OPTIMAL CONTROL FOR A MIXED FLOW OF HAMILTONIAN AND
GRADIENT TYPE IN SPACE OF PROBABILITY MEASURES

JIN FENG AND ANDRZEJ SWIECH, WITH APPENDIX B BY ATANAS STEFANOV

ABSTRACT. In this paper we investigate an optimal control problem in the space of measures
on R2. The problem is motivated by a stochastic interacting particle model which gives the
2-D Navier-Stokes equations in their vorticity formulation as mean-field equation. We prove
that the associated Hamilton-Jacobi-Bellman equation, in the space of probability measures,
is well-posed in an appropriately defined viscosity solution sense.

1. INTRODUCTION

We consider a system of controlled partial differential equations

(1.1) Op +div(pu) = vAp+m,
(1.2) u = u,=—K"xp.
In the above, x* = (z1,22) € R? and v > 0,
1 1 =z
1. N(z) = —=—1 K(z):=VN(r) = ———— R?
(13)  N@)i=—p-loglel, K(e) = VN@) =~ o e B {0}

K*(r) := JK(z) = V-N(x), where V*+ = (0,,, —0,,) = JV,

01

e[ 0]

Let P(R?) denote the space of probability measures on R? and P,(R?), the space of proba-
bility measures on R¢ with finite p-th moments. We will introduce a weighted Sobolev space
H_1 ,(R?) in (1.12) which can be viewed as the tangent space of P»(R?). The control vari-
able m satisfies m(t) € H_y pu)(R?), which means that the control only push along tangent
directions. This ensures that the dynamic is kept on the space of probability measures. The
meaning of a solution to (1.1)-(1.2) is made precise in Definition 1.1. The existence and some

regularity properties of solutions are established in Section 2. Using the tools of calculus on
the space of probability measures, we will later see (Lemma 3.8) that (1.1) can be rewritten
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as an abstract evolution equation which is a mixture of a Hamiltonian flow, a gradient flow,
and the control variable m, i.e.

(1.4) Oip = J-grad e — vgrad,s +m,

where s : Py(R?) — RU{+00} is the entropy functional (1.15), and e : Py(R?) — RU{+o00}
is an energy functional (1.17).
To define our optimal control problem, we prescribe an infinitesimal running cost

1
(1.5) L(p,m) := E||m”2—1,p

We refer to (1.11) for the definition of || - || -1, which is defined for all Schwartz distributions.
Writing the distributional derivative p = 0;p, provided pu € L} .(R?), and identifying m
with p through (1.1), we have

. 1. .
Lip,p) = - llp + div(pu) — vAp|[2, .

In this article, by action integral, we mean

(1.6) Arfo()] = / L(p(s), 3(s))ds.

If u(t)p(t) € L}, (R?) for t € (0,T] a.e., then Ar is well defined and takes values in [0, +00].
Next, we introduce a class of admissible paths, or equivalently controls by the above
identification,

K= {p(-) L p € C([0,00); Po(R2)), 3p : [0, 00) x R? i R such that
(1.7) 30 =ty <ty <..<ty<..t, — +oo such that p € C([t,, tns1] x R?),
n=0,1,..,(p,m) solves (1.1) — (1.2) with m = -V - (pr)}.

Above, by writing p € C°([t,, tnr1] X R?),n = 0,1,..., we mean that p € C®((¢,, tps1) ¥
R?) and it extends to a function in C°([t,,t,41] X R?) for every n. However p may be
discontinuous at the points ¢,,. We set

(1.8) Koo = {p() €K p(0) = po }-
We are interested in variational (or control) problems of the type

(1.9) f(po) == Rah(po)
— sup / (a7 h(p(s)) = Lp(s), p(5)) )ds : p € Ky}

= sup{/o atem S(ﬁ(p(s)) — As(P)>d5’ 1p €Kyl

where a > 0 and h is bounded from above. We call f the value function.
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1.1. Notation. For p,y € Py(R?), we set
L(p,7) = {n(dz,dy) € P(R* x R?) : 7(dz, R?) = p(dz), 7(R? dy) = 7(dy)}.
The Wasserstein order 2-metric d on Py(R?) is defined as

(1.10) P(p.) = int | /RR [z~ ylPm(de.dy) : 7 € Do) )

(P2(R?),d) is a non-locally compact, complete separable metric space (e.g. Chapter 7 of
Ambrosio, Gigli and Savaré [3]). We define

1)l i= sw (2em) - [ VePde) Ve DR?).
peCe (R?) R?

and

(1.12) H_1,(R?) := {m € D'(R?) : ||m]|_1, < oo}.

Appendix D in Feng and Kurtz [11] discusses some properties of this space and its relation
with the 2-Wasserstein space (Py(R?), d).
For a function f : Py(R?) — (—o00, +00], its effective domain is

D(f) = {p € Pa(R?) : f(p) < +oc}.

Let E := Py(R?), then (F,d) is a complete separable metric space and this will be our
state space throughout the paper.
We define moment functionals

(1.13) Myp) = [ laPdp. p>0,
R
and the Fisher information functional
2
(1.14) I(p) = Vol dr = 4/ |V/plPdz,
Rz p R?

I(p) = 400 if p does not have a Lebesgue density. The equivalence of the two different
expressions above for I, as well as a number of other properties, can be found in Appendix
D.6 in [11]. We also define the entropy functional s : Py(R?) — R,

(1.15) s(p) = / plog pdzx,
R2
and s(p) = +oo when p does not have Lebesgue density. To see that the above is well

defined, we note the following estimate (see e.g. a remark on page 9 of Jordan, Kinderlehrer
and Otto [18]):

(1.16) / |0V log p|p(dz) §C’/ e_x/2dx+/ || p(dz).
R2 R2 R2

Next, we define an internal energy functional on Py(R%) by

(1.17) ()= 5V puph =5 [ [ Nla—pptas)otay)
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A cautionary note is necessary here. Consider a more general situation of p € M(R?), the
space of finite signed measures. Formally, it seems that K = V(—A)~! and

1 _ 1 N _ 1 N 1
e(p) = 5((=8)7"p,p) = {(=2) ' p. (=A)(=A) "' p) = SIV(=A) o5 = —/ Ju(z)*dz.
2 2 2 2 Jge
The above symbolic calculation is not true because in dimension two, (—A)~!p may not
decay at infinity sufficiently fast to allow integration by parts. For instance, if p has compact
support, (3.15) in Majda and Bertozzi [20] gives the following estimate

1 (—ZL'Q, 1’1)

o EE p(R?) + O(|z|7?), for large |z|.

u(x)
This implies that [5, [u(2)|*dz = oo if p(R?) # 0. However, at least when p € P»(R?), e(p) €
(—o0, +00] is always well-defined. This follows easily from the inequality N(z) > —C(1+z|)
for some C' > 0.
Finally, the velocity field u = (uj,us) defined by (1.2) is a vector. In the following, we
denote the 2 x 2 matrix Du = (Vuy, Vus).

1.2. Relation with 2-D incompressible Navier-Stokes equation. In this section we
discuss, rather informally, the motivation behind our optimal control problem and its con-
nection to a particle model.

Consider the 2-D Navier-Stokes equations
(1.18) u+ (u-Viu+Vp=vAu, divu=0, lim u(z)=0,

|z|—o0
where u = u(t, z) = (u1(t, x1, xa), us(t, x1, x2)). Taking
= curl,u = Oy,uy — Oy, s,
we arrive at its vorticity formulation
(1.19) Oup + div(pu) = vAp, uw=—K* *pu.

The above is essentially (1.1) with m set to zero. In fact, a refined model at a particle level
can be introduced for which (1.19) is just the mean-field (i.e. law of large number) limit
equation for a collection of stochastic vortex particles interacting in a particular manner.
Ideas of this kind, in the deterministic setting (i.e. with v = 0), can be found in Chorin [7],
Lions [19] for the study of incompressible Euler equation (see also Majda and Bertozzi [20]).
In particular, Lions [19] outlines a heuristic procedure to motivate the formulation of a class
of variational problems associated with large time coherent structures for such flows.

The stochastic interacting particle system was first introduced in [21] and was later studied
in [22, 23, 24, 25]. Various results about convergence of laws of the empirical measures (as
the number of particles goes to infinity) to the law of the solution of the vorticity equation,
and the propagation of chaos property, have been proved in the above papers. We refer the
readers there for details and further references.

The stochastic particle particle system is constructed in the following way. Let there
be ny particles (X, ..., X,,) modeling vortices rotating counter-clockwise, and let there be
ny particles (Y1, ...,Y,,) modeling vortices rotating clockwise, and let n = ny + ny be the

total number of particles. As we move to the macroscopic level, we lose track of individual
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particles and only see collective effects given by number density of two types of vortices,
which is represented by the probability measure

1.2 t,dx,dy) d(x (dx,d
(1.20) pultdr.dy) WWZ 0300 (e ).

Two useful functionals of p, are

(121)  pa(t,do) _nllzéX (dz),  pn—(t,dy) = n3" Y Sy (dy).

=1 i=1

They are the marginal probabilities of p, (¢, dz,dy). The dynamic of all particles is defined
through a system of stochastic differential equations

(1.23) dY; = wu,, (Y;)dt + V2vdW;,
where the density dependent vector field
n n
Up,(2) = —IVNu# (g = —pn)(2)
ni n2
= -1 JVN,(z— X)) +n7' > JVN,(z-Y)).

i=1 j=1

In the above, (By, ..., By, Wy,...,W,,) is an R?*"-dimensional standard Brownian motion

and N, is some Lipschitz smooth potential approximating the Newtonian potential N in
(1.3) with the property VN, (0) = 0.

By Ito’s formula, for each ¢ € C?(R? x R?),

d{p, pn(t)) = (Vap(z,y) - up, (1) + Vyp(z,y) - tp, (), pn) + V(D) @, pn)dt + dM7(t)

where M7 is a martingale with co-quadratic variation

1
(124) d[MgOl, MSDQ](t) =2v <V(x7y)g01 : V(x,y)go% pn>dt.
N1 X Ny
Define
5f Sf of
(125)  Anf(p) = (Verg (@) - up(@) + Vy 5 2(25) - oY), ) + V(Beay 500 )
+(ny X ng)” Z A (1, 0)s - (Phs D))V R1V Py ),

I,m=1

for smooth test functions

(1.26) f(p) = ({1, ), (r, ) b € CP(RF), 0 € CX(R? x R?), k= 1,2, ...
2

Therefore, p,(t) as a probability measure valued process, with trajectories in C([0, 00); P(IR*x
R?)), solves the martingale problem given by

(1.27) fpn(t)) — / A, f(pn(s))ds = martingale.

0
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The process p,(+) is Markovian. Indeed, the form of (1.25) suggests that the projection of
pn to “lower dimensional” sub-space of probability marginals (p;t, p;), where

pi(t,dx) i= p,(t,dz,R?),  p (t,dy) = p,(t,R?, dy)

forms a system of Markov processes as well. Its martingale problem generator can be iden-
tified through

(1.28) Ang(p+, p-)
0g 0g 0g g
= (V—/— - u,, + (V—u,, p_) + v{A—, + v{A——,p_
( 5o pr P+) + 7 pr P—) 1 5o p+) + 7 p-)
k
-1
+n1 v Z 8zm¢(<301,p+>,...,<¢k,p_>)<v<,OzV<,0m,p+>
I,m=1

2k
0y 'y Y Ot (01, p1)s - (D p)) (VY G ),

l,m=k+1
for smooth test functions
(129) g(p) = ¢(<<P17p+>a R <§0k7 p+>7 <¢17 p—>7 vy <¢k7p—>)7
where 1 € C*(R%*), p;, ¢; € C®(R?), k= 1,2,.... Assuming n~'n; — A;, and considering
nq o
HUn = —Pn+ — —Pn,—>
n n

then p, — u at least formally, where u solves (1.19). To simplify, we consider the special
situation of counter-clockwise rotation only, i.e. if A_ = 0, the limiting martingale problem
for (1.27) becomes the Schwartz distributional formulation of (1.1)-(1.2) with m = 0. This
corresponds to letting n = n; and eliminating everything involving p_ component in the
above g and A,g.

Therefore, at least from a mathematical point of view, model (1.22)-(1.23) contains more
information than the usual Navier-Stokes equation (1.19), which only expresses the (already
averaged) mean-field behavior. One example where such an additional information can be
useful is in computing a path space level entropy (rescaled by particle numbers) in the sense
of Boltzmann. The rigorous justification of such computation belongs to the probability
theory of large deviations. To be precise, we want to identify a function S which takes values
in [0, +o0] and is defined over Borel sets A in an appropriately defined path space, such that
(1.30) —S(4°) < liminf n~'logP(p,(-) € A°) < limsupn 'logP(p,(-) € A) < —S(A).

n—oo

In particular, S has a “density” I which is known as the action functional (or rate function):
S(A) = inf I(p(-)),
(4) = inf 1(6()
with

(1.31)  I(p(-)) = = lim lim n~"logP(pa(-) € Be(p(-))) :/0 L(p(t), p(t))dt.

e—04+ n—oo

We note that S is really a quantity arising from the nonlinear scaling behavior of the stochas-
tic processes (1.21), it contain information about the limit process and cannot be obtained
from the limiting deterministic 2-D incompressible Navier-Stokes equations or their vorticity

formulation alone. Justification of the limit (1.30) and identification of the rate function
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I (and hence S) are related to variational problems of optimal control nature, which are
(1.1)-(1.5) in this specific context. They can be studied by establishing well posed-ness of
the Hamilton-Jacobi-Bellman (HJB) equation

(1.32) (I—aH)f=h

for 0 < a < ag for some ay > 0, and for a sufficiently large class of h, where the first order
differential operator Hg(p) := H(p, gradg(p)) is and appropriate limit of

H,g=n"te ™A, e".

See Feng and Kurtz [11] for a general method developed in the context of metric-space valued
Markov processes.

