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ABSTRACT

A set of natural numbers is catled an asympiotic basis of order k if every number
(sufficiently large) can be expressed as a sum of k distinct numbers from the set. In this
paper we prove that, for every fixed k, there exists an asymptotic basis of order & such that
the number of representations of n is @(log n).

Key Words: Sidon sequences, representations of integers, random constructions

1. INTRODUCTION

Let & be a sequence of natural numbers, and let r,(n) denote the number of
representations of n in the form

n=a,ta,bora,, 0<a, <L (@ EL)
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& is said to be an asymptotic basis of order k if there exists a natural number #,
such that r,(n) >0 for n > n,;. In 1932 Sidon raised the following question: Does
there exist an asymptotic basis of order 2 such that, for every € >0, lim,,__, r,(n)/
n® =0? In 1956 Erdés [2] proved that there exist positive constants ¢, and ¢, such
that

clogr=r(n)=c, log n for large n,
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which more than answered the question. For a thorough exposition of the above

result and several other results of similar nature, the reader is strongly recom- -

mended to refer to [5].
In this paper we prove a more general version of Sidon’s original question

using probabilistic techniques, old and new. Although the following general
version was believed to be true, no complete proof appears in the literature.

Theorem 1. For every fixed k there exists an asymptotic basis of order k such that
r.(n) = 6(log n).

We shall actually conclude that in a suitable probability (measure) space almost all
sequences are of the right kind.

2. PROBABILISTIC TOOLS

Disjointness Lemma

Let A, A,, ... be cvents in a probability space. The following elementary lemma
is often useful in proving the probability of occurrence of “large” subsets of
mutually independent events is “small.” We refer to this as the disjointness lemma

in view of the nature of its application in this paper.
Lemma 1 (Disjointness Lemma). If L,Pt[A ] = u, then

> PrA, A A, A A ALs pi!
1 2 I

mutaally
independent

Proof. Let I’ denote the summation in the statement of the lemma. Then by
mutual independence of the probabilities,

S PA, A AA]=D PrAf]--PA]
= > Pr[A,}---Pr{A4)]
t

all{d,, ... A
1

=3 > _Pr[A,]---PdA]
AL Ay}
1 i

-7 (Sran)

_1

= E fL . | |

Erdos—Rado A-system

Let = and [ be positive integers, [ = 3. We say that [ sets form a A-system (of size
1), if they have pairwise the same intersection. Let & be a family of sets, each of

size n. Then
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Lemma 2 (A-System Lemma). % contains a A-system of size | whenever

g — 1YAf
The proof and a more general version of the theorem (for infinite set systems) can
be found in [3].

Correlation Inequality

In a probability space, we know that the probability of a (finite) conjunction of
events is exactly the product of the individual probabilities, provided that the
events are rnutually independent. In a similar spirit, the following correlation
inequality allows us to estimate the probability of a conjunction by the product of
the probabilities, provided that the events have low correlation! We need some
notation to state the lemma precisely.

Let  be a finite set of elements, and S be a random subset of () given by
Pr|x € §]=p,, where we assume these events to be mutually independent over
x €. Let A, denote the event X, C S, where X,,..., X, arc subsets of the
universal set {). Write i ~j if i j and X, N X, # ¢. Further let all Pr[4,]=1/2,
then :

Lemma 3 (Correlation Inequality).

[IPA,)= Pr[ A /If] = [H Pr[Ai]] e? BimFilAnA]

The proof requires only elementary probability theory and appears in [1]. The
original proof of the result was given by Svante Janson and appears in [6].

Borel-Cantelli Lemma

The last tool we make use of in this paper is one of great importance in
probability theory. We merely state the well known Borel-Cantelli lemma in the

[following; the proof can be found in [5] and also in any standard book on

probability theory.

