G-PARKING FUNCTIONS, ACYCLIC ORIENTATIONS AND SPANNING TRE ES

BRIAN BENSON, DEEPARNAB CHAKRABARTY, AND PRASAD TETALI

AsstracT. Given an undirected grapgh = (V, E), and a designated vertexe V, the notion of

a G-parking function (with respect tq) was independently developed and studied by various
authors, and has recently gained renewed attention. Thimmgeneralizes the classical notion
of a parking function associated with the complete graphthis work, we study properties
of maximum Gparking functions and provide a new bijection between tteerd the set of
spanning trees dd with no broken circuit. As a case study, we specialize sonweiofesults to

the graph corresponding to the discreteubeQ,. We present the article in an expository self-
contained form, since we found the combinatorial aspecis-parking functions somewhat
scattered in the literature, typically treated in conjimtwith sandpile models and closely
related chip-firing games.

1. INTRODUCTION

The classical parking functions provide a bijective cqomslence between the spanning
trees of the complete gragdy, and certain integer-valued functions on the vertice&,pf A
notion of parking functions corresponding to the spanniagg of an arbitrary graph is more
recent and has been independently developed in physicsoamoiratorics. It was introduced
by Bak, Tang and Wisenfeld [1] as a self-organized sandpddehon grids, and was general-
ized to arbitrary graphs by D. Dhar [17]. See Definition 2.lbhefor the precise definition of
aG-parking function, associated with a connected gr@ph

This notion is already rather powerful; besides generaiizhe classical parking function
from K, to an arbitrary graph, it has been investigated in the caordgéxhip-firing games
[8, 29, 30] and the Tutte polynomial [9, 14] in discrete matla¢ics, and also investigated in
algebra and related fields [2, 16, 31]. However, some of tinebdoatorial aspects of this topic
appear somewhat scattered in the literature.

Several fundamental results concerning the recurrent gunafiions of chip-firing can be
derived without the chip-firing context and terminology.r Foeis reason, we shy away from
introducing and discussing the chip-firing terminology.stead, in this article we describe

various interpretations of the-parking functions in the most elementary combinatoriaysva
1
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Using a natural partial ordet on the sefP(G, g) of parking functions, we consider the maxi-
mal elements in this poséP(G, g), <) . Much of our focus in this paper is on understanding
the properties of such maximal parking functions. The fiestuit we describe (see Theo-
rem 4.1) provides a new bijection between the maximal pagrkimctions in the poset and
the setA(G; q) of acyclic orientations o6 with a unique source a. En route, we describe
what we call an Extended Dhar algorithm (since it is an extensf an algorithm due to Dhar
[17] to recognizeG-parking functions) in providing an acyclic orientationr@sponding to a
maximal parking function. We review various combinatodahsequences and algebraic con-
nections of this correspondence. For example, using knesults (namely those of Greene
and Zaslavsky [24] and more recent work of Gebhard and S&dh we further identify a
1-1 correspondence between the set of maximal parkingimgcand the set of spanning trees
with no “broken circuits,” or equivalently, the set of “safgpanning trees ; see Section 4 for
the definitions of these terms. In this paper, we provide almsiimpler bijection (compared
to [21]) between the set of safe trees and the set of acyeBatations with a unique sink (or
equivalently, a unique source). Furthermore we generdihizebijection to one between all
spanning trees and aB-parking functions whiclpreserveghe bijection between safe trees
and maximalG-parking functions. We must remark here that other bijecfivoofs between
the set ofG-parking functions and the set of spanning tree&dfor arbitrary connectecb)
have been given by Chebikin and Pylyavskyy [13]. Howeveuoknowledge, the simpler
bijection we report here, in Theorem 4.2 below, and its gaigation given in Theorem 4.6,
are indeed new.

As an additional contribution, we describe a simple way toggate maximal parking func-
tions in the Cartesian product grahoG,, using maximal functions in the (factor) graphs
G; andG,. We then specialize our study to understanding the parkingtions in the dis-
creten-cubeQ, on 2" vertices. By describing certain special constructions akimal parking
functionsf on Q,, we obtain a natural description of a set, déim(f parking functions —
those dominated, in the partial order given byby a special maximal parking functioh
Interestingly enough we shall deduce (see Theorem 5.2) that

n
(1.1) idom(f)| = 1_[ K@ |
k=2
while it is a well-known fact that

(1.2) P(Qn. Ol = ﬁ(zk)@ =27t ﬂ ).
k=2 k=2
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Recall that (1.2) corresponds to the total number of spayinges ofQ, (see equation (5.85)
in [32]), using the matrix-tree theorem and the explicitwexdge of the corresponding eigen-
values, to help evaluate the determinantal formula. Intlajtthe fact that finding a bijective
proof accounting for the number of spanning tree®Qghas been open for several years, we
hope this is a nontrivial step towards such a proof.

The paper is organized as follows. In Section 2, we reviewespmliminaries, including
Dhar’s burn criterion, which determines whether a givernctiom is a parking function. In
Section 3, we show the bijection between maximum parkingtfons and acyclic orientations
with a unique source. In Section 4.1, we describe our new enplar bijection between the
set of acyclic orientations with a unique sink and the setabé drees. In Section 5.1, we
describe a construction of maximum parking functions onté€&an products of graphs. In
Section 5.2, we focus our study on theeubeQ,, and provide some explicit constructions
of maximum parking functions and related bounds. In Sedicior expository purposes we
review a bijection betweediffuse stategintroduced in the context of chip-firing) and acyclic
orientations of a graph. We conclude with some remarks aareh in future directions and a
few open problems in Section 7.

2. G-ParkiNG FuncTioNs AND DHAR'S BURN CRITERIA

In this section we recall the definition of@Gparking function and review Dhar’s (burning)
algorithm that can be used to determine whether an integjaesd function on the vertices of
G is aG-parking function.

Definition 2.1. For a connected graph G, a G-parking function relative totegrge G is a
function f: V(G)—2Z._; such that {g) = —1 and for every non-empty & V(G)\{q}, there
exists ve A such thaD < f(v) < dg(Vv), where &(Vv) is the number of edges-evw with w¢ A.

Remark 2.1. Herein, we have modified the standard definition of a G-paykimction some-
what. The function f is now defined on all of&) instead of restricted to simply(&)\{q} in
order to improve the compatibility between G-parking fumes and Cartesian product graphs
such as @; due to this change, for f to be a G-parking functioiig)f= —1 necessarily.

Proposition 2.1. If for a function f: V(G)\{q}—Zso, for every non-emptyonnectecgubgraph
A C G\{qg}, there exists & V(A) such that {v) < dx(v), then f is a G-parking function.

Proof. Assume that, for all connectel C G\{q}, that there existg € V(A) such thatf (v) <
dz(v). Proceeding by contradiction, suppose that there is sosterhected ¢ G\{q} such
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that f (v) > dg(v) for everyv € V(B). Consider then any connected compor@wf B. SinceC
is connected we have, by the hypothesis of the propositian f{v) < d=(v), for some vertex
vin C. Thusdg(v) < ds(v), implying that there is a vertew in C\B such thatv andu are
connected by an edge @ otherwise, eithef (v) > d=(v) or f(v) < dg(Vv). This contradicts the
choice ofC. |

Throughout we assume that the reference vegtisfixed, and we always consider parking
functions with respect to this fixed vertgxwithout necessarily bringing explicit reference to
it.