The above H is defined for smooth test functions g of the form (1.29). One can then extend
H in a viscosity extension sense to the H defined in Section 4. This helps when a convergence
theory (H, converges to H) and a well posed-ness theory for the limiting equation need to
be studied in one framework altogether. A general method for doing this is described on
pages 111-113, and illustrated in Section 13.3.3 of [11] for a related model. We do not try
to investigate if this approach can be applied here. Instead, we are only concerned with the
well posed-ness theory for (1.32). We do it by a direct approach which is more in line with
a more classical viscosity solution approach. We introduce another class of test functions
(Definition 4.1) on which H (from Section 4) is defined. Our notion of viscosity solution
applies to discontinuous functions. We prove a comparison principle for the general case
of discontinuous sub/super-solutions, and then show, using dynamic programming principle
arguments, that the value function is the unique viscosity solution of the HJB equation. This
has an advantage of avoiding a rather delicate issue of the continuity of the value function,
which we obtain as a byproduct of the proof of comparison principle. Another feature
of our argument is the use of Borwein-Preiss [6] variational principle to produce extremal
points. This allows us to do perturbed optimization based on the use of d? as part of test
functions. The whole paper relies heavily on the abstract calculus in the Wasserstein space
based on mass transport techniques, whose rigorous theory can be found in [3]. Especially,
the chain rule formula (Appendix D) is critical for our purposes. An equation of type (1.32)
for which K+ (see the definition of H) is replaced by a smooth kernel has been investigated
successfully in the space of measures by Feng and Katsoulakis [10] (see also [11]). Here,
the singularity of K is the main source of technical difficulties. However in the proof of
comparison, many techniques of [10] still apply after more or less extensive modifications.
To obtain key estimates we have to proceed through rather involved approximations and
make extensive use of Sobolev type inequalities to estimate orders of approximation. We
mention that existence of viscosity solutions was not investigated in [10]. In [11], it was
indirectly handled using Markov processes properties and large deviation techniques.

Finally, we remark that equations of type (1.1)-(1.2), with K~ replaced by various other
kernels and with possibly different diffusion terms, have recently appeared in modeling of
biological aggregation (swarming, schooling, flocking, etc.) and other pattern formation
models that incorporate aggregative and dispersive types of behavior. We refer for instance
to [, 28] and the references therein for more. In these models the motions of individuals
are represented by deterministic or stochastic particle systems similar to the one described
here in Section 1.2, and the continuum equations are their mean field limits. The general
framework developed in this paper could potentially apply to such problems which have

similar Hamiltonian/gradient structure. This however has to be investigated on a case by
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case basis as our analysis of the control problem and the associated HJB equation relies
heavily on many special properties of equation (1.1)-(1.2), in particular the orthogonality of
J-grad e and grad,s.

1.3. Solution of the control equation. We make precise sense of what we mean by (1.1-
1.2).

Definition 1.1 (Weak Solution). (p,m), p : [0,4+00) — Pa(R?), is said to be a (weak)
solution to (1.1) provided that

(1) p € C([0,00), P(R?));

(2) for each 0 <t < oo, p € L*([0,¢], L*(R?)) and m € L*([0,t], H_1 ,(R?));

(3) forall 0 < s <t < oo and ¢ = ¢(t,x) € C([0,00) x R?),

(1.33) {(2), (1)) = (2(s), p(s))
= / ( / O 2) +Vp(r, 2) -l 2) + vAp(t, 2))p(r, do) + <m(r),gp(r)))dr.

If we restrict (1.1) to the time interval [0, T'] we require test functions ¢ to be in C2°([0, T x
R?).

We recall that in the definition above (m(r), ¢(r)) is understood in the distribution sense.
Since (see [11], Appendix D5) there exists v(t) such that m(r) = =V - (p(r)v(r)), where
[ 1v2p < +o00, we have (m(r), ¢(r)) = | Vip(r, ) - v(r, 2)p(r, dz).

Remark 1.2. Recall that u = — KL% p. If for each 0 < t < 0o, p € L?([0,t], L*(R?)) then by
(7.27) we know that plu| € L'([0,] xR?), and it then follows that the term [ [.,(V)-udpdr
in (1.33) is well defined.

Existence and regularity estimates for solution to (1.1) are established in Section 2.

1.4. Main result. Let H, the test functions and the notion of viscosity solution for (1.32) be
defined according to Section 4. The main result of this article is the following well posed-ness
of (1.32), which follows from the conclusions of Corollary 5.3 and Theorem 6.3.

Theorem 1.3. Let « > 0 and h € Cy(E) be uniformly continuous on finite level sets of
s+ Ms. Then equation (1.32) has a unique bounded viscosity solution which is given by the
value function f = Ryh in (1.9). The solution is uniformly continuous on finite level sets of
s+ MQ.

2. EXISTENCE AND REGULARITY FOR THE CONTROLLED PARTIAL DIFFERENTIAL
EQUATION

Let p € C2°([0,00) x R?). We define
m:=—=V-(pVp), v(t,x):= V.p(t, x).

We construct a solution of (1.1)-(1.2) with initial condition p(0) = po through a stochastic
particle method and prove some regularity results. For results on approximations of the
uncontrolled version of (1.1)-(1.2) by an interacting particle system we refer to [21, 22, 23,
24, 25] and for general results about existence and uniqueness of solutions of the 2-D vorticity
equation we refer to [13, 20] and to [14], where existence of solutions was shown when the

initial vorticity was a finite Radon measure.
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We introduce a controlled version of (1.22-1.23) but with only counter-clockwise rotating
particles

(21) dXZ = an*pn(t) (Xl)dt + U(t, Xl>dt + V 2VdBZ', XZ(O) == XOia 1= 1, PPN %

where X¢;,¢ = 1,2, ..., are i.i.d. random variables with law p, defined on the same probability
space as the Brownian motions B;,7 = 1,2, .... Moreover, we choose a specific N,, :== G,, x N
with G,, defined as follows. Let J(z) : R? — R, be a radial symmetric, C*° function with
support on [—1,1]%, [J(z)dz = 1. Let Js(z) := 62J(6'2) and §, — 0 be such that
né? — oo (e.g. 6, = n~Y/3). With a slight abuse of notation, we also denote .J,, = Js,.
Finally, G, := J,, * J,,. Therefore

UG, () (7) = — (KT Gy) 5 pu ().

Recall that solutions of (2.1) define measures

1 n
= E Zl 5Xi(t) (dI)
Define

n

(2.2) en(pa() = (N, pult), pult —}Z X;(8).

Lemma 2.1. Let My(py) < +00 and s(pg) < +o00. Then lim, . d(p,(0), po) =0 a.s., and

(2:) E[M (0, (0))] = Ma(po).
(2.4) Jim_ Ele, (0,(0)] = e(pv).

Proof. For every ¢ satisfying (1 + |z|*)'¢ € C,(R?), we have
Ellp(Xo)[] < C[1+E[|[Xo|]] = C[1 + Ma(po)] < 00

By strong law of large numbers,

tim [ @) = lim =37 p(Xa) = [ pm(dn) o

This implies that p, converges to py in the 2-Wasserstein distance almost surely.
Equality (2.3) follows by direct verification

E[M2 pn ZE |XOZ M2(p0)

As regards (2.4), using (2.2) we have

n 2

1 1 n? —n 1
Ele,(pn = — E|N, (X — Xo; —N,(0) = ——e¢, — N, (0).
enlon(O)] = 55 D~ BINa(Xos = Xop)] + 5-Na(0) = - en(n) + 5= Nal0)

1,j=1,i#j
Since |Js| < €572 and is equal to zero when |z| > §, an easy calculation involving a change
to polar coordinates gives us |N,(0)| < —C'logd,. Moreover, by Lemma 7.4, e,(po) — e(po)
as n — +o0o. Therefore (2.4) follows. O
9



By the existence theory for stochastic differential equations with Lipschitz coefficients, the
above finite system has a unique solution on any finite time interval.
Then by Ito’s formula, for each 0 <t < T, ¢ € C?([0,T] x R?),

(2.5)  d{p,pu(l)) = (Owp, pp)dt 4 (—=div(pn(ua,sp, +v)) + VApy, p)dt + dM7 (1)
= (O + (UG sp, T V) - Vo + VAP, pp)dt + dMZ (1),

where
M?(t) = 2un_1z /0 Vo(r, X;(r)) - dB;(r).

We recall that for 0 < s <t < T, M7 (t) .= M?(t) — M7 (s) is a martingale for ¢ > s with
quadratic variation

(2.6) (ME](8) = 2vm~ / / Voo, 2) [2pn(r, da)dr

Taking expectation in the integral form of (2.5) we have for 0 < s <t < T

(2.7)  E{p(t), pu(t)) = E(p(5), pu(s)) = E/ [{or + V@ - (UG up, +v) + VD@, pu(r))] dr

In the following, when we view P(R?) as a metric space, the metric is always taken to
be a fixed one that gives the weak convergence of probability measure topology (i.e. the
narrow convergence topology); when we view P,(R?) as a metric space, however, the metric
is always the p-Wasserstein metric.

Lemma 2.2. Let My(pg) < +00,8(pg) < +00, T > 0 and p € C°([0,00) x R?) be given.
Then there exists p(-) € C([0, T]; P(R?)) such that (p, =V - (pVp)) is a weak solution of (1.1)
on [0, T] and p(0) = pg. Moreover for every 0 <t <T

(2.8) My(p(t)) < (Ma(po) + (|v]l% + 4v + Co)t)e’
and
(2.9) /0 | p(r)||3dr < +o0.

In particular My (p(t)) is continuous at 0. We also have p(-) € C([0,T]; P,(R?)) for 0 < ¢ <
2.

Proof. We will show that the family {p,(-) : n =1,2,...} as C([0, T]; P(R?)) valued random
variables is tight and we will obtain p(-) in a limit which will be made precise later.
We consider second moment estimates first. We note that the set

Ke={p e P(R?): Ma(p) < C}
is compact in P(R?) with the weak (narrow) convergence topology. By Ito’s formula
(2.10)dMs(pn(t)) = 2(x - (ug,sp + V), pn)dt + dvdt + dN,(t)

< M2(pn(t))dt+/ [o(t, 2)|?pn(t, dx)dt + €,(t)dt + dvdt + dN,(t)
R2

where

(2.11) en(t) = — / 2 / (o) K~ ypult Ao, dy)
10



and local martingale N, () has quadratic variation

¢
[NL](t) = 81/n_1/ |z pn (r, d)dr.
0 JRr?

The inequality above follows because, denoting K,, = G,, x K,

/R G, ()t )
= [ e EE )@t
_ /RQ/RQ r—y)+y) - K, (x—y)pn(t, de)pa(t, dy)
— en(t)—/Rz /Rzy-Ki(x—y)pn(t,dx)pn(t,dy)
- / Y UG, (W)t ),

where we used the fact that K(—z) = —K:(z). If we replaced K,, in (2.11) by K, then
€n(t) would become zero because z - K+(z) = 0. This identity does not hold when K is
replaced by K,,. However, we have the following estimate. We notice that

S KiE) = [ 2 K =Gty

~ [Lv K =Gy = [y K= )Gali)dy

ly|<2/n

Therefore

lea(t)] < |2+ K5 (2)]loo < sup |yGn(y)|SUP/| ) [K* (2 = y)ldy
y|<2/n

ly|<2/n z€R?

1 1
<Cin sup/ dy < C’ln/ —dy < Cs.
zeR2 J |y|<2/n |z =yl ly|<2/n Y

Denote the stopping time
To,o = inf{t > 0: My(p,(t)) > C}.

Then by the optional sampling theorem and Grownwall’s inequality, we have

E[Ms(pu(ra,c AT))] < (Ma(po) + (|03 + 4v + Co)T)e"

implying
hm supP(,c <T) < hm sup P(Ma(pn(Tc ANT)) > C)
< Cllm sup C'E[My(pn(Tnc AT))] = 0.

In the above, we note that for each n fixed, since v and K * G,, are globally Lipschitz,
M (pn(t)) € C(]0, T];R). We obviously also have for ¢t < T'

(2.12) E[Ma(pn(t))] < (Ma(po)lfr ([vll% + 4v + Co)t)e’



In summary, a compact containment condition is satisfied, i.e.

hm supP(3t € [0, 7], pu(t) & Kc) = 0.

—>OOn

Next, we prove that for each p € C°(R?), {p?(t) = (¢, pn(t)) : n = 1,2...} is tight in
C([0,T);R). Then by Jakubowski [17], we conclude that {p,(-) : n = 1,2,...} is tight in
C([0,T]; P(R?)). Since |(p, p)| < ||¢]lo, it is sufficient to have the following uniform modulus
of continuity estimate

(2.13) E[l{, pult +h) — pu(t))[] < CRY

For the sufficiency, see Theorems 8.6 and 8.8 in Chapter 3 of Ethier and Kurtz [9]. We use
the martingale characterization (2.5) to obtain such an estimate. However, because of the
singularity in 1wy, +,,, we need another energy estimate first.

Notice that dN,,(X;(t) — X;(t)) = 0 and that |||l < C38,2 hence |G, (0)] < C34, % By
[to’s formula, we have (recall definition (2.2))

(2.14) dea(pa(t)) = ((VNu*pa(t)) - (VENo * pa(t) +0(t)), pa)dt
+vn™ > AN, (X; — X;)dt + dMS(t)
i#]
(VN % pu(t)) - v, pa)dt — vn ™ Go(X; — X;)dt + dME(t)
i#]
Cooll T * pol22dt — V|| T * po||2dt + Cavn™62dt + dME
< Cyudt — §||Jn * polladt + Csyn ™16 2dt + dME.

IN

In the above, the first inequality follows from

(2.15) (VNy o pn) -0, pp) = (K % (% pn), I % (pnv))
<N K * (5 )2l % (pn0) o < Cll % pully || T 5 a2

where O = {z : dist(z, ©) < 1} is the fattening of a bounded open subset O containing the
support of v (equivalently, p) by the support of all mollifiers J,,, and x 4 is the characteristic
function of a set A, and the last step above follows from (7.4).