Lemma 4 (Borcl-Cantelli). Let {A;} be a sequence of events in a probability
space. If

1 (of size
, each of

2 Pr(A,) <o,
=1
then with probability 1, at most a finite number of the events A ; can occur.

3. PROOF OF THE MAIN THEOREM

Let k be fixed. Our aim is to show that there exists an asymptotic basis of order &
and that the number of representations is roughly log n for n large. Consider a
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sequence ¥ of natural numbers where the probability p(z) of z occuring in ¥ is

given by
(o Z)l.'k
p(z)= C ?,%@—for 2> 2,

=) otherwise,

where z, is the smallest constant such that p(z) = 1/2. We shall choose C so that

C"Dk >3, where
k-1 )(k—l)fk

D, = [2Uk _ 1][31.’k _ chl (k- 1)1.':: — (k- Z)Uk](m

a not-so-nice positive absolute constant!
Let r (n} be the random variable denot
as a sum of k distinct numbers from &. Then

ing the number of representations of n

Lemma 5.
p = E[r,(m)] = &(log n)

Proof. ‘ .
p= S PrlxlePrx]

Xyt tx=n
l=<x < <xp<n

% logx 1/k logx 1/k
el )

-1
Xy k

where L* is short hand for B, . sp =n - We estimate the above sum by breaking

1= <o S <

it into two parts (g, + ¢3), dependinkg on whether x, > n/(log ) or not. (It may
be noted that “logn” here may be replaced by any positive function that
approaches infinity sufficiently slowly as n-— .} We prove the lemma by showing
that u, = ®(log n) and that g, = o(log n). For this purpose, let 5, =1/(log n).
Then

17k

x  [(logx,)-- - (log x;)]
— Ck 1 k
H n8§x1<n (x[ e xk)(k_l)"k

* 1

REPRESENT,

We can
(‘xla- cy

We now

In the ot
by

For a o
width «
(g x;
Xy <(h

SUM:

and once

= C*(1 + o(1))(log n} T :;"Sa—l)n;"'
k

nd,<x;<n (x, .-
= C*(1 + o(1))(log n) - (SUM)  (say) ,

term, in view of the range of
©®(1). Note that n/k <x, <n,
we bound SUM from above

-where the numerator comes out as a common
summation. It now suffices to show that SUM =
since x,;’s form an increasing scquence. Asnlk<x,,

by
* _]_

SUM <

(n/k)(k—l)l'k b <n (xl .. xkﬁl)(kﬁl)fk -
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We can bound this tricky summation from above by summation over ali
(1> .., x,_,), with 1= x, = n. That is,

! 1
SUM < ————
(nik)* V% 1<§S’; (x, - - xk—l)(k—n/k

_(k)(k"-l).’k( Z 1 )k—i
n l=x;=n (xl)(k_l)”( ’

We now estimate this discrete sum by integrating over the same range:

k-1

e1yik g on g
SUM < (;) (fl xgk—l).'k dx, + 0(1))

(k=1)/k
= (;) (e [T + 01y

PRCERMCERITS
_ k—1)/k k—1}ik
= [RCEI [”( D 0(”( )}

— [1 + 0(1)}k(k—1)(k+1).’k .

In the other direction, set « = 1/ k(k—1). As x, <n, we bound SUM from below
by

1 * 1

p D&

SUM >

k—1)/k
nd,<xy<nm (X" .xkvl)( )

For a lower bound on this summation, our idea is to restrict the x,;’s to strips of
width an, i.e., we bound the summation from below by summation over
(xy - x,_,), with restrictions nd, <x,<an, an<x,<2an,..., (k—2an<
Xy <{k —1)an. (Our choice of & ensures that x, , < x,.) Thus

i 1 1
SUM > -1k E G-k " E (k-1)/k
n né <x <an X (k—2)an<x,_ <(k—1)an xk-l

and once again, estimating by integrals,
o1 A b | S (ke =1)an : .
= R U wEeoE o)+ (f() xEoE T o))
1 an - an
= o G+ 01 - G5 |G e + o(1y

=f1+ o(l)lkk—ia(k—i)fk[l _ (aan)l.fk]{zl.fk — 1] [k — 1) - (k —2)""¥]

=D, + o(1)

where
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Uk _ ik _Allky, . bk T kk—l (k—1)k
p,=[2"* —1j3"* — 2"} [k - )" — (k= 2) [ ,

a positive absolute constant!
Consider now the second part:

1k

+  [(logx,) -~ (log x,)]
= Ck 1 k
= 1<x21<n5n {x, - xk)(k_u'rk
1

®
< C*(log n I S
( ¢ ) 1<§<"5" (xl N xk)(k—l),lk

= C*(log n)- (sum) (say).

it now suffices to show that sum = o(1), since we are trying to prove pp =
o(log n). The calculation is similar to what we did for SUM and proceeds as

follows:

sum < ————E-i57k ] 3

(m'k)(k 137k s, (1 xkﬂ)(k Y
1 1
© (nll)* D" (k-1)/k
(H/k) 1=x,=nd, (xl PR xk—])
i=x;=n
i=2,...,k-1

k (k—1}/% 1 1 k-2
- (;) ( 2 (k-l)n'k)( 2 (k—l).fk)
1=x,=nd, (xi) 1=xy=n (xz) .

n

PINCRU Dt 1 1
= (;) (J xgk—l)fk dx, + O(ﬂ)(J; xgk_“”" dx, + 0(1))

k-2

1

i

k -yrk 1/kin8, 1ikyn -2
(5)" ™ oy + oCp0 0

k(k‘l)(ku).'k
llkn(kul).fk_]_o(arl!fkn(k—l).'k)]

"

{8

k-13/k
p& D

sum=0(8.'"%).

This-shows-that
. Ck(log 0w ,11”‘)
= o(log n) .

Thus we have established
[b, +o(DPogn<p < [, + o(1)]log n and p, = o(log n)

and hence
[b, + o(Dlogn<p < [b, + o(D]log n,

where b, = D,C" and b, = CrE ek
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3.1. First Part of the Main Theorem

Let S, ={a,,...,a,} and S, ={b,, ..., b} be two different representations of
n in basis &; that is, §,# S,, §;, §, C ¥ and

at-ta=bt+--+b,=n.

We say S, and S, are disjoint if they share no element in common. The following
lemmas guarantee (with high probability) that a maximal collection of pairwise
disjoint representations has size at most O(log n).

Lemma 6.

> PrS A A S )= M6
(51> - g0}
pairwise
disjoint

Proof. Pairwise disjointness of the sets implics mutual independence of the
associated events. The proof is hence a simple application of the disjointness
lemma (Lemma 1) with [ =6p. u

This in turn bounds the probability of having more than 6y pairwise disjoint
representations of # as follows. Let ri(s) denote the size of a maximal collection
of pairwise disjoint representations. Then

Lemma 7. For C>(1/3D)"",

—2+o(1)7

Prlri(n)>6u]l=<n

Proof. Using Lemma 6 and the bound m!>m"e ™"

Pelr3(n) > 6] < (—6:—5 ()
1

Gp
< (6#/3)6# (‘LL)

-

(e )[6b1+0(1)]log L
< | =
6

— n—6b1+o(1) .

To complete the probf of the lemma, we have to show that b, =1/3. As
b, = D,C*, we pick C large enough (so that D,C*>1/3) to make b, >1/3,

yielding

—2+4+eo(1)

Pifri(n)>6p]l=n
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Lemma 7a. A.a. Jn,s.t ri{n)=6u, forn>n,

Proof. Use Borel-Cantelli lemma! First, a few words about the probability
space we are dealing with. Let () denote universal set of all subsequences of the
sequence of natural numbers. Our random set & is the subsequence formed by
choosing number z with probability p(z). Thus the triple (@, &, p(-)) is our
probability space. (For a rigorous proof that this is a valid probability space, Ref.
[5], pp- 141-142.)