A natural question to ask is whether a given integer-valuedtion on the vertices @ can
easily be tested for being@parking function. In the context of the so-called sandpitaels,
Dhar [17] provided an algorithm, which can be interpretedmgticient algorithm to test if a
given function is &-parking function. This was observed in [13], wherein thgoaithm was
reformulated as follows. Left : V \ {g} — Z*. We assume that(q) = -1.

Step 1. Mark any unmarked vertexvhich has more marked neighbors thig).
Step 2. Repeat Step 1 until no more vertices can be marked.
Step 3. Declard to be aG-parking function if and only if all the vertices have beenrkeal.

We omit the proof of correctness of the algorithm (as an egejcwhich follows in a fairly
straightforward way from the definition of a parking functio

On the sefP(G, q) of parking functions o1& with respect tay, there is a natural partial order
we may define:

Definition 2.2. Given two parking functions, § € P(G, ), we say g< f, if g(v) < f(v), for
all v € V. The maximal elements in this partial order will be refer® asmaximal park-
ing functions. Finally, a parking function with the largesim is called anaximumparking
function.

For f € P(G,q), let||f] := X, f(v), anddom(f) = {g € P(G,q) : g < f}. Furthermore, for
f,ge P(G,q), let f A g be the function on vertices, defined as §(v) := min{f(v), g(v)}, for
each ve V(G).

While the following propositions are perhaps folk-loreg fiirst part of Proposition 2.2 and
Proposition 2.3 appear as Lemmas 7 and 5in [9].

Proposition 2.2. (a) Let f € P(G, g), and suppose g V(G)—2Z._; such that ¢q) = -1 and
0 < g(v) < f(v), forve G with v+ g. Then ge P(G, q).
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(b) If f,g € P(G,Qq), then fA ge P(G,q) anddom(f A g) = dom(f) n dom(@).

Proof. While Part (a) is clear from the definition ofG:parking function, it can also be seen
using Dhar’s algorithm.

Note thatf A g(g) = -1 and sof A g € P(G,q), by Part (a). Nowf Ag< fandf Ag<g,
soh e dom(f A g) implies thath e dom(f) N dom(g). Finally considerh € dom(f) n dom(@).
Then at each vertexe V(G), h(v) < f(v) andh(v) < g(v), soh(v) < min{f(v),g(v)} = f Ag(V),
proving thath e dom(f A g).

Proposition 2.3. For every connected graph & (V, E), every fe (G, q), we havd|f|| <
|E| — |V]. More over, the equality is always achieved.

Proof. We may prove this by induction on the number 1 of verticesG. The base case
consisting ofV = {gq} and no edges is trivially true. For the induction casenlet 2. Given

f € P(G,Q), let v, be the last vertex to be marked by the Dhar algorithm. Thersiden
H := G\ {v4}, the graph obtained by removing and its incident edgesH is connected,
since Dhar successfully marks all vertices befgreand more over, the functiofy, denoting,

f restricted toH, is anH-parking function with respect tq € H. Thus we may apply the
induction hypothesis tél and f; and complete the proof:

Il = F(vn) + I full < Z f(v) <d(va) - 1+ (IEl - d(vn)) - (IVI - 1) < [E| - [VI,

V#£Vn

where we also used the fact thigt) < d(v) — 1, for everyv and parking functiorf.

The proof also suggests that by assigning the maximum gessilue, at each step in Dhar’s
marking algorithm, one easily obtains a (maximum) parkungction which achieves the upper
bound. |

Note that the quantitg(G) := |E|-|V|+ 1 is sometimes referred to as ttyelomatic number
or theBetty numbenpf the graph and due to our convention of assignifg := —1, we have
0(G) — 1, as the bound in the above proposition.

Proposition 2.2 also gives us a simple (albeit not necdgsticient), inclusion-exclusion
method to relate the set of maximum parking functions with ¢kt of all parking functions.
But this has to wait until the next section, where we obsengdteer basic fact concerning the
maximum parking functions.
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3. MaxmMaL G-ParkinG FuncTions AND AcycLic ORIENTATIONS WITH A UNIQUE SOURCE

Given a graplG, the notion of an acyclic orientation of the edges3ois classical, with an
extensive literature. The notion of an acyclic orientatith a unique sourcet a fixed vertex
is less well-studied. Let A@) denote the set of acyclic orientations of the gr&hand let
A(G, g) be the set of acyclic orientations &f with a unique sourcet vertexg. Finally, let
MP(G, q) denote the set of maximu@-parking functions.

Theorem 3.1. There exists a bijection betweefi(G, g) and the seMP(G, g) of maximum
G-parking functions.

Proof. Given an acyclic orientatio® € A(G, q) with a unique source &}, define the function
f = f(O) on the vertices o6: let f(v) be the indegree (i®) of v minus 1. We will show that
this correspondence provides the necessary bijection.

In any orientation, the sum of the indegrees equals the nupfteges. Hencg, f(v) =
|E| — |V|. By using Dhar’s algorithm, we may show thiats in fact a parking function: starting
with g, we may repeatedly mark and remove the current set of s@)ncethe acyclic orien-
tation of the remaining graph; since a vertewith value f(v) becomes a source only when
all its f(v) + 1 in-neighbors have been marked and removed, the Dharionter satisfied.
Also observe that the procedure stops only after markinthallertices, since every acyclic
orientation has at least one source. Th(@) € MP(G, q).

To see thatf (0,) # f(0,), wheneveiO, # O,, simply recall that an acyclic orientation is
uniquely determined by its outdegree sequence: startitiy e sinks, orient all edges into
the sinks, remove the sinks, and repeat the process by stilhgrane from the outdegrees of
the neighbors of the sinks.

The proof will be complete once we establish the onto prgptrat every maximum parking
function can be obtained this way. Given a maximum parkimgfion f € MP(G, ), we will
construct an orientatio@(f) using the following modification of Dhar’s algorithm, andliw
show thaO(f) € A(G; q), thus essentially providing an inverse map to the abovstcoction.

The Extended Dhar Algorithm.
Input A maximal parking functiorf € MP(G, q)
Output An acyclic orientatiorO(f) with a unique source a.

Step 1. Start wittv = g. Orient all edges out ai.
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Step 2. If there exists a vertexwhich accrued indegre@(equal tof(v) + 1, markv and
orient the remaining edges incidentatutward fromv.

Step 3. Repeat Step 2, until all vertices are marked and gdsedre oriented.

The correctness of the original Dhar algorithm guaranteatdll vertices will eventually
be marked — indeed, the indegréde¢quals the number of neighbors marked beforus all
edges will be oriented, meaning th@¢f) is an orientation of the edges Gf Observe that the
indegree of a vertex equalsf(v) + 1. Sinceq is unique withf(q) := -1, it must be that
is the unique source. It is also easy to see &) is acyclic — if there were to be a cycle,
considering the first vertex in the cycle which was marked,olv&in a contradiction to the
way the edges were oriented (in Step 2 above) from a markéexver [ |

Remark 3.1. Upon completion of this work, we discovered (thanks to MakdB), that The-
orem 3.1 can also be derived using chip-firing games: As dasdrin [23], the notion of

a so-calleddiffuse statdintroduced by[25] and see Definition 6.1 below) helps relate chip-
firing configurations to acyclic orientations. Also thanksah anonymous referee of an earlier
version of this worK6], we learned that Theorem 3.1 is Lemma 10 (under the narakowi-
able orientations) of Bigg49], where it is mentioned that this in fact goes back to an even
earlier result of Greene and Zaslavsj@A].

