Math. 4581, Test 2

Name: Solutions

1. Solve the following boundary value problem:
Vu(z,y) = = for 0 < z,y <1,
uz(0,y) =u(l,y) =0 for0<y<1,
u(z,0) =u(z,1) =0 for0<x < 1.

We first find an orthogonal approximating basis of L?((0,1) x (0,1)) composed of the
eigenfunctions of the Laplacian with the required boundary conditions. This is done by
doing separation of variables, i.e. by looking for eigenfunctions of the form X (x)Y (y). We
then have two Sturm-Liouville problems

X"+puX =0, X'(0)=X(1)=0

and
Y'+AY =0, Y(0)=Y(1)=0.
The first has solutions

2m+1 ., 2m+1

o, = ( 5 ), m=0,1,2,..., X, = cos( 5 )
and the second
Ay = (nm)%, n=1,2,..., Y, =sin(nny).
The family {cos(2Ztrz)}°_ is an orthogonal approximating basis of L?(0,1) and the

family {sin(nmy)}S>, is also an orthogonal approximating basis of L?(0,1). Thus the
products of functions of these families

2m+ 1

cos( mz)sin(nmy), m=0,1,2,...n=1,2, ...
create an orthogonal approximating basis of L?((0,1) x (0, 1)), which is composed of the
eigenfunctions of the Laplacian with the required boundary conditions.

We now expand the solution u in terms of the elements of this basis to get

2 1
u(z,y) Z Ay, cos( m2—|— mz)sin(nmy).

m=0,n=1

It remains to find the A,,,,. To do this we expand

e 2 1
Z Bim cos( m2—|— 7x) sin(nmy),

m=0,n=1



where e
Jo Jy @ cos(2H 7wz sin(nary)dady

fol fol cos?( Qm—;lms) sin? (nrry)dxdy
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fol x cos(2t ) da fo sin(nmy)dy
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1
= —(1- (—1)”)/0 xcos(2m2+ 17?1’)6155
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m+4)r  (m+ 1)2x2

Now

2m+1

mx)sin(nmy)

1
Viu = Z —Apm(n® + (m + 5)2)7r2 cos(

m=0,n=1

and so plugging this into the equation we obtain

(0. @]
1 2 1 2 1
Z —Anm(n2+(m+§)2)7r2(:os( m2+ 7x) sin(nmy) = Z By cos( m2-|- wx) sin(nmy).
m=0,n=1

m=0,n=1

This gives

~ - ) (s - )

(n? + (m + 3)?)7>

and we are done.
2. Solve the initial boundary value problem

Uy = Dugy forO<x < L,t>0,
u(t,0) = To, u(t,L) =Ty for t >0,
u(0,2) =0 for0<z <L,

where Ty and T3 are constants.

We first find the steady state solution of our heat equation, i.e. the function v satis-
fying
v =0 for 0 <z < L,
v(0) = Tp, v(L) =Ty.



We get
x
U(.’E) = TO + (Tl — TO)E
Therefore u satisfies the original equation if and only if w = u — v satisfies
w; = Dwyy forO<xz < L,t >0,
w(t,0) =0, w(t,L)=0 for t >0,

MQ@z—R—H}J@%:@O<x<L

Separation of variables for this problem gives

nmwx

Xn(z) =sin < T.(t) = e ENDE =19, ...

Thus we are looking for the solution w of the form

[e @]
_(nm)2 . hrmx
= E A,e ()" Dt gipy
n=1

We must have

nwx x
A, sin — = Ty — (11 — Ty)—,
ngl Sin L 0 ( 1 O)L
and thus
A f [ T() — (Tl T()) ] sin %d&)
" fo sin? 272 .
—Q/L[T-wT T)]snmmm 2T (—1)" — Ty)
7/, 0 1 o) | St = =W 0
Therefore,
:z: 2 <= (Ty(— —TO) o~ (32)2Dt g T
u(t,r) = To + (T1 — Z ;Z L sin ——.

n=1