Now let A, denote the event ri(n)> 6. By Lemma 7, we have

2 Pr(An) = z n—}!+cl(1)<Oo .
n=1

n=}

By the Borel-Cantelli lemma, this implies that with probability 1, at most a finite
number of A, occur. Hence the lemma. =

To prove the first part of the main theorem, we must extend Lemma 7a and
show that r.(n) is O(log n). For this purpose we need a bound [of O(1)] on the
number of representations of # as a sum of & — 1 (distinct) numbers. (The puzzled
reader is advised to skip the next few lemmas and read the proof of Theorem 2
for further motivation.) But we need to generalize some of our notation before
we can proceed. Let r,{n) denote the number of representations of n as a sum of /
distinct numbers from %. And let r3{n) denote the size of a maximal collection of
pairwise disjoint such representations. Further, let g, denote the expectation of
r(n) (note that g, is simply p)

Lemma 8, For2=!=(k—1),

—1+lik+e(l)
W=n -

Proof. The line of calculation is similar to that for p, only simpler. Let ! be
fixed. Let 1* denote I, , ., _, . Then by definition,

l=g <---<xp<n

= E Prix,]- - - Prx]

X
1<.x1< ~Lxpn

log x,\ ¥ log x,\ /%
-3 () ---c( =)

1 Xy

PO Z
(x, _-_x)(k )ik

=n*USUM, .

As nll<x,,
1

&
SUM, = p~®"D/kred > YD -

(g xy
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And once again we estimate crudely by the summation over all {(x,, ..., x, ),
with 1=x,=n,i=12,...,[-1

SUM’S”—(k—l).’k+o(l) 2 1 e
" X_y)

L=x;=n (xy -
4

{k m A

_ = {k=1)k+e(1

=n ( 2 (k--l).’k)
[=x,=n Xy

— n—(k—i):k+o(1)(nuk+o(1))l—1

—1+ifk+o{l
=n o{1}) .

Substituting this in the estimate for y, above, we get

i - na(l)(n—1+ln'k+a(l))
g =

~1+1lk 1
=n +oll) n

Let S denote a representation of n as a sum of [ distinct numbers. Then:

Lemma 9. For2=I=(k—1),

2k
@ Z RdSi A ASLI<
(51, ... 5h (2k)!
pairwise—
disjoint

(i) Pr{ri(n)>2k]<n 20,

Proof. (i) Note that when $!and Sf,. are disjoint, Pr[$}]] and Pr[S!j] are mutually
independent probabilities. So the first part of the lemma follows immediately
from the disjointness lemma.

(i) From part (i) it follows that

2%
H;
(2k)!

Pr[r(n) > 2k] <
1 - ('h—'l'+llk+d(l))2k e e

_ _.<.m

= kel

As =k —1, we can conclude
Pr[ri(n) > 2k) < n~ 270 .

Once again, by the Borel-Cantelli lemma, the above assertion implies that

aa. for2=/=(k—1) In, st. n>n>rin)<lk.
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But for any finite n,, there are at most a finite [certainly <(7}] number of 5 3.2. Secq
representations as a sum of / numbers. Therefore, , .. In the fiy
) like to p
aa for2=Il=(k—1) 3¢ st Vnrin)<c. : that r:(li!
.. . ' . ’ lemmas.
At this point we remind the reader that we set out to prove that r,_,(n) is at most Let §
a constant. And we make critical use of the A-system lemma (Lemma 2) to prove from & £
this. ' valid repy
in the fol
Lemma 10.
Lemma 1
aa. Je st r,_(n)<c, VYn.
Proof. We know
‘ Proof. 1
aa for2=l={(k—-1) Fe st ¥n, rin)<c. (=) numbers.
Set ¢, = max,{c,}. We claim (whenever c¢,’s exist},
k=ter 1y ‘
Vn rk*l(n) = (Cmax) (k 1)' Consider
Suppose not, i.e., the claim is false for some 1 = n'. Then by the A-systermn lemma, S, ={(z
there exists a A-system {87 ', ..., 8"} of size A=¢_, +1. Let the common
-intersection of the system be R. So R={x,,...,x,}, where O0=r=k -2, If Let £, z,
L, x,= m, then removing the common intersection R from each set will yield
ry_y_(n"—m)y=c,, +1. Thisis impossible in view of (#) and the definition of >
¢,.... This proves the lemma and, in fact, also shows that ¢ = ¢*_(k—1)! = 15,181 =
We are now ready to prove one side of the main theorem.
Theorem 2. A.a. dcIn, st rdn)<[6byck+o(l)llogn,n>n,.
Proof. Let § be any maximal collection of pairwise disjoint representations of n
———————ag-a-sum-ofk-distinct-numbers.-By-our notation; {8} ="r¥(n). By Lemma-7a; we- -
have
Aa. In, st rn)<oép, n>n,.
‘ . Fortunate
This implies there are at most (k) X (6p) numbers in our collection S. [There are . forl={s
(almost always) at most 6u sets in the collection, and each set has exactly & '
numbers.] As § is maximal, any representation of n must use at least one number
from the collection. However, the number of representations of #» which use x is :
precisely r,_,(n —x). By Lemma 10 we know r, ,(n—x)<e. Thus the total ? Since m,, :
number of representations of » is at most (6ku} X ¢. Hence the theorem follows above sur