It is now easy to observe the following fact (which appearseaama 8 in [8]).

Corollary 3.2. Every maximal parking function is a maximum parking functio

Proof. This follows from the proof of correctness of the ExtendecaDalgorithm described
above — iff were maximal, but not maximum, then there must be a vertexhiar® marking
whose indegree is at leasfv) + 2. But then we can increaddv) by one, and obtain a valid
parking function, contradicting the maximality of |

We now return to prove the simple result that was promisdusag¢ihd of the previous section.

Corollary 3.3. Let G be a finite graph with k maximum G-parking functions.rlthere exist
G-parking functions«f . . ., f, such that the number of G-parking functions is

n

D, =ldom(®),

i=1

where n= 2¥ — 1 and the sign+ or — is uniquely determined by Proposition 2.2.
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Proof. Let g:, 0, ..., 0« € P(G, g) be all the maximunG-parking functions. Trivially, every
non-maximal parking function is dominated by some maxinakmg function, and Corol-
lary 3.2 lets us observe that,

P(G,q) = U ,dom@;).

Now we may simply use the inclusion-exclusion formula torttaihe size of the union of the
abovek sets:

P(G, 0| | UK, dom@)|

Z|d°m©i)|— Z |dom(@;) N dom@;)| + - - -

1<i<j<k

+(-1)¢/dom(@,) N dom@,) N - - - N dom(@y)|
D, ldom@)i~ > Idom@ A gl +- -+ (~1)idom@ A ge A - A G

1<i<j<k

which, upon using Proposition 2.2, completes the proof. |

It would indeed be interesting to see if the above corollany be used in making progress
towards obtaining a bijective proof for the number of spagrrees 0fQ,, then-dimensional
hypercube. In Section 5.2, we take a modest step towards it.

Theorem 3.4.Let G be a simple, connected graph. Then, for a fixed choice &f ljas a
unique maximum G-parking function if and only if G is a tree.

Proof. If Gis atree, then there is only one parking function with resfeanyq sinceG has
no cycles and, thus, each vertex can have at most one marigitbaein the Dhar algorithm.
(Note that this is in fact tautological if one uses the bittbetween the parking functions
and the spanning trees Gf) Hence there is only one maximu@parking function.

The other direction is less obvious. However, observe thiggit of the bijection established
in Theorem 3.1, it stiices to show the followingWhenever G is connected and contains a
cycle, then there are at least two acyclic orientations fom@h g as the unique sourc&his
is easy to establish (for example, by considering the standiaected acyclic graph (DAG)
representation of the graph), and we leave the proof as desgrprcise. |

See Remark 4.1 below for another short (but indirect) prétf® above theorem.

Corollary 3.5. A simple, connected graph G has a uniqgue maximum parkingiéum€ if and
only if the range of f is a subset f1, 0}.
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Proof. This follows from the observation that any tree has a unicqar&ipg function and, for
any vertexv # g, f(v) = 0. |

Corollary 3.6. For every G, |P(G, g)| = 1if and only ifMP(G, q)| = 1.

4. BoEections oF MaxmmMaL G-PARKING FuNcTIONS

We now augment our Theorem 3.1 above to show a bijection lestweaximalG-parking
functions and spanning trees with no broken circuits. Be&iating the theorem, we need to
recall several definitions from the literature.

The Tutte (or Tutte-Whitney) polynomial of a gragh= (V, E) is the two-variable polyno-
mial defined as
(4.1) Talxy) = ) (x= 1@ (y - 1jA-nm®,

ACE

wheren = |V| and «(A) denotes the number of connected components of the graph on
using edgeseA. Fora € Z*, the chromatic polynomials(2) of a graphG is defined as the
number of proper vertex colorings GfusingA colors. For a general variable the following
relation between the chromatic polynomial and the Tuttgmpainial is well-known (see e.g.
[4, 5, 33, 34, 35]):

(4.2) xa() = (1) 1O 75(1-4,0),

wheren = |V| is the number of vertices angG) is the number of connected component§of

Definition 4.1. Given a graph G= (V,E) and an ordering of all the edges of G, a broken
circuit B C E is any cycle (of edges) of G minus the largest (accordingémtdering) edge in
the cycle.

Note that since every cycle contains (or gives rise to) admaltrcuit, a collection of edges
not containing a broken circuit must necessarily be acyclispired by the terminology of
Kenyon and Winkler [27], we call a spanning tfE€esafe if it contains no broken circuits. That
is, for all edge not in the tree, there is an edge in the unique cycle formedwhe added
to the tree, which is larger tha The notion of a broken circuit is more general, and in fact
explains the classical terminology: in the context of a mid{ran independent set of elements
of the matroid obtained from a circuit, by removing the latgglement (once again, according
to some a priori global ordering of all the elements) of theui.
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Theorem 4.1. For every undirected, connected graph G, the following dii@s are all the
same.

e (a) The number of maximum G-parking functions with respeqt t

¢ (b) The number of acyclic orientations with a unique sourcg.a

e (c) The number of spanning trees with no broken circuits, qurivealently, with zero
external activity.

e (d) The cogicient (up to sign) of tha-term in the chromatic polynomigg(1).

e (e) The value (up to sigi)c(1, 0) of the Tutte polynomials(x,y), evaluated at x 1
and y= 0.

Proof. Theorem 3.1 shows the equivalence of (a) and (b). The egqugalbetween (c) and (d)
is classical and is part of Whitney’s Broken Circuit theoi@3): that the chromatic polynomial
onnvertices is given by

n-1
xe(d) = ) (-1yma,
r=0

wherem; is the number of -subsets of edges @ which contain no broken circuit. The term
m,_; corresponds to (the absolute value of) thefioient of 1; note that then— 1-subsets under

consideration being necessarily acyclic, correspond amising trees which do not contain a
broken circuit.

The equivalence between (b) and (d) is due to Greene andvg&gl@4]. A (direct) bijective
proof of the equivalence between (b) and (c) is given by Gebhad Sagan [21], using a
modification of an algorithm of Blass and Sagan [12]. In Seti.1 we provide a much
shorter proof of the equivalence between (b) and (c).

The equivalence between (d) and (e) follows from (4.2), asidgx(G) = 1, for a connected
G. The equivalence between (a) and (e) follows from resulfggfand [29], which confirmed
a conjecture of Biggs [8] in the context of chip-firing. An inctive proof (using edge deletions
and contractions) without involving chip-firing is due t@Btz and Calderer [30]. As described
in [30], the work of Dhar and Lopez provides the followinguks

To(Ly) = Z yio,
feP(G,q)
wherew(f) = |E(G)|-|V(G)|+]|f]l, hence the equivalence of (a) and (e). The results in [29] and
[14] also establish the equivalence between (c) and (&), ttv minor modification that broken
circuits are equivalently described using external aitiéis - each broken circuit contributes an
external activity of one to a spanning tree. |
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In addition to the above, Cori and Le Borgne [14] describeaterdecreasing traversals of
vertices and edges and a notion of strong edges to provideaibn between recurrent chip-
firing configurations (with a fixed “level”) and spanning tsewith a fixed “external activity”.
While the level corresponds to the sum of the values of a pgrikinction (up to an additive
shift), the external activity reflects the number of brokéwcuwits, and we refer the interested
reader to their paper for additional information.

