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1 Introduction

All graphs in this paper are finite, undirected and simple. By a surface we mean a com-
pact, connected 2-dimensional manifold with empty boundary. The classification theorem
of surfaces (see e.g. [16]) states that each surface is homeomorphic to either Sy, the surface
obtained from the sphere by adding g handles, or Ny, the surface obtained from the sphere
by adding k cross-caps. Thus Sy = N is the sphere, S; is the torus, N; is the projective
plane and N, is the Klein bottle.

In this paper we study a specific instance of the following more general question: Given
a surface X and an integer ¢ > 0, which graphs drawn in X are t-colorable?

Heawood [11] proved that if ¥ is not the sphere, then every graph in X is t-colorable as
long as t > H(X) := [(7T+ /24y + 1)/2], where v is the Euler genus of X, defined as v = 2¢
when ¥ = S, and v = k£ when ¥ = N,. Incidentally, the assertion holds for the sphere
as well, by the Four-Color Theorem [2, 3, 4, 21]. Ringel and Youngs (see [20]) proved that
the bound is best possible for all surfaces except the Klein bottle. Dirac [5] and Albertson
and Hutchinson [1] improved Heawood’s result by showing that every graph in ¥ is actually
(H(X) — 1)-colorable, unless it has a subgraph isomorphic to the complete graph on H(X)
vertices.

We say that a graph is (¢ + 1)-critical if it is not t-colorable, but every proper subgraph
is. Dirac [6] also proved that for every ¢t > 8 and every surface X there are only finitely many
t-critical graphs on Y. Using a result of Gallai [9] it is easy to extend this to ¢ = 7. In fact,
the result extends to ¢t = 6 by the following deep theorem of Thomassen [25].

Theorem 1.1 For every surface ¥ there are only finitely many 6-critical graphs in 3.

Thus for every t > 5 and every surface Y there exists a polynomial-time algorithm to test
whether a graph in ¥ is t-colorable. What about ¢t = 3 and t = 47 For t = 3 the t-coloring
decision problem is NP-hard even when ¥ is the sphere [10], and therefore we do not expect
to be able to say much. By the Four-Color Theorem the 4-coloring decision problem is trivial
when ¥ is the sphere, but it is open for all other surfaces. A result of Fisk [8] can be used
to construct infinitely many 5-critical graphs on any any surface other than the sphere, but
the structure of 5-critical graphs on surfaces appears complicated [19, Section 8.4].

Thus the most interesting value of t for the t-colorability problem on a fixed surface seems
to be t = 5. By the Four-Color Theorem every graph in the sphere is 4-colorable, but on
every other surface there are graphs that cannot be 5-colored. Albertson and Hutchinson [1]
proved that a graph in the projective plane is 5-colorable if and only if it has no subgraph
isomorphic to Kg, the complete graph on six vertices. Thomassen [24] proved the analogous
(and much harder) result for the torus, as follows. If K, L are graphs, then by K + L we
denote the graph obtained from the union of a copy of K with a disjoint copy of L by adding
all edges between K and L. The graph H; is depicted in Figure 1 and the graph Ti; is
obtained from a cycle of length 11 by adding edges joining all pairs of vertices at distance
two or three.

Theorem 1.2 A graph in the torus is 5-colorable if and only if it has no subgraph isomorphic
to Kﬁ, Cg + 05, K2 + H7, or Tll-

Our objective is to prove the analogous result for the Klein bottle, the following. The
graphs Ly, Lo, ..., Lg are defined in Figure 2. Lemma 4.2 explains the relevance of most of
these graphs.



Figure 1: The graph H;
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Figure 2: The graphs Ly, Lo, ..., Lg
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Theorem 1.3 A graph in the Klein bottle is 5-colorable if and only if it has no subgraph
1somorphic to Kg, C5 + C5, Ko + Hy, or any of the graphs Ly, Lo, . .., Lg.

Theorem 1.3 settles a problem of Thomassen [25, Problem 3]. It also implies that in
order to test 5-colorability of a graph G drawn in the Klein bottle it suffices to test subgraph
isomorphism to one of the graphs listed in Theorem 1.3. Using the algorithms of [7] and [17]
we obtain the following corollary.

Corollary 1.4 There exists an explicit linear-time algorithm to decide whether an input
graph embeddable in the Klein bottle is 5-colorable.

It is not hard to see that with the sole exception of Kg, none of the graphs listed in
Theorem 1.3 can be a subgraph of an Eulerian triangulation of the Klein bottle. Thus we
deduce the following theorem of Kral’, Mohar, Nakamoto, Pangrac and Suzuki [14].

Corollary 1.5 An FEulerian triangulation of the Klein bottle is 5-colorable if and only if it
has no subgraph isomorphic to Kg.

It follows by inspection that each of the graphs from Theorem 1.3 has a subgraph iso-
morphic to a subdivision of Kg. Thus we deduce the following corollary.

Corollary 1.6 If a graph in the Klein bottle is not 5-colorable, then it has a subgraph iso-
morphic to a subdivision of Kg.

This is related to Hajés” conjecture, which states that for every integer £ > 1, if a graph
G is not k-colorable, then it has a subgraph isomorphic to a subdivision Kj.;. Hajés’
conjecture is known to be true for £ = 1,2, 3 and false for all £ > 6. The cases k = 4 and
k = 5 remain open. In [26, Conjecture 6.3] Thomassen conjectured that Hajos’ conjecture
holds for every graph in the projective plane or the torus. His results [24] imply that it
suffices to prove this conjecture for £k = 4, but that is still open. Likewise, one might be
tempted to extend Thomassen’s conjecture to graphs in the Klein bottle; Corollary 1.6 then
implies that it would suffice to prove this extended conjecture for k£ = 4.

Thomassen proposed yet another related conjecture [26, Conjecture 6.2] stating that
every graph which triangulates some surface satisfies Hajos” conjecture. He also pointed out
that this holds for k < 4 for every surface by a deep theorem of Mader [15], and that it holds
for the projective plane and the torus by [24]. Thus Corollary 1.6 implies that Thomassen’s
second conjecture holds for graphs in the Klein bottle. For general surfaces the conjecture
was disproved by Mohar [18]. Qualitatively stronger counterexamples were found by Rédl
and Zich [22].

Our proof of Theorem 1.3 follows closely the argument of [24], and therefore we assume
familiarity with that paper. We proceed as follows. First we show, using the description
of all 6-regular graphs in the Klein bottle, that every 6-regular graph in the Klein bottle is
5-colorable. That allows us to select a minimal counterexample Gy and a suitable vertex
vg € V(Go) of degree five. If every two neighbors of vy are adjacent, then Gy has a Kjg
subgraph and the result holds. We may therefore select two non-adjacent neighbors x and
y of vy. Let G, be the graph obtained from G by deleting vy, identifying  and y and
deleting all resulting parallel edges. If G, is 5-colorable, then so is Gy, as is easily seen.
Thus we may assume that G, has a subgraph isomorphic to one of the nine graphs on our
list, and it remains to show that either GGy can be 5-colored, or it has a subgraph isomorphic
to one of the nine graphs on the list. That occupies most of the paper.
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Figure 3: Graphs that have non-extendable colorings

We would like to acknowledge that Theorem 1.3 was independently obtained by Kawara-
bayashi, Kral’, Kyncl, and Lidicky [12]. Their method relies on a computer search.

2 Lemmas

Our first lemma is an extension of [24, Lemma 4.1], which proves the same result for cycles
of length at most six. If C'is a subgraph of a graph G and c is a coloring of C, then we say
that a vertex v € V(G) — V(C) sees a color o on C'if v has a neighbor u € V(C) such that
c(u) = a.

Lemma 2.1 Let G be a plane graph with an outer cycle C' of length k < 7, and let ¢ be a
5-coloring of GV (C)]. Then ¢ cannot be extended to a 5-coloring of G if and only if k > 5
and the vertices of C' can be numbered x1,xs, ..., xy in order such that one of the following
conditions hold:

(i) some vertex of G — V(C') sees five distinct colors on C,

(ii) G — V(C) has two adjacent vertices that both see the same four colors on C,

(iii) G —V(C) has three pairwise adjacent vertices that each see the same three colors on
C;

(iv) G has a subgraph isomorphic to the first graph shown in Figure 3, and the only pairs of
vertices of C' colored the same are either {xs5,x2} or {z5, x3}, and either {xy, x6} or {x4, x7},

(v) G has a subgraph isomorphic to the second graph shown in Figure 3, and the only
pairs of vertices of C' colored the same are exactly {xo,x¢} and {x3,x7},

(vi) G has a subgraph isomorphic to the third graph shown in Figure 3, and the only pairs
of vertices of C' colored the same are exactly {x2,x6} and {x3, x7}.

Proof. Clearly, if one of (i)—(vi) holds, then ¢ cannot be extended to a 5-coloring of G.
To prove the converse we will show, by induction on |V(G)|, that if none of (i)—(vi) holds,
then ¢ can be extended to a 5-coloring of G. Since ¢ extends if |V (G)| < 4, we assume that
|V(G)| > 5, and that the lemma holds for all graphs on fewer vertices. We may also assume
that V(G) # V(C), and that every vertex of G — V(C') has degree at least five, for we can
delete a vertex of G — V(C) of degree at most four and proceed by induction. Likewise, we
may assume that

(%)  the graph G has no cycle of length at most four whose removal disconnects G.
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This is because if a cycle C’ of length at most four separates G, then we first delete all
vertices and edges drawn in the open disk bounded by C’ and extend ¢ to that graph by
induction. Then, by another application of the induction hypothesis we extend the resulting
coloring of C’ to a coloring of the entire graph GG. Thus we may assume (x).

Let v be a vertex of G — V(C') joined to m vertices of C', where m is as large as possible.
We claim that if m < 2, then the lemma holds. To prove the claim assume that every vertex
of G — V(C) has at most two neighbors in C'. We deduce that some vertex of G — V(C)
has degree at most five, for otherwise G — V(C) has at least five vertices, contrary to [24,
Lemma 3.1], because k < 7. This shows that G—V (C) has a vertex u of degree five. Since G
has no separating triangle we deduce that the vertex u has two neighbors wy, us, which are
not adjacent and not on C'. Let J be obtained from G by deleting u, identifying u; and us,
and deleting all resulting parallel edges. Since m < 2 the graph J satisfies none of (i)—(vi),
and hence the coloring ¢ can be extended to a 5-coloring of J by the induction hypothesis.
It follows that the coloring ¢ can be extended to G, as desired. Thus we may assume that
m > 3.

Since (i) does not hold, the coloring ¢ extends to a 5-coloring ¢’ of the graph G’ :=
G[V(C)UA{v}]. Let D be a facial cycle of G’ other than C, and let H be the subgraph of
G consisting of D and all vertices and edges drawn in the disk bounded by D. If ¢ extends
to H for every choice of D, then ¢ extends to GG, and the lemma holds. We may therefore
assume that D was chosen so that ¢ does not extend to H. By the induction hypothesis H
and D satisfy one of (i)—(vi).

If H and D satisfy (i), then there is a vertex w € V(H) — V(D) that sees five distinct
colors on D. Thus w has at least four neighbors on C, and hence m > 4. It follows
that every bounded face of the graph G[V(C) U {v,w}] has size at most four, and hence
V(G) =V(C)U{v,w} by (x). Since (i) and (ii) do not hold for G, we deduce that ¢ can be
extended to a 5-coloring of GG, as desired.

If H and D satisfy (ii), then there are adjacent vertices vi,vs € V(H) — V(D) that see
the same four colors on D. It follows that m > 3, and similarly as in the previous paragraph
we deduce that V(G) = V(C) U {v,v1,ve}. It follows that ¢ can be extended to a 5-coloring
of G: if both v; and vy are adjacent to v we use that G does not satisfy (i), (ii), or (iii);
otherwise we use that G does not satisfy (i), (ii), or (iv).

If H and D satisfy (iii), then there are three pairwise adjacent vertices of vy, v, v3 €
V(H) — V(D) that see the same three colors on D. It follows in the same way as above
that V(G) = V(C) U{v,v1,v9,v3}. If v sees at most three colors on C, then ¢ extends to a
5-coloring of G, because there are at least two choices for ¢/(v). Thus we may assume that v
sees at least four colors. It follows that m = 4, because k < 7. Since G does not satisfy (v)
or (vi) we deduce that ¢ extends to a 5-coloring of G.

If H and D satisfy (iv), then there are three vertices of V(H) — V(D) forming the first
subgraph in Figure 3. But at least one of these vertices has four neighbors on C, and hence
m > 4, contrary to k < 7.

