn#m, Lifn=m >0, and 2L if n =m = 0.

(b) 0 for all n,m.
1 /3 1[5, 1\f .
\/5,\/;37,2\/;(33; 1),2 2(53; 3z).

D.
6. (a) Yes. (b) No. (c) Yes.
7. We compute
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IPI=vE Il= 2 1P =2

~ PO 1 ~ P1 3 p P2 \/5 (3 2
0 = = —, 1= = —x’ 2 = = — €T
[Pl v2 |21 2 1Pl 2v2

and we set

~1).

Then Py, P;, P, are orthonormal and span{1,z, 2%} = span{P,, P, P;} = span{Py, P, P;}. The f
that minimizes the distance is equal to the orthogonal projection of €% onto span{1, z, %} Therefore
we have

f =proj(e”; span{l,x,2°}) = proj(e”; span{ Py, P1, P2}) = Y (e, ;) P;.

) = </11 %&m) % </1 \/gxerdx> \/§x+ </ &( - 1)erdx> %(3:& Y
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