
Math. 4581, Test 2

Name: Solutions

1. Solve the following boundary value problem:











∇2u(x, y) = x for 0 < x, y < 1,

ux(0, y) = u(1, y) = 0 for 0 < y < 1,

u(x, 0) = u(x, 1) = 0 for 0 < x < 1.

We first find an orthogonal approximating basis of L2((0, 1)× (0, 1)) composed of the
eigenfunctions of the Laplacian with the required boundary conditions. This is done by
doing separation of variables, i.e. by looking for eigenfunctions of the form X(x)Y (y). We
then have two Sturm-Liouville problems

X ′′ + µX = 0, X ′(0) = X(1) = 0

and
Y ′′ + λY = 0, Y (0) = Y (1) = 0.

The first has solutions

µm = (
2m + 1

2
π)2, m = 0, 1, 2, ..., Xm = cos(

2m + 1

2
πx)

and the second
λn = (nπ)2, n = 1, 2, ..., Yn = sin(nπy).

The family {cos( 2m+1
2 πx)}∞m=0 is an orthogonal approximating basis of L2(0, 1) and the

family {sin(nπy)}∞n=1 is also an orthogonal approximating basis of L2(0, 1). Thus the
products of functions of these families

cos(
2m + 1

2
πx) sin(nπy), m = 0, 1, 2, ..., n = 1, 2, ...

create an orthogonal approximating basis of L2((0, 1) × (0, 1)), which is composed of the
eigenfunctions of the Laplacian with the required boundary conditions.

We now expand the solution u in terms of the elements of this basis to get

u(x, y) =
∞
∑

m=0,n=1

Anm cos(
2m + 1

2
πx) sin(nπy).

It remains to find the Anm. To do this we expand

x =

∞
∑

m=0,n=1

Bnm cos(
2m + 1

2
πx) sin(nπy),



where

Bnm =

∫ 1

0

∫ 1

0
x cos( 2m+1

2
πx) sin(nπy)dxdy

∫ 1

0

∫ 1

0
cos2( 2m+1

2 πx) sin2(nπy)dxdy

=

∫ 1

0
x cos( 2m+1

2 πx)dx
∫ 1

0
sin(nπy)dy

1
2
· 1

2

=
4

nπ
(1 − (−1)n)

∫ 1

0

x cos(
2m + 1

2
πx)dx

=
4

nπ
(1 − (−1)n)

(

(−1)m

(m + 1
2)π

−
1

(m + 1
2 )2π2

)

.

Now

∇2u =

∞
∑

m=0,n=1

−Anm(n2 + (m +
1

2
)2)π2 cos(

2m + 1

2
πx) sin(nπy)

and so plugging this into the equation we obtain

∞
∑

m=0,n=1

−Anm(n2+(m+
1

2
)2)π2 cos(

2m + 1

2
πx) sin(nπy) =

∞
∑

m=0,n=1

Bnm cos(
2m + 1

2
πx) sin(nπy).

This gives

Anm =

− 4
nπ

(1 − (−1)n)

(

(−1)m

(m+ 1

2
)π

− 1
(m+ 1

2
)2π2

)

(n2 + (m + 1
2 )2)π2

and we are done.

2. Solve the initial boundary value problem











ut = Duxx for 0 < x < L, t > 0,

u(t, 0) = T0, u(t, L) = T1 for t > 0,

u(0, x) = 0 for 0 < x < L,

where T0 and T1 are constants.

We first find the steady state solution of our heat equation, i.e. the function v satis-
fying

{

v′′ = 0 for 0 < x < L,

v(0) = T0, v(L) = T1.



We get

v(x) = T0 + (T1 − T0)
x

L
.

Therefore u satisfies the original equation if and only if w = u − v satisfies















wt = Dwxx for 0 < x < L, t > 0,

w(t, 0) = 0, w(t, L) = 0 for t > 0,

w(0, x) = −T0 − (T1 − T0)
x

L
for 0 < x < L.

Separation of variables for this problem gives

Xn(x) = sin
nπx

L
, Tn(t) = e−( nπ

L
)2Dt, n = 1, 2, ...

Thus we are looking for the solution w of the form

w(t, x) =
∞
∑

n=1

Ane−( nπ

L
)2Dt sin

nπx

L
.

We must have
∞
∑

n=1

An sin
nπx

L
= −T0 − (T1 − T0)

x

L
,

and thus

An =

∫ L

0

[

−T0 − (T1 − T0)
x
L

]

sin nπx
L

dx
∫ L

0
sin2 nπx

L
dx

=
2

L

∫ L

0

[

−T0 − (T1 − T0)
x

L

]

sin
nπx

L
dx =

2

nπ
(T1(−1)n − T0).

Therefore,

u(t, x) = T0 + (T1 − T0)
x

L
+

2

π

∞
∑

n=1

(T1(−1)n − T0)

n
e−( nπ

L
)2Dt sin

nπx

L
.