Finally, if H and D satisfy (v) or (vi), then H has a subgraph isomorphic to the second
or third graph depicted in Figure 3, and the restriction of ¢’ to D is uniquely determined
(up to a permutation of colors). Since D has length seven, it follows that m < 3, and hence
d(v) can be changed to a different value, contrary to the fact that the restriction of ¢’ to D
is uniquely determined. [J

The following lemma is shown in [23].



Lemma 2.2 All 6-reqular graphs embeddable on the Klein bottle are 5-colorable.

The next lemma is an adaptation of [24, Lemma 5.2] for the Klein bottle.

Lemma 2.3 Let G be isomorphic to C3 + Cs, let S be a cycle in G of length three with
vertez-set {zg, 21, 22}, and let uy be a vertex in G\V(S) joined to zy. Let G' be obtained
from G by splitting zy into two nonadjacent vertices x and y such that u, and at most one
more vertex ug i G’ is joined to both x and y and such that yzizex is a path in G'. Let
G" be obtained from G’ by adding a vertex vy and joining vy to x,y,uy, 21, 20. If G” is not
5-colorable and can be drawn in the Klein bottle, then it has a subgraph isomorphic to either
C3+ Cs or Ly.

Proof. This follows from the argument of [24, Lemma 5.2], except that instead of invok-
ing [24, Proposition 2.3] on two occasions we use the fact that in those cases the graph G”
is isomorphic to L4. [

Lemma 2.4 Let G be a graph drawn in the Klein bottle, and let c¢,d € V(G) be such that
G\c does not embed in the projective plane, and G does not embed in the torus. Then every
closed curve in the Klein bottle intersecting G in a subset of {c,d} separates the Klein bottle.

Proof. Let ¢ be a closed curve in the Klein bottle intersecting G in a subset of {¢,d}, and
suppose for a contradiction that it does not separate the Klein bottle. Then ¢ is either one-
sided or two-sided. If ¢ is one-sided, then it intersects G'\c in at most one vertex, and hence
the Klein bottle drawing of G'\c can be converted into a drawing of G\c in the projective
plane, a contradiction. Thus ¢ is two-sided, but then the drawing of G can be converted
into a drawing of GG in the torus, again a contradiction. []

Lemma 2.5 Let G be Ly or Ly with its vertices numbered as in Figure 4, and let it be drawn
in the Klein bottle. Then

(i) every face is bounded by a triangle, except for exactly one, which is bounded by a cycle
of length five with vertices ci, a;, ca, b;, by, in order for some indices i, j, k, and

(i) fori=0,1,2 the vertices ay,as,az appear consecutively in the cyclic order around c;
(but necessarily in the order listed), and so do the neighbors of ¢; that belong to {by, ba, b3, by }.

Proof. Let i € {1,2}. There are indices j, k such that a; and by, are both adjacent to ¢; and
are next to each other in the cyclic order around ¢;. Let f; be the face incident with both the
edges c;a; and ¢;b,. We claim that the walk bounding f; includes at most one occurrence of
¢; and no occurrence of ¢g. Indeed, otherwise we can construct a simple closed curve either
passing through f; and intersecting G in ¢; only (if ¢; occurs at least twice in the boundary
walk of f;), or passing through f; and a neighborhood of the edge ¢;w and intersecting G in
¢; and ¢g (if ¢g occurs in the boundary walk of f;). By Lemma 2.4 this simple closed curve
separates the Klein bottle. It follows from the construction that it also separates GG, contrary
to the fact that G\{c;, co} is connected. This proves our claim that the walk bounding f;
includes at most one occurrence of ¢; and no occurrence of ¢j.

Since f; includes a subwalk from a; to by, that does not use ¢;, we deduce that c3_; belongs
to the facial walk bounding f;. But the neighbors of ¢; and ¢y in {by, by, b3, by} are disjoint,
and hence f; has length at least five. By Euler’s formula f; = f5, this face has length exactly
five, and every other face is bounded by a triangle. This proves (i). Statement (ii) also



by % by by % by
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Figure 5: The graphs Ls and Lg with their vertices labeled

follows, for otherwise there would be another face with the same properties as f; = f5, and
yet we have already shown that this face is unique. [

Lemma 2.6 Let G be Ly or Lg with its vertices numbered as in Figure 5, and let it be drawn
in the Klein bottle. Then

(i) every face is bounded by a triangle, except for exactly two, which are bounded by cycles
Cy,Cy of length five, each with vertices ci, a;, ca,b;, by, in order for some indices 1, j, k,

(i) if G = Ls, then C1 N Cy consists of the vertices c1, o, and if G = Lg, then Cy N Cy
consists of the vertices ¢y, co, bs and the edge cobs, and

(iii) fori=1,2 the vertices ay,as, as, aq appear consecutively in the cyclic order around ¢;
(but necessarily in the order listed), and so do the neighbors of ¢; that belong to {by, by, b3, by, bs }.

The proof is similar to Lemma 2.5 and is omitted.



3 Reducing to Kj

If v is a vertex of a graph G, then we denote by Ng(v), or simply N(v) if the graph can be
understood from the context, the open neighborhood of the vertex v; that is, the subgraph
of G induced by the neighbors of v. Sometimes we will use N(v) to mean the vertex-set
of this subgraph. We say that a vertex v in a graph G embedded in a surface has a wheel
neighborhood if the neighbors of v form a cycle C' in the order determined by the embedding,
and the cycle C' is null-homotopic.

Let Go be a graph drawn in the Klein bottle such that G is not 5-colorable and has no
subgraph isomorphic to any of the graphs listed in Theorem 1.3. Let a vertex vy € V(Gy)
of degree exactly five be chosen so that each of the following conditions hold subject to all
previous conditions:

(i) |V(Gp)| is minimum,

(i) the clique number of N(vg), the neighborhood of vy, is maximum,

(iii) the number of largest complete subgraphs in N(vp) is maximum,

(iv) the number of edges in N(vp) is maximum,

(v) |E(Gp)| is minimum,

(vi) if possible, vy has a wheel neighborhood.
In those circumstances we say that the pair (Gg,vg) is an optimal pair. Given an optimal
pair (Gg, vg) we say that a pair of vertices vy, vq is an identifiable pair if v; and vy are non-
adjacent neighbors of vy. If vy, v9 is an identifiable pair, then we define G,,,, to be the graph
obtained from Gy by deleting all edges incident with vy except vov; and vgvy, contracting
the edges vov; and vyuvy into a new vertex zp, and deleting all resulting parallel edges. This
also defines a drawing of G,,, in the Klein bottle.

We now introduce notation that will be used throughout the rest of the paper. Let Gj,
be obtained from G| by deleting all those edges that got deleted during the construction of
G0, That means all edges incident with vy except vov; and vove and all those edges of Gy
that got deleted because they became parallel to another edge. Thus if a vertex v of Gy is
adjacent to both vy and vy, then Gj will include exactly one of the edges vvy, vvs. Thus the
edges of G{\vy may be identified with the edges of G,,,, and in what follows we will make
use of this identification. Now if J is a subgraph of G,,,, with 20 € V/(J), then let J be
the corresponding subgraph of GJ; that is, J has vertex-set {vo, v1,v2} UV(J) — {20} and
edge-set {vgv1, vove} U E(J). Let Rl and R, be the two faces of J incident with Vg, and let
Ry, Ry be the corresponding two faces of J. We call Ry, Ry the hinges of J. Finally, let R
be the face of .J \vo containing vy.

Lemma 3.1 Let (Go,vg) be an optimal pair, and let vi,ve be an identifiable pair. Then
Gyyv, has no subgraph isomorphic to Cs + C5 or Ko + Hy.

Proof. This follows by using the argument of [24, Theorem 6.1, Claim (9)], using Lemma 2.3
instead of [24, Lemma 5.2]. [J

Lemma 3.2 Let (Go,vo) be an optimal pair, let vy, vy be an identifiable pair, let J be a
subgraph of G, isomorphic to Ly, Lo, Ls or Lg, and let Ry, Ry be the hinges of J. If Ry
and Ry share a vertex uw # zy and at least one of them has length three, then the other one
has length five and there exists an index i € {1,2} such that Ry U Ro\{vo,v;} is a cycle in
Gy that bounds an open disk containing vy and v;.



Proof. By the symmetry we may assume that Ry has length three. Thus u is adjacent to
zp in J. Since R; is an induced cycle, the cycles R, Ry share the edge zpu. Thus R}, ég
share the edge v;u for some @ € {1,2}, and the second conclusion follows. By Lemma 2.1 the
cycle Ry U 1%2\{1)0, v;} has length at least six, and hence R; has length five, as desired. O

We denote by K the graph obtained from Kj by deleting an edge, and by K5 — Ps the
graph obtained from K75 by deleting two adjacent edges.

Lemma 3.3 Let (Go,vg) be an optimal pair, let vy, ve be an identifiable pair, and let J be a
subgraph of G, isomorphic to Ly, Lo, Ls or Lg. Then there ezists a vertex s € V(Go)—{vo}
of degree five such that

(i) Ng,(s) has a subgraph isomorphic to K5 — Ps, and

(ii) if both hinges of J have length five, then N¢,(s) has a subgraph isomorphic to Kj .

Proof. We only prove the first assertion, leaving the second one to the reader. As-
sume that the notation is as in the paragraph prior to Lemma 3.1, and suppose first that
J = Ls. Let the vertices of J be numbered as in Figure 5. It follows from Lemma 2.6
that the indices of a; and b; can be renumbered so that the faces of J around c; are
a1C1a9, A2C10A3, A3C1 Ay, A4C1b3bsCo, b3c1bo, baciby, bicraicoby, in order. Recall that 2 is the ver-
tex of J that results from the identification of v; and wvy. If 2y # ¢1, then one of the vertices
as, az, by is not incident with él or ég, and hence has the same neighbors in J and in Gj.
It follows that such a vertex satisfies the conclusion of the lemma, as desired. We will use
the same argument again later, whereby we will simply say that a certain vertex satisfies the
conclusion of the lemma.

Thus we may assume that zy = ¢1, and since we may assume that no vertex satisfies the
conclusion of the lemma, we deduce that one of Ry and Rs is the face ascias and the other is
bic1by or bocibs. Thus we may assume that Ry is ascias and Ry is biciby. We may assume, by
swapping v; and vq, that the neighbors of vy in J are ai, as, vg, by and that the neighbors of
v are as, ay, bz, ba, vg. Hence the face Ris v1a2a3v2bob. Now vy is not adjacent to as in Gy,
for otherwise ao satisfies the conclusion of the lemma. We shall abbreviate this argument by
as = v1 7 az. Similarly, we have b5 = b3 7 ¢y and by = vy ¢ bs. We shall define a 5-coloring
¢ of J\ vy. Let c(ar) = c(vs) = e(bs) = 1,claz) = c(by) = 2,¢(as) = c(v) = 3, c(as) = 4,
and c(c2) = ¢(bs) = 5. Assume first that b, is adjacent to a;. Then by is not adjacent to
vy, for otherwise b; satisfies the conclusion of the lemma. Furthermore, there is no vertex of
G in the face of J bounded by biviaicoby. In that case we let ¢(by) = 4 and c(by) = 3. If
by is not adjacent to ai, then we let ¢(by) = 3 and ¢(by) = 4. In either case it follows from
Lemma 2.1 and the fact that vy is adjacent to v; and vy that ¢ extends to a 5-coloring of Gy,
a contradiction. This completes the case J = Ls.

If J = Lg we proceed analogously. By Lemma 2.6 we may assume that the faces around ¢,
are ajCias, A2C1a3, A3C1ay, CL4Clb4b5CQ, b401b3 630162, bgclbl and b101a10265. If 20 % C1, O if one
of Ry, Ry is not a;cias or bycibs, then one of as, as, by, by satisfies the conclusion of the lemma.
Thus we may assume that Ry is asciaz and Ry is baocibz. We may also assume, by swapping
v and vy that the neighbors of v; in J are ai, as, vg, by and by and the neighbors of v in J are
as, Gy, bg, b4, and 9. Now a1 = v; 7(4 Y, by = vy 7(‘ b5, as = QAo 7(4 V2, and by = bg 7(4 v1. With
these constraints in mind and recalling that vy is adjacent to v; and vs, consider the following
coloring: c(ay) = c(by) = 1,c(ar) = ¢(be) = 2,¢(bsz) = c(v1) = ¢(c2) = 3,¢(az) = c(by) =4
and c(bs) = c(ag) = c(vy) = 5. It follows from Lemma 2.1 that ¢ extends to a 5-coloring of
G, a contradiction. This completes the case J = Lg.
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We now consider the case J = L;. By Lemma 2.5 exactly one face of J, say F|, is
bounded by a cycle of length five, and the remaining faces are bounded by triangles. Fur-
thermore, we may assume, by swapping bq, by, and by permuting aq, as,as that the faces
around ¢y in order are F,byciby, bicicy, cocraq, azciay, ascias. By swapping b3, by we may as-
sume that the faces around c are F|bscaba, bicacy, Cocaty, agCaaq, aycoag for some distinct
indices «, 3,7 € {1,2,3}. Thus the face F' is bounded by the cycle c¢jascabsby, and hence
v = 2. Since ajcocy, c1¢oby, bycocs and cocpa,, are faces of J we deduce that the faces around ¢
in order are ajcycy, c1cobi, bicobi, bicob;, bijcoba, bacoca, cacotn, ancoas, ascoar for some integers
i,7,0 with {i,j} = {2,3} and 0 € {2,3} — {a}. Since v = 2 we have o # 2, and hence o = 3
and 0 = 2.