by substituting the bound for p. _ n/2, (iii)
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3.2. Second part of the main theorem

In the first part, we have proved that r,(n) < C, log n, for large n. We now would
like to prove that r,{n) > C, log n, for large n. We prove the stronger inequality,
that ri(n)> C, logn, for large n. Before we can prove this, we need two more

lemmas.

Let S, and §; be two valid representations of n as a sum of k distinct numbers
from &. With abuse of notation, we let Pr[S,] denote the probability that §; is a
valid representation. We would like to show that these events have low correlatwn
in the following precise sense.

Lemina 11.

2 PrS, A S]=0(1).

i~j

Proof. Note that [ ~ j implies S; and §; share at least 1 number and at most & —2
numbers.

ZPI’SAS]*”E > Pr(S; A ;]

=1 |sjns;=!
Consider §;, S, such that {S, N S| = L Say,
Si=(zp, -z XXy, X ) and §;=(20, 052y, Yo Yoo oo o5 Yir) -
Let X,z,be m. Then E.x, =L, y,=n—m. So

2 Pr{S; A S;}= Z E (Pr|z,]- - - Prfz,])}(Pr{x,]- - - Pr[x, _,])
|S:nsji=l " zytobz=m
x1+-'-+xk_l=n_m
yito-tyg_ma-m

X (Prly,] - Prly,.])

=S 3 edz)opda)

zyFFz=m

(S pdnleerrn)

X-l +-- +X" I—ﬂ m

(here are
sxactly k
= number
1 use x is
the total
n follows

—2 ﬂz(m)[:ufk n = m)]

Fortunately, we already made (in Lemma 8) the estimates g (n)<n '*/7o()

for 1=I=k—1. Fix e <1/2k. Then we can pick m, such that

—1+lk+o(l)

C(my<m , form=>m,.

Since m,, is a constant, p,(m) < M (some constant), for m = m,. We estimate the
above summation in four parts (A, + A, +A; +A,): (i) m=m,, (ii) my<m=
n/2, (i) n/2<m=n-—m,, and (iv) n — my,<m.




256 ERDOS AND TETAL!

Two of the following four estimates arc casy; we do the easy ones first:

A= 2 () pei(n—m))

m=ng

<(n—1+(k-—1).’k+o(l))2 2 M

m5m0

_ n—2+z(k—nuc+o(1) = o(1).

The other extreme (m > n— my,) can be estimated similarly:

A= z !"'l(m)[ﬂ'jc—[(” - m)]2

m>n—m0

<(n-1+l.'k+o(l)) z Mz -

m>n—m0

- n—1+uk+a(1) =o(1).

