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Abstra ct. The four-colour theorem, that ev ery lo opless planar graph admits a

v ertex-colouring with at most four di�eren t colours, w as pro v ed in 1976 b y App el

and Hak en, using a computer. Here w e giv e another pro of, still using a computer,

but simpler than App el and Hak en's in sev eral resp ects.
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1. Intr oduction

The four-colour theorem (brie
y , the 4CT) asserts that ev ery lo opless planar

graph admits a v ertex 4-colouring. This w as conjectured b y F. Guthrie in 1852,

and remained op en un til a pro of w as found b y App el and Hak en [3, 4, 5] in 1976.

Unfortunately , the pro of b y App el and Hak en (brie
y , A&H) has not b een fully

accepted. There has remained a certain amoun t of doubt ab out its v alidit y , basically

for t w o reasons:

(i) part of the A&H pro of uses a computer, and cannot b e v eri�ed b y hand, and

(ii) ev en the part of the pro of that is supp osed to b e c hec k ed b y hand is extraor-

dinarily complicated and tedious, and as far as w e kno w, no one has made

a complete indep enden t c hec k of it.

Reason (i) ma y b e a necessary evil, but reason (ii) is more disturbing, particularly

since the 4CT has a history of incorrect \pro ofs". So in 1993, mainly for our o wn

p eace of mind, w e resolv ed to con vince ourselv es someho w that the 4CT really w as

true. W e b egan b y trying to read the A&H pro of, but v ery so on ga v e this up. T o

c hec k that the mem b ers of their \una v oidable set" w ere all reducible w ould require

a considerable amoun t of programming, and also w ould require us to input b y hand

in to the computer descriptions of some 1400 graphs; and this w as not ev en the part

of their pro of that w as most con tro v ersial. W e decided it w ould b e easier, and more

fun, to mak e up our o wn pro of, using the same general approac h as A&H. So w e

did; it w as a y ear's w ork, but w e w ere able to con vince ourselv es that the 4CT is

true and pro v able b y this approac h. In addition, our pro of turned out to b e simpler

than that of A&H in sev eral resp ects.

The basic idea of the pro of is the same as that of A&H. W e exhibit a set of

\con�gurations"; in our case there are 633 of them. W e pro v e that none of these

con�gurations can app ear in a minimal coun terexample to the 4CT, b ecause if one

app eared, it could b e replaced b y something smaller, to mak e a smaller coun terex-

ample to the 4CT (this is called pro ving \reducibilit y"; here w e are doing exactly

what A&H and sev eral other authors did - for instance, [2, 9]). But ev ery minimal

coun terexample is an \in ternally 6-connected triangulation" (de�ned later), and

in the second part of the pro of w e pro v e that at least one of the 633 con�gura-

tions app ears in every in ternally 6-connected triangulation. (This is called pro ving

\una v oidabilit y", and uses the metho d of \disc harging" v ertices, �rst suggested b y

Heesc h [11]). Consequen tly , there is no minimal coun terexample, and so the 4CT

is true. Where our metho d di�ers from A&H is in ho w w e pro v e una v oidabilit y .

Some asp ects of this di�erence are: w e con�rm Heesc h's conjecture that one

can pro v e una v oidabilit y of some reducible set without lo oking b ey ond the second

neigh b ourho o ds of \o v erc harged" v ertices; consequen tly , w e a v oid the problems

with con�gurations that \wrap around and meet themselv es", that w ere a ma jor

source of complications for A&H; our una v oidable set has size ab out half that of

the A&H set; our \disc harging pro cedure" for pro ving una v oidabilit y (deriv ed from

an elegan t metho d of Ma y er [13]) only in v olv es 32 disc harging rules, instead of the

300+ of A&H; and w e obtain a quadratic time algorithm to �nd a 4-colouring of a
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planar graph, instead of the quartic algorithm of A&H.

Our pro of is also somewhat easier to c hec k, b ecause w e replace the mammoth

hand-c hec king of una v oidabilit y that A&H required, b y another mammoth hand-

c hec k able pro of, but this time written formally so that, if desired, it can b e read and

c hec k ed b y a computer in a few min utes. W e are making the necessary programs

and data a v ailable to the public for c hec king. (F or details see the next section.)

The pap er is organized as follo ws. Section 2 con tains some preliminary de�nitions

and observ ations. In the App endix w e list the 633 con�gurations, using con v en tions

describ ed in section 2. In section 3 w e pro v e their reducibilit y , and in section 4 w e

pro v e una v oidabilit y; th us, the pro of of the 4CT is complete at the end of section

4. Section 5 is a v ariet y of commen ts on wh y w e did things the w a y w e did, and

section 6 con tains a quadratic time algorithm to 4-colour a planar graph. In section

7 w e giv e more details of the \mac hine-c hec k able pro of ".

2. The Set of Configura tions

Throughout the pap er, let � b e a �xed 2-sphere. If X � �, its top ological

closure is denoted b y X . A line is a subset of � homeomorphic to the closed unit

in terv al, and its ends are de�ned in the natural w a y . An op en disc is a subset of �

homeomorphic to the real plane R

2

and a close d disc is a subset of � homeomorphic

to f ( x; y ) 2 R

2

: x

2

+ y

2

� 1 g .

A dr awing G is a pair ( U ( G ) ; V ( G )), where U ( G ) � � is closed and V ( G ) � U ( G )

is �nite, suc h that

(i) U ( G ) � V ( G ) has only �nitely man y arc-wise connected comp onen ts, called

e dges

(ii) for eac h edge e , e is a line and e � e consists of the t w o ends of e .

