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EXCLUDING INFINITE TREES

P. D. SEYMOUR AND ROBIN THOMAS

ABSTRACT. For each infinite cardinal k¥ we give several necessary and sufficient
conditions for a graph not to contain a minor isomorphic to the infinite -
branching tree in terms of a certain kind of a “tree-decomposition,” in terms
of a “path-decomposition,” and also in terms of a “cops-and-robber game.”
We also give necessary and sufficient conditions for a graph not to contain a
subgraph isomorphic to a subdivision of the same tree.

1. INTRODUCTION

In this paper graphs may be infinite, and may have loops and multiple edges.
Let G be a graph, let {G,}.ca be a collection of mutually vertex-disjoint con-
nected nonnull subgraphs of G, and let E be a set of edges of G such that
every member of E has both its endpoints in (J,., G., but does not belong to
Uaea Ga - The graph H with vertex-set A and edge-set E with the obvious
incidences is called a minor of G. The graphs G, will be called the nodes of
the minor. A graph G is a subdivision of a graph H if G can be obtained
from H by replacing the edges of H by internally disjoint paths joining the
same ends.

For a cardinal k¥ we define 7, to be the tree whose vertices are finite se-
quences (including the empty one) of ordinals < k¥ with (ay, ..., a,) and
(B1,..., Bm) being adjacent if [n —m| =1 and a; = B for i =1,...,
min(n, m). Thus, if x is infinite then 7, is a regular tree of valency x . (This
is false in the finite case; for instance, 75 is the tree with all vertices of valency
3 except for one of valency 2.)

In [1, 5] it was proved that every finite graph with no minor isomorphic to
a given finite tree admits a “path-decomposition” of bounded “width.” In this
paper we shall study some infinite extensions of this theorem, concerned with
excluding 7, either as a minor or as a subdivision. It turns out that there
are several relatively easy necessary and sufficient conditions, and we begin by
introducing them.

The following is an extension of the cops-and-robber game from [8] to infinite
cardinals. The game is played by two players on a graph G, with a fixed cardinal
k . One player controls the robber, and the other the cops. The cops attempt to
catch the robber, and the robber to survive uncaptured. The robber stands on a
vertex of the graph, and can at any time run at great speed to any other vertex
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along a path of the graph. He is not permitted to run through a cop, however.
At any time there are any number < kK cops, each of whom at any time either
stands on a vertex or is in a helicopter (that is, is temporarily removed from
the game). A move for the cop player consists either of having a set of cops
take off or of “creating” more cops (subject to the restriction that the total is
less than x) and landing them on the vertices of the graph. The objective of
the player controlling the movement of the cops is to land a cop via helicopter
on the vertex occupied by the robber, and the robber’s objective is to elude
capture. (The point of the helicopters is that cops are not constrained to move
along paths of the graph-—they move from vertex to vertex arbitrarily.) The
robber can see the helicopter approaching its landing spot and may run to a
new vertex before the helicopter actually lands. In our version of the game the
robber is visible and also can see the cops, so it is a full-knowledge game. It
is also important that the cops win only if they capture the robber in finitely
many steps. For extensions of this game see §6.

Let us make some definitions. We denote by G\ X the graph obtained from
G by deleting X (here X may be a vertex or an edge, or a set of vertices
or edges). If X C V(G), the vertex set of a component of G\X is called an
X-flap. We denote by [V']<* the set of all subsets of V' of cardinality < x .

Now we can state the game more precisely. A position is a pair (X, R), where
X € [V(G)]<* and R isan X-flap. (X is the set of vertices currently occupied
by cops, and R tells us where the robber is—since he can run arbitrarily fast, all
that matters is which component of G\ X contains him.) We set (Xp, Ro) to
an initial position. In the normal game, Xy, = @ and the robber chooses R, to
be some component of G ; however, in the analysis it will be useful to consider
other initial positions. Now step 1 of the game begins. In general, at the start
of the ith step we have a position (X;_;, R;—;). The cop player chooses a new
set X; € [V(G)]<* such that either X;_; C X; or X; C X;_;. Then the robber
player chooses (if possible) an X;-flap R; satisfying R; C R;_; or R, C R;
respectively. If this choice is impossible, that is, if V(R;—;) C X;, the cop
player has won, and otherwise the game continues with step i+ 1. The robber
player thus cannot win; his objective is to stop the cop player winning. If there
is a winning strategy for the cop player, we say that “ < ¥ cops can search the
graph.”

To describe a strategy for the robber, we need the following definition. Let
G be a graph and x a cardinal. An escape of order k¥ in G is a function o
which assigns to each X € [V(G)]<* the union of a set of X-flaps in such a
way that

(i) if X CY then o(Y)Co(X),

(i) if X C Y then every X-flap in o(X) intersects o(Y), and

(i) (@) # 2.
We speak of (i), (ii) and (iii) as the first, second, and third escape axioms.
We remark that if (i) and (ii) are satisfied, then either a(X) = @ for all
X e [V(G)]*, or (X)) # @ for all X € [V(G)]<*, and so the third ax-
iom ensures the latter. The relation to the cops-and-robber game is described
in the following.