The martingale

t t
ME(t) =vVaorn ™y / VN.(X; — X;)dB; = vV2vn™ ) / (VN, * p,)(X;)dB;,
— —Jo
has quadratic variation

e Z/ VN, + po(Xa(r))[2dr = 20m- //|UGM,”(T ) [2pn(r, der)dr

Therefore, taking expectation in the integral form of (2.14), and combining the result with
(2.12) yields

(2.16) E[en(pn(T))Jer(pn(TH%/o 170 % pu (7) 12dr] < Elen(pn(0))]+€" Ma(po) + Crpr-
12



Since polynomial growth at infinity dominates logarithmic growth, e, + My > ¢ > —o0, and
thus we have

(217) S 1% (1)) < Elea(pa(0))] + " Mal) + Cupr

Similarly to (2.15), we have

(V@ - Gapns pu)| < Cll T pall .

Consequently
t
B[ 1 )] < Cle =]

Applying the above estimate to (2.5) we easily obtain (2.13).

As mentioned before, by a combination of Theorems 3.8.6 and 3.8.8 of [9] and by [17], we
conclude that the family of probability distributions/laws on P(C([0, T]; P(R?))) for random
variables {p,(-) : m = 1,2,...} is tight. By Pohorov theorem, the family of probability laws
is relatively compact in the topology of weak convergence of probability measures. We select
a convergent subsequence and with a slight abuse of notation, we still label the subsequence
by n. By the Skorohod representation theorem (e.g. Theorem 3.1.8 in [9]), we can construct
a canonical probability space on which random variables p, p,,n = 1,2, ... are defined, with
the property that p, has the same law as p, for n = 1,2, ... and such that

(2.18) pn — p a.s.in C([0,T]; P(R?)) as n — +oo.

We observe that (2.7), (2.12), (2.17) hold for p,,, while we cannot replace p by p, in (2.5).
We will first pass to the limit in (2.12) and (2.17). Since M, is lower semi-continuous with
respect to weak convergence of probability measures (i.e. narrow convergence), we have by
Fatou’s lemma E[M;(p(t))] < liminf,, . E[Ms(p,(t))] which, together with (2.12), gives us

(2.19) E[Ms(p(t))] < (Ma(po) + (|Jv]|2, + 4v + Co)t)e".
By (2.4), Ele,(pn(0))] — e(po). Finally, since for h € L?(R?)
= s [2 [ wwds - ulg].
YeC.(R2) R2

we have for every ¢ € C.(R?)

(e}

liminf ||.J,, * 5, (r)||3 > lim inf [2/ I * (1)) do — H¢||§] .
n—oo n— R2

lim | J,#pp(r)de = lim [ pp(r)J, xpde = lim [ p(r)vde,

n—0o0 [p2 n—00 Jp2 n—0o0 [p2

so we have

lp(r)l5 = sup {2/ p(r)Y dz — WII%} < Tim inf [|.7, * pn (r)|[5.
eC:(R2) R2 n—oo

Combining these facts with (2.17) and using Fatou’s lemma, we thus obtain

T

14

(2.20) 2E( [ p(r)ldr] < elpo) + ¢ Malpo) + Cupr
0

13



We will now pass to the limit in (2.7) for ¢ € C°([0,T] x Rz) Following the proof of
Lemma 7.1 we introduce a radial cutoff function ¢ € C®(R?), 0 < ¢ § gb( ) =1 for
|r] < 1 and ¢(x) = 0 for |x| > 2 and define ¢.(x) = ¢(z/7) for 7 > 0. Then defining
Kl,‘r = _¢TKJ_>K2,T = _(]- - QST)KJ_a

UG, *pn — _KJ_ * Gn * pNn = Kl,T * Gn * pNn + K2,7' * Gn * pNn
We know that there is a set of full measure such that 5, (-)(w) — p(-)(w) in C ([0, T]; P(R?)).
For w in this set we have the following. Since |Ky, * G, — Ka;|jcc — 0 as n — +o0,
| Ko7 % Gy % pp(r)(w) — Koz * pp(r)(w)|le — 0 as n — o0 for every r € [0,7]. Also,
since Ky * p(r)(w) are equibounded and equicontinuous, we observe that K, * (1) p,(w) —
Ky ;% p(r)(w) locally uniformly as n — 4o0 for every r € [0, 7.

Using these, the inequality [|[V- Ko %Gy pp|loc < C|K2,r||o and the Lebesgue dominated
convergence theorem, it is then easy to see that for 0 < r < T,

t t
(2.21) / (Vo - Ko ;% Gy % pp, pp(r))dr — / (Vo - Ko xp,p(r))dr a.s.
and
t t
(2.22) IE[/ (Vo - Ko ;% Gy % pp, pp(r))dr] — E[/ (Vo - Ky xp,p(r))dr].

By Young’s inequality we have ||V - K . % J, % pplla < C7||J,, * ppll2. Thus (Ve - K, *
G * Py )| = (K1 % Ty % Py Jn % (n V)| < O, * ﬁnH%a which, using (2.17), yields

t t
(2.23) E[/ (V- Ky, %Gy % pp, po(r))| dr] < CTIE[/ | T * o (r)||3dr] < Ci7.

Since by the same argument we also have

(2.24) E| / (V- Kvp % p. plr)] dr] < CrE / lo(r)|12dr] < Cur,

sending n — oo and then 7 — 0 gives us

(2.25) E| / (Vo s Pu(r))dr] — E / (V- tp, pl(r))dr].

Moreover, (2.21), (2.23), (2.24) and standard arguments also imply that there is a subse-
quence ny such that

t t
(2.26) / (Vo ug,, spn, > Py (1))dr — / (V- u,, p(r))dr ask — 400 a.s..

Similar convergencies of the other terms in (2.7) are easy consequences of the fact that
pn(-) — p(-) as. in C([0,T]; P(R?)) and the Lebesgue dominated convergence theorem. In
the end we obtain

(2.27) El(p, p(t)) = {#, p(s)) — / [t + V- (up +v) + vAp, p(r))] dr] = 0
14



and that for a subsequence ny

lim [<¢,ﬁnk<t>>—<w,ﬁnk<s>>— [ i+ Vo (1, + )+ 750 0] dr]

k—+4o00

(2.28) =<¢7p(t)>—<w,p(8)>—/ (et + V- (u, +v) +vAp, p(r)]dr a.s..

By (2.6), (2.7), (2.27), (2.28) and Fatou’s lemma we now obtain
Var {(% p(t)) — (e, p(s)) — / (e + V- (u, +0) +vAp, p(r))] dr}

. Var{ lim {wnk(t» — (e (5))

k——o00

— [ Lo+ Vo iy, +0)+ 250, ()] d”
<l it Ve | (9, ()~ (2170, (5)

_ /t [<g0t + V(p . (ank*ﬁnk + ’U) + I/AQO, ﬁnk (T)>:| d’/’:|

k—oo

= lim inf Var {(gp, Py (1)) — (@, pny, ()

_/ [<S0t + Ve (UG"k*p”k +v) + VAP, py, (T)ﬂ dr}

(2.29) = liminf[M? ,](t) < hgngVTvaoHionk—l = 0.

k—oo

This, together with (2.27) shows that for every 0 < s < t < T and every ¢ € C°([0, T] x R?),

(2.30) (o, (1) — (i, p(s)) = / {1 + Vo (up+v) + vhp, (e dr, as..

It now remains to use that a.s. p(-) € C([0,00); P(R?)) and invoke a separability and
continuity argument, together with (2.20) and estimates of Lemma 7.5, to conclude that
there is a set of full measure such that (2.30) is satisfied for every 0 < s < ¢t < T and every
© € C([0,T] x R?), i.e. that a.s. (p,—V - (pVp)) is a weak solution of (1.1) on [0, 7.
Finally, by (2.19) and (2.20), we can choose a trajectory p(-) := p(-)(w) which satisfies
(2.8) and and (2.9). The continuity of M(p(t)) at 0 follows from (2.8) and the lower semi-
continuity of M, with respect to narrow convergence since p(t) — po narrowly as ¢t — 0. The
fact that p(-) € C([0, 0); P,(R?)) for each g < 2 is standard. O

Once we know that the weak solution we constructed is in L*([0, T, L?(R?)) one can study
its further regularity properties by classical and semigroup techniques (see for instance [13]
and the references therein). We do not do it here since we are only interested in estimates
and formulas for Ms, s and d?.

Before we proceed to the next lemma we need to introduce another mollifier. Let 0 < v < 1

and G € C*(R?) be a radial, positive function such that G(x) = ce”*I" for || > 1 where ¢
15



is chosen so that [ G(z)dx = 1. We set
Gs(z) = 5—2G(§).
We then mollify p into ps(t,x) = Gs * p(t,z) > 0 for every ¢ > 0.
Lemma 2.3. There exists C; > 0 depending only on 0 and supg<,<r Mz(p(t)) such that
(2.31) [ log ps(t, 2)| < C(1+ [2]).

Proof. We have by Jensen’s inequality

Cy > log pa(t, 7) — log ( [ Gito- y)p(t,y>dy)
> /Rz(log Gs(x —y))p(t,y)dy

> - / es(1+ 2] + yP)o(t, )y > —Co(1 + [a]").
]R2

O

Lemma 2.4. Let p(-) € C([0,T]; P(R?)) be such that (p, —div(pv)),v = Vp solves (1.1-1.3)
in the weak sense and let s(p(0)) < +o0,

(2.82) sup My / Ipldt < oo,
and
(2.33) lim My(p(t)) = My (p(0)).
Set )

o) = 3 [ [ otsa) ot ajdods
Then p € AC((0,T); P2(R?)), and for 0 < s <t <T and some constant C = C,, > 0,
(2.34) Ma(p(t)) < (Mz(p(0)) + dvA;(p) + dvt)e,
(2.35) s(o(t) + 5 [ Hotr)dr < s(0)) + C(o(),
(2.36) Ma(p(t)) — Ma(p(s)) = / (4y +2 / z- vpdx)

t t vp

(2.37) s(p(t)) — s(p(s)) = —v / I(p(r))dr + / ( /R v 7dp)dr.

Proof. Let

16



Then, using the definition of weak solution, it is easy to see that for every ¢ € C>°(R?) and
for0<t<T,

[ ot oot [ oo et

(2.38) = /R2/0 [vAps — div(ps(us + vs))|(r, z)p(x)drdz.

Since Aps = (AGs) * p, div(psus) = (VGs) * (pu), div(psvs) = (VGs) * (pv), using (7.27), we
get that for every s € (0,T),x, 2 € R?

[ 1805, )ldy < G, 18pss,) — Bpa(s. 2)| < Calo — 2,
RZ

/vme@M@S@/m@MWJWSQM@M
R2 R2
(div(psus) (s, @) — div(psus)(s, 2)| < Collpa(s) ol — I,

[ divtosen)s.)ldy < Cs [ otssa)Pols, )y < G
R2 R2

|div(psvs)(s, ) — div(psvs)(s, 2)| < Cs/ [o(s,9)[*p(s, y)dylz — 2| < Cyla — =|.
R2

Therefore defining hs(s,z) = [vAps — div(ps(us + vs))](s, x), we see that for every t €

(0,7),x,z € R?
t t
/hg(S,!L’)dS—/ hs(s, z)ds
0 0

and for every z € R? hs(s, z) € L'(0,T). Thus (2.38) implies that for every 0 < t < T, z € R?

< Cyslx — 7|

pw@—mua=AM@@w

i.e. the function ps(-, z) is absolutely continuous on [0, T for every z € R?.
Therefore, setting F'(r) = rlogr, we can write

(2.39) s(ps(t)) — s(ps(0)) =/ (F'(ps(t, x)) = F(ps(0, )))d

R2

- /R2 /Ot F'(ps(r,z)) (VApg(T, x) — div(ps(r, ) (us(r, x) + vs(r, x))))drd:p.

We notice that because of (2.32) the integral in (2.39) is finite. We will demonstrate it only
for the term [ [ F'(ps(r,x))div(ps(r, x)us(r, x))drdz as the other terms are easy. First we
notice that by Lemma 2.3,

|F'(ps(r,2))| = [log ps(t, ) + 1| < C(1 + |27) < C(1 + |2]) < C(1 + |z —y| + [yl)
17



for every r € (0,T),z,y € R% Thus, by (2.32) and (7.2),
[ [ 1ottty s
< [ ] [t sie =+ ohI¥ase - ot )atr ) ldyiras
< [ [ e+ bote st v avar

<o [ [ [ st y)dyr It < 5 [ 1)l < o

We want to integrate by parts in (2.39), i.e. we want to write

t 2
. . IV ps|
(2.40) = /0 }%lm /BR ( —v o + (us + vs) - Vp(;)da:dr

: !
g/ lim ( "V'O‘” (/ (|u5|2+|v5|2)dp5) )dr
o R—oo L2(Bg) L2(BRr) R2

t
<=2 [t v o [ [ Gul + st
0 0 JR2

We notice that the last line of (2.40) is well defined as by Lemma 8.1.9 of [3], together with
(2.32) and Lemma 7.5, we have
(2.41)

lim / / (lusl? -+ [v5 ) dpsdr = / / (laf? + [o]2)dpdr < / (cr|pr|§+ / |v\2dp)dr.

Assuming for a moment that integration by parts was allowed in (2.40), we pass to the limit
there as § — 0. It is easy to see that \/ps(r) — /p(r) in L?(R?) as § — 0. Thus, using the
weak sequential lower semi-continuity of the norm and Fatou’s lemma we obtain

t t
lim sup — / I(ps(r))dr = — lim ind / 11V v/ps () 2dr
0 - 0

24 <= it 9Vl < = [ 19V == [ 1ot

Now, since F(p(0)) € L'(R?), using Jensen’s inequality

$(s(0)) = / F(Gsxpl0)dr < [ Gy F(p(0))dr,

R2

|

which yields

(243)  limind —s(py(0)) > ~ i | Gy = F(p(0))dr = - / F(p(0))dz = —s(p(0)).
18



Finally, using Fatou’s lemma we have
(2.44) s(p(r)) < liminf s(ps(r))
Therefore letting 0 — 0 in (2.40) and applying (2.41)-(2.44) we obtain

14

(245)  s(olt) + 2 / 1(plr))dr < s(p(0)) + C, (Aulp / lol3dzdr).