Th us, w e do not p ermit lo ops. The mem b ers of V ( G ) are the vertic es of G , and the

set of edges is denoted b y E ( G ). An edge e is inciden t with a v ertex v (and vice

v ersa) if v is an end of e . This de�nes a graph, and w e use standard graph-theoretic

terminology for dra wings without further explanation. The de gr e e of a v ertex v is

the n um b er of edges inciden t with it, and is denoted b y d ( v ) or d

G

( v ). A dra wing G

is a sub dr awing of a dra wing H if V ( G ) � V ( H ) and E ( G ) � E ( H ). A sub dra wing

G

0

of G is induc e d if ev ery edge of G with b oth ends in V ( G

0

) b elongs to G

0

.

A r e gion of G is an arc-wise connected comp onen t of � � U ( G ). A region r is

incident with a v ertex v (and vice v ersa) if v 2 r ; and a region r is incident with

an edge e (and vice v ersa) if e � r . A region is a triangle if it is an op en disc and is

inciden t with precisely three distinct edges that form a circuit of G . (By de�nition,

a circuit has no rep eated v ertices or edges.) A dra wing is a triangulation if ev ery

region is a triangle. Th us, a triangulation can ha v e parallel edges, but no circuit of

length t w o b ounds a region.

A minimal c ounter example means a dra wing T that is not 4-colourable, suc h

that ev ery dra wing T

0

with j V ( T

0

) j + j E ( T

0

) j < j V ( T ) j + j E ( T ) j is 4-colourable. T o

pro v e the 4CT w e shall sho w that there is no minimal coun terexample. It is easy
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to sho w that ev ery minimal coun terexample is a triangulation, and is 5-connected,

and is 6-connected except for v ertices of degree 5. More precisely , let us sa y a short

cir cuit of a triangulation is a circuit C with j E ( C ) j � 5, so that for b oth the op en

discs � b ounded b y U ( C ), � \ V ( T ) 6= ; , and j � \ V ( T ) j � 2 if j E ( C ) j = 5. Let

us sa y T is internal ly 6- c onne cte d if it has no short circuit. Then (see for example

[7]) w e ha v e

(2.1) Ev ery minimal coun terexample is an in ternally 6-connected triangulation.

A t the end of (6.5) w e giv e an algorithm whic h in e�ect constructs a 4-colouring

of T from a short circuit of T and 4-colourings of all triangulations smaller than T ,

and (2.1) is a corollary of the existence of suc h an algorithm. It is easy to con v ert

(6.5) to a pro of of (2.1).

A dra wing G is planar if one region of G is designated as in�nite , and all the

others �nite . (More exactly , a planar dra wing is a pair ( G; r ) where G is a dra wing

and r is a region of G ; but this seems p edan tic.) A ne ar-triangulation is a non-n ull

connected planar dra wing G suc h that ev ery �nite region is a triangle. In �gures

represen ting planar dra wings, the outside will alw a ys represen t the in�nite region.

A c on�gur ation K consists of a near-triangulation G ( K ) and a map 


K

: V ( G ( K )) !

Z

+

( Z

+

denotes the non-negativ e in tegers) with the follo wing prop erties:

(i) for ev ery v ertex v , G ( K ) n v has at most t w o comp onen ts, and if there are

t w o, then 


K

( v ) = d ( v ) + 2,

(ii) for ev ery v ertex v , if v is not inciden t with the in�nite region, then 


K

( v ) =

d ( v ), and otherwise 


K

( v ) > d ( v ); and in either case 


K

( v ) � 5,

(iii) K has ring-size � 2, where the ring-size of K is de�ned to b e

P

v

( 


K

( v ) �

d ( v ) � 1), summed o v er all v ertices v inciden t with the in�nite region suc h

that G ( K ) n v is connected.

Supp ose w e wish to describ e a con�guration K b y a �gure. One w a y is to \dra w"

the dra wing, and write the n um b er 


K

( v ) next to the p oin t represen ting the v ertex

v , but this is incon v enien t. A b etter w a y , due to Heesc h [11], is to use a c hoice of

\v ertex shap es" to represen t the v alues of 


K

( v ). The shap es w e use are sho wn in

�gure 1.




K

( v )= 5




K

( v )= 6




K

( v )= 7




K

( v )= 8




K

( v )= 9




K

( v )= 10

Figure 1: The shap es of v ertices.
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W e did not mak e an y sp ecial shap e for v ertices v with 


K

( v ) � 11. Please

note, therefore, that in the v ery last con�guration of the App endix, the v ertex v of

degree eigh t is supp osed to satisfy 


K

( v ) = 11. Apart from this, w e shall not need

to describ e con�gurations ha ving v ertices v with 


K

( v ) � 11.

In the App endix w e sho w 633 con�gurations, using the notation explained in

�gure 1. They are in lexicographic order of degree sequence. T o refer to an in-

dividual con�guration in this set, w e use conf ( x; y ; z ) to mean the con�guration

on ro w y and column z of page x of the App endix. Some of the con�gurations

are dra wn with extra \half-edges"; for instance, conf (1 ; 1 ; 4) is the �rst. All these

half-edges should b e ignored for the momen t. Also, certain of the edges are dra wn

thic k er than usual { again, this should b e ignored for the momen t, and thic k ened

edges regarded as normal edges. (F or the reader who wishes to con�rm our results,

this list together with all the necessary programs can b e accessed at the URL

h ttp://www.math.gatec h.edu/

~

thomas/F C/ftpinfo.h tml in electronic form. The

same material is also a v ailable via anon ymous ftp from ftp.math.gatec h.edu, in

the directory pub/users/thomas/four.)