Now if zg # ¢o, then one of the vertices ay, as, as, by, ba, b3, by satisfies the conclusion of
the lemma, and hence we may assume that zg = ¢o. Furthermore, it is not hard to see that
one of the above vertices satisfies the conclusion of the lemma unless one of R, Ry is ajcoas
or ascoas and the other is one of bicob;, bicob;, bjcobs. Thus by symmetry we may assume
that Ry is aicpas and that Ry is one of bycob;, bicob;, bjcobs.

We may assume that in J the vertex vy is adjacent to ¢; and vy is adjacent to cs. We
see that a3 = ¢; ¢ ¢ and a3 = a1 % vy. Furthermore, if Ry is the face bicob;, then
by = by % vs, and if Ry is the face bicob;, then by = vy £ by. Let ¢ be the coloring of j\vo
defined by ¢(by) = c(v2) =1, ¢(b;) = c(a1) = 2, ¢(bj) = c(v1) = c(as) = 3, c(bs) = c(az) =4,
and c(z) = ¢(y) = 5, and let ¢ be obtained from ¢ by changing the colors of the vertices
V1, Vg, Ao to 4,2, 1, respectively. It follows from Lemma 2.1 by examining the three cases for
R, separately that one of ¢, ¢ extends to a 5-coloring of GG, a contradiction. This completes
the case G = L;.

Finally, let J = Ly. We proceed similarly as above, using Lemma 2.5. Let F' be the
unique face of J of size five. By renumbering aq,as, a3 and by, by, b3 we may assume that
the faces around c; are F,bzcibo, baciby, bicico, cociaq, ajcias, azcias. Then the faces around
co are F, bycocy, CoCaly, GaC2as, agcaa., for some distinct integers a, 3,y € {1,2,3}. It follows
that v = 2 and that F' is bounded by c1b3bscoas. Since bycicy, cocrag, bycacy, cocoa, are faces
of J we deduce that o # 1 (and hence o« = 3 and § = 1) and that the cyclic order of the
neighbors of ¢, around ¢y is ¢101b;b;b4c2a3a2a1 for some distinct integers ¢, j € {2,3}. (Recall
that all faces incident with ¢y are triangles.) Since b, is adjacent to b3 in the boundary of F
we deduce that i = 3 and j = 2.

Similarly as above, it is easy to see that some a; or b; satisfies the conclusion of the lemma,
unless zg € {co, c1}. Suppose first that zp = ¢;. We may assume that Ry is b1becy and Ry is
ayagcy, for otherwise some vertex satisfies the conclusion of the lemma. We may assume that
vy is adjacent to as, as, ba, bs. We have as = vy o4 o, a3 = a3 % vy and by = vy o4 by. Let
clag) = c(by) = 1,c(az) = c(by) = c(ve) = 2,c(ar) = c(bz) = 3,¢(v1) = c(by) = c(cy) = 4, and
c(co) = 5. It follows from Lemma 2.1 that ¢ extends to a 5-coloring of Gy, a contradiction.
Thus we may assume that zy = ¢g. Similarly as above we may assume that Ry is bjbszcq or
bsbocy and that Ry is ajascy or asazcy. We may assume that vy is adjacent to a; and by. If Ry
is aiascy, then we have a3 = ¢ 4 ¢ and az = a; % vy. If Ry is asascy, then a; = ¢ # o
and a1 = ag # ve. If Ry is bybscy, then by = by o vy. Let c(ay) = ¢(by) = c(vy) = 1,¢(b3) =
2, c(ag) = c(by) = 3,c(az) = c(by) = ¢(v1) = 4 and ¢(c1) = ¢(c2) = 5. It follows from Lemma
2.1 that ¢ extends to a 5-coloring of GG, a contradiction. [J

Lemma 3.4 Let (Go,vg) be an optimal pair, let vy, ve be an identifiable pair, and let J be a
subgraph of Gy,v,. Then J is not isomorphic to Ly, Lo, Ls or Lg.
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Proof. Let G,vg,v1,v2 and J be as stated, and suppose for a contradiction that J is
isomorphic to Ly, Lo, Ly or Lg. Let Ry, Ry be the hinges of J, and let j, R, and R; be as
prior to Lemma 3.1. From Lemma 3.3 and conditions (ii)—(iv) in the definition of an optimal
pair we deduce that

(1)  Ng,(vo) has a subgraph isomorphic to K5 — Ps,
and

(2) if both Ry and Ry have length five, then vy, vy is the only non-adjacent pair of vertices
in Ng,(vo).

Let vs, g, U5 be the remaining neighbors of vy in Gq. If at least two of them belong to the
interior of Ry or Ry, then they belong to the interior of the same face, say Ry, by (1). But
then R; is bounded by a cycle of length seven, and that again contradicts (1) by inspecting
the outcomes of Lemma 2.1. Thus at most one of v3, vy, v5 belongs to the interior of Ry or
Rg.

From the symmetry we may assume that the edges vovs and vous belong to the face R;.
We may also assume that vs belongs to the boundary of Rl, and that if v4 does not belong
to the boundary of Rl, then the edge vyvs belongs to Ry. We claim that v, belongs to the
boundary of Ry. To prove this suppose to the contradiction that v4 belongs to the interior
of Rl. Then one of the edges vivy, v9v4 does not belong to Gy, and so we may assume vv,
does not. By (1) v, vy and vy, vy are the only non-adjacent pairs of vertices in Ng,(vp), and
by (2) at least one of Ry, Ry has length three. It follows that vs belongs to the boundary of
él, and the choice of vy, v5 implies that the edge vgvs lies in the face ég. Thus v3 belongs
to the boundary of Ro. By Lemma 3.2 there exists an index i € {1,2} such that the cycle
Ry U Ry\{wo, v;} bounds a disk containing vy, v; in its interior. By shortcutting this cycle
through vy we obtain a cycle of Gy of length at most four bounding a disk that contains the
vertex v; in its interior, contrary to Lemma 2.1. This proves our claim that v belongs to
the boundary of }%1. We may assume that vy, v1, v4, v5, V2 occur on the boundary of }%1 in
the order listed.

Let e € E(Gy) have ends either vy, vs, or v, vs. Then e & E(J), because the boundary
of Ry is an induced cycle of J. Moreover, e does not belong to the face R, because the
edges vgvy, vovs belong to that face. Thus e belongs to ég or a face of J of length five. We
claim that e does not belong to Ry. To prove the claim suppose to the contrary that it does,
and from the symmetry we may assume that e = vovs. We now argue that not both Ry, Ry
are pentagons. Indeed, otherwise vy is adjacent to vs by (2), and the edge vjvs belongs to
R», because there is no other face of length at least five to contain it. In particular, vy, v
belong to the boundary of R2, and because the edges v1Vs, vovy do not cross inside R2,
the vertices vy, vg, V2, V4, v5 occur on the boundary of R2 in the order listed. It now follows
by inspecting the 5-cycles of L5 and Lg that this is impossible. Thus not both R;, Ry are
pentagons. By Lemma 3.2 the cycle R, U RAQ\{'UO, v1} bounds a disk with vg, v in its interior.
By shortcutting this cycle using the chord vev, we obtain a cycle in Gy of length at most
five bounding a disk with at least two vertices in its interior, contrary to Lemma 2.1. This
proves our claim that v;vs and vovy do not lie in the face }§2

By (1) and the symmetry we may assume that vevy € F(Gy), and hence the edge vyvy
belongs to a face F of J such that F + Ry, Rs. Let F be the corresponding face of J. Since F
is bounded by an induced cycle, we deduce that v, is not adjacent to 2y in J. Consequently,
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Ry has length five. Thus R; and F' have length five, and all other faces of J, including Rs,
are triangles. In particular, J = L5 or J = Lg, and vy, v5 are not adjacent in Gy (because
no face of J can contain the edge vyvs). By (1) vy, v, and vy, v5 are the only non-adjacent
pairs of vertices in N¢,(v). Condition (1) also implies that vz belongs to the boundary of
Rg. Using that and the fact that v3 is adjacent to v; and vy in Gy, it now follows that there
exists a vertex of Go\vg whose neighborhood in Gy has a subgraph isomorphic to K5 — Ps.
Finding such a vertex requires a case analysis reminiscent of but simpler than the proof of
Lemma 3.3. We omit further details. The existence of such a vertex contradicts the fact
that (G, vo) is an optimal pair. [J

Lemma 3.5 Let (Go,vg) be an optimal pair, let vy, ve be an identifiable pair, and let J be a
subgraph of Gy,v,. Then J is not isomorphic to L3 or Ly.

Proof. Let Gg,vg,v1,v2 and J be as stated, and suppose for a contradiction that J is
isomorphic to L3 or Ly. Let Ry, Ry be the hinges of J, and let j, BA’I,RQ be as prior to
Lemma 3.1. Since by Euler’s formula J triangulates the Klein bottle, we deduce that the
faces Rl,RQ have size five, and every other face of J is a triangle. Let the boundaries
of R1 and R2 be vivgvea1b; and vivguach;, respectively. Let the neighbors of vy in J in
cyclic order be vy, by, bs, ..., b, and let the neighbors of vy in J be Vg, @1, Gg, . . ., Gk, c. Then
deg;(z0) = k+1+1. Since J has no parallel edges the vertices aq, ao, ..., ax, c, bl, bi_1,...,b1
are distinct, and since J is a triangulation they form a cycle, say C', in the order listed. Since
vy is not adjacent to vy in Gy, Lemma 2.1 implies that |V (C)| > 7.

Let us assume that |V (C)| = 7. Then z, has degree seven, and hence J = Ly, because L
has no vertices of degree seven. Let X be the set of neighbors of z; in J. By inspecting the
graph obtained from L, by deleting a vertex of degree seven, we find that for every z € X,
there exists a 5-coloring of J \ zy such that no vertex of X — {z} has the same color as x.
But this contradicts Lemma 2.1 applied to the subgraph of Go consisting of all vertices and
edges drawn in the closed disk bounded by C, because X = V(C'). This completes the case
when |V (C)| =T.

Since L and L, have no vertices of degree eight, it follows that |V (C)| = 9, and hence
2o is the unique vertex of J of degree nine. From the symmetry between v; and vy, we may
assume that deg;(v1) < 5; in other words [ < 4. The graph J is 6-critical. Since zj is
adjacent to every other vertex of J, we deduce that J \ zy \ = is 4-colorable for every vertex
x € V(J)—{z}, and hence

(1) for every vertex v € V(J) — {20}, the graph J \ zy has a 5-coloring such that x is the
only vertex colored 5.

From Lemma 2.1 applied to the boundary of the face RofJ \ vo, we deduce that one of
Rl, 1%2 contains no vertex of Gy in its interior, and the other contains at most one. Since vy
has degree five, we may assume from the symmetry between Ry and R, that vy is adjacent to
a; and by (and hence }él includes no vertices of Gy in its interior). We claim that [ = 4 and
vy is adjacent to c¢. To prove the claim suppose to the contrary that either [ < 3 or v; is not
adjacent to c. Then deg;(v;) < 5. By (1) there exists a coloring of J\ zo = J \ {vo, v1, v}
such that b; is the only vertex colored 5. We give v, the color 5, then we color vy, then we
color the unique vertex in the interior of Ry if there is one, and finally color vy. The last
three steps are possible, because each vertex being colored sees at most four distinct colors.
Thus we obtain a 5-coloring of GGy, a contradiction. This proves our claim that [ = 4 and v,
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is adjacent to c. It follows that & = 4 and V(Gy) = {vg, v1, v, a1, as, as, ay, by, be, bz, by, c}.
We have degg, (v1) = degg, (v2) = 6, and since deg;(c) < degg,(c) — 2, we deduce that
degq, (c) > 7. Thus we have shown that

(2) if x1, 29, 3, T4, T5 are the neighbors of vy in Gy listed in their cyclic order around vy,
the verter x1 is not adjacent to x3 in Gy and Gy, 4, has a subgraph isomorphic to L
or Ly, then degg, (v1) = degg, (x3) = 6 and degg, (x2) > 7.