Let us now justify that we can integrate by parts in (2.40). We can pass from the first to
the second line in (2.40), if we can show that for every s the boundary integral

(2.46) /aB (log(ps(s)) +1)(Vps(s) — Gs * (pu)(s) — Gs * (pv)(s)) - ndo(z)

goes to 0 as R — oo, where n is the exterior unit normal vector on 0Bg. Since |0Bg| = 27R
and |log(ps(s)) + 1| < C(1 + RY) on 0Bg, this will be achieved if we can show that

(2.47) IV ps(5,2)| + |G * (pu)(5,2)| + |G # (v)(5,2)] < —2

s o

for some € > 0 and all z € R? where C is some constant which may depend on s. Let
T=1+~+¢e < 2. We will use the fact that for every z,y € R?

|z|" < Clz —yl" + [y]").
The Css below are generic constants and may differ from line to line.

(1) We have, since ||v]|s < o0,
|27 (1Vps(s, )] + |G+ (pv) (s, 7))
< /R2 Cllz —yl" + yMUVGs(x — y)| + Gs(z — y)lv(s, y)|)p(s, y)dy

< Cs(s) + Cs(s) /R2 yl"p(s, y)dy < Cs(s)(1 + Ma(p(s))) < Cs(s)-

(2) Using generalized Holder inequality and (7.2)
|2[7|Gs + (pu) (s, 2)] < / Cllz = yl" + lyMIGs(x — y)luls, y)lp(s, y)dy
R2

< [ st + Pluts,mlots. iy < Colo(s)

+Ca(/ Iylpsydy) (/ Ipsyldy) [ll o

< Cillo()lla + Cs 1+ lo(s)lla ™ No@ly ) < o1+ lp()lls ™) < Cs(1 + lo(5) D).

This completes the proof of (2.47).
With the above estimate, we can now improve (2.45) by getting rid of the f(f | pll3dr term.
Since

pll -1, < [ldiv(po)][- 1p+llvﬁpll 1o+ ldiv(pu)[| -1,

(pv)
S / |U2dp 1/2—|—I/ 1/2 / |u| dp 1/2



by Lemma 7.5 we have

T
| s < oc.
0

By Theorem 8.3.1 of [3], p € AC((0,T);P2(R?)). We can now apply the chain rule of
Lemma 7.17 and the convexity results regarding M5 and s of Lemma 7.18 in Appendix to
obtain the following.

Since I(p(r)) < oo for a.e. r € (0,7T), by Lemma 7.6, [, u-Vpde = 0 and by Lemma 7.7,
Jgo @ - udp = 0. Also, since My(p(t)) is continuous at 0, (2.45) implies that s(p(0)) is
continuous at 0. Therefore we have for 0 < s <t <T

Ma(p(t))
= M(p //R2 41/+2:17 (u+v)p )da:dr—Mg //R2 41/+2:17 vp)dxdr

< My(p(s)) +4v(t — s) +2/ (\/7 / v)2dp( ))dr

< Ma(p(s)) + dw(t — s) + / ( 3 [v2dp(r) + Ma(p(r)) ) dr.

The required estimate now follows from Gronwall’s inequality.
On the other hand,

s(olt) = / L.(-
_ _V/s I(p(r ))dr+/$ (/R v- %dp)dr

(o) + [ (=10t + VTG [ oot i

o) =5 [ 1onar 46, [ [ dptrrar

Lemma 2.5. Let p(-),v be as in Lemma 2.4. Then

248 =3 E0(0,0)+ 56 0) = [ [ Tnale) 02 +ut ol dalar

forall0 < s <t <T and o € Po(R?) with s(o) < 0o. In the above, pyi.,» is the difference of
two convez functions defining Brenier’s optimal transport map in Theorem D.25 (Appendix
D) [11].

Proof. The result follows from Lemmas 7.17 and 7.18 in Appendix. U

+(v+u)- Vp) dxdr

VAN

IN

We can now state the following existence result.

Corollary 2.6. Let py € P2(R?), be such that s(py) < +oo. Let p : [0,00) x R? — R

be such that there exists a sequence 0 = tog < t; < ... < t, < ...,t, — 400 such that

p € C([tn, tni1] X R?) forn = 0,1,.... Then there exists p(-) € C([0,+00); Po(R?)) such
20



that (p, —V - (pVp)) is a weak solution of (1.1) on [0,00) and p(0) = po. Moreover, if
p(-) € KC, then p(-) satisfies (2.34)-(2.37) and (2.48) for every 0 < s <t < oo, and

1

t 2

(249)  d(pl(t), po) < C (cz sstm)+ Moo + [ [ \Vdepdr) Vi
0 Jr2

for0<t<1.
Proof. The result follows from Lemmas 2.2, 2.4, and 2.5 and the definition of weak solution
which allows us to patch together solutions obtained on intervals [0, t1], [t1, to], .... Estimate
(2.49) is the consequence of estimates (2.34), (2.35), (7.26), and the characterization of the
2-Wasserstein distance, see for instance [3], (8.0.3), page 168. O

3. THE CONTROLLED PDE AS A MIXTURE OF CONTROLLED GRADIENT AND
HAMILTONIAN FLOWS

It is useful to adapt a geometric point of view of interpreting (1.1). The goal is to discover
a gradient and Hamiltonian flow structure of (1.1) and rewrite it as an abstract evolution
equatin (3.23) in the Wasserstein space (P2(IR?),d). To achieve this, we need to invoke some
results in optimal mass transport theory [3], [29].

3.1. A differential calculus on P,(R?). Following Otto [26], we formally view (Py(R?), d)
as an infinite dimensional Riemannian manifold with tangent space T,P»(R?) at p modeled
using H_; ,(R?). Let function f : Py(R?) — R U {00} and py € E. This allows to define
the notion of gradient.

Definition 3.1 (Gradient). For each p € C2°(R?), let p? = pP(t,z),t > 0 be defined accord-
ing to

AP (t) + div(p"Vp) = 0, p*(0) = po.
The gradient of f evaluated at pg, written as gradf(po), is said to exist, if and only if it can
be identified as the unique element in the Schwartz space D’(R?) satisfying

tim 10N = Floo) _ (gradf(po),p), Vpe CZ(R?).

t—0+ t
Following Gangbo, Kim and Pacini [12], Ambrosio and Gangbo [2], we introduce the
notion of symplectic gradient.

Definition 3.2 (Symplectic Gradient). For each p € C®°(R?), let p? = pP(t,z),t > 0 be
defined according to

Ip"(t) + V- (p"(JVp)) =0, p’(0) = po.
The symplectic gradient of f evaluated at pg, written as J-grad f(po), is said to exist, if and
only if it can be identified as the unique element in the Schwartz space D’(IR?) satisfying

tim HE7E) = F0) _ (J-gradf(po),p), Vp e CZ(R?).

t—0+ t

Example 3.3. Let ¢; € C®(R?), k =1,2,.... We denote

—

gﬁ:(@h"wgpk)a ¢:<¢177¢k)

For smooth test functions of the form

(3.1) f(p) = h({p, 1), ---2,1<p, i) = h((p, ),




where h € C*(R¥), we define the un-constrained first order variational derivative

% =S 0nlip, @)

i=1
Then

J
(3.2) grad,f = —div(pV%)

Next, we consider functionals e, s, d?(+,v), M5 as defined in (1.12), (1.15), (1.10), (1.13).
The functionals My, d?(-,y) are continuous and e, s are lower semicontinuous on the metric
space (P2(R?),d). In addition, by Theorem D.28 on page 381 of Feng and Kurtz [11] (also
Lemma 10.4.4 of [3]),

(3.3) grad,s(p) = —Ap, ifs(p) < oo,
(3.4) grad,, d*(p,7) = —2div(pVp,,), if p, have Lebesgue densities.
In the above,
1
Py (@) = §|$‘2 — Ppa(T),

where ¢, ., is the convex function defining Brenier’s optimal transport map as in Kantorovich
duality formulation of the 2-Wasserstein metric (e.g. Theorem D.20 and D.25 in [11]). Let
O be the interior of the convex hull of the support of p, Vp,, is only defined in O. But
p(O) =1 and

(3.5) / VD, (2)|?p(dx) = / |z — y*m,, (dz, dy) = d*(p,7) < .
R2 R2xR2
So , taking pVp, - to be zero off the support of p, pVp, , € L'(R?) and V-(pVp,,) € D'(R?).
Thus (3.5) means that
(3.6) lgrad,d*(p,7)|121, = 4d*(p,), if p, have Lebesgue densities.
Direct calculation reveals that
(3.7) grad, Ms(p) = —div(2zp).

We also refer to a broader class of examples given in Theorem 10.4.13 in [3]. Regarding e
we have the following result.

Lemma 3.4. Let py € Po(R?) be such that ||poll2 < 0o. Then
(3.8) grad, e(pp) = —div(poVU,,),
(3.9) J-grad, e(po) = —div(poup,),
where U,y = N * pg.

Proof. Let £ = Vp : R? — R? be a vector field such that p € C®(R?). We define a
corresponding flux {®(¢) : t € R} by

até(ta) :goé(ta)at E]R> (I)(O>:E) =T
Let

Orp + div(p§) =0,  p(0) = po.
22



By [3], chapter 8, we know that p € AC((0,00); P2(R?)) and p(t) = ®(t)xpo in the sense of
a change of variable formula that for every non-negative Borel measurable function ¢,

(3.10) [ cwtedn = [ c(@t.opmias).

We notice that since ®(¢) is smooth and ®(0,z) = x, hence for 7 > 0 small enough and
0<t<r

det D®(t, ) > ¢y for some ¢, > 0.
Therefore, since ®(¢) is a diffeomorphism, (3.10) implies that for 0 <t < 7

p(t, ®(t,z)) = po(x)[det DD(t, z)] .

Therefore

i T [
A1) —|lpoll3 > = P *det D = 2
11) i > [ o= [ jolt. 9o PeDaadr = [ joft.y)Pdy.

which implies that

sup [|p(t)||2 < oo.
o<t<r

It is also easy to see that
sup Ms(p(t)) < oo.

o<t<r

Recall that e, (p) = 1/2(N,, * p, p), where N,, = N xG,, = N % J,, x J,, and J, is a standard
mollifier defined in Section 2. We notice that

=5 [ ] M(@lt.0) = Bt pm)pnla)dyda

and thus, by the dominated convergence theorem we easily obtain that lim; _.qe,(p(t)) =

en(p(])‘
By Lemma 7.18 in Appendix, e, is A-convex. By the chain rule in Lemma 7.17,
t
(3.12) ealp®) =ealpn) + [ [ (VN xpl0) - dptr)ar
o Jr

By Lemma 7.4, lim, . e,(p(t)) = e(p(t)) and lim,, . e,(po) = e(po). Also, since VN,, =
VN x G, using Holder inequality and (7.4), we obtain

(VN % p(r)) - Edp(r)dr — / [ (9N 0 dptr)ar

RZ

< / @) |2l (VN 5 (G * p(t) — p(t))) - €| 2dr
<C'/ G * p(t) — p(t)]|32dr — 0 as n — cc.

Thus, letting n — oo in (3.12) we arrive at

(313) e(p(t) = (o) + [ [ (VN = plecdptr)ar



We now claim that [g, (VN # p(r))&dp(r) is continuous in 7 > 0. To see this, we first note
that by the change of variables,

LN ot =5 [ [ IN@G2) = 000 0) = 6@ )l n(w)drdy
Secondly, by the Lipschitz continuity of &,

|(€(z) =€) VN(z —y)| <€, for some C' > 0.
Hence the continuity of [u.(K * p(r))&dp(r) in r follows by the dominated convergence
theorem.
Consequently
lim ¢~ (e(p(t)) — e(p(0))) = . Epo(x) (VN * po)d

t—0+

which shows (3.8). The proof of (3.9) is virtually the same.
U

We remind that condition ||pg||s < oo in the above lemma is weaker than 1(py) < oo since
lpoll3 < C(L+I(po)).

3.2. Several useful identities and estimates. We now give several estimates regarding
grad,s, grad, My, grad e, and J-grad e. For p € P»(IR?) we denote by P, to be the projection
operator of L?(p) functions on to subspace

12(p)
L3(p)={Ve:pe CoRY} 7,

Then
(L (p))*" = {v € L*(p) : div(pv) = 0}.
Moreover,
(—div(pu), —div(pv))_1, = / (Pyu)(Pyv)dp = / vPudp = / uP,vdp.
R? R? R?
See Section 8.4 of [3].

Lemma 3.5. Assume that p € Py(R?) satisfies I(p) < oo and v*,~?, ... are as in Definition
4.1. Then:

(3.14) lgrad,sl2,, = I(o),
Jgmadgely, = [ 1Py Polde) < O+ 1(9),
R2
(3.15) Jgrad V()| = 4Ma(p)

(316)  [lgrad, >  Bed®(p, /)21, = 4||ZﬁkV-(prp,yk)||2_1,p
k=1

(Z m) fjﬂkuv (VDo) ||2_1,p>

k=1

= 4 (Z ﬁk) > Bed®(p,7")
7y

k=1
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and

(3.17) (grad,s(p), J-grad,e(p)) -1, = — /}R2 Vp-K*xpde =0

(3.18) (grad,s(p), grad, Zﬂkd 0,7 )1 = 2;@ /R2 Vp-Vp, kdx

(3.19) (grad,s(p), grad,Ms(p)) 1, = 2 /}R2 Vp-zdr =—4

(3.20) (J-grad e(p), grad,Ms(p)) 1, = —2 5 Ktxp-apdr =0

(3.21) (J-grad,e(p), grad, Zﬂkd2 P,V )1 = —2 Zﬂk KL *p - Vp, kpdr
(3.22) (grad,My(p), grad,, Z Brd?*(p, 7)) 1, = 2 g Ok /R2 x - Vp,. rpds

Proof. (3.14) follows from Theorem D.45 of [11]. (3.15) follows from Lemmas 3.4, 7.5. (3.15),
(3.16) follow from (3.7) and (3.4). (3.17) follows from (3.3) and Lemmas 3.4, 7.6. (3.19)
follows from (3.3), (3.7) and integration by parts, and (3.20) follows from Lemma 7.7. The

remaining formulas are also straightforward using (3.4).
O

We will see in Section 3.3 (equation (3.23)) that the controlled PDE system (1.1-1.3) is
just a mixture of a controlled Hamiltonian flow and an anti-gradient flow. Here we provide
some estimates for each term of the flow which will be crucial in the proof of the comparison
principle. First, an adaptation of the results in Theorem D.50 of [11] (see Remark D.51
there) gives the following monotonicity estimate for grad,s.