Tw o con�gurations K and L are isomorphic if there is a homeomorphism of �

mapping G ( K ) to G ( L ) and 


K

to 


L

. An y con�guration isomorphic to one in the

App endix is called a go o d con�guration.

Let T b e a triangulation. A con�guration K app e ars in T if G ( K ) is an induced

subgraph of T , ev ery �nite region of G ( K ) is a region of T , and 


K

( v ) = d

T

( v ) for

ev ery v ertex v 2 V ( G ( K )). W e shall pro v e the follo wing t w o statemen ts.

(2.2) If T is a minimal coun terexample, then no go o d con�guration app ears in T .

(2.3) F or ev ery in ternally 6 -connected triangulation T , some go o d con�guration

app ears in T .

F rom (2.1), (2.2) and (2.3) it follo ws that no minimal coun terexample exists, and

so the 4CT is true. W e shall pro v e (2.2) in section 3, and (2.3) in section 4. The

�rst pro of needs a computer. The second can b e c hec k ed b y hand in a few mon ths,

or, using a computer, it can b e v eri�ed in a few min utes.

Let G b e a triangulation or a near-triangulation, and let � : E ( G ) ! f� 1 ; 0 ; 1 g

b e some function. A triangle r of G is tri-c olour e d (b y � ) if f � ( e ) ; � ( f ) ; � ( g ) g =

f� 1 ; 0 ; 1 g , where e , f , g are the three edges inciden t with r . W e sa y � is a tri-

c olouring of G if ev ery region is tri-coloured (if G is a triangulation), or ev ery �nite

region is tri-coloured (if G is a near-triangulation). The reason for using � 1, 0, 1 as

the p ossible v alues instead of the more natural 1, 2, 3 (sa y) is just that the former

w as what w e actually did in the computer program, and w e migh t as w ell sta y as

close to the program as p ossible.

It w as observ ed b y T ait [14] that

(2.4) A triangulation T is 4 -colourable if and only if it admits a tri-colouring.

W e found tri-colourings more con v enien t than v ertex 4-colourings to manipulate
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in the computer program, although it is easy to con v ert one to the other, and so

in what follo ws w e shall use tri-colourings, again in an e�ort to sta y as close to the

program as p ossible.

In the pro of of (2.2), w e shall c ho ose a small non-n ull set of edges of T , and

con tract them, pro ducing a new dra wing T

0

; then from the minimalit y of T it

follo ws that T

0

has a v ertex 4-colouring, and w e con v ert this to a 4-colouring of T .

There are some delicate issues in v olv ed in whether T

0

really exists (in particular, is

lo opless), but also, con tracting edges in a dra wing automatically pro duces a mass of

notational di�culties (e.g. is an edge of the dra wing after con traction the same e dge

as the corresp onding edge in the dra wing b efore con traction?) T o a v oid obscuring

the serious issues with these notational ones, it seems b est to break the con traction

pro cess in to t w o stages, as follo ws.

Let G b e a triangulation or a near-triangulation. A subset X � E ( G ) is sp arse if

ev ery region is inciden t with at most one edge in X , and the in�nite region (in the

case of a near-triangulation) is inciden t with no edge in X . If X � E ( G ) is sparse,

a tri-c olouring of G mo dulo X is a map � : E ( G ) � X ! f� 1 ; 0 ; 1 g suc h that for

ev ery region (except the in�nite region, in the case of a near-triangulation) inciden t

with edges e , f , g ,

(i) if e; f ; g 62 X , then f � ( e ) ; � ( f ) ; � ( g ) g = f� 1 ; 0 ; 1 g

(ii) if g 2 X , then � ( e ) = � ( f ).

Th us, a tri-colouring is a tri-colouring mo dulo ; .

The follo wing will allo w us to use the fact that the dra wing obtained b y con-

tracting all the edges in X is 4-colourable, without ha ving to men tion that dra wing

and its attendan t notational complexities.

(2.5) Let T b e a minimal coun terexample, and let X � E ( T ) b e sparse. Supp ose

that X 6= ; , and there is no circuit C of T suc h that j E ( C ) � X j = 1 . Then T

admits a tri-colouring mo dulo X .

Pr o of. Let F b e the dra wing with v ertex set V ( T ) and edge set X , and let Z

1

; : : : ; Z

k

b e the v ertex sets of the comp onen ts of F . Let S b e the graph with v ertex set

f Z

1

; : : : ; Z

k

g and edge set E ( T ) � X , in whic h e 2 E ( T ) � X is inciden t with Z

i

if e \ Z

i

6= ; . Since there is no circuit C of T with j E ( C ) � X j = 1, it follo ws

that S is lo opless; since S is obtained from T b y con tracting the edges in X , it is

planar; since X 6= ; , j V ( S ) j + j E ( S ) j < j V ( T ) j + j E ( T ) j ; and since T is a mini-

mal coun terexample, S admits a v ertex 4-colouring. Consequen tly there is a map

� : V ( T ) ! f 1 ; 2 ; 3 ; 4 g suc h that

(i) for 1 � i � k , � ( v ) is constan t for v 2 Z

i

, and

(ii) for ev ery edge e of T with e 62 X , � ( u ) 6= � ( v ) where e has ends u; v .
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F or eac h edge e 2 E ( T ) � X with ends u , v , de�ne

� ( e ) =

8

<

:

