Math. 4581, Practice Final: Answers

1.
1 1
u(r,0) = Ag + 4rcosf — 51“2 cos 260 + §T3 cos 36
2.
1)* 1\*
Pnm = — (n-l— 5) + (m-l— 5) 7r2, n,m=20,1,2,...
1 . 1
Xpm(z,y) = cos | (n+ §)mc sin | (m + 5)7ry
3. -
u(z,t) =Ty + 2(Th — Tp) Z #e_D(”‘F%)Z“zt sin((n + 1)m(:)
’ ‘= m(n+ 1) 2
4.
1 oo
t) = — si t n t 9

u(x,t) — sin(art) cos(mx) + nz_%u (t) cos(nmx)

where
) = () = A" (1 cos(nmat))
uo(t) = —, up(t) = —
0 T (nma)?
—4
A,=0ifnisodd, A, = ———— if nis even.
m(n?—1)

5. u(0.5,3) = —0.5
6. Y(t) =et + ct3e .
7. Denote U(x, s) = L{u(x,-)}(t). After taking the Laplace transform we have
7T
Uxm — (8+’72)U = _TO — T
U,(0,s) =U,(1,s) =0.
Solving the above differential equation we obtain

V) T 2T
U(z,s) = ceV ST 4 eVt 4 0 5+ 7 o -
S+ s(s+~?)

The boundary conditions imply

0="U,(0,s) =c1 — ca, 0=U,(1,5) =c1v/s+ WQem — o4/ S +726m
which give ¢; = ¢5 = 0. Thus
Ty V2T
st7 s+
Taking the inverse Laplace transform we get

u(z,t) =T+ (Ty — T)e‘”z’t

U(z,s) =