Lemma 3.6. For p,~y € Py(R?) satisfying 1(v) + I(p) < +oo,
(—gradps,gradpd2>_1,p + (—grad, s, gradﬁ{dQ)_M <0.

Unfortunately we do not have such a monotonicity property for the Hamiltonian term
J-grad ,e. However, we have the following approximate result.

Lemma 3.7. Suppose that p,vy € Po(R?) satisfy I(y) + I(p) < +oo. Then for each § > 0
there exists a constant Cs > 0 such that

(J-grad e, grad,d*) _1 , + (J-grad. e, grad,d®)
< 6d(p, )VI(p) + 1) ((C + 5(p) + Ma(p))

njw :2

+(C+5(9) + Ma()}) + Cod(p,),

where C' is from Lemma 7.16.
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Proof. We denote
u(@) = =K xp(z), vly) = K" *9(y).
Let o € T'y(p,7y), the set of optimal measures. Then by (3.21),

(J-grad e, grad,d*) _1 , + (J-grad,e, grad d?)_; ,

/Rz /W . — v(y))mo(dz, dy)

Let J; be the kernel approximating —K* from Lemma 7.16, i.e. Js is equal to Jj, from
Lemma 7.15 for big enough k, and let

= Jsxp, vs=Jsx~
Since Js is Lipschitz we have
(2 — 2)(Js(2) — J5(2)) < Cs|z — 2%,
for all z, 2/ € R2. It now follows that

[ @ = v)tusta) =~ vsty))modz, dy
- / y / =) (Jsto =) = iy =) )l dy o dy)
_ % /x’y /my (a: —2 = (y— y’)) <j5(93 — ') = Js(y - y’))ﬂo(d$'> dy')mo(dz, dy)

IN

1 1
505/ |z — y[*mo(da, dy) = 505612(/), 7).

A

The second equality above follows from the fact that J;(—z) = —Js(z) and symmetry of the
integral.
On the other hand, by Lemma 7.16,

[ @ = 0) (o)~ usta)) + (o10) = v5(0)) (. dy)

< \//\x— |2dmo(dx dy \//\u—u(;P dx) \//|v—v(;|2 dy

< VWV I(p) + I(y <C+s )+ Ma(p))? + C+s()+M2())3>

which completes the proof.

U

3.3. Controlled gradient-Hamiltonian flow. Using (3.3), Lemma 3.4, and Corollary 2.6
we can interpret (1.1) as a controlled gradient-Hamiltonian system.

Lemma 3.8. Let p(-) € IC,,, where s(p(0)) < +o0. Then the weak solution of the controlled
PDFE (1.1) can be re-written as a mizture of a Hamiltonian flow, negative gradient flow, and
control variable in the form

(3.23) dp = J-grad e — vgrad s +m,

where m = —V - (pVp).
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4. VISCOSITY SOLUTIONS

In this section we introduce the notion of viscosity solution. We recall that £ = Py(R?).
For p € E such that I(p) < 400 and m € H_; , we define

1
H(p,m)= su J-grad e — vgrad, s, m)_1, + (m,m)_1, — —||m]*
wyy = s e vand,s i ), - gl
_ - <112
= (J-grad e — vgrad,s,m) + v|m|Z, .
For p € C>(R?) we denote m,, := —V - (pVp) € H_; ,. We then define

~ - - 1
Hy(p, 1) = (J-grad,e — v grad,s, 1) 1, + (mp, ) 1, = = l[myl|,

We notice that

(4.2) H(p,m) = sup Hy(p,m).
peC (R?)

Let o > 0 and h € Cy(FE). We want to show that the value function

43w = [T e (0 he0) - 0.0t p € K
0

is the unique viscosity solution of the HJB equation

(4.4) f — aH(p,grad, f) = h(p).

We need to define the notion of viscosity solution.

Definition 4.1. We say that ¢ : E — RU {400} is a test function if
Y(p) = 0s(p) + 6Ma(p) + > Brd?(p,7") + ¢,
k=1

where 0 < 6 < 1,0 > 0,c € R, B, > 0 for k > 1, >.°, Br < +oo, the set {7* : k > 1} is
bounded and every v* has Lebesgue density.

Obviously Y 77| Brd?(p, ") is continuous in E. Since convergence in E implies convergence
of second moments also Ms(p) is continuous in E. It is also well known that s(p) is lower
semicontinuous in E, for instance using the lower semicontinuity of relative entropy (see
for instance Lemma 1.4.3 of [8]) and continuity of Ms(p). In fact every test function ¢ is
narrowly lower semicontinuous, and its level sets {p : ¥)(p) < r} are compact in the narrow
topology of F.

We recall that if I(p) < +oo then p € D(¢)) and grad ¥(p) € H_ , and then H (p, grad i (p))
is well defined. Otherwise we set

H(p,grad,¥(p)) = —oo if I(p) = +o0
and for every p € C>°(R?)

H,(p, —grad W (p)) = H(p, —grad,i(p)) = +oo if I(p) = +oc.

Definition 4.2. We say that g : E — R is a viscosity subsolution of (4.4) if whenever
(g —¥)* has a local maximum at py for a test function 1, we have

(9 —¥)*(po) + 1 (po) — aH (po, grad, ¥ (po)) < h(po)-
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We say that g : E — R is a viscosity supersolution of (4.4) if whenever (g + %), has a local
minimum at pg for a test function ¢, we have

(9 +¥)«(po) — (po) — ol (po, —grad, ¥ (po)) > h(po)-

A function ¢g : E — R is a viscosity solution of (4.4) if it is both a viscosity subsolution and
a viscosity supersolution of (4.4).

Above, (g — 1)* (respectively, (¢ — ¥),) means the upper (respectively, lower) semi-
continuous envelope of g — 1.

The reader may wonder what roles the various parts of test functions play. The part
0s(p) + dMs(p) plays a role of a cutoff function and a function which will produce coercive
terms in the equation. The functions of the form > | Bxd*(p,7*) contain doubling functions
and functions which allow to perform perturbed optimization (see the next section). We
also mention that the first definition of discontinuous viscosity solution, for equations with
unbounded terms in a Hilbert space, was introduced by Ishii in [16].

Remark 4.3. We notice that the above definition of viscosity solution implies that py in
the subsolution and the supersolution parts necessarily satisfies I(py) < +oo so in fact
H{(po, +grad 01(po)) is always finite and we don’t have to use the extensions of H introduced
before and it is enough to use the definition of H given by (4.1).

5. THE COMPARISON PRINCIPLE

In this section we will show a comparison result. We first recall a variational principle
of Borwein-Preiss (see [6], Theorem 2.6 and Remark 2.7) which is stated here in the form
adapted to our case and which can be easily deduced from the proof of Theorem 2.6 of [6].

Lemma 5.1. Let g: E X E — [—00,+00) be upper semicontinuous and such that g(p,~) =
—oo if either p or v does not have Legesgue density. Let forn > 1, (p°,~4") be such that

1
9(p°,7°) > sup g — —.
ExXE n

Then there exist sequences (p¥), (¥*) of measures that have Lebesque densities such that
d(p*, p%) < 1,d(5%,7°) < Lk > 1, pF — p", 3% — 4" for some p", 7" € E, and sequences of
nonnegative numbers (8t), (8?2) such that "% Bi = 1,i = 1,2, such that

n n 1
g(p",7") > sup g — —
ExXE n

and

12 P .
90" ") = =D B (0" 1) = =D B (")
k=1 k=1

1 I i
> g(0,7) = =D Bd*(p.0) = = > Bid*(1.5").
k=1 k=1
for all (p,v) € E X E.

Theorem 5.2. Let a > 0 and h; € Cy(E),i = 1,2. Let f and f be two bounded functions
such that f is a viscosity subsolution of
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and f is a viscosity supersolution of
(5.2) f—aHf = h.
Then,
(5.3) Jlim lim sup {F(p) = f(0) : (s(p) + Ma(p)) + (s(7) + Ma()) < R, d(p,7) <7}
< plim limsup {h(p) = ha(7) : (s(p) + Ma(p)) + (s() + Ma(7)) < R,d(p,7) <7}

Proof. If (5.3) does not hold then there exists § > 0 such that if 0 < § — 1 is sufficiently
small we have

kg = hm limsup {Bf(p) — f(7) : (s(p) + Ma(p)) + (s(7) + M2(7)) < R, d(p,7) <7}

r—0

(54)  >d+ lim Timsup{Bh(p) —ha(y) : (s(p) + Ma(p) + (s(v) + Ma(7)) < R,

d(p77 < 7"} = (5+l{35
Set for0 <0 <1
Ko 1= lim sup {BF(p) = 0(s(p) + Ma(p)) = f(7) = O(s(7) + Ma(7)) = d(p,y) <7}

— timsup { (57 — 0(s + M2))"(p) — (f + 0(s + M2)).(3) : d(p, ) < 1},

r—0

1

kg o i=sup { (3f = 0(s + 12))"(p) = (£ +0(s + Mo)).(7) = 5-d*(p, 1) }-
We remind that
(5.5) s(p) + Ma(p) > Cy forallpe E
for some constant C}, and then it is easy to see that
(5.6) Bs = lm ks,
(57) ]{75’9 = hI% ]{75’976,
Denote

Fao(p) = (BF = 0(s + M) (p). £,,(1) = (f +0(s + Ma)). (7).

We notice that if fz4(p) > —oco then s(p) < 400 and so p must be absolutely continuous
with respect to the Lebesgue measure, and if iﬁg(v) < 400 then s(y) < +oo and thus 7
has Lebesgue density. Therefore we can apply Lemma 5.1 to obtain for n > 1 sequences
("), (ik) of measures that have Lebesgue densities such that pF — p* % — ~" for some
P A" € E, where d(p*, p") <1, d(7%,4™) < 1,k > 1 and sequences of nonnegative numbers

(ﬁli) (ﬁk) Satleylng Zk 1 k - 1,i = 1, 2, SU.Ch that
fﬁ,e(pn) - iﬁﬂ(fyn) - _Edz(pnvfyn)
1

1
2
_ 1, 1
> sup fﬁﬂ(p) - iﬁﬂ(’y) - 2_€d (p? 7) - E = kﬁﬂvf - E

ExXE
29
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and

- 1 1% 1 <X
k=1 k=1
- 1 2 1 = 1352 ~k 1 = 2 72 ~k
> To0(p) = L)1) = 5-8(p.) = = > B (p, 1) = — D Bid*(,7).
k=1 k=1

for all (p,) € E x E. Moreover it follows from (5.5) and (5.8) that
(5.9) s(p") + Ma(p") < C(0), s(v")+ Ma(v") < C(0)

for some constant C'(#) independent of n. It is also a rather straightforward observation (see
[16] for similar arguments) that

1
(5.10) lim lim sup 2—d2(p”,fy") =0 for every 6,
€— n—oo €
(5.11) lim lim sup lim sup (O(s(p™) + Ma(p™)) + 0(s(y"™) + M2(¥"))) = 0.
- e—0 n—00

To see these, let p} — p", 7} — 7™ be such that
Foolp") = Tim (6 = 0(s + Mz))(p}),
Ly = T (f +0(s+ My))(7).
We than have from (5.8) that for big j

s < (57 = 0l + M))(01) = (f + (s + M) (0F) = oo (4l ) + =
Therefore

1 _
kﬁ,@,s + 4_€d2(p?a 7;1) < (/G.f - 9(8 + M2))(P§L)

n 1 2/ n .n 1 1
- (i+ (s + M2))(”Yj) - 4_€d (Pjv”Yj) + n < kpo2e + Ea
which implies
1 1
5.12 ksoc+ —d*(p",7") < kggoe + —.
Likewise we obtain
kgoe+ 72 (07,77) + 5((s + M) (0f) + (s + Ma)(3})) < kg g o + —

which, using the lower semicontinuity of s + My, gives

1 0 1
(5.13) kaoe+ 0 (0" 7") + 5((s + M) (") + (s + Ma)(7")) < kg g o + —

It now remains to take lim._olimsup,_, . in (5.12) and use (5.7), then take the limits
limg_o lim sup,_ limsup,,_, ., in (5.13) and use (5.6) to produce (5.10) and (5.11) respec-
tively.

We also observe that (5.6),(5.7), (5.8) and (5.10), imply
(5.14) lim lim lim sup(f 5.4(p") — iﬁﬂ(fy")) = k.

0—0e—0 ;oo
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Finally we notice that since s + My/2 > —c; for some constant ¢; > 0, we have §M,
20(s + My + 1) and this, together with (5.11) yields

IN

(5.15) lim lim sup lim sup 6(Mz(p") + Ma(y")) = 0.