� 1 if f � ( u ) ; � ( v ) g = f 1 ; 2 g or f 3 ; 4 g

0 if f � ( u ) ; � ( v ) g = f 1 ; 3 g or f 2 ; 4 g

1 if f � ( u ) ; � ( v ) g = f 1 ; 4 g or f 2 ; 3 g :

Then � is a tri-colouring of T mo dulo X , as w e see as follo ws. Let r b e a region

of T , inciden t with edges e , f , g and v ertices u , v , w , where e , f , g ha v e ends

uv , v w , uw resp ectiv ely . If e; f ; g 62 X , then � ( u ), � ( v ), � ( w ) are all distinct,

and so f � ( e ) ; � ( f ) ; � ( g ) g = f� 1 ; 0 ; 1 g . On the other hand, if g 2 X (sa y), then

� ( u ) = � ( w ) and so � ( e ) = � ( f ). �

Actually , when w e apply (2.5), X will alw a ys b e the edge-set of a forest of T .

3. Reducibility

Let R b e a circuit. An e dge-c olouring of R is a map � : E ( R ) ! f� 1 ; 0 ; 1 g . W e

wish to de�ne what w e mean b y a \consisten t set" of edge-colourings of R , and for

that w e need sev eral de�nitions. A match m in R is an unordered pair f e; f g of

distinct edges of R , and a signe d match in R is a pair ( m; � ) where m is a matc h

and � = � 1. A signe d matching in R is a set M of signed matc hes, so that if

( f e; f g ; � ) ; ( f e

0

; f

0

g ; �

0

) 2 M are distinct then

(i) f e; f g \ f e

0

; f

0

g = ; , and

(ii) e , f b elong to the same comp onen t of the graph obtained from R b y deleting

e

0

and f

0

.

If M is a signed matc hing, E ( M ) denotes

f e 2 E ( R ): e 2 m for some ( m; � ) 2 M g :

F or � 2 f� 1 ; 0 ; 1 g , an edge-colouring � of R is said to � - �t a matc hing M in R if

(i) E ( M ) = f e 2 E ( R ): � ( e ) 6= � g , and

(ii) for eac h ( f e; f g ; � ) 2 M , � ( e ) = � ( f ) if and only if � = 1.

A set C of edge-colourings of R is c onsistent if for ev ery � 2 C and ev ery � 2

f� 1 ; 0 ; 1 g there is a signed matc hing M suc h that � � -�ts M , and C con tains ev ery

edge-colouring that � -�ts M .

The signi�cance of consistency stems from (3.1) b elo w, whic h essen tially dates

bac k to Kemp e [12] and Birkho� [7]. Let H b e a near-triangulation; then there is

a closed w alk

v

0

; f

1

; v

1

; : : : ; f

k

; v

k

= v

0

tracing the b oundary of the in�nite region, in the natural sense. (In fact, there are

sev eral suc h w alks, dep ending on the orien tation and the c hoice of initial v ertex.)

Since H ma y not b e 2-connected, this w alk ma y ha v e rep eated v ertices or edges.

Let R b e a circuit graph (not necessarily a circuit of H ) of length k , with edges

e

1

; : : : ; e

k

in order; and for 1 � i � k , de�ne � ( e

i

) = f

i

. W e sa y that � wr aps R

ar ound H . If � is a tri-colouring of H , let � ( e ) = � ( � ( e )) ( e 2 E ( R )); then � is an

edge-colouring of R , called a lift of � (b y � ).
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(3.1) Let H b e a near-triangulation, and let � wrap a circuit R around H . Let C

b e the set of all lifts b y � of tri-colourings of H . Then C is consisten t.

Pr o of. Let e

1

; : : : ; e

k

, f

1

; : : : ; f

k

b e as in the de�nition of \wraps". Let � 2 C , and

let � 2 f� 1 ; 0 ; 1 g . W e m ust sho w that there is a signed matc hing M suc h that �

� -�ts M and C con tains ev ery edge-colouring of R that � -�ts M . By p erm uting � 1,

0, 1 w e ma y assume that � = 0.

Since � 2 C , � is the lift of some tri-colouring � of H . A rib is a sequence

g

0

; r

1

; g

1

; r

2

; : : : ; r

t

; g

t

suc h that

(i) g

0

; g

1

; : : : ; g

t

are distinct edges of H ,

(ii) r

1

; r

2

; : : : ; r

t

are distinct �nite regions of H ,

(iii) if t > 0 then g

0

, g

t

are b oth inciden t with the in�nite region of H , and if

t = 0 then g

0

is inciden t with no �nite region of H ,

(iv) for 1 � i � t , r

i

is inciden t with g

i � 1

and with g

i

, and

(v) for 0 � i � t , � ( g

i

) 6= 0.

In an y rib the v alues of � ( g

0

) ; � ( g

1

) ; � ( g

2

) ; : : : are � 1 alternately , and � ( e ) = 0 for

ev ery edge e not in the rib that is inciden t with a region in the rib. Th us, if w e

rev erse the signs of � ( g

0

) ; : : : ; � ( g

t

) w e obtain a new tri-colouring of H .

Moreo v er, an y t w o ribs are disjoin t (they share neither edges nor regions); and

for 1 � i � k , f

i

b elongs to a unique rib if � ( f

i

) = � 1, and to no rib if � ( f

i

) = 0.