Remark 4.1. Observe that the nontrivial part of Theorem 3.4 follows Bassing the equiva-
lence between (a) and (c). Indeed, let G be a connected grapihwontains a cycle of length
3 or more. Then given a spanning tree which contains no brakenit, we include an edge
not in the tree to form a cycle C. Since C is of length 3 or mdrerd must be an edge, which
is not the largest edge in the cycle, that can be removedngianother spanning tree with
no broken circuits. Hence a (connected) graph containing@dechas more than one parking
function.

4.1. Bijection between Acyclic Orientations with Unique Sink ard Safe Trees. In this sec-
tion we give a shorter proof, of equivalence of (b) and (c) bedrem 4.1, than the ones
reported in Gebhard and Sagan [21] and Gioan and Las Verg@asNote that the bijection
in [21] is not activity-preserving while the one in [22] idsa see [28].

For ease of presentation, we will consider orientationk wiinique sink rather than a unique
source — clearly this is equivalent.

Let o be any total ordering of the edges®f Given two edgeg and f, we saye is larger
thanf if o(e) > o(f). Similarly we saye is smallerthan f, if the inequality is otherwise.
Recall, a spanning treeof G is calledsafewith respect tar if for any edgee ¢ T, there exists
at least one edgéin the unique cycle iT + e such thatf is larger thare. Let 7 (G, o) be the
set of safe trees with respectdpand letA(G, q) be the set of acyclic orientations Gfwith q
being theunique sink

Theorem 4.2. For any total ordero, there exists a bijection,, : 7 (G, o) — A(G, q).

Henceforth, we fixo and do not write it as a subscript. Before we proceed, we mdke a
more definitions and observations. An arborescence with@as a directed spanning tree
with all vertices except the root having out-degree exattlgnd the root having out-degree
0. Any spanning tree corresponds to a unique arboresceiieceonitq and henceforth we will
use the terms interchangeably. Given a vertexe letP; denote the unique directed path from
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i to g. Given vertexi and j, we letmeeti, j) be the first vertex in the intersection Bf and
P;. That is, the path fromto meefi, j) and the path fron) to meefi, j) are disjoint except at
meefi, j). If j lies onP;, we letj bemeefi, ). Observe that for three verticeg, k, either (a)
meefi, k) = meef], k), or (b) meefi, k) lies onP; andmee(j, k) = mee(i, j), or (c) mee(j, k)
lies onP; andmee(i, k) = meefi, j). Given two vertices and j, we will denote the largest
edge in the path fromto mee(i, j) ase; and the largest edge fromto meefi, j) ase;. If

J = meefi, ), we lete; be the null edge.

We (abuse notation and) say, j if g; is larger thare;. We will also defines; to be a null
edge. Note thatif >, j andj >, k, then going over the three possibilitiesroéefi, k) we see
thati >, k. Thus>, is transitive and induces a total ordering of vertices. Wei sbbminates
j, if i >, ]. Itis instructive to note thatdominates all vertices iR;.

We now describe a mappingfrom all arborescences with rogtto acyclic orientations
with unique sinkg. We will prove that distinct safe trees lead to distinct agdscences. This
proves that the mappingrestricted to safe trees is one-to-one. Furthermore, givescyclic
orientation, we describe a procedurevhich takes an acyclic orientation and returns a safe
tree. Moreover, for any orientatiad € A(G, ), we haveu(r(0O)) = O. This shows that is
onto and thus it is a bijection.

Arborescence to Acyclic Orientation (): Given an arborescence, orient an edge) (asi
tojif i >, |, or vice-versa. By the transitivity of,. it is clear that the orientation is acyclic.
Also every vertex dominates the root which therefore is thigwe sink. We will call an ori-
entation so obtained as omelucedby the arborescence. The following lemma will show that
two safe arborescences cannot lead to the same orientation.

Lemma 4.3.Let T, and T, be two distinct safe arborescences @&nd= u(T,) andO; = u(T,).
Then01 * 02.

Proof. We prove the contrapositive: suppo®e = O, = O, then we show thal; = T,.
Consider the trees rooted@{note tha is the unique sink o) with edges directed towards
g. We now show that for each vertex of the graph:

(*) The unique out-neighbor ifi; is the same as that if, which will imply that both trees are
the same.

SinceO is acyclic with a unique sink, the vertic®¥scan be decomposed &s= (q =: Sp U
S;U...US;) for somer > 1, whereS; is the set of vertices which are sinks in the digraph
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G\ UL;%, S,. LetS; be the first set (with the leagtto contain a vertex violating (*). Let this
vertex be denoted (abusing notation). Leti(j) and {, k) be the unique out-neighbors of

in T, and T, respectively, withj # k, j € S; andk € Sy (again abusing notation). Observe
that j,k < i (that is,S;, Sx precedeS;), by the nature of the decomposition, and the fact that
O = u(Ty) andO = u(T>).

Now consider the undirected cycle using the edggs3, (i, k) and the unique path®, from
j togandPy fromk to g. Observe that botR; andPy are contained iif; and T, by the choice
of i. Also note that the largest edge in this cycle must be eithd?;oor on Py, since bothr,
andT, are safe! We now get a contradiction — if the largest edge iB;pthen our definition
of u demands that (j) be oriented from toi in Ty; similarly if it is on Py, then the edge (k)
be oriented fronk toi in Ts. O

Acyclic Orientations to Safe Treesf): Now we describe a procedure to get a safe tree from
an acyclic orientatio® with single sinkg. Let d(v) denote the out-degree of vertex Note
thatd(q) = 0. For an edge orientedo j, we sayj is a out-neighbor of andi is an in-neighbor

of j. At each step we maintain a setlabeledverticesX and an arborescendespanningX.

We maintain the invariant that there is no edge from a vertex fo a vertex inY := V \ X,
(think of X as a large sink). InitiallyX = {g}. Note that since the orientation is acyclic, at any
step there is at least one vertein Y which is a sink in the induced grag| Y], that is,u has

no out-neighbors irY. We pick one suchu arbitrarily. Also, since there is a unique sigk
this vertexu must have at least one out-neighboXinWe addu to X and we conneat to the
arborescencg& as follows.

Let X, € X be the set of out-neighbors of Let x € X, be the vertex which dominates all
other vertices inX, with respect to the current arborescerceLet W, C X, be the subset of
all verticesv such thatg, v) > e,,. Thatis, the edgeu(V) is larger than the largest edge in the
path fromx to mee(x, v). Note thatx € W, and thusA, is non-empty. Connectto the vertex
v with the largesti, v) among allvin W,. We end wherX = V with an arborescence.

Lemma 4.4. The arborescence T obtained at the end is a safe tree. Marggw€0)) = O,
for O € A(G, Q).