Second and third parts of the sum:

A= Y mmpedn-m)Y

mg<m=nil

—1+(k—i)fk+o(1))2 2 m-l+h’k+e

mg<im=n{l

—2trk+a(l itk
n oAl Ny ¢

my<m=n{l

<{n

It now suffices to estimate the sum by

A2<n—2llk+o(1)(J Y m—1+INc+e + 0(1))

_ n—zuk+o(1)(mut+e18 +0(1)

n—lfk+e+o(1) — 0(1) A

Similarly,

A= 2 wmlen—mF

al2<m=n-mg

< (n-1+llk+a(1)) 2 [(n _ m)—

ni2<m=n—my

— (n—1+lfk+o(1)) 2 (n —m

ni2<m=n-—my

1+(k*£)lk+5]2

)—Zl.fk +2e

Estimating by integration over the full range,

an integral over the full range 0=m=n:

. SIrips O

REPRFSEM

Thus,

and he

Let
We wo
hurt r,
m; x, di

Lemmsz

Proof.

where 1

i. x
ii. n

where t]
We wot
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—1+lik+o(1) " N 2kH2e + )
“ A, <n (,L—o (n—m) o(1)

< n—1+lfk+a(l)(_(n — m)!—lek+2€|; + 0(1))

- n—!!k+2£+a(l) — 0(1) .
Thus,
2 PIS, AS]=A,+A,+A,+A,=0(1)

1SN8=t

and hence the claim,

k=2
DPIS; A S]= 2 o(1)=o(1). =
i~f : i=1
Let s={S,,...,S,} be a collection of pairwise disjoint representations of n.
We would like to show that, when |s| < C, log n, deleting sets S, from & does not
hurt r,(n) much. For this purpose, set r,(n;s) = [{{x,,..., % }:x, +---+x, =
n;x, distinct and x; € $\s}| and define u’ = E[r,(n; s)].

Lemma 12.
[sl<C,logn=> u' =8(logn).
Proof. By definition,

p'= 2 Pix]oPrx]

Xyt txp=ha .
l<ry<or<xp<n

LSO xpEUS;
* %
> 2 Prx,]- -Prlx,]
Xl TS,

where Z** denotes the special summation {of Lemma 5) with the x,;’s restricted to
. strips of width an; i.e., the summation is over x,, ..., x, such that

iLx;+---+x,=n

w=> Prx ] Pir]l-2 > Prx] - Prix,],

JoEUS;

>{b, + o(1}]jlog n — 2 E** Prix}---Pr{x,],

§ [}

where the above estimate follows from the estimate (from below) for pin Lemma 5.
We would now like to show that forj=1,.. ., k

E** Pr{x;]---Pr[x,]=o(logn).

X;EU8;

e 0, KA A X . 200, e (k= 2)an S xS (= an
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. are

Without loss of generality, we show that for x.(ie., j=k). As Sy, .. ¢ logn

pairwise disjoint

2** CPrlx,] - Prfx,] = (C,log n) E** Pr{x,]- - -Prix,}

x EU,5; X E5y
<(C,log )y, (n — x;)

But our choice of the range for L** was such that x, <n — (k - 1)an. Thus

S Prfx, - Prlx] = (C, log )~ &) = o(log ) -

X EULS;

{In the general case, the range for x; ensures that (n—x)>(1 - ja)n, allowing us
the estimate w,_,(rn — X;} < p 1 TR ] Thus

2 2** Pr[xl]---Pr[xk]=o(logn)

JoxEUS;
and hence
p'>[b, + o(D)Jlog n — o(log n) .

On the other hand, we have, trivially, p' <p <[b, + o(1)}log n, completing the
proof of the lemma. n

We are now set to complete the second part of the main theorem.

Theorem 3. A.a. 3n, st r(m)>Clogn, n>=n,.

Proof. We would first want to show the probability that ri(r)=C, logn is
small, for all n. Then we could complete the proof by using the Borel-Cantelli
lemma. Recall that s denotes a collection of pairwise disjoint representations of n.

We want to estimate

Pr[3s:]s| = C, log n, s maximal]

Cilogn

=Y Pr3s:|s] =i, s maximal]
i=0

Cylopan
= 2‘3 ) > ) (PriS, A+ AS]IXPI{S,..., 8} is maximal])
i= ITERRNY ]
i
C logn
= 2:] (S > . Pr[S, A--- A Si]) x Pr{{S,, ..., S} is maximal] (* =)
= LA
pairwise

disjoint

REPRESENT;

We alre;