With eac h rib g

0

; r

1

; : : : ; r

t

; g

t

, w e asso ciate the signed matc h ( f e

i

; e

j

g ; � ), where

g

0

= f

i

, g

t

= f

j

, and � = +1 or � 1 dep ending whether t is ev en or o dd, resp ectiv ely

(or equiv alen tly , whether � ( g

0

) = � ( g

t

) or not, resp ectiv ely). The set of all these

signed matc hes is a signed matc hing M , and � � -�ts M . No w let �

0

b e an y edge-

colouring of R that � -�ts M , and de�ne �

00

( f

i

) = �

0

( e

i

) (1 � i � k ). (This is

w ell-de�ned, for if f

i

= f

j

then � ( e

i

) = � ( e

j

) and hence �

0

( e

i

) = �

0

( e

j

).) By

rev ersing the signs of � in some of the ribs w e can construct a tri-colouring �

0

of H

whose restriction to f f

1

; : : : ; f

k

g is �

0 0

. Then �

0

is the lift of �

0

, and so �

0

2 C as

required. �

Since the n ull set is consisten t, and the union of an y t w o consisten t sets is con-

sisten t, it follo ws that an y set of edge-colourings S has a unique maximal consisten t

subset S

0

. Moreo v er, for j E ( R ) j su�cien tly small, a computer can compute S

0

from

a kno wledge of S reasonably quic kly . F or instance, with j E ( R ) j = 14, whic h is the

maxim um w e need, it normally tak es less than a min ute on a Sparc 20 w orkstation.

Let K b e a con�guration. A near-triangulation S is a fr e e c ompletion of K with

ring R if

(i) R is an induced circuit of S , and b ounds the in�nite region of S
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(ii) G ( K ) is an induced sub dra wing of S , G ( K ) = S n V ( R ), ev ery �nite region of

G ( K ) is a �nite region of S , and the in�nite region of G ( K ) includes U ( R )

and the in�nite region of S , and

(iii) ev ery v ertex v of S not in V ( R ) has degree 


K

( v ) in S .

F or instance, the dra wing in �gure 2 is a free completion of conf (1 ; 3 ; 2).

Figure 2. A free completion.

It is easy to c hec k that ev ery con�guration has a free completion. (This is

where w e use the condition that ring-size � 2 in the de�nition of a con�guration

{ the ring-size is actually the length of the ring in the free completion, as the

reader ma y v erify .) Moreo v er, if S

1

, S

2

are t w o free completions of K , there is a

homeomorphism of � �xing G ( K ) p oin t wise and mapping S

1

to S

2

. (This is where

condition (i) in the de�nition of a con�guration is used.) Th us, there is essen tially

only one free completion, and so w e ma y sp eak of \the" free completion without

serious am biguit y .

Let S b e the free completion of a con�guration K with ring R . Let C

�

b e the

set of all edge-colourings of R , and let C � C

�

b e the set of all restrictions to

E ( R ) of tri-colourings of S . Let C

0

b e the maximal consisten t subset of C

�

� C . The

con�guration K is said to b e D - r e ducible if C

0

= ; . W e shall see that no D -reducible

con�guration app ears in a minimal coun terexample.

There are sev eral other w a ys in the literature to pro v e that a con�guration do es

not app ear in a minimal coun terexample, but w e shall not need the more di�cult

ones (general C -reducibilit y , blo c k-coun t reducibilit y). The only other tec hnique

w e require is a sp ecial case of C -reduction, the follo wing.

With notation as b efore, let X � E ( S ) � E ( R ). W e sa y that X is a c ontr act for

K if X 6= ; , X is sparse in S , and no edge-colouring in C

0

is the restriction to E ( R )

of a tri-colouring of S mo dulo X .
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Sub ject to one other condition (w e ha v e to c hec k that if K o ccurs in an in ternally

6-connected triangulation T , then there is no circuit C of T with j E ( C ) � X

0

j = 1,

where X

0

is the set of edges of T corresp onding to X ), no con�guration K with a

con tract can app ear in a minimal coun terexample, as w e shall see.

As w e observ ed b efore, certain of the con�gurations dra wn in the App endix

ha v e extra \half-edges" { these are mean t to indicate edges of the free completion.

(Whenev er w e drew an y half-edge inciden t with a v ertex v , w e also drew all the

other edges of the free completion inciden t with v , in their natural cyclic order, to

mak e clear whic h edge w as whic h.) Also, in the App endix, sometimes certain edges

or half-edges are dra wn thic k er than usual.

By using a computer, w e sho w ed that

(3.2) F or eac h of the 633 con�gurations K dra wn in the App endix, let X b e the

set of edges of the free completion of K dra wn thic k ened in the �gure. If X = ; ,

then K is D -reducible. Otherwise, 1 � j X j � 4 , and X is a con tract for K .

In the remainder of this section, w e deriv e (2.2) from (3.2).

Supp ose that K is a con�guration that app ears in a triangulation T . There

need not b e an y sub dra wing of T that is a free completion of K , and this presen ts

certain problems when w e try to deduce results ab out T from results ab out the free

completion. W e o v ercome them b y means of (3.3) b elo w.

If T is a triangulation or near-triangulation, its set of regions (excluding the

in�nite region, for a near-triangulation) is denoted b y F ( T ). Let T b e a triangula-

tion, and S a near-triangulation. A pr oje ction of S into T is a map � with domain

V ( S ) [ E ( S ) [ F ( S ), suc h that

(i) � maps V ( S ) in to V ( T ), E ( S ) in to E ( T ), and F ( S ) in to F ( T )

(ii) for distinct u; v 2 V ( S ), � ( u ) = � ( v ) only if u , v are b oth inciden t with

the in�nite region of S ; for distinct e; f 2 E ( S ), � ( e ) = � ( f ) only if e , f

are b oth inciden t with the in�nite region of S ; and for distinct r ; s 2 F ( S ),

� ( r ) 6= � ( s )

(iii) for x; y 2 V ( S ) [ E ( S ) [ F ( S ), if x , y are inciden t in S , then � ( x ), � ( y ) are

inciden t in T .