It also follows that v; is not adjacent to a; in GGy and that v, is not adjacent to by in Gy.
Not both G,,., and G,,;, have a subgraph isomorphic to L3 or L4 by (2), and so from the
symmetry we may assume that G, ,, does not. By the optimality of (Gy, vy) and Lemmas 3.1
and 3.4, it follows that G,,,, has a subgraph isomorphic to Kg. Thus G\{vy,vi,v2} has a
subgraph K isomorphic to K5. If vo € V(K), then V(K) U {2y} induces a Kg subgraph in
J, a contradiction. Thus v € V(K), and hence V(K) = {vq, as, a3, as,c}. Let i € {3,4}.
If a; is not adjacent to a; in Gy, then we 5-color Gy as follows. By (1) there is a 5-coloring
of Goy \ {vo,v1,v2} such that a; and a; are the only two vertices colored 5. We give v;
color 5, then color vy and finally vy. Similarly as before, this gives a valid 5-coloring of G
a contradiction. Thus, a; is adjacent to as and a4 and hence a; is not adjacent to ¢, for
otherwise {ay, as, as, as, vo, ¢} induces a Kg subgraph in Gj.

Since degg, (v2) = 6, it follows from (2) that G.,, has no subgraph isomorphic to Lz or
L,. By the optimality of (Gy, vy) and Lemmas 3.1 and 3.4 it follows that G.,, has a subgraph
isomorphic to Kg. By an analogous argument as above we deduce that {vy,by,bs, b3, by} is
the vertex-set of a K5 subgraph of Gy. The existence of the two K5 subgraphs implies that
as, as, ay, b, bs, by have K, subgraphs in their neighborhoods, and the optimality of (G, vp)
implies that as, as, ays, by, by, by all have degree at least six in Gy, and hence in J. Thus a4, by, ¢
are the only vertices of J of degree five. Thus, J = L3 and a4, by, ¢ are pairwise adjacent, a
contradiction, because we have shown earlier that a; is not adjacent to c. [

The results of this section may be summarized as follows.

Lemma 3.6 Let (Go,vg) be an optimal pair, and let vi,vs be an identifiable pair. Then
Goyyvy, has a subgraph isomorphic to K.

Proof. Every 5-coloring of GG,,,, may be extended to a 5-coloring of GGy, and hence G,
is not 5-colorable. By the choice of G the graph G,,,, has a subgraph isomorphic to one
of the graphs listed in Theorem 1.3. By Lemmas 3.1, 3.4 and 3.5 that subgraph is Kg, as
desired. [J

4 Using Kg

Lemma 4.1 Let (G, vg) be an optimal pair. Then Go has at least 10 vertices, and if it has
exactly 10, then it has a vertex of degree nine.

Proof. The proof of [24, Theorem 6.1, Claim (8)] also serves as a proof of this lemma. [J

Lemma 4.2 Let (Gg,vg) be an optimal pair. Then there are at least two identifiable pairs.
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Proof. Since GGy has no subgraph isomorphic to Kg there is at least one identifiable pair.
Suppose for a contradiction that vy, vy is the only identifiable pair. Thus the subgraph of G|
induced by vy and its neighbors is isomorphic to Kg with one edge deleted. By Lemma 3.6
the graph Go\{vo, v1,v2} has a subgraph K isomorphic to K3, and every vertex of K is
adjacent to vy or vy. Let t be the number of neighbors of vy in V(K). If ¢t = 0, then Gy has
a subgraph isomorphic to Ly or Lg; if t = 1, then G has a subgraph isomorphic to L; or
Lo; if t = 2, then GGy has a subgraph isomorphic to Ky + H7; and if ¢ = 3, then Gy has a
subgraph isomorphic to C5 + C5. [

Lemma 4.3 Let (Go,vg) be an optimal pair. Then vy has a wheel neighborhood.

Proof. Let us say that a vertex v € V(G)) is a fan if its neighbors form a cycle in the order
determined by the embedding of Gy. We remark that if v is a fan, then the embedding of G
can be modified so that v will have a wheel neighborhood. Thus it suffices to show that vg
is a fan. Suppose for a contradiction that there exist non-adjacent vertices a,b € N(vg) that
are consecutive in the cyclic order of the neighbors of vy. By condition (iv) in the definition
of an optimal pair, the graph G’ = G+ ab has a subgraph M isomorphic to one of the graphs
from Theorem 1.3. Assume, for a contradiction, that vy ¢ V(M). By optimality condition
(i), Go\vo has a 5-coloring c. Since ¢ is not a 5-coloring of M it follows that c(a) = ¢(b).
But then ¢ can be extended to a 5-coloring of Gy, a contradiction. Thus vy € V(M). Since
deg(vy) = 5, we get that Ng,(vg) € V(M). Further note that a, b are adjacent in M, because
M is not a subgraph of Gy.

First, assume M = K. Then V(M) = {vo} U N(vp). This implies that there is at
most one identifiable pair, contrary to Lemma 4.2. Second, assume M = L3 or Ly. As each
is a triangulation, Lemma 2.1 implies that Gy = M\ab. But M is 6-critical, so Gy has a
5-coloring, a contradiction.

Third, assume that M = C5 + C5 or Ky + H;. Because M is one edge short of being a
triangulation, there is a unique face in M of length four. As ab € E(M), the embedding of
M\ab has at most two faces of size strictly bigger than three, and if it has two, then they
both have size four. Since G has at least 10 vertices by Lemma 4.1, Lemma 2.1 implies that
M\ab has a face f of size five whose interior includes a vertex of degree five. However, f is
the only face of M\ab of size at least four, and hence it also includes the edge ab, but that
is impossible. This completes the case when M = C5 + C5 or Ky + Hy.

Fourth, suppose that M is either Ls or Lg, and let the notation be as in the proof of
Lemma 3.3. In particular, every face incident with as or by is a triangle. At least one of
as, be, say s, is not equal to vy and does not include both a, b in its neighborhood. But then
the neighborhoods of s in G and in M are the same, and hence s satisfies conditions (ii)-(iv)
in the definition of an optimal pair by Lemma 4.2. But s is a fan in M, and hence has a
wheel neighborhood in some embedding of Gy, contrary to condition (vi) in the definition of
optimal pair.

If M = L, then we apply the argument of the previous paragraph to the vertices ay, by, by,
using the notation of Lemma 3.3. Finally, suppose that M is Ls, and let the notation be
again as in the proof of Lemma 3.3. Every face incident with one of the vertices as, by is
a triangle, and at least one of those vertices, say s, has the property that s # vy and if
the neighborhood of s includes both a and b, then a,b are not consecutive in the cyclic
ordering around s and {a,b} N {z,y} # 0 for every pair of distinct non-adjacent vertices
x,y € Np(vg). Since s is a fan in M its choice implies that it is a fan in G, and hence has
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a wheel neighborhood in some embedding of Gy, contrary to condition (vi) in the definition
of optimal pair. Furthermore, in GGy there are at most two pairs of non-adjacent vertices
in the neighborhood of s, and if there are two, then they are not disjoint. Thus s satisfies
conditions (ii)-(iv) in the definition of an optimal pair by Lemma 4.2, contrary to condition
(vi) in the definition of an optimal pair. [J

A drawing of a graph G in a surface is 2-cell if every face of G is homeomorphic to an
open disk.

Lemma 4.4 Let (Gg,vg) be an optimal pair, and let vy, vy be an identifiable pair, and let J
be a subgraph of Gy, tsomorphic to Kg. Then the drawing of J in the Klein bottle is 2-cell.

Proof. Let vy, Ry, Ry, J%l, Ry be as before, and suppose for a contradiction that the drawing
of J is not 2-cell. Since K¢ has a unique drawing in the projective plane [13, page 364], it
follows that every face of J is bounded by a triangle, and exactly one face, say F', is home-
omorphic to the Mobius strip. If F'is not Ry or R, then the boundary of F'is a separating
triangle of Gy, a contradiction, because no 6-critical graph has a separating triangle. Thus
we may assume that F' = Rs.

Since both R; and R, are triangles, and they share at least one vertex, there exists a
vertex s € V(J) not incident with R; or Ry. Thus in J all the faces incident with s are
triangles, and hence degg (s) = deg;(s) = 5 by Lemma 2.1. Furthermore, if R; and R,
share an edge, then Ng,(s) has a subgraph isomorphic to K, the complete graph on five
vertices with one edge deleted. This implies, by the optimality of (G, vg), that Ng,(vo) has
a subgraph isomorphic to K; , contradicting Lemma 4.2.

So we may assume that R; and R, have no common edge. Let the facial walk incident
with R, be Vg, U1, 21, 22, Uz, Vg, and the facial walk incident with Ry be Vg, U1, 23, 24, U2, Vg.
Notice, from the embedding of J, that the z; are distinct. Also notice that s is the lone
vertex in .J not incident with either Ry or Ry, and Ng, (s) includes no two disjoint pairs of
non-adjacent vertices. This implies, by the optimality of (Gg,vp), that Ng,(vo) includes no
two disjoint pairs of non-adjacent vertices. We shall refer to this as the DP property.

Let N(vg) = {v1,v9,v3,v4,v5}. Assume that some neighbor of vy, say vs, belongs to Ry.
By Lemma 2.1, v is adjacent to all vertices incident with R;. Thus v, and vs belong to the
closure of Rs. In either case, v3 and vy are not adjacent in GGy. Since v; and v, are also not
adjacent, this contradicts the DP property.

Since v is not adjacent to v, in Gy it follows from Lemma 4.3 that at least one of vs, vy, vs
belongs to the closure of R;. Thus there remain two cases, depending on whether one or two
of those vertices are incident with R;. If it is two vertices, then we may assume without loss
of generality that v3 = z; and vy = 29. As z; and zy are not incident to Rg, v3, Vg and vy, vy
are not adjacent in Gq, contrary to the DP property. Thus we may assume that vy = z;
and v, and v belong to the closure of Ry. By the DP property vs, v4 and vs, vs are adjacent
in Gy. Thus, without loss of generality, vy = 23 and vs = z4. Furthermore, it follows from
the DP property that either vy, v5 or vy, v4 are adjacent in GGo. Thus the subgraph L of J
consisting of the vertices vy, v, v2, V4, v5 and edges between them that belong to the closure
of R, has five vertices and at least eight edges. We can regard L as drawn in the Mobius
band with the cycle vivgvovsvy forming the boundary of the Mobius band. As such the
graph L has at least three faces. Since the sum of the lengths of the faces is at least 11, at
most one of them has length at least five. That face of L includes at most one vertex of G
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by Lemma 2.1, and the other faces of L include none. Thus G| has at most nine vertices,
contrary to Lemma 4.1. [J

Lemma 4.5 Let (Go,vg) be an optimal pair, let vy, ve be an identifiable pair, and let J be a
subgraph of G, isomorphic to Kg. Then some face of J has length siz.

Proof. Let J denote the graph consisting of J and edges of G not in J from v or v to the
boundary of R1 or Rg that are drawn inside R1 or R2 Let R1 be the face in J that contains
1o and is contained in Ry, and similarly for RQ. We assume for a contradiction that no face
of J has length six. By Lemma 4.4 the embedding of J is 2-cell, and so, by Euler’s formula,
all faces of J are bounded by triangles, except for either three faces of length four, or one
face of length four and one face of length five. Each face of J other than R; and R, will be
called special if it has length at least four. Thus there are at most three special faces, and if
there are exactly three, then they have length exactly four.

Let us denote the vertices on the boundary of R, as vy, Vg, Vg, Uy, ..., U, in order, and let
the vertices on the boundary of Ry be vy, vy, 01, 21, ...,z in order. Note that ui, us, . . ., u
are pairwise distinct, and similarly for zq, 29, ..., 2;. A special face of length five may include
a vertex of (G in its interior; such vertex will be called special. It follows that there is at
most one special vertex. An edge of Gy is called special if it has both ends in J \vo, but does
not belong to j, and is not v1z; or vezy if [ = 1, and is not vyuy or vouy if k = 1. It follows
that every special edge is incident with v; or v,. Furthermore, the multigraph obtained from
Gy by deleting all vertices in the faces Ry and R, and contracting the edges vov; and vgvs
has J as a spanning subgraph, and each special edge belongs to a face of J of length at least
four. It follows that there are at most three special edges. Furthermore, if there is a special
vertex, then there is at most one special edge, and each increase of k or [ above the value of
two decreases the number of special edges by one.