0—0 e—0 n—oo

Set
+00 +oo
p(p) =D Brd(p, ), () =D Brd* (v, 7%).
k=1 k=1

We can now use the definition of viscosity solution. We recall that we have I(p")+1(y") <
+o00. For f we obtain

Fuanls") = o (rgrad ) = vgrad, (). a7

" 1 T 1 2/ n n
(5.16) +9gmdp"M2(P )+ 5gra‘dp"¢n(p )+ igradpnd (P" ")) =1, pm

v 1 1
+ 3 Hﬁgradpns(p”) + Ograd . My (p") + Egradpngon(p”) + 2—€gradpnd2(p”, )

| :|
—1,pn

where (' is the constant from (5.5). We now estimate, using (3.14)-(3.16), (3.17)- (3.22),
Lemma 7.5, and standard Schwarz’s and Young’s inequalities,

— Bhi(p") < C16,

afJ-grad ne(p"), Ograd . s(p")
+ Ograd . My(p") + %gradpnson(p") + %Egradpndz(p", V")) -1,0m
(5.17) < a[(J-grad,.e(p"), %gradpnd%p”, V")) —1,m
b 2T grad (") 4 arad ()2

< a(J-grad ne(p"), 2—€gradpnd2(p ")) —1m f(l +I(p") + —

and
— av(grad,.s(p"), Ograd . s(p")
1 1
+ Ograd .. Ma(p") + ggradpngon(p") + igradpnaﬁ(p", YY) 1,
(5.18) < —avfl(p") + dav + E[(p )+ Engadanpn(p )||2—1,p"

mn 1 no.n
—au(gradpns(p )7£gradp”d2(p Y )>—17Pn

1 1
< - <0W9 - E) I(p") + 4o + % — av(grad,.s(p"), 2—€gradpnd2(p”,fy"))_17pn,
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and

av 1 1
FHQgradpns(p") + Ograd . My (p") + Egra’dp”gon(p )+ Q—grad wd(p" A" H 107
av 00 1 1
< 2 2 v~ n 2 n 2 _ _
(5.19) <3 [(29 + 4>I(p)—|—(29 +9)M2(p)+0(9 +n2+n)

(e (on D)) )

where we have estimated
(Ograd,ns(p”) + Ograd . Ma(p") + —grad,npn(p"), 5 grad, nd(p"7™)) < 1,pm

< P14 00l + Cllradyn ()P e+ 5 (05 ) a0

Let now 4 > 0 be such that

(5.20) o< (1—-90)— %5

Then, if

200>  avl  Cyg+1 avh 1 <
3 < 5 - < n C’2<9+—)<5,
we see from (5.16)-(5.19) and (5.15) that

_ 1
jﬁm@W—aU%M%w@ﬂ—V@wwdﬂ%igwmf@ﬂﬂﬁam

avl av(l+94) 1

iy . bl S
where limg_q limsup,_,, limsup,,_,. w(f,€e,n) = 0.

Repeating similar arguments we also obtain

(5.21)
d2(pn’ ’Vn) - ﬁhl(pn) S w(ev €, TL),

1
L3007+ al-grad, (") = vgrad,,s(3"), ogrady (6", 9") 10

(5.22) vl 1
- 10" —av(l - 5)6—2d2(0"77n) —hi(7") = —w(0,€,n).
Combining (5.21) with (5.22) and using (5.20) yields
— avl <1
Fae6) = £ (07) + S22 10) + T3 + b g, )

n n 1 2 n n
(5.23) a(J-grad,.e(p") — v grad,.s(p"), 2_€gra’dp”d (0" 7") —1,pm

— a(J-grad..e(y") — v grad,.s(y"), %gradwdz(p”, M) 1
< Bhi(p") = (") + w(f, €, n).
It now follows from Lemmas 3.6 and 3.7, together with (5.9), applied with
2 vl \/*~

RN EARE
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that

_ 0 <1
Foone™) = £ 50, (0" + = (L") +1(") + avd 5 d(p",7™)

2
5.24 v =1 1, .
(5:24) — 20/ 5 Vwo—d(p", ")V I (p") + 1(7") = Co=d*(p",7")
< ﬂhl(pn> - h1(7n> + w(eu €, n)
which, together with (5.10), obviously implies

(525) ?B,G,H(pn) - iﬁﬂﬁ(’yn) < /Gh'l(pn) - h'l (f}/n) + w(97 €, n)

It now remains to apply limg_olimsup,_,limsup,_,., to both sides of (5.25) and invoke
(5.10), (5.11) and (5.14) to obtain

ks < kg

which contradicts (5.4).
U

Corollary 5.3. Let a > 0 and h € Cy(FE) and be uniformly continuous on finite level sets of
s+ My. Then the equation f — aH f = h has at most one bounded viscosity solution. Such
a solution is uniformly continuous on finite level sets of s + Ms.

6. EXISTENCE OF VISCOSITY SOLUTIONS
We begin with a preliminary lemma.

Lemma 6.1. Let ¢ be a test function, p € C°(R?). Then:

(i) (A, p) = $H(p, \grad /(p)) defined on (0,+00) x E is upper semicontinuous at (1, p)
for every p.

(it) (N, p) — $Hy(p,—Xgrad, v (p)) defined on (0,+00) x E is lower semicontinuous at
(1, p). In particular, (X, p) — $H (p, =X grad, v (p)) is also lower semicontinuous at (1, p).

Proof. We will only show (i) as the proof of (i7) is similar. We recall that if /(p) < +oo then

AV
gmﬁ@z—v<wf)

J-grad,e(p) = =V - (p(~K" x p))
grad,Ms(p) = =V - (2zp)

grad, > Bud*(p,7") = =2 BV - (pVp,.r) -
k=1 k=1

(6.1)

Therefore, using (3.14)-(3.22) and elementary Schwarz’s and Young’s inequalities, if A is
close to 1 so that 8/2 < A\ < (14 60)/2 we obtain that there exists a constant Cy s and for
every € > 0 a constant C, such that

vh(1 —0)
4
+ Oy Brd(p,A") + Cos <1 + Ma(p) + Y Bud’(p, Vk)) :
k=1 h=1
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Since by Lemma 7.5
[ lunbods <+ 160)
R2

we therefore obtain that if € is small enough then

(6.3) H(p, Agrad,¥(p)) < —wf(p) + Cos (1 + Ma(p) + Zﬂkd2 P,y ) :

This obviously shows that if p” — py and I(p™) — +oo then H (p, )\gradpw(p)) is upper
semicontinuous at (1, po).

Therefore it remains to show the upper semicontinuity in the case when p® — py and
sup,, I(p™) = R < 400. In this case all the terms of the Hamiltonian are bounded so we can
eliminate A\ from our considerations and just set A = 1.

We will be using a result proved in [11] (Lemma D.48) that in our case

(6.4) V=5 ¢_4 QV\/’%

(6.5) Vo — /po in LA(R?),

(6.6) VOV Dk = )P0V Dpy ¢ in L*(R?)

for every k£ > 1.

Since p" — po in E, p™ have uniformly integrable 2nd moments. This, together with (6.5),
implies that
(6.7) zy/p" — xy/po  in L*(R?).

We now notice that, by (3.14), —||grad,s(p)||>,, = —I(p) is upper semicontinuous and,
by (3.15) and (3.16), ||grad,Ms(p)||?, , and ||grad, >~ Bed?(p, v*)||?, are continuous.

We will now show that
(6.8) Upn /P — Upy/po  in L*(R?).
Let ¢ € C>(R?) be radial, 0 < ¢ < 1, ¢(z) = 1 for |z| < 1/2 and ¢(z) = 0 for |z| > 1. We
set for r > 0, ¢,.(z) = ¢(z/r). We decompose —K+ = —¢, K+ — (1 — ¢,) K+ =: Ky, + Ko,
which induces the decomposition of u, into u, = u;’r + ui”’ = Ky, *p+ Ky, * p. Now
1t V0™ = tpo/Poll2 < 1 (gt — w2 + [1(us — w2 NP o
+ [[tpe (V" = /o) ||2-

Using Holder inequality and Young’s inequality for convolutions we obtain (see also (7.10))

=V./po weakly in L*(R?),

(6.9)  Nl(upt = up Vo ll2 < luph = ub[lallo™ 5 < Kyl s llon — pollallo™[ls* < Cr'/2,
(6.10)

(up? — w2Vl < Nz = w2 lall ™15 < 1Ko llallon — pollallp™ 15 — 0 as n — oo,
and, by (7.2), (7.28) and (6.5),
(6.11)

[0 (VP —/B0) 2 < Nt lslIvEm— /P01 2 VP /B0l < ClIVE—/aolly* — 0 as n — oc.

Thus (6.8) follows after we let r — 0.
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We now notice that

1

Z B/ I(pm)d(p",7*) <2 (Z ﬁk) VI (Z 5kd2(P">7k)>
=m k=m
<3 (i ﬁk) VE <fj ﬁkd%pn,v'f)) <u(t)
k=m k=m

for some modulus w independent of n, and the same estimate is also true for p°.
Therefore continuity of the term in (3.21) it is enough to show the continuity of the partial
sums

| /\

D=

> B 5 K* % p" -V pda
k=

for every m > 1. This is however clear by (6.6) and (6.8).
The continuity of the term in (3.18) (respectively, (3.22)) follows by the same argument
if we use (6.4) and (6.6) (respectively, (6.6), (6.7)). O

To prove that the value function f is a viscosity solution of (4.4) we will use the principle of
dynamic programming. Its proof follows standard arguments (see for instance [4]) since our
definitions of weak solution of (1.1) and of admissible trajectories KC,, allow us to concatenate
admissible trajectories, i.e. if pi(-) € ICyy, p2(-) € K, 1) and we define

pi(7) if 7€ (0,
p7) { pQET)_ t) if 7'( > 15,
then p(-) € IC,,.

Lemma 6.2. The value function f satisfies the dynamic programming principle, i.e. for
every po € E andt > 0

(6.12)  f(po) = sup {/0 e 7 (a hlp(7)) = Lip(r), (7)) dT + 6_“17(/)(15))}-

PER g

Theorem 6.3. Let o > 0 and h € Cy(E). Then the value function f defined by (4.3) is a
viscosity solution of (4.4).

Proof. We will first show that f is a viscosity subsolution.
Let (f — )" have a local maximum at pg. Let p™ — po be such that

P = 000" 2 (F =) (o) — .

This implies that

(6.13) F(") = (") = (F =) (po)
and
(6.14) F(0) = ¥(0) < F(0") — () +



for p in some neighborhood of py. This obviously implies that

(6.15) sup s(p") = Cy < +00.

By the dynamic programming principle for every n > 1 there exists p" € K,» and a
corresponding m» as in the definition of K,» such that

©16) f(r) < [T <a‘1h(ﬁ"(7)) - i||mpn<f>||2_1,,sn<f>) dr+ e () + .

4y n

We notice for future use that a particular consequence of (6.16) and the boundedness of f
and A is that

" R 1
(6.17) f(p") < 71 + f(7"(-))

for some constant R; independent of n. Moreover, it also follows that

=

(6.18) Sup/0 ||mpn(7')||2_17ﬁn(7)d7‘ = Ry < 40

n

for some Ry > 0. Therefore, (6.15), (6.18) and (2.49) of Corollary 2.6 imply
(6.19) d(p"(r),p"(0)) < CVT

for some constant C' independent of n.
Now, it follows from (6.14) and (6.16) that

FE N~ e )~
1

<) = o) + [T (@) = e ) i

Therefore, using (2.36), (2.37), (2.48) and writing the terms using the abstract gradient
notation (6.1) we obtain

@f(ﬁn(g)) + 0(5)
< [*([treradpeld o) - varady (7o)
(o0 D)1 = € s (| + 072550 )t

< /O : (e—ZH (6"(7), e gradz v (7" () + a—le—lh@"(ﬂ))dr-

Multiplying the above inequality by n/a we therefore obtain that there exists ¢, € (0,1/n)
such that

tn

FE ) + mol) < ae™ R H (§(00), €% gradpn 0 (77(02))) + ¢~ FR( (1))
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which, upon using (6.17), gives

(F(0") = (™) + (p") = ae™ % H (5" (t), € F grad gy, (7" (1))

1

(6.20) t
<e wh(p"(t)) + no(--).

Therefore we can now pass to liminf, .., in (6.20) using p" — py, Lemma 6.1(i), (6.13),
(6.19), and the lower semicontinuity of ¢ to conclude that

(f =¥)"(po) + ¥(po) — aH (po, grad, ¥ (po)) < h(po)-

To show the supersolution property let (f + ). have a local minimum at p° and let
p" — po be such that

£ +9(6") < (F +9)(o0) +
As before we have

f(p") +4(p") — (f +1)«(po)

and ]
Flp) +9(p) = F(p") +¥(p") = 5
for p in some neighborhood of py.
Let p € C*(R?) and let m, = —V(pVp). By the dynamic programming principle if

p"(+) € Kn corresponds to the control m, then

Fe = [T e E (0@ () — = mt ()P ey ) dr + e ).
0 4v n

This in particular implies that

1

1 1
(6.21) F) = F( ) + (),
where w(2) — 0 as n — +o00 which now replaces (6.17). We can now repeat the steps of the

proof of the subsolution property to obtain
1

PG + o) = 0 [ (e i Hy (7). eherady 0l () + i) )

n
which, together with (6.21), implies
~n 1 1 —in ~n tn ~n —ing p
f(p (E)) + no(g) > ae” e H, (p (tn), €= grads. ¥ (p (tn))> +e o h(p(tn))
for some t,, € (0,1/n). Thus again we can send n — 400, use Lemma 6.1(ii), and the lower
semicontinuity of ¥ to get

(f +9)x(po) = ¥(po) — alp(po, grad,, 1b(po)) = h(po)
for every p € C2°(R?). It remains to invoke (4.2) to conclude the proof. O

Remark 6.4. The main differences and difficulties (compared to [11, 10]) in the proof of
the comparison theorem come from the terms involving J-grad,e. They are a result of the
singular nature of the kernel K+ and they required several new technical results. In particular
the most difficult to control terms in (5.23) were estimated with the help of the key Lemma
3.7. Lemma 3.7 in turn, is proved using a technical result about an approximation of the

velocity vector field u (Lemma 7.16), which requires harmonic analysis tools of Appendix
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B. The terms involving J-grad,e also needed delicate treatment in the proof of existence of
viscosity solutions, to show the semicontinuity of the Hamiltonian evaluated on test functions.