(3.3) Let K b e a con�guration app earing in a triangulation T , and let S b e the

free completion of K . Then there is a pro jection � of S in to T suc h that � ( x ) = x

for all x 2 V ( G ( K )) [ E ( G ( K )) [ F ( G ( K )) .

This is a \folklore" theorem, and w e omit its pro of, whic h is straigh tforw ard but

length y . A function � as in (3.3) is called a c orr esp onding pr oje ction .

(3.4) Let K b e a con�guration app earing in a triangulation T , let S b e the free

completion of K , with ring R , and let � b e a corresp onding pro jection of S in to T .

Let H b e the planar dra wing obtained from T b y deleting V ( G ( K )) and designating
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as in�nite the region of H including V ( G ( K )) . Then H is a near-triangulation, and

the restriction of � to E ( R ) wraps R around H .

This is another straigh tforw ard result, and so again w e omit the pro of. If G is a

planar dra wing, v 2 V ( G ) and e 2 E ( G ), w e sa y that e fac es v if e is not inciden t

with v and there is a �nite triangle of G inciden t with b oth e and v . If S is a free

completion of a con�guration K , and X � E ( S ) is sparse in S with j X j = 4, a

v ertex v of S is a triad for X if

(i) v 2 V ( G ( K )),

(ii) there are at least three v ertices of S that are adjacen t to v and inciden t with

a mem b er of X , and

(iii) if 


K

( v ) = 5, then not ev ery mem b er of X faces v .

(3.5) Let K b e a con�guration app earing in a triangulation T , let S b e the free

completion of K , and let � b e a corresp onding pro jection of S in to T . Let X � E ( S )

b e sparse in S with j X j � 4 , suc h that if j X j = 4 there is a triad for X . If there is

a circuit C of T with j E ( C ) � � ( X ) j � 1 , then there is a short circuit in T .

Pr o of. Let X

0

= � ( X ) \ E ( C ). Since X is sparse in S , no edge of X is inciden t

with the in�nite region of S , and consequen tly ev ery edge in X is inciden t with t w o

distinct �nite regions of S . By (3.3), it follo ws that ev ery region of T inciden t with

an edge in X

0

is equal to � ( r ) for some �nite region r of S ; and hence X

0

is sparse

in T . No w j E ( C ) j � j X j + 1 � 5, and w e ma y assume that C is not a short circuit

of T , and so there is an op en disc � � � b ounded b y C , with j � \ V ( T ) j � 1, and

with � \ V ( T ) = ; if j E ( C ) j � 4. But ev ery edge of X

0

is inciden t with a triangle

of T included in �, and all these triangles are distinct since X

0

is sparse in T .

Consequen tly , � includes at least j X

0

j � j E ( C ) j � 1 triangles of T . If j E ( C ) j � 4,

then this is imp ossible since � \ V ( T ) = ; ; and so j E ( C ) j = 5, j X j = 4, there is a

unique v ertex t of T in �, d

T

( t ) = 5, and ev ery edge of C faces t in T .

Since j X j = 4, there is a triad v 2 V ( S ) for X , b y h yp othesis. Either d

K

( v ) � 6

or some edge in X do es not face v in S since v is a triad, and it follo ws in either

case that v = � ( v ) 6= t . Since v = � ( v ) has at least three distinct neigh b ours in

C , and ev ery v ertex of C is adjacen t to t , it follo ws that T has a short circuit, as

required. �

Next w e need

(3.6) Let K b e one of the con�gurations sho wn in the App endix, let S b e its free

completion, and let X b e the set of edges of S thic k ened in the �gure. If j X j = 4 ,

there is a triad for X .

T o pro v e this, the reader should examine individually all the con�gurations in

the App endix. F or most of them, j X j � 3, so the task is not as di�cult as it migh t

seem.
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(There is a subtle problem here. When w e use a computer to c hec k the cor-

rectness of (3.2) and later (4.9), the computer reads 633 con�gurations from a �le,

not directly from the App endix. Ho w can w e b e sure that the con ten ts of the �le

matc hes what is dra wn in the App endix? Do es the reader also ha v e to c hec k this

someho w? One w a y to a v oid that extra burden on the reader is to rede�ne \go o d

con�guration" to b e one of the con�gurations in the �le, rather than one in the

App endix, and to regard the App endix just as an illustration. Then if for some

reason there is a discrepancy b et w een the t w o lists, our pro of is still v alid. But

then the pro of of (3.6) is susp ect, b ecause to pro v e it b y hand w e use the App en-

dix. T o resolv e this, w e include in the programs a c hec k that the con�gurations in

the computer �le satisfy (3.6).)

No w w e pro v e (2.2), whic h w e restate.

(3.7) If T is a minimal coun terexample, then no go o d con�guration app ears in T .

Pr o of. Supp ose that K is a go o d con�guration that app ears in T . Let S b e the free

completion of K , with ring R , and let � b e a corresp onding pro jection of S in to T .

Let X b e the set of edges of S corresp onding to those thic k ened in the App endix.

Let H b e obtained as in (3.4), and let  b e the restriction of � to E ( R ).