Since R; and Ry have length three, four, or five, we deduce that k,l € {1,2,3,4}. The
graph j\{’Uo,'Ul,’Ug} = J\zp is isomorphic to K5, and wuy, us, . .., u, are its distinct vertices;
let ugy1,...,us be the remaining vertices of this graph. It follows that if ¢ is a 5-coloring
of J and ¢(u;) = ¢(z;), then u; = z;. We will refer to this property as injectivity. From the
symmetry we may assume that k£ > [. Since J has at most one face of length five, it follows
that [ < 3. We distinguish three cases depending on the value of [.

Case 1: [ =1

By Lemma 4.3 the vertex vy is adjacent to z;. Also notice then that vyzivoujus ... uy is a
null-homotopic walk W of length at most seven. Since Gy is 6-critical, the graph G'\vy has a
5-coloring, say c¢. By Lemma 2.1 applied to the subgraph L of G drawn in the disk bounded
by W and the coloring ¢, the graph L satisfies one of (i)—(vi) of that lemma. We discuss
those cases separately.

Case (i): There are eight vertices in .JJ and none in the interior of R, and R,, and at most
one special vertex. Thus |V (Gy)| < 9, contradicting Lemma 4.1.

Case (ii): As before [V(Go)| < 9, a contradiction, unless there exists a special vertex
vg. This implies that |Ry| = |R1| = 6. Without loss of generality suppose vy is adjacent to
us, v1, 21, V2 and a vertex vy which is adjacent to wvg, v, u1, us, uz. Notice that v must have
degree five in GGy and its neighborhood must contain a subgraph isomorphic to K5 — P, since
four of its neighbors are in J \ 2o and thus form a clique. Meanwhile the neighborhood of
Vg is missing the edges v1vq, v1v3, and vouz. The last one does not belong to J , does not lie
in R, (because we have already described the graph therein), and is not special, because all
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special edges have been accounted for. Thus the pair (Gy,v)) contradicts the optimality of
(Go, ’Uo) .

Case (iii): The graph L\W consists of three pairwise adjacent vertices, and v is one of
them. Let vs, v4 be the remaining two. By Lemma 4.3 we may assume, using the symmetry
that exchanges vy, vy, w1, us with vy, v3, ug, up_1, that vs has neighbors vg, v9, u1, us, v4 and
vy is adjacent to vy, v, v3, us and either us or uy. In either case z; and uy are colored the
same, and hence they are equal by injectivity. To be able to treat both cases simultaneously,
we swap ugz and wuy if necessary; thus we may assume that v, is adjacent to us. We can do
this, because we will no longer use the order of wuy, us, ..., u; for the duration of case (iii).
The vertex vy is adjacent to wus, us, uy, us, for otherwise its color can be changed, in which
case the coloring ¢ could be extended to L, contrary to the fact that G has no 5-coloring.
Similarly, v is adjacent to uq, us, ug, us. It follows that GGy has a subgraph isomorphic to Ls,
a contradiction. To describe the isomorphism, the vertices corresponding to the top row of
vertices in Figure 2(c) in left-to-right order are uy,uy, us, us, the vertices corresponding to
the middle row are vs, v9, us = 21, v1,v4, and the bottom vertex is vy. This completes case
(ii).

Cases (iv)-(vi): We have k = 4. Hence R; has length five, and therefore there is at most
one special edge. Consequently, one of v1, vy is not adjacent in J to at least two vertices
AMoNg w1, Uz, Uz, ug. Since every face of J except By and one other face of length four is
bounded by a triangle this implies that in the coloring ¢, one of vy, v9 sees at most three
colors. From the symmetry we may assume that vy has this property. Thus c(vy) may be
changed to a different color.

By using this fact and examining the cases (iv)-(vi) of Lemma 2.1 we deduce that L is
isomorphic to the graph of case (iv). Let the vertices of L be numbered as in Figure 3(iv).
It further follows that vo = x4 or vy = x5, and so from the symmetry we may assume the
former. Since z; has a unique neighbor in L\W we deduce that z; = z3, v; = 29, uy = 11
and so on. Notice that xg has degree five in GGy and that its neighborhood is isomorphic to
K5 — P3. Meanwhile, the neighborhood of vy is certainly missing the edges vivy and vyxg.
Now if x3 # w5 then x5 is not adjacent to xg and N(vy) is missing at least three edges, a
contradiction to the optimality of (Go,vp), given the existence of xg. So x3 = x5, but then
the edges x3vs, 50, are actually the same edge, because J does not have parallel edges. It
follows that v, has degree at most four in G, a contradiction.

Case 2: [ =2

By Lemma 4.3 either vy is adjacent to both z; and 25, in which case we define 7y := vy, or there
exists a vertex vy in R~2 adjacent to vy, vy, Vg, 21, 22. Let W denote the walk v1Tguouy . .. uy
of length at most seven, and let X denote the set of vertices of Gy drawn in the open disk
bounded by W. We claim that X # (). This is clear if Ty # vg, and so we may assume that
Top = vg. But then X = () implies |V (Gy)| < 9, contrary to Lemma 4.1. Thus X # (. Let
x € X have the fewest number of neighbors on W. Since G is 6-critical, the graph Go\z
has a 5-coloring, say ¢. By Lemma 2.1 applied to the subgraph L of Gy drawn in the disk
bounded by W and the coloring ¢, the graph L and coloring ¢ satisfy one of (i)—(vi) of that
lemma.

Suppose first that L and ¢ satisfy (i). Then |X| = 1 by the choice of x. As before
|[V(Gy)| < 9, contradicting Lemma 4.1, unless there is a special vertex. Hence k < 3. If
k = 3, then R; has length four, and all special faces have been accounted for. In particular,
J = J. The fact that the coloring ¢ cannot be extended to L implies that {c(z),c(z2)} C
{c(uq), c(uz), c(ug)}, and hence {z1, 20} C {uq, ug, ug} by injectivity. Thus u; or ug is equal
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to one of z1, z9. Since there are no special edges, either u;v, and zov9, or ugpv; and z;v; are
the same edge, but then v; or vy has degree at most four, a contradiction. If £ = 2 we reach
the same conclusion, using the fact that in that case there is at most one special edge. It
follows that L and ¢ do not satisfy (i).

Next we dispose of the case k < 3. To that end assume that £ < 3. Then W has length at
most six. Thus L and c¢ satisfy either (ii) or (iii) of Lemma 2.1, and so W has length exactly
six and k£ = 3. In particular, R; has length four, and so there is either at most one special
vertex, or at most two special edges, and not both. It follows that either ¢(v;) or ¢(vy) can be
changed without affecting the colors of the other vertices of Go\X. That implies that L and
c satisfy (ii). Let v3 be the unique neighbor of 7y in X, and let vy be the other vertex of X.
From the symmetry we may assume that vs is adjacent to vy, vy, v9, u1, v4, and vy is adjacent
to vy, v3, U, U, u3. By considering the walk wujususv;z129v9 and the subgraph drawn in the
disk it bounds, and by applying Lemma 2.1 to this graph and the coloring ¢ we deduce
that |{c(u1),c(ua), c(ug)} N{c(z1),c(z2)}| = 1. That implies |[{uy,us,us} N {21,220} =1
by injectivity, and so we may assume that us is not equal to z; or z;. It follows that the
neighborhood of us has a subgraph isomorphic to K5 — P3. However, the neighborhood of
Tp is missing v,vy and at least one of the edges v3z; and wvszy, contrary to the optimality of
(Go, vo) if vg = Ty. Similarly, the neighborhood of v is missing vy v, and Tyvy, a contradiction
if v9 = v3. This completes the case k < 3.

Thus we may assume that k& = 4. It follows that R; has length five, and hence there
is at most one special edge. Let i € {1,2}. If v; is adjacent to both z; and z,, then one
of the edges v;21, v;2o is special. It follows that in Gg, either v; is not adjacent to zs, or
vy is not adjacent to z;. But 2z is the only neighbor of v; in G\ X colored ¢(z3), because
Go\ (X U {vg, v1, v} is isomorphic to J\zp, which, in turn, is isomorphic to K5. Thus there
is a (proper) 5-coloring ¢; of Go\X obtained by changing the color of at most one of the
vertices vy, vg such that either ¢;(v1) = ¢1(22) or ¢1(ve) = ¢1(21). Now ¢;(7y) can be changed
to another color, thus yielding a coloring ¢y of G\ X.

If L and ¢ satisfy one of the cases (iii)-(vi), then one of the colorings ¢y, ¢5 extends into
L, a contradiction. Thus L and c satisfy (ii) of Lemma 2.1. Let v € X be the unique
vertex of X adjacent to vy, and let vy be the other vertex in X. If both v3 and vs have
degree five in G, then one of the colorings ¢y, ¢y extends into L, a contradiction. Thus one
of vs, vy has degree five, and the other has degree six. It follows that v3 is adjacent to vy,
V9, and either u; or uy, and so from the symmetry we may assume it is adjacent to uq. If
c1(v1) = ¢1(uq), then we can extend one of the colorings ¢y, ¢z into L by first coloring v, and
then v3. Thus ¢;(vy) # ¢1(uq). If vy is not adjacent to wuy, then we can extend ¢; or ¢y by
giving vy the color ¢;(uq), and then coloring vs. Thus v, is adjacent to v;. If v, has degree
five, then its neighbors are wuq, us, us, ug, v3, and the neighbors of v are vy, vy, vg, U1, Ug, V4.
Let d a 5-coloring of G\7y. Since the coloring d cannot be extended to 7y, it follows that
the neighbors of 7y receive different colors. Now similarly as in the contruction of ¢; above,
we can change either the color of vy, or the color of v,. The resulting coloring then extends
to g, a contradiction. This completes the case when v, has degree five, and hence v; has
degree six. It follows that the neighbors of vy are wuy, us, us, ug, v1, v3 and the neighbors of v3
are Uy, U1, Ug, U1, V4. Let di be a 5-coloring of the graph Go\{vo,v3}. Since the coloring d;
does not extend into vy, v3, we deduce that {d;(21),d1(z2)} = {d1(v4), d1(u1)}. By injectivity
this implies that uy; = z; or u; = 2z9. If u; = 29, then one of the edges vouq, v929 is special,
because they cannot be the same edge, given that vy has degree at least five in Gy. Thus all
special edges have been accounted for, and so z; is not adjacent to u;. Thus d;(v;) can be
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changed to d;(uy), and the new coloring extends to all of Gy, a contradiction. Thus u; = 2;.
It follows that Gy is isomorphic to Lz. First of all, the vertex v, is not adjacent to both u, and
us, for otherwise the vertices vy, vy, Uy, ug, u3, uy form a Kg subgraph in Gy. If vy is adjacent
to neither us nor ug, then vy is adjacent to these vertices, and an isomorphism between G
and L3 is given by mapping the vertices in the top row in Figure 2(c), in left-to-right order,
to Uy, ug, us, us, the middle row to vy, vy, w1 = 21, V9, Vg and the bottom vertex to vs. If vy is
adjacent to exactly one of uy, us, then due to the symmetry in the forthcoming argument we
may assume that v; is adjacent to us, and hence v, is adjacent to us. Then an isomorphism
is given by mapping the top row to vy, u4, us, us, the middle row to vs, vy, u; = 21, us, v9, and
mapping the bottom vertex to Uy. This completes the case [ = 2.

Case 3: [ =3
Lemma 4.3 implies that vy has at most one neighbor among {zi, 29, 23, uy, us, . . ., ux }, and
such neighbor must be uy, ug, 21, or z3.

We claim that either vy is adjacent to z; or z3, or K = 3 and vy is adjacent to uy or us.
To prove this claim let us assume that vy has no neighbor among {21, 29, z3}. Let C' be the
cycle vy 2122230200, and let X denote the set of vertices of Gg drawn in the open disk bounded
by C. We have X # () by Lemma 4.3. Let ¢ be a coloring of G\ X, and let L denote the
subgraph of Gy consisting of all vertices and edges drawn in the closed disk bounded by C.
By Lemma 2.1 the graph L satisfies one of the conditions (i), (ii), (iii) of that lemma. The
vertices z; and z3 are adjacent, because the graph obtained from J by deleting vy, v1, vy and
the vertices drawn in the faces Ry or R, is isomorphic to K5. We may also assume, by the
symmetry between v; and vq, that vy is adjacent to z,. We claim that we may assume that
the neighborhood of vy is a 5-cycle. This is clear if vy has no neighbor in {u, us, us, us},
and so we may assume that vy is adjacent to u;. Then we may assume that & = 4, for
otherwise the claim we are proving holds. Thus there is no special edge. By Lemma 4.3
there exists a vertex inside R; adjacent to vy, v, u;. Since there is no special edge the vertex
vy is not adjacent to uq, and u; is not adjacent to z;, because v, has degree at least five in
Go. It follows that the neighborhood of vy is indeed a 5-cycle. If | X| > 2, then there exists a
vertex in X whose neighborhood has a subgraph that is a 5-cycle plus at least one additional
edge, namely z;23 or vy25. That contradicts the optimality of (G, vg). Thus |X| = 1. Let
x denote the unique element of X, and let us assume first that k& = 4. Then there are no
special edges, and so vy is not adjacent to z3 and vy is not adjacent to z;. Let C’ denote the
cycle vizvouiususuy, and let X’ be the set of vertices of Gy drawn in the open disk bounded
by C’". Then Go\ (X’ U {x}) has a 5-coloring ¢’ such that ¢/(v;) = /(23) and (vy) = /(21).
Then ¢ can be extended to x in at least two different ways. By Lemmas 2.1 and 4.3 the
coloring ¢’ can be extended to all of Gy, unless (up to symmetry betweeen v; and vy) vy is
adjacent to uq, there exists a vertex y adjacent to uy, us, us, uy and ' (vy) = '(us). But v
is not adjacent to u; (because vy is and there are no special edges), and hence the color of
v; can be changed to ¢/(u;), and the resulting coloring extends to all of Gy, a contradiction.
This completes the case k = 4. Thus k& = 3, and so there is at most one special edge. Let ¢”
be a 5-coloring of G\ X’. It follows that the color of at least one of the vertices vy, vy can
be changed to a different color, without affecting the colors of the other vertices of G\ X'.
It follows from Lemma 2.1 that |X’| < 2. That, in turn, implies that v, is adjacent to u; or
ug, and hence proves our claim from the beginning of this paragraph.