7. APPENDIX

7.1. Appendix A: Estimates regarding 2-D Newtonian and related potentials.
Recall that the kernels N and K are defined in (1.3),

U=Nxp, u=-K>xp,
and the 2 x 2 matrix Du = (Vuy, Vug).

Lemma 7.1. Let p € Po(R?). Then:
(1) U € LV (R?), forp e (1,00).

loc

(2) u e L _(R?) for p € (0,2); indeed, u € L*>*(R?). Furthermore, VU = K * p and

loc

u=—JVU.
(3) Let the singular integral operator P be defined through principal value integral as
Po(a) =PV - [ Pl ypldy) = lim Pz — y)p(dy),
R? Ot Sz —y|>e
with
1 o(z) 1| —2229 2] — 22
P =7 oo - | 3 LA

Then as a Schwartz distribution
(7.1) Du(z) = (Pp)(x) + ——J.

In particular, divu = 0.
(4) If ||plla < +oo then u € LP(R?) for every p > 2, and

1-2
(7.2) lull, < Clliplly™",
which implies that for every p > 2 and € > 0
(7.3) [ullp < €llpllz + Cep-
Moreover u € L2, (R?) and for every R > 0 we have
(7.4) [ullZ2(s,) < Crllpll2-

Estimates (7.2)-(7.4) are also true for uw = K * p.
(5) For each p € (1,00), there ezists a finite C,, > 0,

(7.5) [1Dull, < Collplly-

Proof. Let ¢ € C°(R?) be a radial function such that 0 < ¢ < 1, ¢(x) = 1 for |z| < 1 and
¢(x) = 0 for |z| > 2. First, we introduce a smooth cut-off function ¢p(z) = ¢(z/B), B > 0.
Then

(7.6) U=Nxp=Up+Usp=(¢ppN)*p+[(1—dp)N]*p.
By Young’s inequality for convolution and direct integration,
(7.7) 1015l < [[08Nqllolh = Cogllplls <00, 1< g <o
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Furthermore, because logr < r for r > 1,

78) s < Ci+ [ o= yllotldy < Cal1+ [ Iullotldy+ ),

Therefore, U € L} (R?), p € (1,00).
Similarly,

(7.9) u=—-JKxp=uig+usp=—J(¢ppK)*p—J(1—¢p)K) *p.

Hence by Young’s inequality

lursll < losKlplloll < oo, uzslly < (1= ¢p)K|pllpllh <00, 1<p<2<p <oo.
Hence u € LP (R?) for p € (0,2). Indeed, assuming p(dz) = p(x)dz, |(K * p)(z)] <

loc

(2m) 7! [oo ﬁp(:c — y)dy, by an inequality regarding Riesz potential (e.g. Theorem 6.1.3 of
Grafakos [15]),

||K *pHLQ,oo(RQ) S C'||p||L1(R2).

The general case of p without density follows by standard procedure of mollifying with a
smooth convolution kernel.
The conclusion VU = K % p is standard and follows from Fubini’s theorem and integration
by parts against test functions ¢ € C>°(R?) to show the equality in the distribution sense.
The expression for Vu in (7.1) is the second part of Proposition 2.20 in [20], which follows
from Proposition 2.17 in [20] and Fubini theorem (noting K € Lj, (R?)).

loc

Regarding (7.2)-(7.4), using Young’s inequality we have for p > 2

2
(7.10) lur,slly < llosK| 2 lloll: < CBx|pll2
and for 2 < p < o0
2-p

(7.11) luz,Bllp < (1 = ¢B)Kl|pllpllh < CB 7
which gives (7.2) if B = ||p||5". In particular

C
(7.12) |2, B0 < B

for some constant C, so taking B = ||p||2_1/2 in (7.10) with p = 2 gives (7.4). (7.3) follows

from (7.2) because for any a € (0,1) and € > 0, r* < er + C, for r > 0.
The estimate ||Dul|, < C,l||p||, follows from Calderon-Zygmund inequality |[Pf|, <
Sl fllps p € (1,00) (or see [13], page 225). 0

Using Green’s formula, we can identify that as Schwartz distribution,
(—A:)N(z —y) = d,(dx).

Therefore, as long as (—A)™! can be reasonably defined (see next lemma), (—A)™'p = Nx*p.
The following is Lemma 1.12 of [20]):

Lemma 7.2. Let g € L*(R?) N C*(R?), |

\x\21(10g|93|)|g(x)|d93 < 00. ThenU = N xg €
C?*(R?) and —AU = g.
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Invoking estimate (7.7) for p € (1,4+o0] and (7.8), for each B > 1, there exists Cg > 0
such that

1

1.13) elp) = [ U@plds) = 500 + Uasop) < Calolh + 14 Mi(p)).

Finally, if we use the decomposition u = uy g + ug g = u1 + us as in (7.9), then, for i = 1,2,
10iusllz = 10:((1 = @) K™) * plla < [10:((1 = ¢5)EK5)[2llpll < Co,,
which, together with (7.5), gives
(7.14) [Durllz < C(1+lp]l2)-
We next recall the following Sobolev inequalities in 2 space dimensions.

Lemma 7.3. Let g € [2,00), ¢’ € [1,2]. There exists constants Cy, Cy > 0 such that

(7.15) Iflle < Collfllwro@e),
(7.16) Il < Collfllwrr ).

There exists a constant a > 0 such that
a—lf@]?
(7.17) / (e TFIZ+IvAE 1)dz < 1.
]R2

Proof. The first two are standard Sobolev inequalities (see for instance Cases B and C of
Theorem 4.12 of Adams and Fournier [1]), the last one is a version of Trudinger-Moser’s

inequality (e.g. Theorem 8.27 and Section 8.29 in Adams and Fournier [1]). O
Lemma 7.4. Let My(p) and s(p) be finite. Then e(p) is well defined and
(7.18) le(p)] < C1+ Ca(Ma(p) + s(p))-

Moreover if N,, := G,, * N, where G,, = J,, * J, and the J, are defined at the beginning of
section 2, and e, (p) := 1/2(N,, * p, p), then

(7.19) lim e,(p) = e(p).

n—oo

(Convergence (7.19) is also true if the G, are replaced by any family of standard mollifiers
with compact support.)

Proof. To prove (7.18) we will show a stronger statement that if p, p» € P2(R?) then
2

7200 [ mle) [ Nogle = ylloawidyds < Ci+Co (Mol + s(p0).

i=1
Let ¢ € C*(R?) be radial, 0 < ¢ < 1, ¢(z) = 1 for |z| < 1/2 and ¢(z) = 0 for |z| > 1.
Denote Ny (z) = ¢(|z|)|log|x[[, Na(z) = (1 — ¢(|z[))|log |x[|. Then

Lot [ Nate = yyoatdyde <€ [ (o) [ el + lohpatodyds
(7.21) )
<C [ lalnt)iz+C [ ity < €O+ Y Malp),

We now notice that if r, s > 0 then

rs <e' + (slogs—s).
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Therefore
Ni(z —y)pa(y) < eME 4 (py(y) log pa(y) — p2(y))

and thus
/ pl(fﬁ)/ Ni(x —y)p2(y)dydr < ||pr]li sup [ Ni(z —y)p2(y)dy
R2 R2 z€R2 JR2
< sup ( / M@V dy 4 / (p2(y) log p2(y) — pz(y))dy>
(7.22) zER? Bl(gc) Bi(x)

< / —dy + / p2(y) log p2(y)dy
] (p2(w)>1)
< C + s(p2) + Ma(p2),

where the last inequality follows from (1.16). This gives (7.18).
To show (7.19) we now define Ny (x) = —1/(2m)p(x/€)log|z|, Na(x) = —1/(27)(1 —
¢(x/e))log|z|. Then

o= [ [ G = wpwp@yds + [ [(Nor Gl = piptwiptodyds

Since N * G,, converges pointwise to Na as n — 0o and | Ny * G, (2)| < C.(1+ |2]) on R?,
by Lebesgee dominated convergence theorem we get

12t [ (s G~ wpip)duds = [ [ Vet = )p(o)podyds

n—oo

Now arguing as in the proof of (7.20), we obtain for n large enough so that ¢, < e,

' / / (Nie x Gp)(x — y)p(y)p(z)dyde| = ' / / N1 () (G p)(x — y)p(x)dyda

:(:E]R2

(7.24) <isup —dy+ (G loa(G e (o)
yl

T 27 x€R2

<e —I— — sup / / (z — (w) log p(w)) +dwdz
R2

T zeR2

s6+—sup/B |l log ()t = (9,

T zer?

where w(e) — 0 as ¢ — 0. Above we used Jensen’s inequality to obtain that (G, *
p)(z)log(Gy, x p)(2) < G, * (plog p)(z). Since by the same argument we also have

//Nle = ) pW)p(@)dydz| < w(e),
(7.19) follows from (7.23), (7.24) and (7.25) if we let € — 0.

(7.25)

Lemma 7.5. There exists a constant C > 0 such that

(7.26) [ uFan < Cloll < c1+ 160)
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and
(7.27) [ luldo < Cllol
Proof. By (7.2)

[ uPode < il < Clol

and the conclusion now follows since

C(1+/1(p)).

(7.28) lpll2 < C(llplly + [[Vpllr) < €1+

b
[ g < ([ |u|2dp) ol < Clols
R2 R?

Lemma 7.6. Suppose I(p) < co. Then

/R u(a)| |Vl < oo

Now

and

/}R2 u(z) - Vp(z)dx = 0.

Proof. By Lemma 7.5,

/ |u||vmdxs\/ / |u|2dp\/
R2 R2 R

Let Js be a standard mollifier with compact support. Set us := J; x u = —K=* * (Js * p).
Then us € C*°(R?) and, by Holder’s inequality, (7.2) and ||Js * pll2 < ||pl|2,

/ [usl|Vpldz < Jlusllilllly* (1(0)/> < Cllpll(1(0) > < C(1+ 1(p)),

and similarly

(1+1(p))-

/ uslpdz < Cllplls < C(1+ 1(p))V?
]R2

Also divug = Js *x divu = 0. Moreover,

lim us - Vpdr = / u- Vpdz,
R2 R2

—0
since

/ [us — ul[Vpldx < |[us — ulls|lplls*(I(p))"/* — 0 as § — 0.

Now, using the functions ¢g from the proof of Lemma 7.1, we have,

/ us - Vpdzx| =
R2

lim / Vop - us + ¢pdivus| pdx
]R2

lim ¢BU5 Vpdx
B—+o00

B—+o00 B—+oo B

< lim —/ |us|pdx — 0 as § — 0.
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Lemma 7.7. Assume that I(p) < oo, then

/Rz v uy(@)plde) = 0.

Proof. The integral is well defined since by Lemma 7.5, [o, [u|*p(dz) < co. The conclusion
now follows because

/sz'“(:”)p(dz) = / - (K % p) () plda)

_ // v —y) +y) - K (x — y)p(dz)p(dy)

_ _/RQ /RQy-Kl(:)s—y)p(d:L')p(dy)Z—/]R2y‘u(y)/0(dy)-

7.2. Appendix B: A useful inequality regarding product of functions. In this section
several technical estimates are proved which are key in proving Lemma 7.16, which is essential
in establishing (3.7).

The Fourier transform, denoted by F (acting on Schwartz functions) is defined via

O

f©) = [ flo)e ™ du,
Rd
whereas the inverse transform F~! is given by
fla)= [ f(e)erm=ede,
Rd

Let us build the following partition of unity. Take first an even Schwartz function ¢ (z) €
C*(R'), so that
_l 1<t
(€)= { 0 lEl 2.
Introduce a function x : x(§) = ¥(§) — ¥(2€). Clearly, for all £ # 0, we have

o0

> x@e*r =1

k=—o0

We define the Littlewood-Paley operators Py, P<y, P via the formulas

Puf(€) = x(27%¢) f(€)
P f(€) = v(27%¢) f(€)
PNk = Pk_Q + ...+ Pk+2.

Occasionally, we denote for simplicity fi := Py f, f<r := P<xf. We collect the properties of

the Littlewood-Paley operators in the following
43



Lemma 7.8. We have the integral representation formulas for Py, P<j
Rf(@) =2 [ 30He = ) f)dy
R
Perf(w) = 2% | (2" —y)) f(y)dy.

R4
Moreover, we have the following decomposition formula
(7.29) Pylfg] = Z Pilfaagl] + Pelforg<iia] + Pilf<kssgon].
1>k+3

The former sum corresponds to what is commonly called high-high interaction term, while
the latter two sums represent are the high-low interaction term and low-high interaction term
respectively.

Proof. The kernel representation formulas for P, and P<j are due to the following simple
properties of the (inverse) Fourier transform

Pof = F'(x@ %) () = F x(@7F)] % f = 28%(2%) « f
and similar for P<yf.
Regarding (7.29), we first make the simple observation
supp(fg) = supplf * §) C supp f + supp §. Write
P fgl = Pl fger] + Pelfargl + Pil(fer—3 + for+3)(9<h-3 + 9>5+3)]

In addition, there is the observation that Py[fsri39~x] = 0 by the observation above and
hence

Pi[fg-r] = Pilf<k+39~i]
Pr[forg] = Pelfrg<iss]

Also Py[f<k—39<k—3] = 0 = Py[f<k—39>k+3)]. Finally,
Pilfonsgorsa) = Y Pilfonisa) = Y Pulfugl.
I5k+3 I>h13

where the first identity is by definition and the second identity follows due to
Pk [f§1_3gl] = 0 = Pk[le+3gl]7 Whenever l Z ]{3 + 3
Putting all terms together yields (7.29). O

Note that, since x, 1 are even functions, Y, @E are real-valued functions.