We estin
that a se

By the ¢

With -
precedin,
B;. Thus

By Lemr

Together

e

Plugging

Pr{3s: ;.
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logn AT€ : We already know how to estimate the first factor. By the disjointness lemma,
> PrS A AS]=plil
Speee a5
pairwise
disjoint
We estimate the second factor by the correlation inequality! Let B; be the event
Thué thata set §'C Psof k distinct numbers is a representation of n. Then,
n. .
Pr{{S,, ..., S;} is maximal} = Pr[ﬁjéj]
By the correlation inequality (Lemma 3),
owmg us Pr[ﬂjﬁi] < [I’[ Pr{ﬁj]] eZE,—__I--Pr{BjABI--]
i
— [H (1 _ PI[BJ])] ezzjwf-.h[siz\sj.}
i .
Se—ﬂjPr[Bj] ezﬂjyj.Pr[BjABj.] .
With foresight, we have computed the two exponents in Lemmas 11 and 12
preceding this theorem! r,(n; s) is precisely the number of the probabilistic events
ieting the B,. Thus by Lemma 12,
" 2 P B, = Elr,(m;9)] = ' > [b, — o(1)]log ..
I .
By Lemma 11, the correlation
2 2 Pi{B; A B ]=2 2 PrS, A S} =0(1).
: =it i~f
Z,logn is . _ :
J—Cantelli Together these facts imply
itions of n. o
Pi[{S,....;S,} is maximal] < e (P7otDlos "
Plugging this in (* *) yields
Cilogna i
Pr.[as;..lsf..s.cl logn,s_maxtmal]ﬁz(%) e bt
i=0 :
Cilogn
_ e lbro(Dltogn z #_’;
D | | o o
. . e Ciu
< e_[b‘_"“)""g"(—) , provided that
&
0<(C, <1,
ial] (* *)

Clbate(Dlog n
<e_lbl—o(l)]iogn( € )
C
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We choose C, small enough so that (e/C, )bz " < 198" This is possible,
. ol i 1
since (e/C;)*—1as C;—0".
Pr[3s: |s| = C, log n, s maximal] < g lbimo(ltogn Jlogn
pbrelre(d

Recall that b, = D,C*. So by choosing C > (3 1D)"*, we can make b, > 3. [Note
that this choice makes the condition C>(1/3D,)'"* in Lemma 7 superfluous.]

Thus,
Pr{3s: |s| = C, log n, s maximal]< ">

But this implies

z PI[HS: IS] = Cl log n, s maximal] - 2 n72+a(1) <,
n=1

n=1
allowing us to conclude, by the Borel-Cantelli lemma,
aa. IAn, st r(n>Clogn, forn>n, .

Theorems 2 and 3 together imply the main theorem (Theorem 1).

Alternative Proof of Theorem: 3. We have realized Theorem 3 can be proved
with much less effort with a very recent result of Svante Janson. (In particular,
Lemma 12 becomes unnecessary.) Janson’s result [7] is a generalization of his
original correlation inequality and can be described as follows. Let A;, ..., A,

be the events as defined in the correlation inequality lemma. Further let N denote
the (random) number of events in the family {A;} which occur. Define

1
u = E[N]= > Pr{A] and 5 = n D PA, A Al
. i i~f
Theorem (S. Janson). If 0=¢ =1, then

Pr[N=(1-e)u]= oI 20+8)%

(Note that correlation inequality is the special case when € =1.)

To prove Theorem 3 we first identify "A, to be the event that a valid

representation S; of n is present in our random set ¥. Then N is precisely r.(n).
By Janson’s theorem it would follow, for 0=(; =1

Pr[rk(n)s Clu]Se—[uz(ua)](pc,)lﬂ

where §=(1/p)E,;Pr{A; A A]=0o(1), by Lemma 11. We also know, p >
[b, + o(})}log n. Thus

—{1/2{1+e(V)]}(1—C P[by to(1)llog

Pr{ry(n)=Cu]l=e

REPRESENT

Once ag
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Once again, we observe that C, can be chosen arbitrarily small, and b, can be
made greater than 4, so that

Prir(m)=Cu]= a7t

Theorem 3 now follows by simply applying the Borel-Cantelli lemma.
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