Thus we may assume that vy is adjacent to z3. By Lemma 4.3 there exists a vertex v
adjacent to vy, vy, 21, 22, 23 and a vertex vy in Rl that is adjacent to vy, vy, v9. The neighbor-
hood of v3 includes the edge z;23, and so by the optimality of (Gg, vg) the neighborhood of
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vo includes the edge vy2z3. Thus 23 € {uy, us, us, us}. Assume first that &k = 4. Then there
are no special edges, and hence z3 # uy. Next we deduce that z3 # uq, for otherwise vouy
and vyz3 are the same edge, which implies (given that z3 = w; is adjacent to vy) that vy
has degree at most three, a contradiction. Thus z3 € {ug,u3z}. Let Y consist of vy and all
vertices in Rl or Rg. Since z3 is adjacent to vy we deduce that |Y| < 4. Since there are
no special edges, z3 is not adjacent to vy, and vy is not adjacent to uy. Thus Go\Y has a
coloring d such that d(v;) = d(z3) and d(vy) = d(u4). Since z3 € {us,usz} this coloring can
be extended to the vertices drawn in Ry, and since d(v;) = d(z3) it can be further extended
to vy and v3, a contradiction.

Thus & = 3. Let W denote the walk vjv3z3v0ujusus, and let d’ be a 5-coloring of
Go\(Y — {v3}). We now apply Lemma 2.1 to the graph drawn in the closed disk bounded
by W and coloring d’, and note that either the color of each of vy, vy can be changed to a
different color, independently of each other and independently of the colors of other vertices,
except possibly vz, or the color of one of v, vy can be changed to two different values. In
either case, one of the resulting colorings extends to Gy, a contradiction. [J

Lemma 4.6 Let (Go,vg) be an optimal pair, let vy, vy be an identifiable pair, and let J be a
subgraph of Gy, tsomorphic to K¢. Then the drawing of J in the Klein bottle does not have
a facial walk of length six.

Proof. Suppose for a contradiction that there exists a subgraph J of G,,,, isomorphic to Kg
such that the drawing of J in the Klein bottle has a face Fy bounded by a walk W of length
six. Let the vertices of J be z1, 29, ..., z6. Since K, cannot be embedded in the Klein bottle,
it follows that W has a repeated vertex. If W has exactly one repeated vertex, then (since
J is simple) we may assume that the vertices on W are zg, 29, 24, 26, 23, 25, in order. There
exists a closed curve ¢ passing through zs and otherwise confined to Fj such that there is
an edge of J on either side of ¢ in a neighborhood of z4. The curve ¢ cannot be separating,
because G\ zg is connected, and it cannot be 2-sided, because Gy zg is not planar. It follows
that ¢ is 1-sided. By Euler’s formula every face of J other than Fj is bounded by a triangle.
It follows that the triangles z42526, 212623, and z12¢22 bound faces of J. Furthermore, either
2325729 OF 232524 18 a face, but since J is simple we deduce that it is the former. It follows that
212324, 2072324, 2122725 and z12425 are faces of J, and those are all the faces of J. The drawing
of J is depicted in Figure 6, where diagonally opposite vertices and edges are identified, and
the asterisk indicates another cross-cap.

Similarly, if W has at least two repeated vertices, then it has exactly two, and we may
assume that the vertices of W are zg2z524262024. Similarly as in the previous paragraph, the
embedding is now uniquely determined, and is depicted in Figure 7.

In either case let R; and Ry be the hinges of J, and let F}j; denote the facial triangle
incident with z;, z;, 2, if it exists. We should note that specifying the hinges does not uniquely
determine the graph J , because the face Fj has multiple incidences with some vertices. For
instance, if W has five vertices, 2y = 25, and R; = Fy, then it is not clear whether the split
occurs in the “angle” between the edges 2325 and 2425, or in the angle between 252 and 25 24.
To overcome this ambiguity we will write Ry = F344 in the former case, and Ry = Fygs in the
latter case. Notice that this is just a notational device; there is no face bounded by z3z425
or 292g24. We proceed in a series of claims.

(1) Not both Ry and Rs are bounded by triangles.

21



Figure 6: An embedding of Kg with a facial walk on five vertices
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Figure 7: An embedding of Kg with a facial walk on four vertices
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To prove (1) suppose for a contradiction that R; and Ry are both facial triangles. Let us
recall that zj is the vertex of G,,,, that results from the identification of v; and v,. Suppose
first that Ry and R, are consecutive in the cyclic order around zy. Then vy and one of v,
or vy is in the interior of a 4-cycle in Gy, contrary to Lemma 2.1. Similarly, if the cyclic
order around 2y has R; followed by a facial triangle, followed by R, then there would be
two vertices in the interior of a 5-cycle in Gg, contrary to Lemma 2.1. In addition, if the
cyclic order has Ry, followed by two facial triangles, followed by R,, then there are two
vertices inside a 6-cycle. Hence, we are in either case (ii) or (iii) of Lemma 2.1. However, the
boundary has five vertices that form a clique. So 5-color all but the interior of this 6-walk
(using that G is 5-critical); the boundary must have five colors, contrary to Lemma 2.1. We
conclude that R; and Ry must have Fj in between them in the cyclic order around zy, on
both sides. In particular, W has five vertices.

Thus the only case remaining is that zy = 24, where J is embedded with a facial 6-walk on
five vertices. Suppose without loss of generality that R; = Fjo6 and Ry = Fys¢, and that v, is
adjacent to z1, 23 and z4. Then the faces of the subgraph induced by vy, v, 21, 29, 23, 24, 25 are
all triangles but perhaps for two six-cycles: vy, 2o, 21, V9, 24, 25 and vy, z5, 23, Vs, 24, 22. Since
vy is adjacent to vy and v, it follows from Lemma 2.1 that the only vertex in Gq in the
interior of the first six-cycle is vo. Hence there must be at least two vertices in the interior of
the other six-cycle, else |V (Gy)| < 9, a contradiction. Thus we are in either case (ii) or (iii)
of Lemma 2.1. Note that the disk bounded by the second cycle includes no chord. So vy is
not adjacent to z3. Now if v; is not adjacent to z;, we color G as follows. Let the color of
z; be 1. Color v; with color 1. Then color vy and vy, and extend the coloring to the interior
of the second six-cycle by Lemma 2.1. Hence we may assume that v; is adjacent to z;. But
then vy is adjacent to 21, 24, 25 while vy is not adjacent to z4. Now v; may be colored either
3 or 4. One of these options extends to the interior of the second six-cycle after we color vy,
v, U2 in that order. This proves claim (1).

In light of (1) we may assume that R, = F%.

(2) If Ry is bounded by a triangle, then it is not consecutive with Fy in the cyclic order
around zy in J.

To prove (2) suppose for a contradiction that Ry is bounded by a triangle and that it is
consecutive with Fy in the cyclic order around z, in J. It follows that one of vy, vy has
degree two in J, and so we may assume that it is v; and that its neighbors are vy and z;.
Consider the subgraph J \ {vg, v1}. All of its faces are triangles but for a 7-walk. We 5-color
this subgraph, which is isomorphic to K¢ minus an edge. Thus v, must receive the same
color as z;. Since this subgraph only has six vertices, the interior of the 7-walk must be as
in case (v) or (vi) of Lemma 2.1, for otherwise there would be at most nine vertices in Gy,
contrary to Lemma 4.1. Consider the edge zz; in J, which must be on the boundary of Fj.
Now the vertex or vertices not on the boundary of Fy must be on the boundary of R,, for
otherwise the 7-walk would only have four colors and we could extend the 5-coloring to its
interior, a contradiction. Since R, is a facial triangle this means that either zy or z; is 24
and that W has five vertices. However, then the color of 2y and z; appears three times on
the boundary of the 7-walk. So the 5-coloring may also be extended, a contradiction. This
proves (2).

By an s-vertex we mean a vertex s € V(G) of degree five such that N¢,(s) has a subgraph
isomorphic to K5 — P3. If Gy has an s-vertex, then the optimality of (Gy, vg) implies that
N, (v9) does not include two disjoint pairs of non-adjacent vertices.
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(3) Let Ry be bounded by a triangle; then f?g 1s bounded by a pentagon, say vyviT1T2Vs.
Assume further that Gog has an s-vertex. Then either

(a) Ry includes a unique vertex v of G, and v is adjacent to vy, 11,72 and all neighbors of
vy other than v, or

(b) wo is adjacent to 1,19, andry, 9 are adjacent to the neighbor of vy other than vy, ve, 11,79,
or

(c) wo,v1,vq are all adjacent to r; for somei € {1,2}, and r; is adjacent to the two neighbors
of vg other than vy, vy, 7;.

To prove (3) we first notice that R, includes at most one vertex of Gy by Lemma 2.1. If it
includes exactly one vertex, then (a) holds by the existence of an s-vertex, and the optimality
of (Go,vg). If Ry includes no vertex of G, then by Lemma 4.3 either v, is adjacent to both
r1 and 7y, or vy, v, vy are all adjacent to r; for some i € {1,2}. We deduce from the existence
of an s-vertex and the optimality of (G, vy) that either (b) or (c¢) holds. This proves (3).

(4) The walk W has five vertices.

To prove (4) we suppose for a contradiction that W has four vertices. Suppose first that
20 = z3. Then by (2) and the symmetry we may assume that Ry = Fio5. It follows that z3
is an s-vertex, and so we may apply (3). But (a) does not hold, because in that case vy has
four neighbors in Ry or on its boundary, and not all of them can be adjacent to the neighbor
of vg in Ry. If (b) holds, then vy is adjacent to z; and z5, and v is adjacent to z1, where v is
the neighbor of vy other than vy, vs, 21, 25. Now v # 25, because otherwise both J%l and ]%2
include an edge joining vy and z5, contrary to the fact that Gy is simple. Since v is adjacent
to z; we deduce that v = z4 or v = z5. In either case Lemma 4.3 implies that v; or vy has
degree at most four, a contradiction.

Thus we may assume that (¢) holds, and so vy, v1,ve are all adjacent to z; or z5. In the
former case we can change notation so that Ry = Fiag, contrary to (2). Thus vy, v, vy are
all adjacent to z5. Let v; be adjacent to z3, 24, 25; then vy is adjacent to zq, z5, 26. Let the
vertices vg, 25, U1, V4, U5 form the wheel neighborhood of vy, in order. Since an s-vertex exists,
the optimality of (G, vg) implies that either v; is adjacent to vs, or vs is adjacent to vy, or
both. We may assume from the symmetry that v, is adjacent to vs. Since vs is adjacent
to z5 by (c), we deduce that vs = z4 or vs = zg, because vs # z5 for the same reason as
above. If v5 = zg, then vy2¢ and vyvs are the same edge, and it follows from Lemma 4.3 that
vo has degree at most four. Thus vs = 24. It follows that v, is adjacent to z4, and hence
the neighborhood of z; has a subgraph isomorphic to K; , contrary to Lemma 4.2. This
completes the case zg = z».