Proof. Consider an edgg,(i) not in the tree. Note that at each step exactly one node isdadd
to the arborescence. Also note that for an arc orienigdliq O, i is added beforg. Let X;

be the set of labeled vertices in the step wiéhadded to the arborescence. Note thalX;.
Suppose € X; was the dominator oX; and (j, k) was the edge added at this step.
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Observe that whenever the procedure adds a new vertae vertexj dominates all other
vertices in the arborescence. This is becaydd ¢, e, that is, the largest edge in the path
x to meefx, k) = meetx, j) and thusj dominatesx and so every other vertex. Thus the tiiee
induces the same orientatigh It remains to show thak is safe, that is,j(i) is not the largest
edge in the cycld + (j,i).

If i € W,, then by choice ok (based on how the edgg¢ k) was added above)j,K) >, (], 1)
and thus {,i) is not the largest cycle it + (j,i).

If i ¢ W, thismeansj(i) < e,. Thatis, (, i) is smaller than the largest edge in the path from
X to mee(x, i). Also, by definition, {, k) > g; that s, (, k) is larger than the largest edge in the
path fromx to meegx, k). Let the path fromx to meetx, i) be Q; and that fromx to meetx, k)
be Q.

Now considemeeti, k). If meefi, k) does not lie orPy, thenmee(x, i) = mee(x, k). Thus,
(1, K) >, (J,1). If meefi, k) lies onPy, then it must beneefx, i) or meetx, k). If the latter, then
Qi € Qx, and thereforej(k) >, (j,i). If mee(i, k) = meetx, i), thenQ, C Q;. Either the largest
edge inQ; lies in Q and we are done as before; Or, the largest lig3,inQy, which lies in the
cycle formed inT + (j,i). Thus, (,i) is smaller than the largest edge in the cycldof (], i),
completing the proof. m|

Remark 4.2. Thanks to an anonymous referee, we learnt that Biggs andI&Vifik0] had
actually given a simple bijection somewhat similar to the eve describe above, but unlike
ours, their bijection does not preserve the so-called @ekactivity. This is an important
distinction for us, since we extend the above notion in the sigbsection to provide a more
general bijection.

4.2. Extension to a bijection of G-Parking Functions and Spanning Trees.In this section
we generalize the above to a bijection betw&eparking functions and all spanning trees of
G, in such a way that it preserves the bijection between maxpaking functions and safe
trees. We use the definitions of the previous section and &k more definitions and claim
below before demonstrating the bijection.

Given an arborescenck spanning only a subset of vertic¥sc V, and a vertexu ¢ X,
we make a few definitions and observations which will be Usefwur bijection. LetI'(u)
be the neighbors ai and letX, := I'(u) " X. We now describe an order on the verticgs
(which could be dterent from the total order of the previous paragraph, bugleged), which
we call thepower orderof X,. Intuitively, given two neighborg andw of uin X, if vis more
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powerful thanw, then in the tred + (u, V), u would dominatev andthe edge (, w) doesn't
form a broken circuit withl' + (u, v). Moreover, in the tre@ + (u, w), eitherv dominatesu or
the edgel, v) forms a broken circuit witid™ + (u, w).

Let x be the vertex irK, which dominates all other vertices ¥y with respect to the current
arborescenceé. LetW, C X, be the subset of all verticessuch thatg, v) >, e,,. That is, the
edge (, V) is larger than the largest edge in the path froto meetx, v). Note thatx € W, and
thusW, is non-empty. Lew be such thaty, v) is largest among alf in W,,. Call v the most
powerfulelement ofX,. Deletev from X, and repeat till one gets an order on all verticeXgof
We call this order th@ower order w.r.t T In Figure 1 we give an illustrative example.

Ficure 1. The numbers on the edges correspond tathalue. The dark edges
form the treeT andu ¢ T. Note thata >, b >, d >, cin T. However, the
power order ofX, = {a, b, c,d} is as follows. Firstlyx = aandW, = {a, b}.
Since (1, b) is bigger,b is the most powerful. Second powerfulas After that
x = d andW, = {c, d}, and thus the complete power orderhsg, c, d).

Claim 4.5. Given atree T and a vertex@&l T with neighbors Xin T, and two vertices vand w
in Xy. If vis more powerful than w, then u dominates w in the tree(t, v) and(u, w) doesn’t
form a broken circuit with T+ (u, v). In the tree T+ (u, w), either v dominates u du, v) forms
a broken circuit with T+ (u, w).

Proof. Consider the time when the power ordenaé determined. Lek be the dominator at
that stage and leX, the set of neighbors af remaining. Notev € X,,. Eitherv e W, orv = x
andW, is empty. If the former, \, V) is larger thare,, and thus inT + (u, V), u dominatesx
which dominatesv. Moreover (1, w) is either smaller tharu(v) if w € W,, or smaller thare,,,
which is smaller thar,,, sinceu dominatex. In any case,|, w) doesn’t form a broken circuit
inT + (u,v). Also, iInT + (u,w), (u,v) forms a broken circuit since it is larger than the largest
edge fromv tow.
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If the latter, theru dominatesv in T + (u, v) sincev = x dominatesv in T. Also sinceW,
is empty, the edgeu(w) is smaller thare,, implying (u, w) doesn’t form a broken circuit in
T + (u,Vv). Also, inT + (u,w), vdominates since (1, w) is smaller thare,,. |

Now we are ready to present the next theorem which gives thigedebijection between
G-parking functions and spanning trees@f Let 7 (G) be the set of all spanning trees®f
Recall that7 (G, o) was the set of safe spanning trees with respegt to

Theorem 4.6. There exists a bijection : P(G, q) — 7 (G) such that for all fe (G, g) which
is maximalz(f) is a safe tree.

As in the proof of Theorem 4.1, we describe mappipgs 7(G) — P(G,q) andn
P(G,q) — 7(G) and show that for any parking functian u(x(f)) = f (Lemma 4.10) and
for any spanning tre€, n(u(T)) = T (Lemma 4.11 ). Furthermore we show that for a ffee
u(T) is a maximal parking functiorfti T is safe (Proposition 4.7). This completes the proof of
Theorem 4.6

Spanning Trees to Parking Functions f): Given a spanning tre€, let E’ be the subset of
edges not inl which form a broken circuit witi'. DeleteE’ from E. Direct the edges of
with g as the unique source — that is, all vertices excepave an out-degree of 1 amchas
an out-degree of 0. Given this arborescence, for any urtdolesxgei( j) in E \ E’, orient it
as{,))ifi >, j,or(ji)if j >, i. This gives di-grapiD. The parking functiorf := u(T) is
defined ad (v) = out-degreg(v) — 1 in the orientation of the edges Bf\ E’.

Proposition 4.7. f := u(T) is a maximum parking functioffiT is a safe tree.

Proof. Note that if T is safe,E’ is empty and therefore all the edges are oriented. Thus
>y f(v) = |E| = V] and by Proposition 2.3f is a maximal parking function. On the other
hand if T is not safe, thert’ is not empty and thu§, f(v) < |E| — |V| implying f is not a
maximal parking function. m|

Parking Functions to Spanning Trees £): Given a valid parking function, we use a modifica-
tion of Dhar’s algorithm to obtain the spanning tree. We rteama set of verticeX; connected
via an arborescenci, with X, initialized to{g} andT, is @. At each step we add one vertex to
Xi and one edge td;. In the end we geX,, ; = V andT,_; is the spanning tree returned. We
describe the + 1th step. Lel"(v) denote the neighbors of
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(1) LetSi;1:={veV\ X :[['(V)nX|> f(v)}.