By (3.4) H is a near-triangulation and  wraps R around H . Let C

�

b e the set

of all edge-colourings of R , and let C

1

� C

�

b e the set of all lifts of tri-colourings

of H via  . By (3.1), C

1

is consisten t. Let C

2

� C

�

b e the set of all restrictions

to E ( R ) of tri-colourings of S . Since T admits no tri-colouring b y (2.4), it follo ws

easily that C

1

\ C

2

= ; . Let C

3

b e the maximal consisten t subset of C

�

� C

2

. Since

C

1

is consisten t and C

1

\ C

2

= ; , it follo ws that C

1

� C

3

.

It is p ossible to complete H to a triangulation T

0

b y adding edges, and since

T is a minimal coun terexample it follo ws that T

0

, and hence H , admits a tri-

colouring. Consequen tly C

1

6= ; , and so C

3

6= ; , and K is not D -reducible. By

(3.2), 1 � j X j � 4 and X is a con tract for K . No w X is sparse in S , and b y

(2.1) T has no short circuit, and so b y (3.6) and (3.5) there is no circuit C of T

with j E ( C ) � � ( X ) j = 1. Hence b y (2.5) T admits a tri-colouring mo dulo � ( X ), �

sa y . The restriction of � to E ( H ) is a tri-colouring of H , since � ( X ) \ E ( H ) = ; ;

and so its lift, � sa y , via  b elongs to C

1

and hence to C

3

. But for e 2 E ( S ), let

�

0

( e ) = � ( � ( e )); then �

0

is a tri-colouring of S mo dulo X , and � is its restriction to

R . This con tradicts that X is a con tract for S , and the result follo ws. �

4. Una v oid ability

In this section w e pro v e (2.3). A c artwhe el is a con�guration W suc h that there

is a v ertex w and t w o circuits C

1

, C

2

of G ( W ) with the follo wing prop erties:

(i) f w g , V ( C

1

), V ( C

2

) are pairwise disjoin t and ha v e union V ( G ( W ))

(ii) C

1

and C

2

are b oth induced subgraphs of G ( W ), and U ( C

2

) b ounds the

in�nite region of G ( W )

(iii) w is adjacen t to all v ertices of C

1

and to no v ertices of C

2

.
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It follo ws that the edges of G ( W ) are of four kinds; edges of C

1

, edges of C

2

,

edges b et w een w and V ( C

1

), and edges b et w een V ( C

1

) and V ( C

2

). W e call w the

hub of the cart wheel. See �gure 3.

Figure 3: A cart wheel

T o a v oid confusion, let us stress that �gure 3 is a picture of W , not of the free

completion of W ; the free completion w ould ha v e thr e e concen tric circuits around

w .

W e need the follo wing result of Birkho� [7].

(4.1) Let v b e a v ertex of an in ternally 6 -connected triangulation T . There is a

unique cart wheel app earing in T with h ub v .

Let W b e a cart wheel. A con�guration K app e ars in W if G ( K ) is an induced

sub dra wing of G ( W ), ev ery �nite region of K is a �nite region of W (and hence

the in�nite region of K includes the in�nite region of W ), and 


K

( v ) = 


W

( v ) for

ev ery v 2 V ( G ( K )).

A p ath Q in a dra wing G is a non-n ull connected sub dra wing with no circuits in

whic h ev ery v ertex has degree � 2. Its length is j E ( Q ) j . (Th us, w e p ermit paths

of length 0, but w e insist that paths ha v e no rep eated v ertices or edges). It is a

u; v - p ath if u; v 2 V ( Q ) and u , v are the v ertices of Q of degree < 2.

A p ass P is a quadruple ( K ; r ; s; t ) where
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(i) K is a con�guration,

(ii) r is a p ositiv e in teger,

(iii) s and t are distinct adjacen t v ertices of G ( K ), and

(iv) for eac h v 2 V ( G ( K )) there is an s; v -path and a t; v -path in G ( K ), b oth of

length � 2.

W e write r ( P ) = r , s ( P ) = s , t ( P ) = t , and K ( P ) = K . W e call r the value of

the pass, s its sour c e , and t its sink .

A pass P app e ars in a triangulation T if K ( P ) app ears in T . A pass P app e ars

in a cart wheel W if K ( P ) app ears in W . Isomorphism for passes is de�ned in the

natural w a y .

Let P b e a set of passes. W e write P � P to denote that P is a pass isomorphic

to a mem b er of P . If W is a cart wheel, w e de�ne N

P

( W ) to b e

10(6 � 


W

( w )) +

X

( r ( P ): P � P ; P app ears in W ; t ( P ) = w )

�

X

( r ( P ): P � P ; P app ears in W ; s ( P ) = w ) ;

where w is the h ub of W .

(4.2) Let T b e an in ternally 6 -connected triangulation, and let P b e a set of

passes. Then the sum of N

P

( W ) , o v er all cart wheels W app earing in T , equals 120 .

Pr o of. F or eac h v 2 V ( T ), there is a unique cart wheel W

v

app earing in T with h ub

v , b y (4.1). Th us, f W

v

: v 2 V ( T ) g is the set of all cart wheels app earing in T .

Let P b e a pass app earing in T , with source s . W e claim that P app ears in W

s

.