(1.1) The graph G cannot be searched by < x cops if and only if there is an
escape of order k in G.
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Proof.. If there is an escape o of order x, the robber can remain uncaptured
by choosing R; C g(X;) at each step. Conversely, suppose that k¥ cops cannot
search the graph G. For each X € [V(G)]<¥, let o(X) be the union of all
X-flaps R such that the cop player cannot guarantee to win when the initial
position is set to be (X, R). Then o is an escape of order ¥ in G. O

So we see that escapes correspond to nonlosing strategies for the robber. In
contrast to escapes of finite order in finite graphs (see [8]), escapes of infinite
order in connected graphs are determined by trees, as follows. For ¥ > Ny, a
tree T is called x-balanced if |E(T)| > 1 and for every edge e of T, both
components of T\e have > x vertices, unless k¥ = Ry in which case T is also
permitted to be a one-way infinite path.

(1.2) Let G be a connected graph and k an infinite cardinal. If T is a subgraph
of G which is a k-balanced tree, then there exists a unique escape o in G of
order k such that

(%) for every X € [V(G)1<* and every X-flap C, C C a(X) ifand
only if |CnV(T)|>k.

Conversely, for every escape o of order k in G there exists a subgraph T of G
which is a k-balanced tree and such that (x) holds.

Our first equivalent condition will be in terms of escapes. The second will be
in terms of “tree-decompositions.” If T isatree and ¢, t, € V(T), we denote
by T[t1, t;] the set of vertices of T which lie on the path in T between f;
and f,. A tree-decomposition of a graph G is a pair (7, W), where T is a
tree and W = (W,:t € V(T)) is such that

(W1) U We=V(G), and every edge of G has both ends in some W;,
(W2) if ¢ € T[t, t"], then W,N Wy C W .

Let k be a cardinal. A tree-decomposition (7T, W) has width < k if |W| <k
for every ¢t € V(T) and |U;2, ﬂj>i W, | < k for every infinite path 7, 1, ...
in T. It has adhesion < k if |W, N Wy| < k for every {t, '} € E(T) and
liminf, o |W;,, N W,,,,| < k for every infinite path ¢, ¢,,... in T. Unfor-
tunately, we also need a more general type of “tree-decomposition,” but we
postpone its definition until it is needed.

The third equivalent condition will be in terms of an analogue of the “path-
decompositions” of [1, 5]. A well-ordered decomposition of a graph G is a pair
(A, W), where A is an ordinal and W = (W,: a < A) is such that

(WO1) U,<; Wa=V(G), and every edge of G has both ends in W, for some
a<i,

(WO2) if a< B <y<Ai,then W,nW, C Wp, and

(WO3) if o <2 is a limit ordinal, then for all 8 <a, (,s,55 Wy € Wa.

We say that (A, W) has width < k if |W,| < k for every a < A. It has
adhesion < k if for every ordinal a < A there exists a cardinal k¥’ < k¥ such
that for every B < a there exists y such that # <y <a and |W,NW, | <K',
and if a <A then |W,NW,1| <k'.
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A ray is a one-way infinite path and a graph is called rayless if it has no ray.
A tree-decomposition (7", W) is called rayless if T is rayless. Rayless trees
are easy to handle—they admit an “ordinal ranking.”

Now we can state our results in preliminary forms; full versions are stated
later.

(1.3) For a graph G and an uncountable cardinal x, the following conditions
are equivalent:

(1) G has no minor isomorphic to T, ,

(ii) G has no escape of order x,

(iii) < k cops can search G,

(iv) G admits a rayless tree-decomposition of width < k ,

(v) G admits a well-ordered decomposition of width < x and adhesion < k.

For x = Ny, the analogue of (1.3) is the following. (The equivalence of (i)
and (iv) in (1.4) was proved by Halin [2].)
(1.4) For a graph G, the following conditions are equivalent:
(i) G is rayless,
(i1) G has no escape of order X .
(iii) < No cops can search G,
(iv) G admits a rayless tree-decomposition of width < X .

In order to characterize graphs with no minor isomorphic to Ty, , we need the
following definitions. Let o be an escape of order x in a graph G. A subset
Y € [V(G)I<* is said to be later than a subset X € [V(G)]<* if |Y| < |X]|,
Y C XUod(X), and o(Y) C o(X). A subset X € [V(G)]<* is said to be
terminal if there is no later Y C V(G) with Y # X . The escape o is said to
be massive if for every X € [V (G)]<¥ there is a later set Y which is terminal.

A tree T is called scattered if it contains no subgraph isomorphic to a sub-
division of 73, and a tree-decomposition (7, W) is called scattered if T is
scattered. Scattered trees are well understood—see (4.5) for a result of [4].

(1.5) For a graph G, the following conditions are equivalent:
(i) G contains no minor isomorphic to Ty, ,
(i1) G contains no minor isomorphic to T,
(iii) G contains no subgraph isomorphic to a subdivision of T,
(iv) G has no massive escape of order ¥,
(v) G admits a scattered tree-decomposition of width < Ny and adhesion
<R,
(vi) G admits a well-ordered decomposition of width < Ny and adhesion
< Np.

An escape o of order k in a graph G is called major if for every X €
[V(G)I* and every X-flap C C a(X) there exists a vertex v € C such that
veYuUa(Y) forevery Y € [V(G)]<*.

We state only a special case of our last result; the full version is presented in
§4. (For a definition of cf(x) see the end of this section.)

(1.6) For a graph G and an infinite cardinal x, the following conditions are
equivalent:
(i) G contains no subgraph isomorphic to a subdivision of T, ,





























































