Thus by symmetry we may assume that zg = z4. Again by symmetry we may assume
that Ry = Fy and Ry is either Figy or Fiys. Assume first that Ry = Fly5. Let v; be adjacent
to 21, 22, 23. Then z3 is an s-vertex, and so we may use (3). If (a) holds, and v is as in (a),
then it is not possible for v to be adjacent to all neighbors of vg other than v, a contradiction.
If (b) holds, then vy is not adjacent to z;, and hence v; is adjacent to z5, by the optimality
of (Gy, vg), because an s-vertex exists. Thus the neighborhood of z3 in Gy has a subgraph
isomorphic to Ky, contrary to Lemma 4.2. Thus (c) holds. If vy, vy, ve are adjacent to zs,
then Ng,(z3) has a subgraph isomorphic to K , contrary to Lemma 4.2. Hence vy, v1, v9 are
adjacent to z;. By (c) the vertex z; is adjacent to vy, vs, the two neighbors of vy other than
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v1, Ve, 21. 1t follows that {vy, vs} C {29, 25, 26 }. However, if vy is adjacent to zs, then v; would
be of degree at most four in G, a contradiction. Thus vy is adjacent to z; and zg; hence
vy is adjacent to z5 by Lemma 4.3. Now the graph has eight vertices and perhaps one more
inside the 5-cycle v1z926v225. Hence G has at most nine vertices, contrary to Lemma 4.1.
This completes the case Ry = Flys.

We may therefore assume that Ry = Fbs. From the symmetry we may assume that vy
is adjacent to 2z and z3. If Eg includes an edge incident with v; or v, then Lemma 4.3
implies that vy, vy, v9 are all adjacent to z; or z3. Then we may change our notation so that
either Ry = Fiy45 or Ry = Fy34. In the former case we get a contradiction by the result of the
previous paragraph, and in the latter case we get a contradiction by (2). Thus R» includes
no edge incident with v; or v,. Hence either v, is adjacent to z; and z3, or vy is adjacent
to an internal vertex vz of degree five which is adjacent to z; and z3. In either case there
is a vertex of degree five in GGy adjacent to vy, 23, z1, and vy. For this vertex, z3, v, is an
identifiable pair. Note that G.,,, is not 5-colorable. We 5-color the vertices 21, 22, v2 = 23,
25, 26 S0 that each gets a unique color. Then this coloring extends to G.,.,, unless we are in
case (ii) of Lemma 2.1 for the following walk on six vertices: z5,vy = 23, 2¢, 22, V2 = 23, 26 Il
Gy, {71, 22, V9 = 23, 24, 25, 26 }|. This implies that there are two adjacent vertices wy and wy
such that, in Gg, wy is adjacent to zo, zg, V2, and z5, while wy is adjacent to zg, 25, 22, and
one of vy, z3. But then the subgraph induced by the eight vertices: 21, 29, 23, 25, 26, U2, W1, Wo
has all facial triangles except for perhaps one 5-cycle. Yet there can be at most one vertex in
the interior of that 5-cycle. Thus G has at most nine vertices, a contradiction. This proves

(4).
(5) 20 7é 29, %3.

We may assume to a contradiction that zy = z5 since the case where zy = 23 is symmetric.
By (2) Ry = Fio5 or Fyss. Suppose first that some edge of Gy is incident with v; or vy and
lies inside R,. Then Vg, v1, and vy are all adjacent to z5, for otherwise we may change our
notation so that Rg = Fig6, contrary to (2). Let vy and vs be neighbors of vy such that
the cyclic order around vy is vy, 25, Vs, U5, v4. Now notice that z; is degree five in Gy and
Ne¢,(z1) has a subgraph isomorphic to K5 — P3. Since Ng,(20) is missing the edge vyvs,
one of the edges vivs, vov4 must be present or z; would contradict the choice of vy. This
implies that v; and v, are both adjacent to v; for some j € {4,5}. Thus the edges v1v;, v9v;
must go to a repeated vertex on the boundary of Ry or vy would be in a four-cycle in Gy, a
contradiction. Thus v; = z5 and the edge v26 is already present. The edge vz then implies
that z4 is degree five in Gy and that Ng,(z4) has a subgraph isomorphic to K5, contrary to
Lemma 4.2. Thus }?2 includes no edge of Gy incident with v; or vs.

Now suppose that Ry = Fia5. We may assume that v; is adjacent to z3, 24, z5. Then either
the cyclic order around vg is vy, z5, 21, V2, and an unspecified vertex wvs, or vy is adjacent
to a vertex vy of degree five with cyclic order: vy, z5, 21, v2, vg. In either case, zjv; is an
identifiable pair for a vertex of degree five in Gy. Note that GG, ., is not 5-colorable. We 5-
color the vertices vy = 21, 23, 24, 25, 26 of Gy, ., such that each gets a unique color. Since this
coloring does not extend to G,,,, we deduce from Lemma 2.1 applied to the walk zg, v1 = 21,
24, 26, 23, 25 ON six vertices that case (i) of that lemma holds. That implies there exists a
vertex wy in Gy that is adjacent to vy, z4, 26, 23 and z5. Let H := G[{z1, 23, 24, 25, 26, V1, W1 }]-
The edge w2 may be embedded in two different ways. In one way of embedding the edge
the graph H has all faces bounded by triangles, except for one bounded by a 4-cycle and
one bounded by a 5-cycle. But then Gy has at most eight vertices by Lemma 2.1, contrary
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to Lemma 4.1. It follows that the edge w;zg is embedded in such a way that all faces of H
are bounded by triangles, except for one face bounded by the walk zgz125v1w1 25 of length
six. Since Gy has at least ten vertices by Lemma 4.1, we must be in case (iii) of Lemma 2.1
when applied to said walk. This can happen in two ways. In the first case there are pairwise
adjacent vertices a,b,c € V(Gy) such that a is adjacent to z1, 25, 26, the vertex b is adjacent
to z5,v1,w; and c is adjacent to wq, 25, 2z6. Now Gy is isomorphic to L4 by an isomorphism
that maps z3 and z4 to the top two vertices in Figure 2(d) (in left-to-right order), zg and w,
to the vertices in the second row, z5 to the unique vertex of degree nine, and 21, a, ¢, b, vy to
the last row of vertices in that figure. In the second case there are pairwise adjacent vertices
a,b,c € V(Gy) such that a is adjacent to z1, z5,v1, the vertex b is adjacent to z5, v, w; and
c is adjacent to z1, 25, zs. Now (G is isomorphic to L3 by an isomorphism that maps the top
row of vertices in Figure 2(c) to zg, 23, 24, w1 (again in left-to-right order), the middle row
to ¢, z1, 25,01, b and the bottom vertex to a. Since either case leads to a contradiction, this
completes the case Ry = Fias.

It follows that Ry = Fy35. We may assume that v, is adjacent to 21, 25, z6. Then either
the cyclic order around vy is v1, 23, 25, V9, and an unspecified vertex vs, or vy is adjacent to a
vertex vz of degree five with cyclic order: vy, 23, 25, v2, v9. Note that z; is degree five in G
and Ng,(z1) has a subgraph isomorphic to K5 — P;. Thus in either case, vo23 is an identifiable
pair for a vertex of degree five in Gy, for otherwise Ng,(z1) has a subgraph isomorphic to
K , a contradiction. Note that G,,., is not 5-colorable. We 5-color the vertices 21, v = 23,
24, 25, 26 of Gy,, such that each gets a unique color. Since this coloring does not extend to
Goy2s, We deduce that the 6-walk zgvo = 23242609 = 2325 satisfies (ii) of Lemma 2.1. Thus, in
G, there exists two adjacent vertices wy; and ws such that w; is adjacent to zy4, zg, 23, and
z5, while wq is adjacent to zy, z5, 26 and ve. But then wy is degree five in Gy and Ng,(w;)
has a subgraph isomorphic to K, a contradiction. This proves (5).

(6) zo # 24, 25-

To prove (6) we may assume for a contradiction that zg = z4 since the case where zy = z5
is symmetric. Thus Ry = Fiz4 or Fius by (2). Assume first that Ry = Fiys, and that Ry
includes no edges incident with v; or vy. Then either the cyclic order around vy is vy, 21, 25,
v, and an unspecified vertex vz, or vy is adjacent to a vertex wvs of degree five with cyclic
order: vy, z1, 25, U9, V. If the edge vy 25 is present, then in the subgraph of GGy induced by z1,
Z9, 23, 25, 2 and vq, there is only one face that is not bounded by a triangle or 4-cycle—the
following walk on six vertices: zs, z3262521v2. Thus there are at most nine vertices in G by
Lemma 2.1, contrary to Lemma 4.1. Hence, in either case v;z5 is an identifiable pair for a
vertex of degree five in Gy. Note that GGy, ., is not 5-colorable. We 5-color the vertices z,
29, 273, V1 = 25, 26 Of Gy, ., such that each gets a unique color. Since this 5-coloring does not
extend to a 5-coloring of G, ., we deduce that case (ii) of Lemma 2.1 holds for the following
walk on six vertices: zg, 29, V1 = 25, 26, 23, U1 = z5. Thus, in Gy, there are two adjacent
vertices wy and wy such that w; is adjacent to zs, zg, 25, and 23, while wy is adjacent to zs,
2, 23 and vy. But then w; is degree five in Gy and N¢,(w;) has a subgraph isomorphic to
K, contrary to Lemma 4.2. This completes the case when Ry = Fj45 and }%2 includes no
edges incident with vy or v,.

For the next case assume that Ry = Fl34, and again that BA’Q includes no edges incident
with v; or vg. Then either the cyclic order around vq is vy, 23, 21, v9, and an unspecified
vertex vz, or vy is adjacent to a vertex wvs of degree five with cyclic order: vy, 23, 21, vs,
vg. Next we dispose of the case that vy is adjacent to z3. In that case we consider the
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subgraph of G induced by 2z, 2o, 23, 25, 26 and vy. There is only one face that is not
bounded by a triangle or 4-cycle—the following walk on seven vertices: z5z3v921232025. We
5-color the subgraph as follows: ¢(z;) =i fori =1,2,3,5, ¢(z5) = 4, and ¢(vy) = 2 and apply
Lemma 2.1. By Lemma 4.1 cases (v) or (vi) of Lemma 2.1 hold. Since z; and v, have the
same color and z3 is a repeated vertex it follows from Lemma 2.1 that Gy has four vertices
a, b, c,d such that d is adjacent to 2o, 23, 25, 26, the vertices a, b, ¢ form a triangle and either
a is adjacent to zq,vs, 23, the vertex b is adjacent to zq, 29, 23, and ¢ is adjacent to 29, 23,d
(case (v) of Lemma 2.1), or a is adjacent to zy, v9, 23, the vertex b is adjacent to vs, 23, d, and
c is adjacent to 29, z3,d (case (vi) of Lemma 2.1). In the former case d is an s-vertex, and
yet vg = a, ¢ is not adjacent to z; and b is not adjacent to vs, contrary to the optimality of
(Go,vo). In the latter case Gy is isomorphic to L3 by a mapping that sends the top row of
vertices in Figure 2(c) to z1, 26, 25, 22 (in left-to-right order), the middle row to a, vy, 23,d, ¢
and the bottom vertex to b, a contradiction. Thus v, is not adjacent to z3, and hence vy23
is an identifiable pair for a vertex of degree five in G. Note that G,,., is not 5-colorable.
We 5-color the vertices 21, 2o, v9 = 23, 25, 26 of G,., such that each gets a unique color.
Since this coloring not extend to G,., we deduce that case (ii) of Lemma 2.1 holds for the
following 6-walk: zg, 2o, 23 = V9, 25, 23 = U2, 2z5. However this would imply that there are
two internal vertices w; and wsy, both adjacent to z5 and both adjacent to z5;. But then one
of them is not adjacent to z3 = vy, a contradiction. This completes both cases when Ry
includes no edges incident with vy or wvs.

Thus in the proof of (6) we have shown that }%2 includes an edge incident with v; or wv,.
Then vy, v1, vy are all adjacent to zq, z3 or z5. However, if they are all adjacent to z3, then
we can change notation so that Ry = Fygy, contrary to (2), and if they are all adjacent to zs,
then we can change notation so that Ry = Fjs6, again contrary to (2). Thus vy, v1, ve are all
adjacent to z;. We may assume that the notation is chosen so that v, is adjacent to 2z, and
z3 while v, is adjacent to z5 and zg. Let vy and vs be neighbors of vy numbered so that the
cyclic order around vg is v, 21, V1, U4, Us.

Next we claim that v; is not adjacent to zg. Suppose it were. The triangle zyv; 24 is null-
homotopic in Gy by Lemma 2.1 applied to the 4-cycle z;z526v;. Now consider the subgraph
induced by the vertices z1, z3, 23, 25, 26, and vy. All of its faces are triangles but for the
7T-walk 2252623252601 We b-color these vertices as follows: ¢(z;) =i fori =1,3,5, ¢(z6) = 4,
and c(v;) = 5. Now we must be in case (v) or (vi) of Lemma 2.1, for otherwise |V (Gy)| <9,
contrary to Lemma 4.1. Yet, since the fifth color would appear three times on the boundary;,
we can extend this coloring to all of Gy, a contradiction. Thus v; is not adjacent to z.