Definition 7.9. Let ( : R, — R, be an increasing, convex function, ¢(0) = 0, lim, ., ((r) =
+o00. Then, the Orlicz function space X is a Banach space with a norm given by

Jullx, := inf{A>0: g('“( Wiw <1y,

Let (* be the Legendre transformation of C . Then X,- is an Orlicz space too. We would
like to mention the following property (e.g. Proposition 1 on page 58 of Rao and Ren [27] )

(7.30) sup | [ u(z —y)o(y)dy| < Cllullx.. lvlix.
TER!
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Note that the version in [27] requires ((1)+¢*(1) < 1. We do not require this here, hence we
have a constant C' on the right hand side of the inequality. In the next lemma, we compute
the dual Orlicz function to ¢(r) = (r* + 1) log(r? + 1), which gives rise to the Orlicz space
L?Log(L)(R™), which is defined as X,,, with ¢(r) = (r?+1)log(r* + 1). Note that according
to the definition || - [[z2 < C|| - || L2L0g(1)-

Lemma 7.10. Let F : R— R, h : R — R be two convex functions with respective Legendre-
Fenchel transform F* and h*. Suppose that F' is non-decreasing, lim; ., F'(t) = oo and that
h is lower semicontinuous. Then

(Foh)*(y) =inf{F*(a) + ah*(f) : a € R, 3 € R%: aff = y}.

Proof. This is Theorem D.3.5 in Dupuis and Ellis [8]. O
Lemma 7.11.
“(s) < 25>
s -

7 ~ max(1,log(s))

Proof. Take
F(p) = (p+1)log(p + 1),

then

F*a) ="' —a.
Let h(z) = |z|?/2, then h*(3) = 3?/2. Consequently

(0)"(s) = (Foh)(s)

= inf{eo‘_l—a+a%:aﬁ:s,a,ﬁER}
1 s
— infle® ! — a4+ —
élgR{e OhL2oz}

where «(s) satisfies

ea(s)—l 1=

202(s)’ implying a(s) > 1,

For a = a(s),

e’ > 2% (e — 1) = 8 = 5% < e = log(s) < q,
a1 N s s N s 1 < 25*
e — —_— = — — — EEE——
2 a  a? ~ max(1,log(s))

Proposition 7.12. Let Q) be either Py, or P<y,. Then
2dk/2
(7.31) 1Qrf |l Loy < C T SNl 22 Log(r) (re)-

There is the bilinear estimate

C
(7.32)  [|1P5j[uv]ll2ge) < jm(HVUHB(R% + IVl 2@e)) (lull 2 Logy@2) + 0] 2 L0g(2) @2))
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Proof. We start with the proof of (7.31), after which we will be able to deduce (7.32) as a
consequence of it and (7.29). We will give a proof of this only for P, the other one being
similar. We have

1P fll e = sup 2| /d X(2"x = y) f(y)dy| < C2NX 2" x . 11F 1| 22 Log(ryme)-
@ R
It remains to show p = [|¢(2F-)||x_. < C27%/2k~"/2. From the defining equation of || - || x.,
[ oG mdy =1
R4
We have by Lemma 7.8

2 L(2ky) ]2
_2/ |X( Ay)lk dy> 1.
(2 Jra max(1, In(|X(2%y)|/ 1))

A change of variables 2y = z yields the inequality

‘X(Z)‘z kd 2
(7.33) / max(L, (R () = 2

From (7.33), since the left-hand side is bounded by [p.|X(2)]* < C, we immediately get
p < C27k4/2 Tf we feed this estimate back in the left-hand side of (7.33), we get

C C
Ct,2? < ¢ / P+ < / X(2)Pde < o2t 4 ©
2iR(2)| <2 Ka/4 ko Jra k

It follows that p < C27k4/2=1/2,
For the proof of (7.32), we write first

P j[uv] = Z Pr[uv]
kik>j
Next, for each term Py|uv|, we employ the decomposition (7.29). We have
P(uv) = Y Pelu~v] + Piltkverss] + Pelusiisvs]
1>k+3
Since the second and third sum are symmetric in u,v, we consider only one of them, say
Pr[ugv<iis]. We have by Hélder’s inequality
|| Pi [unrv<kis]ll r2me) < Cllunklr2me) |v<ksl o @e)
By (7.31), we can estimate |[v<yis||pe@2) < C2°k7V2||0|| 2 10g(1)(r2), Whence we obtain the
estimate
HPk[UNkngJrs]HH(R?) < CQkk_1/2||u~k||L2(R2)||UHL2Log(L)(R2) <
S Ck_1/2’|vu,\,k’|L2(R2) HU||L2Log(L)(R2)’
Consequently, we have
1Y Peluarvarsslllze < D [ Peluarvarislllz2 <

k:ik>j k:k>j
1 C
< CHUH%?LOQ(L)(RQ) Z EHVUNkH%?(RQ) < _~||'U||%2Log(L)(R2)HVUH%?(R2)>
k:k>j J
which shows (7.32) for the high-low terms.
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For the high-high interaction term, we estimate by Sobolev embedding and Holder’s
||Pk[uwlvl||Lz(R2) S CQk/2||uNl’Ul||L4/3(R2) S
S CQk/2 Huwl HL2(R2) H’Ul ||L4(R2)'

We use the Gagliardo-Nirenberg’s inequality and (7.31) to estimate

1/2
loull o) < a2 gy il ey <

1/2 1/2
< O ol o 1 e

Putting all these estimates together, we obtain

1D D Prluaw)lfagey S C Y1 Y Peluwvn)llFage) <

k>j I>k+3 k>j 1>k+3
ol/2+k/2 2
< Clollezogwen vl Y | D2~ sl | <
k>j \izk+3

\[HUHLZLog pE vl Y Y 2 sy || w22 )

k>j lila>k+3

Now,
Z Z 202K 1y | 2oy [ty || 2 (r2) <
k>j lila>k+3
< O oh/Ar /i)y | e [, | 22 z2)-

l1,l2

By symmetry, it will suffice to estimate the sum above with I; < [,. We have by Cauchy-
Schwartz

Z 2(311/2+lz/2)||u~l1||L2(Rz)||uN12||L2(R2) <

11,l2:11<l2
SOY Pl ) xS 22 ) < OVl
l1,l2:11<l2 l1,l2:11<l2
Thus,
I Pr (o) 72 ey HUHL?Log @) 19]] 222 | Vel |72 ey -
\/7
k>j 1>k+3

Recalling || - [[z2 < C|| - || 2L0g(z), We conclude (7.32). O

The following estimate will be useful for approximating velocity field w.

Lemma 7.13. Let ¢ € C° and radial, so that suppy C {z : |z| < 1}. Define

Then



Proof. We have

If |&| < 100, we have
. 1 '
(6] < 2007 [ Jo(a) e < 2007 x 27 [ [oto)ldp < .
Let |&| ~ 2',1 >> 1. Then, since ¢(2'z) + l_:l_ x(2¥z) = 1 on the support of ¢, we have
k=—5

|z

(€)1 < C2( [ letwlvia) o+ Y | [ plon@a) T me o)

The first integral is estimated easily
9—I+1

/ |so<x>w<2lx>ﬁdxs / e < 027

For the second integral, integrate by parts twice in the variable ;. We have

T —2mix- —1 d2 T —2mix-
/¢(I)X(2kx) |l’|12e ety = 471-252 / dx2 [QP(IL')X(QkIL')—l ]6 g o
1 1

Observe that

-1
sl <0277,
e
while (recall supp(x) C {1/2 < |z| < 2})
d2 T
|@[@(I)X(2k$)w]\ < C2%(|x(2%2)| + X' (2%2)| + [X"(2"2))).
1
Thus, we have
—1 ko L1 _orize 253k z k—2l
N L —2mix- < — _ —2
|47r2§% /<p(a:)x(2 x)mze dx| < C2772 /le pdp = C2

Thus,
-1

gl <2+ > <

k=—5
U

7.3. Appendix C: Approximation of the velocity field u. First, we have the following
estimate.

Lemma 7.14. There exist constants Cy,Cy > 0 such that

C 2
|Pokpll3 < 510 (Co + S(p) + Ma(p))

Proof. Without loss of generality, we assume that the right hand side is finite. We take
u=v=,/pin (7.32) and notice that, for ¢(r) = (1 +r2)log(1 4 ?),

Vol <1+ [ o(phe <3+ [(plogp)vods <3+ [ plogpds
R p(x)=1
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where the first inequality follows from properties of Orlicz norm (e.g. Theorem 13 on page
69 of Rao and Ren [27]), and the second inequality follows from

(7.34) o(r) <r?+7r?log(l+7%) < r*(1 +2log?2) + (r*logr?) Vv 0.
Noting that r|logr| < /r for 0 <r < 1, we get

/ p|log pldx g/ +/ < /e‘x/zdx+/\x|p(x)dx. < C+ Msy(p).
0<p(z)<1 0<p(z)<e~lel e~lel<p(a)<1

Thus we conclude that
VPl z2og(ry < € + s(p) + Ma(p).

Since

IVVollz < I(p),

the lemma now follows from (7.32). O

Recall that u = u; g + ug g in (7.9) for each B > 0. We approximate u; = u; g by

U< = P<jpuy = ng( (—¢3Kl) * p) = Jepa*p

where

Jewa(w) = F((ComR 02 ) @) = [ (ZonRHEu(zHees s

£eR2

We now approximate u by

U<k,1 + Uy = (Jgk,l — (1 — qﬁB)Kl) *p = jk * .
Then

Lemma 7.15. For each k:~, B > 0 fized, J), = Jera — (1 — ¢p)K* is Lipschitz continuous,
bounded, and Jy(—z) = —Ji.(2) for all z € R

Proof. The kernel (1 — ¢p(2))K*(z) is Lipschitz. Therefore we only need to verify the same
property for J<y i:

Tata@) = Jeua@)l < [ [oaR @ #Olelle — ylde

< (/ €l1GpR(E)1de ) 2 — y] < Gl — ]
|§|§22k+17£eR2
where the last inequality follows because for every
6K | < [ ln(:)K(2)ds < 4o
R

The boundedness and antisymmetry of .J, are straightforward from its definition. U
We notice that
Pogy = —Pop(¢ppK ") xp=—(¢ppK") x (Pogp) = —J(¢pK) % (Psip)
VPouy = —PopV((¢K™)*p)

= Py ((V(6pKY)  p) = =J(V(65K)) * (Psp).
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Therefore
| Psrurll2 < || @K1 ]| Pskpll2

In addition, by Lemma 7.13, since ¢pg is radial,

—

IV(¢5K)loe < 00

and

—

VPl = [[(V(05K)) * (Porp)lla < V(05 K)o | P>kpllz < CllPskpll

In summary,
(7.35) [uskallz + [Vuskallz < CllPsrpll2-

Lemma 7.16. For every 6 > 0 there exists a bounded, Lipschitz continuous and antisym-
metric function Js : R? — R such that for every p € Po(R?), the function us = Js * p
satisfies

(7.36) [ u(2) = us(a) Pple)d < 51(p) (C+s(o)+ Mz(ﬂ)>3

for some absolute constant C.

Proof. We only need to prove the case when I(p) < co. We set Js := Ji, where B is fixed
and k will be chosen later. Then

Us = U<y + U2 B = —J<P§k(¢BK) +(1— ¢B)K) * P

and
U— Us = Uy — U<k,1 = Usk,1-
Let a > 0 be the constant in Moser’s inequality (7.17). It then follows that

[ lu=uspads = [ i Poteyds
R? R2

2
_ A|U>k, 1T
= B+ 1Tl [ T

{z:p(z)<1YU{x:p(x)>1} ||u>k,1||% + Hvu>k,1||%

_ alusp(2)]?
< o 'Cy||P k,o||2<a+/ : p(:)s)dx)
s (wp)>13 [Uskall3 + [ Vusiall3
alus g1 (2)]2
< @O Papli(o+ [ @ TTT Dars [ plogp)
R2 {z:p(z)>1}
< Col| Parpll5(Cs + s(p) + Ma(p))

< SEIOC + 5(0) + Map))"

In the above, the first inequality follows from (7.35), the second from the Legendre transform
identity
(e = 1) =sup(zy — e’ + 1) =zloge —z + 1,
y
the third follows from (7.17), the fourth from an elementary calculation as in the proof of

Lemma 7.14, and the last from Lemma 7.14. It now remains to take k sufficiently big.

O
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7.4. Appendix D: The chain rule. The following is an adaptation of Proposition 10.3.18
of Ambrosio, Gigli and Savaré [3] to special cases which cover our applications. We restrict
our attention to A-convex functionals on Py(RY) defined in Definition 9.1.1 of [3]. This is a
notion of convexity along geodesics in the mass transport sense.

Lemma 7.17. Let f : Po(R?) — (—o00, +00] be lower semicontinuous and \-convexr. Assume
that D(f) # 0 and that there exists po € D(f) and ro > 0 such that

inf{£(p) : d(p, po) < 0} > —o0.
Let p(+) € AC((a, b); Po(R?)) with p(t) € D(f), and moreover let
Op +div(pv) =0, a<t<b,

hold for some v such that v(r,-) € L% (p(t)) and fab Jga [o(r,2)Pp(r, dz)dr < .
Suppose that
gradf(p(t)) = —div(p(t)u(t)), u(t,) € L (p(t))
for a.e. t € (a,b).
Then for every (s,t) C (a,b),

FOO) = 1) = [ [ vlra) - utra)otr,doyir

Proof. All references (to theorems, lemmas, etc.) below refer to [3].

By Lemma 10.1.3, A-convexity implies that f is regular in the sense of Definition 10.1.4.
By Theorem 4.1.2, A-convexity in this context also implies that (10.3.1b) is satisfied. The
conclusion follows from Theorem 10.3.18. O

Lemma 7.18. The functions —d*(-,7y) defined in (1.10) (with v € Po(R?) fized), s(-) in
(1.15), en(-) in (2.2) and M,(-) in (1.13) when p > 1, are all A\-convez, for some A € R.

Proof. Again, all the theorems, propositions, etc., in the proof refer to [3].

The case of —d?(-,~) follows from Theorem 7.3.2; the case of s(-) follows from Proposition
9.3.9 and Remark 9.3.10; the case of M, () follows from Proposition 9.3.2. The function e, ()
is a special case of Example 9.3.4 and Proposition 9.3.5. Note that N,,(z)+ C,|z|? is convex
for some C,, > 0. See also examples in Chapters 16 and 17 of [29]. O
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