(2) For everyu € Sj,1, Xy := I'(u) N X; and letM(u) be the X | — f(u))th vertex in the
power order ofX, with respect tor. LetY, be the vertices itX, more powerful than
M(u) andE, be the set ofX,| — f(u) — 1 edges of the formu v) wherev € Y,,.

(3) Note that adding all edges of the forn M1(u)) to T; gives a new tred’. In T/, letu
be the vertex ir5;,; which is dominated by all other vertices$y,, with respect tar’.
Add u to getX;,; and the edgeu M(u)) to getT;,;.

Claim 4.8. Given a parking function f, let the vertices be added in ofdet Ug, U, - - - , Un_1}.
Thatis X := {uo, - - - , Ui}. Then with respect to the treg, T, dominates u; which dominates
Ui_» and so on.

Proof. The proof is by induction. At stage let S; be the set of vertices as defined above.
Supposey; is added at this stage. We will be done if we shgwlominatesy;_;.

Two cases arise: lfi_; is not a neighbor ofi, thenu; must have been i§;_; as well implying
u; dominatedy_; in T, ; and sinceM(u;) doesn’t change, dominates; in T; as well.

If u_; is a neighbor ofy;, then eithetX,| = f(u) + 1 andu; connects to the most powerful
of its neighbors irX,, and thus dominatas_; which isinX,. Or,|X,| > f(u) + 1, which once
again impliesy; was inS;_; and moreover, eithek(u;) becomesy_;, or still remains more
powerful thanu,_;. In any casey; dominatesy;_; in T;. O

Claim 4.9. For any vertex u, the set of edgeg &e precisely the set of edges from u tp X
which form broken circuits with T .

Proof. Consider vertexi connecting to vertew in X,. From the first part of Claim 4.5 we see
that the edges not i, do not form broken circuits. Leti(v) be an edge ifc,. Sincevis more
powerful tharw, from the second part of Claim 4.5 we see eithgr) forms a broken circuit
with T orvdominatessin T. The second possibility is precluded by Claim 4.8. |

Lemma 4.10. For any parking function f, we hayér(f)) = f.

Proof. Let T be the arborescence formed by rooting the r€fg atq. Fix a vertexu. From
Claim 4.9 we have that will first remove all the edges ig,. After the removal of these edges,
u will dominate the remaining (u) + 1 vertices inX, and thus its out-degree will be that. Thus,
u(n(f))(u) = out-degreg(u) — 1 = f(u). |

Lemma 4.11. For any spanning tree Z, we hawéu(Z)) = Z.
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Proof. Let f := u(Z). Abuse notation and call the arborescence obtained byngdtat q,
alsoZ. Let E’ be the set of edges which form broken circuits wathLet D be the di-graph
obtained by orienting the edges Bf\ E” with respect taZ. Given a subset of vertices, let
Z[X] be the induced sub-forest &

The proof proceeds by induction on the stages of the algortbmputingr. We assume
at stagd, the current tree of the algorithii,, is a subtree of the treé. That isT = Z[X].
We also assume that for every vertexXn all its out-neighbors ifD are also inX;. These are
vacuously true at stage 0. We now show that at stagé a vertex connects to trdeusing an
edge ofZ and all its out-neighbors dd are inX;.

Consider vertices iV \ X;. At least one of these verticeanust have all itsf(v) + 1 out-
neighbors oD in X; for otherwise we would get a cycle D. Call this set of verticeS. Note
thatZ[X; U S] is connected as the vertices ¥hcan only connect t& using some edge dd.
Letu* € S be the vertex which is dominated by all other verticeSim Z[X; U S]. Let (u*, w*)
be the edge iZ with w* € X;. We claim that the algorithm which computeslso picksu* in
this stage andv/* is M(u).

Note thatS C Sj,; since each vertex iB has at leasf (u) + 1 neighbors inX;. In fact, we
show for every verten € S, the correspondingyin X; where (1, w) € Zis in factM(u). Call the
set of thesd (u) + 1 out-neighbors ofi in X, Y,. Observe that any edge of the form ) with
v ¢ Y, must form a broken cycle witd. This is because these edges are not directed towards
v and cannot be directed towand$®y the induction hypothesis. Since they form broken cycles
with Z, thesgX,| —|Y,| vertices must be more powerful thewwith respect to the arborescence
Z restricted to vertices oX;, that isT by the induction hypothesis. This follows from the
definition of power. Moreoveky must be powerful than all other verticesgfwith respect to
T sinceu dominates all these vertices. Thargs the (X, — |Yy| + 1)th powerful vertex inX,
with respect tdr, that is,w = M(u).

We will be done if we show any vertex € S;,; \ Q dominates some vertex Biwith respect
to Z. If this is the case, then the algorithm would choose theexesthich is dominated by all
vertices inSj,; and it has to be the vertax. But this is true since/’ has some out-neighbor
of Din V \ X — a path following argument shows we must reach a vertexs from u’ using
edges irD. In other wordsy’ dominatess with respect tZ. m|

In Figure 2 below, we give an example of the bijection on a $&dpvertex 5-edge graph.
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Spanning Tree to
Parking Function

Parking Functionto
Spanning Tree

Ficure 2. We illustrate our bijection on the graph on the top leftneor The
numbers on the edges is the orderingl he graph has 8 spanning trees and they
are shown beside the graph. The numbers on each spanniraptrespond to
the 8 possible parking functions of the graph. It is instmgcto note that the
second row of spanning trees correspond to safe treesanvr.&hd correspond
to maximum parking functions — note the sum of the number$as the bottom

4 trees. We now take the first tree and show how it leads to ttieéngefunction
via the functionu and then how vice-versa is obtained via the functionu
first recognizes the edges which form broken circuits With the dotted edge
is the only one in this case. Then it orients the tree edgeartisithe rooa. It
orients the edgec(d) towardsd because >, d w.r.t T. After the orientation,
the parking function is found by subtracting 1 from the oatjeees. Going from
the parking function to the tree, the dark vertices denaes#tx; at each step,
while the dotted lines enclose the &t WhenS; has size more than 1 (when
it contains verticegc, d}), it finds M(c) = b and M(d) = b according to the
power-order. It then choosed, b) sincec dominated in the tree with both
(c,b) and @, b) added.

We end this section by using the relation between parkingtfan and orientations to prove
a property about the poset formed by parking functions. Rgoeen two parking functiond
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andg, we say thatf < giff f(v) < g(v) for all verticesv € V. Also recall the parking function
f Agdefined as{ A g)(v) := min(f(v), g(v)). Finally, recall dom{) := {g a parking function :
g< f}.

Lemma 4.12.Given a non-maximum parking function g, lgtlbe the set of maximum parking
functions that dominate g. Then~gA ¢, f.

Proof. It is clear that any non-maximum parking functigns dominated by the meet of all
maximum parking functions which dominate it. The lemmarokithat it is in fact exactly
equal to the meet. To show this, itfEges to show that for any, there exists a parking
function f such thatf(v) = g(v), f(u) > g(u) for all u € V and f(w) > g(w) for exactly one

vertexw # v. Continuing this process, we get a maximum parking funotibrch agrees with

gonv. Since this is true for aV, we are done.