Now we claim that vy, vs & {21, 22, ..., 26}. To prove this claim we suppose the contrary.
Then v is adjacent to 2z, 23, 25 or zg. If vy is adjacent to zo, then v; has degree at most
four in Gqo. If vy is adjacent to zg, then either v, is degree four in GGg, a contradiction, or
vy is adjacent to zg, a contrary to the previous paragraph. If vy = z3, then the 5-cycle
1123262521 has the vertices vg and v, in its interior, contrary to Lemma 2.1. Let us assume
that vs = 2z3. Then vy is degree five and N(v;) is missing at most the edges vpz5 and vyzs.
Yet these edges must not be present, for otherwise N (v2) has a subgraph isomorphic to K,
contrary to Lemma 4.2. Hence vy & {21, 22, ..., 26}, but then it is not adjacent to z;. Thus
N, (v9) includes two disjoint edges. However, N, (v2) has a subgraph isomorphic to K5 — Ps,
contradicting the optimality of (G, vg). Thus we may assume that vy is adjacent to z5. This
implies, by Lemma 4.3, that vy = 25, because vs is already adjacent to z5 and vs = z5 would
imply the existence of another edge from vy to z5, not homotopic to the existing one. Then
the subgraph of Gy induced by 21, 29, 23, 25, 26, and v; has only one face—a six-walk—that
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can have vertices in its interior. But then there are at most nine vertices in GGy by Lemma 2.1,
contrary to Lemma 4.1. This proves our claim that vy, vs & {21, 22, ..., 2}

Continuing with the proof of (6), we note that v, is not adjacent to vy, for otherwise vs
is of degree four in Gy, a contradiction. Similarly v; is not adjacent to vs. Since z; is not
adjacent to vy or vy, the neighborhood of vy in Gy is a cycle of length five. The vertex vy
is not adjacent to zs, for otherwise the 4-cycle zyv9vgv; includes the vertices vy and vy in
its interior, contrary to Lemma 2.1. Furthermore, the vertex v, is not adjacent to zy, for
otherwise the neighborhood of v; in GGy has a subgraph isomorphic to a 5-cycle plus one edge,
contrary to the optimality of (Gg, vg). We now consider the graph G,,,,. It has a subgraph
H isomorphic to Kg, and the new vertex w of H obtained by identifying vy and v, belongs
to H. Let A denote the open disk bounded by the walk z125252525262023 of Gy,y,. Since w
belongs to A, all vertices of H belong to the closure of A. However, 2o & V(H), because 2y
is not adjacent to ve or vy in Gy. Since vy is not adjacent to zg as shown two paragraphs
ago, we deduce that not both zg and v; belong to H. That implies that z; & V(H), because
at most six neighbors of z; in G,,,, (including zo ¢ V(H)) belong to the closure of A. If
vy € V(H), then no edge incident with one of the two occurrences of z3 on the boundary of
A belongs to H. Thus regardless of which of vy, zg does not belong to H, there is a planar
graph H' obtained from H by splitting at most two vertices, and a drawing of H' in the unit
disk with vertices p, ¢, r, s drawn on the boundary in order such that H is obtained from H’
by identifying p with r, and ¢ with s. It follows that H can be made planar by deleting one
vertex, contrary to the fact that it is isomorphic to K4. This proves (6).

Since Ry = Fy it follows that zy # z;. Thus 2y = 26 by (5) and (6).
(7) We may assume that Ry # Fizs and Ry # Fio.

To prove (7) we may assume for a contradiction by symmetry that Ry = Fi36. Then by (2)
we have Ry = Fygy. We may assume that v; and vy are numbered so that v is adjacent to z;
and z3. We may assume that Rs includes no edge incident with vy or vo; for if it includes the
edge v921, then we can change notation so that Ry = Fio6, contrary to (2), and if it includes
the edge v; 23, then we can change notation and reduce to the case when R, = F{, which is
handled below. Then either the cyclic order around vg is vy, 21, 23, v2, and an unspecified
vertex vz, or vy is adjacent to a vertex vz of degree five with cyclic order: vy, 21, 23, V2, vg.
In either case, z1, vy is an identifiable pair for a vertex of degree five in Gy. Note that G,,.,
is not 5-colorable. We 5-color the vertices z; = s, 29, 23, 24, 25 of G,,., such that each gets
a unique color. Since this coloring does not extend to the rest of G,,., we deduce that case
(i) of Lemma 2.1 holds for the following 6-walk on five vertices: zjvq, 22, 24, 21U, 23, 25.
This implies that there exists a vertex w; in Gy such that w; is adjacent to 29, z4, v, 23
and z5 in Ggy. In the subgraph of Gy induced by those six vertices and z, all the faces are
triangles but for the face bounded by the cycle zyz3v925w125. Since Gy must have at least
ten vertices, we must be in case (iii) of Lemma 2.1. Now 5-color the subgraph induced by
those six vertices and z; such that ¢(z;) = @ for i = 1,2,3,5, ¢(wy) = 1, and ¢(vy) = 2.
The above-mentioned cycle is colored using four colors, and hence the 5-coloring may be
extended to Gy, a contradiction. This proves (7).

In light of (7) we may assume that both R; and Ry are equal to Fy. Thus we may assume
that Ry = Fyy and Ry = F3g5. We may assume that v; and v, are numbered so that vy is
adjacent to 21, zo and z3. Let the remaining neighbors of vg be w3, vy, v5 numbered so that
the cyclic order around vq is vq, v3, U9, V5, v4. This specifies the cyclic order uniquely up to
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reversal, and so we may assume by symmetry that the cyclic order around v; (of a subset of
the neighbors of vy) is 21, 23, v3, Vg, V4, 22, Where possibly v3 = z3 and z5 = vy.

(8) The vertezx vy is not adjacent to z4 or zs.

To prove (8) we note that z; has degree five in G and that its neighborhood has a subgraph
isomorphic to K5 — P3. If v; was adjacent to z4 or z5, then the neighborhood of z; would
have a subgraph isomorphic to K, contrary to Lemma 4.2 and the optimality of (G, vy).
This proves (8).

Since z; has degree five in G and its neighborhood has a subgraph isomorphic to K5 — Ps,
we deduce from the optimality of (G, vp) and Lemma 4.2 that the neighborhood of vy is
isomorphic to K5 — P3. It follows that

(9) the vertez vs is adjacent to vy or vs
and
(10) either vy is adjacent to vs, or vy is adjacent to vy, and not both.
(11) The vertez vy is adjacent to vy.

To prove (11) suppose for a contradiction that ve and v, are not adjacent. We will consider
Gy,v, and its new vertex w formed by identifying vo and vy. Let us note that all faces of the
subgraph of G,,,, induced by z1, 22, 23, 24, 25, v1, w are bounded by triangles except for a
face bounded by the 8-walk W, = vjwzsz3v1wz425. Let Dy be the open disk bounded by W7,
let Wy = 0104050225230 03022422 be a corresponding walk in G, and let Dy be the open disk
bounded by Wy. By Lemma 3.6 the graph G,,,, has a subgraph H isomorphic to K4. Since
G has no Kg subgraph it follows that w € V(H). If z; € V(H), then, since z; has degree five
in Gy, all neighbors of z; belong to V(H), contrary to (8). Thus all vertices of H belong to
Wi or Dy, and by Lemma 4.3 each vertex of H\w (when regarded as a vertex of G) belongs
to Wy or Dy. Assume for a moment that all but possibly one vertex of H belong to Wj.
Then z4 or z5 belongs to V(H), and so vy € V(H) by (8). Thus exactly one vertex of H, say
wy, belongs to Dy and V(H) = {w, wy, 29, 23, 24, 25 }. 1t follows that vy & {wy, 29, 23, 24, 25}
Thus vy is not adjacent to z3 in Gy, because the edge z3v, would have to lie in Dy, where it
would have to cross the path zjw;z5. But w is adjacent to z3 in H, and so v, is adjacent to
z3 in Gy. It follows that the the 4-cycle vivguaz3 is null-homotopic, for otherwise the edge
v923 and path zpwi 25 would cross in Dy. We deduce from Lemma 2.1 applied to the 4-cycle
v1Voe23 that vy = z3. But vs is adjacent to vy by (9), and yet z3 is not adjacent to vy, a
contradiction. This completes the case when at most one vertex of H belongs to D.

Thus at least two vertices of H, say w; and wsy belong to of D;. Since W has exactly two
repeated vertices, the argument used at the end of the proof of (6) shows that w; and w, are
the only two vertices of H in D;. Also, it follows that w, vy, the two repeated vertices of W,
belong to H. Since v is in H, (8) implies that z4, 25 ¢ V(H). It follows that 2o, 23 € V(H),
and consequently vy & {z2,23}. Thus each of wy,ws is adjacent in Gy to vy, 29, 23 and to
vy or vy. It follows from considering the drawing of G inside D, that one of wq, wsy, say
wy, is adjacent to vy and the 4-cycle vivguow, is null-homotopic. By Lemma 2.1 applied
to this 4-cycle we deduce that w; = vs. Thus the edge vsvy belongs to Dy. But we # vy,
because vy is not a vertex of H, and yet the edge v3v, intersects the path z3wszy inside Dy,
a contradiction. This proves (11).
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(12) The vertez vy is adjacent to vy.

We prove (12) similarly as the previous claim. Suppose for a contradiction that v; and vs
are not adjacent, and consider G,,,, and its new vertex w. The subgraph of G,,,, induced
by 21, 22, 23, 24, 25, W, vy has all faces bounded by triangles except for one bounded by the
8-walk W = wuvgzs2z3wuez429. Let Dy be the open disk bounded by Wi, and let Wy, Dy be
as in (11). Similarly as in the proof of (11) the graph G,,,, has a subgraph H isomorphic to
K¢ with w € V(H). We claim that z4 ¢ V(H). Indeed, if z4 is in H, then it is adjacent to
w in H; but z4 is not adjacent in G to vy by (8), and hence z4 is adjacent to vs in Gy. Yet
vy is adjacent to vy by (10). Since vy &€ {z4, 25} by (8), the edges vovy and z4vs must cross
inside Dy, a contradiction. This proves our claim that z4 ¢ V(H). It follows that z; ¢ V(H),
because z; has degree five in G,,,,, and 2z, is one of its neighbors.

If Dy includes at most one vertex of H, then w,vs, 29, 23,25 € V(H), and exactly one
vertex of H, say wy, belongs to D;. Thus w; is adjacent to zo and z5 in Gy, and that implies
that the edges v3v, and v3vs do not lie in D;. Therefore vs, vy, v5 € {29, 23, 24, 25}, but that
is impossible, given the existence of w;. This completes the case that D; includes at most
one vertex of H. Thus, similarly as in (11), it follows that D; includes exactly two vertices
of H, say wy and wy. Now V(H) includes w, vo and exactly two of {za, 23, 25}. But it cannot
include z5 and z3, because otherwise for some j € {1,2} the paths zsw;vy and zzws_;vy
cross inside Dg. Thus V(H) includes z; and z; for some ¢ € {3,5}. Choose j € {1,2} such
that w; # vs. Then the path zpw;z; is not disjoint from the edges vsvg, vsvs (because they
cross inside Dy), and so it follows that ¢ = 3 and vz = z3. Since there is no crossing in Dy
and w; and wy are adjacent to zo and z3, they are not both adjacent to vs. Thus we may
assume that w, is adjacent to v;. This argument shows, in fact, that the cycle vivgvow; is
null-homotopic, and so it follows from Lemma 2.1 that v3 = w;, a contradiction, because w;
lies in D; and v3 = 23 does not. This proves (12).

Now claims (10), (11), and (12) are contradictory. This completes the proof of Theo-
rem 4.6. [

Proof of Theorem 1.3. It follows by direct inspection that none of the graphs listed in
Theorem 1.3 is 5-colorable. Conversely, let Gy be a graph drawn in the Klein bottle that is
not 5-colorable. We may assume, by taking a subgraph of Gg, that Gy is 6-critical. Then
G has minimum degree at least five. By Lemma 2.2 the graph G, has a vertex of degree
exactly five, and so we may select a vertex vy of Gy such that (Gg,v) is an optimal pair.
If there is no identifiable pair, then GGy has a Kg subgraph, as desired. Thus we may select
an identifiable pair vy, vy. Let G’ := G,,4,. By Lemma 3.6 the graph G’ has a subgraph H
isomorphic to K. By Lemma 4.4 the drawing of H is 2-cell, and by Lemma 4.5 some face
of H has length six, contrary to Lemma 4.6. [J
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