To prove the above, note that from the bijection betweenipgriunctions and spanning
trees, we see that any parking functigminiquely corresponds to mixedorientation of the
edges ofG, where amixedorientation has some edges directed and others undireldeck-
over, the directed edges induce a DAG.

Consider the mixed orientation with respectgtoLet D be the DAG induced by the set of
directed edges. Suppose there is an edg®)(which is not oriented whengandw are distinct
fromv; then inD if there is a directed path fromnto w, orient the edge from to w, else orient
the edge fronw to u. if there is no path either way, orient in any of the two way® $ill have
a mixed orientation where the directed edges are acycliceMer, this increases the value of
parking function on exactly one afor w, and keeps the value the same everywhere else.

Thus, the non-trivial case is when the only undirected edgesncident onv. Let (u, V)
be such an edge. Note that we do not want to incrgége that is, we want to orientu( V)
without increasing/’s out-degree. In other words, we want to orient it fronto v. This is a
problem if and only if there is a path fromto u in D. If so, consider the longest such a path
P=(v,w,...,u), wherew is the neighbor of onP.

Note that apart from the edge (v), there is no path froma to w. If there were such a path,
it can not use vertices from, for w “dominates” (in the DAG) all vertices iR other thanv.
Thus, the path fronv to w must use “new” vertices making longer, and thus providing a
contradiction.
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Therefore, we can flip\y w) to (w,Vv) and not create any cycles. That is, the operation to
get f is to flip (v, w) to (w, Vv) and orient ¢, u) from v to u. This only increaseg(w) but keeps
everything else the same. O

5. Rropuct GrapPHS AND Qn-PARKING FuNCTIONS

Given two graph$5; andG,, there is a standard notion of the Cartesian pro@ciG, of
the two graphs. Given &;-parking function and &,-parking function, we define below a
G,0G,-parking function in a natural way that is symmetrid3a andG.,.

Definition 5.1. Given G = (V1, E;) and G = (Va, E»), the Cartesian product graph@&G,; =
(V,E) is defined on the vertex set ¥ V; x V,, using the edge set E E’ U E”, where
E' = {(u,V), (U2, V)} @ {u, W) € Erandve Vo, and B = {{(U, V1), (U, V2)} & {V1,Va} €
E, and ue V,}.

It is easy to see from the definition that the number of vestiodgs,0G, is |V,| |V,|, and that
the number of edges ¥(G,)| [E(Gy)| + [V(G1)| |E(G)!.

5.1. Parking functions on Product graphs. While it seems hard to characterize parking
functions onG,0G,, by simply knowing those ofs; and onG,, the following result gives
an explicit way to construct a particular family of maximurarking functions on product
graphs.

Proposition 5.1. Let f; € P(Gy; 1) and & € P(Gy; q2). Then fof, € P(G1OGy; (01, 02)),
where fofy(u,v) = fi(u) + fo(v) + 1, whenever & G; and ve G,.

Further, if f and § are maximum parking functions, thepoff, is a maximum parking
function.

Proof. Let f = f,of,, G = G;0G,, andq = (q;,92). To show thatf € P(G, g), once again
we make crucial use of Dhar’s marking algorithm; in partazuive will make use of the order
in which the vertices of5; (andG;) are marked in verifying that; € (G, ;) (and f, €
P(G,, ), respectively). Using these in turn, we order the vertioe&,0G,: let (U, V) <g
(u,v), if v is marked beforear in Gy, or if u = U andVv is marked beforer in G,. We now
prove thatf is a valid parking function, by showing that the vertice$sfiG, can be marked,
using Dhar, in precisely the order given ky. We begin by noting that(q) = f(q., o) =
fi(a) + f2(gp) + 1 = —1. Now consider the vertices & inductively, using the order given by
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<g. By the time the vertexy,v) is considered, observe that there are at lé&ast+ f(v) + 2
neighbors of , v) that have already been marked, since they precedg in <.: indeed, at
leastf (u)+ 1 neighbors of the formu(, v) have been marked, (since the graph induced by fixing
the second coordinatds simplyG;), and similarly at least(v)+1 neighbors of the formu v’)
have also been marked. Thus\{) can be assigned the vali¢u,v) = f(u) + f(v) + 1, and
hencef is aG-parking function.

Now, suppose thaf; and f, aremaximum G- andG,-parking functions respectively. Then,
we must show thaf achieves the genus g{G) minus one. This is easy to verify:

|| 105l IV(G)I Il + IV(G)I I fall + V(G IV(Gy)
IV(G)I IE(G)| + V(G E(G2)| - V(G V(G)]

|E(G10G)| - [V(G10Gy)| = 9(G10G2) - 1.

5.2. Q,-Parking Functions. A gquintessential product graph is timedimensional cube&),,
obtained by taking the product of an ed@g with itself n times. For the purpose of this
section, for integen > 1, we also view the-cubeQ, as the graph on"sertices, which may
conveniently be labeled by thé Binary vectors of length, and with edges between vertices
whose Hamming distance is one. We are interested in unddiatathe parking functions on
Qn with respect to the vertex= (0,0,...,0).

Definition 5.2. For n = 1, the unique parking function £ f! on Q, is canonical. For n> 1,

the parking function T = fofo---of, obtained using the product graph construction, is
_

defined as theanonicaIQn-parlzi“rrlngesfunction. Further, if a @parking function g is such that

there exists a bijection : V(Q,)—V(Qy) such that {v) = g(¢(v)) for all v € V(Qp), then we

say that g issemi-canonical

Note that by Proposition 5.1, the canoni€alparking function is a maximum parking func-
tion, and hence the semi-canonical one is also a maximum.

Example 5.1. Not all maximal Q-parking functions are semi-canonical. For instance, con-
sider the Q-parking function f such that(000) = -1, f(001) = 1, f(010) = O, f(100) =
2,1(011)=0, f(101)= 0, f(110)= 0O, f(111) = 2. It is easy to verify that f is a Qparking
function, but f is not semi-canonical. Sindgd)| = 4 = |E| — |V|, f is maximum (and thus
maximal).
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Recall the partial order on parking functions, and the moatbdom(f) = {g € P(G,q) : g <
f}, for a parking functionf € P(G, q).

Theorem 5.2. Let f" denote the canonical arking function. Then (v) = wgt(v) — 1,
wherewgt(v) is the Hamming weight (the number of 1's in the binary repnésston) of the
vertex ve V(Q,). Consequently, if f is semi-canonical, then

n

dom(f)| =] | k(.

k=2

Proof. The proof is by an easy induction one Z*. The base case is clear, sinCetakes the
values-1, 0. For the induction step, for > 1, write ™ = f"of!, which by Proposition 5.1
implies that, foru € V(Qp) andv € V(Q) = {0, 1},

™, v) = f"(u) + f1(v) + 1.

Thus for 0< k < n, the valuek can be obtained ifi™! either by taking & from f" and adding
a zero to it (throughf1(0) + 1 = —1 + 1), or by taking & — 1 from f" and adding a one to it
(through,f(1) = 0 + 1). By the induction hypothesis, the numberksfis

n n n+1
()= )
completing the induction step. Also note that, by definiti@semi-canonical parking function
also has the same distribution of integers.

To complete the proof of the theorem, recall by Propositi@h that for anyw € V(Qy)\{q},
if f(v) = kfork € Z,, then forg < f, we may haveg(v) = 0, 1,...k; this implies that there
arek + 1 possible values for suchgawith respect tos. Since 0< k < nand each value in the
range off is independent with respect to obtaining a dominated fongjj we have that

idom(f)] = ]_[ k@,
k=2
N

Remark 5.1. Note that it can directly be seen that f is g-@arking function, when f is
defined as (v) = wgt(v) — 1. Using Dhar’s algorithm, starting with & (0,0, ..., 0), we may
proceed by marking vertices level by level (in the Boole#ick): Every vertex vin level k has
precisely k down-neighbors in levelkl, and they have all been marked, so v can be marked
and given value k 1. Thus there are precise(i}) vertices which obtain the valueKL, in such

a canonical parking function on Q
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Example 5.2. Note thatnotevery semi-canonical parking function is canonical — insfging
the level by level property described in Remark 5.1. Foraneg, consider the £parking
function f such that 000) = -1, f(010) = f(100) = f(101) = 0, f(001) = f(011) =
f(111)= 1, and f(110)= 2. Itis easy to check that f is agparking function, semi-canonical,
but not canonical — since, for example, the value 2 is adjatzea 0.

We hope the above remarks and examples indicate theultiy in understanding theax-
imumparking functions on even a highly structured, symmetrapgrsuch as the-cube. As
far as we know, the number of maximum parking function®gfs known only forn < 4. For
n = 2,3, and 4, this number is 3, 133, and 3040575, respectively.

6. DIFFUSE STATES AND ACYCLIC ORIENTATIONS

As mentioned in the introduction, in the context of chiprAgj the following notion was
introduced in [25].

Definition 6.1. Given a connected graph G, a function & — Z* is called a djfuse state
if for every induced subgraph[@] = (A, E(A)) C G, there exists some & A such that

deg()|a < s(u). Further, let||s)| := >, S(V).

Note the (complementary) similarity with the definition gbparking function, by observing
that deg()|a < s(u) is equivalent to degf — s(u) < deg{i)|ac. However, we have no special
vertex such ag. For chip-firing purposes(v) may be thought of as the number of chipswpn
thus||sl| denotes the total number of chips in the graph.

First consider the following algorithm which constructsaayclic orientation, by using a
given difuse states with |E(G)| chips.

Step 1. Sincesis diffuse, we may find a vertexsuch that degf|c = deg{) < s(v).
Step 2. Orient all of the edges incidenttoutward; deleter and its incident edges.

Step 3. The resulting graph isflise since it is a subgraph Gf so we may repeat Steps 1-2
until all edges of the graph are oriented.

Note that this process gives an acyclic orientation sinceammot orient edges into a vertex
which has out edges since this vertex has been deleted fgraph.

Lemma 6.1. If s is a difuse state on graph G withsl| = |E(G)|, then there is a vertex v with
s(v) = 0. For every difuse state s, the s@t: s(v) = 0} is an independent set in G.
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Proof. The above algorithm which repeatedly removes verticespvesat least as many chips
as the edges at each step. Before the last vertex, all edgese(lall|E(G)| chips) must have
been removed, which means that the last vertex can has zgr® dhor the second part, if
s(u) = s(v) = 0, andu, v € E(G) then the sef = {u, v} violates the diuse property. |

With a similar proof, it can also be shown that there existsréexw such thas(w) = degw),
under the hypothesis of the above lemma.

Theorem 6.2. There is a bijection between the §H(G) of diffuse states withE(G)| chips and
the setAO(G) of acyclic orientations of a connected graph G.

Proof. Let E(G) = m. The proof is based on two injections between the sets, gaiegch
direction. First, given an acyclic orientatian € AO(G), define the nonnegative function
S = S by letting s(v) be the out-degree aofin the orientatiorO. Clearly, the mapping is one-
one, since the out-degree sequence uniquely determinesyealicarientation; alsdis| = m,
since the sum of out-degrees equals the number of edges. eTthaks is diffuse, simply
observe that, each induced subgr&j] C G has a (local) sourcge Awhen restricted to the
acyclic orientation induced ofy; such a sourcg satisfiess(y) > degf)|a, since the out-degree
of y is at least the degree dedjk.

For an injection in the other direction, we make use Lemma@®iten a difuse states with
m chips, we construct an acyclic orientation, by construcarDAG: Lemma 6.1 guarantees
the existence of sink(s); so we construct the orientatigrii)bepeatedly removing the current
set of sinks, and (ii) subtracting a chip from each in-nea@htf a removed sink. It is easy
to see that the updated functisrat each step is still a fluse state on the remaining graph.
Note that this construction is one-one: ®rK different difuse states, simply consider the first
time the current sets of sinks (in the DAGs}tdr, when we start witls versuss’; since the
underlying graph is the same, there must be such a time whesevs'. |

Remark 6.1. Thanks again to an anonymous referefdf we learnt the following: that giuse
states are also in 1-1 correspondence with the critical gaméitions of the chip-firing game of
Bjorner-Lovasz-Shojl1], and that the first part of the above proof appears as Theor&n 3
part (b) in[11]. In addition, it is easy to go between the above theorem arbfEm 3.1:
simply add a new vertex g adjacent to every vertex in G andimlatanew graphG; then
G-parking functions (with respect to g, say) correspond iffuge states in G, and acyclic
orientations with a unique source at q@ correspond to acyclic orientations of G.
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7. CONCLUDING REMARKS

Soon after the completion of this work, Igor Pak kindly peihtus to the work of Olivier
Bernardi [7], where bijective proofs are derived for inteations of each of the evaluations
of the Tutte polynomials(x,Yy), for 0 < x,y < 2, in terms of orientations. A key to this seems
to be a nice combinatorial embedding of (the edges of) thelgaamd a rewriting of the Tutte
polynomial using notions of internal and extereatbeddingctivity.

In addition to the questions mentioned in the previous sastiseveral challenging problems
remain open. Given an arbitrary gra@hit is a classical open problem in the topic of Markov
chain Monte Carlo (MCMC) algorithms [26], toffeciently generate an acyclic orientation
uniformly at randomfrom the set of all such orientations. Due to the observatimove, a
closely related problem would be to generate at random aglia@rientation with a uniquely
identified sink (or source), or equivalently, to sample amily from the set okafespanning
trees ofG. The MCMC technique suggests the following natural apgndacthis problem:
it is well known (see for example, [18, 19]) that the so-ahlbases exchange walk provides
an dficient way to sample uniformly from the set all spanning trees of a given gragh
However it remains to be seen whether (and how) restrictirofp & random walk to the set
of safe treesféects themixing timeof the walk — the time by which the walk converges to its
steady state distribution, uniform on the set of safe tr&sgen that the exact enumeration of
the number of safe trees @, is also open, an interesting first step might be to analyzk auc
walk on the trees o®,.

Independent of the above approach, other ways of providsggnptotically accurate esti-
mates, for large, of the number (or even the logarithm of the number) of maxmparking
functions onQ, , remains interesting and presumably a challenging exercis
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