T o see this, let H = G ( K ( P )), and let G = G ( W

s

). Certainly V ( H ) � V ( G ), b y

condition (iv) in the de�nition of a pass, since V ( G ) con tains ev ery v ertex v of T

suc h that there is an s; v -path in T of length � 2. Also, E ( H ) � E ( G ), b ecause

E ( H ) � E ( T ) and G is an induced sub dra wing of T . Finally , let r b e a �nite region

of H . Then r is a region of T since P app ears in T ; w e m ust sho w that r is a �nite

region of G . Supp ose not; then r is a subset of the in�nite region of G . But ev ery

edge of T inciden t with r is an edge of G , and so r is the in�nite region of G . Hence

ev ery region of G is a region of T , and so G = T , whic h is imp ossible since W

s

has

ring-size � 2. This pro v es that r is a �nite region of G , and so P app ears in W

s

,

as claimed.

It follo ws that

X

( r ( P ): P � P ; P app ears in T )

=

X

v 2 V ( T )

X

( r ( P ): P � P ; P app ears in W

v

; s ( P ) = v ) ;

b ecause certainly ev ery pass app earing in some W

v

also app ears in T . The same

equation holds with s ( P ) replaced b y t ( P ), and consequen tly

X

v 2 V ( T )

N

P

( W

v

) =

X

v 2 V ( T )

10(6 � 


W

( v )) :
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Let j V ( T ) j = n . F or eac h v ertex v , 


W

( v ) = d

T

( v ), and

X

v 2 V ( T )

d

T

( v ) = 2 j E ( T ) j = 6 n � 12 ;

b y the w ell-kno wn application of Euler's form ula. Hence

X

v 2 V ( T )

N

P

( W

v

) = 60 n � 10(6 n � 12) = 120 ;

as required. �

It follo ws from (4.2) that

(4.3) Let T b e an in ternally 6 -connected triangulation, and let P b e a set of

passes. Then there is a cart wheel W app earing in T with N

P

( W ) > 0 .

W e shall describ e a set P of passes with the prop ert y that

(4.4) F or ev ery cart wheel W with N

P

( W ) > 0 , some go o d con�guration app ears

in W .

Our second main result (2.3) follo ws immediately from (4.3) and (4.4); and so

the ob jectiv e of the remainder of this section is to describ e P and sho w that (4.4)

holds. No w our set P con tains in�nitely man y non-isomorphic passes, but they can

b e divided con v enien tly in to 32 classes, eac h describ ed b y what w e call a \rule".

F ormally , a rule is a 6-tuple ( G; � ; � ; r ; s; t ), where

(i) G is a near-triangulation, and G n v is connected for ev ery v ertex v ,

(ii) � is a map from V ( G ) to Z

+

; and � is a map from V ( G ) to Z

+

[ f1g

satisfying � ( v ) � � ( v ) for ev ery v ertex v ,

(iii) r > 0 is an in teger, and

(iv) s and t are distinct, adjacen t v ertices of G , and for ev ery v 2 V ( G ) there is

a v ; s -path and a v ; t -path of length � 2, suc h that � ( w ) � 8 for the in ternal

v ertex w of the path, if there is one.

A pass P ob eys a rule ( G; � ; � ; r ; s; t ) if P is isomorphic to some ( K ; r ; s; t ) where

G ( K ) = G and � ( v ) � 


K

( v ) � � ( v ) for ev ery v ertex v 2 V ( G ).

Let us extend the con v en tions of �gure 1 to describ e rules. Con v enien tly , w e

shall not need man y p ossibilities for the pairs ( � ( v ) ; � ( v )). In all cases, either

(a) 5 � � ( v ) = � ( v ) � 8, or

(b) � ( v ) = 5 and 6 � � ( v ) � 8, or

(c) 5 � � ( v ) � 8 and � ( v ) = 1 .

T o describ e case (a), w e naturally use the con v en tions of �gure 1. F or (b), w e use

the �gure 1 con v en tion that indicates a v ertex v with 
 ( v ) = � ( v ), and add to the
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�gure a min us sign ( � ) close to the v ertex. Similarly , for (c) w e use the �gure 1

con v en tion for 
 ( v ) = � ( v ), and add a plus sign (+).

In addition, for eac h rule w e indicate r , s and t b y marking the edge joining s and

t with an arro w (if r = 1) or double arro w (if r = 2), directed from s to t . (F or all

the rules w e need, r = 1 or 2.) Th us �gure 4 describ es 32 rules (the reader should

v erify that in eac h case, conditions (i)-(iv) in the de�nition of \rule" are satis�ed).

Henceforth in this pap er, P denotes the set of passes that ob ey one of these rules.

(No pass ob eys t w o distinct rules from �gure 4, but there are a few instances of a

pass P ob eying a rule from the �gure where the asso ciated isomorphism from P to

( K ; r ; s; t ) is not unique { for instance, with rules 10 and 31. Let us stress that ev en

in suc h a case, the pass P is coun ted only once in the set P ; the latter is a set, not

a m ultiset.)

P asses ob eying the �rst rule ha v e v alue 2, and all other mem b ers of P ha v e v alue

1. The �rst sev en rules are di�eren t from the others. In an y pass P that ob eys

one of them, the source s satis�es 


P

( s ) = 5 or 6, while in a pass that ob eys one

of the other rules, 


P

( s ) = 7 or 8 and the sink t satis�es 


P

( t ) � 7. There is some

system in the �rst sev en rules, as w e shall see in (4.5) b elo w, but the other rules

w ere c hosen b y trial and error, and ha v e no particular plan or pattern.

A t �rst sigh t the reader ma y w onder wh y in rule 10, the v ertex v with � ( v ) = 5

and � ( v ) = 1 cannot simply b e deleted. The reason is, supp ose a pass app ears

ob eying rule 10 with v of degree 5. Then two passes w ould app ear ob eying the

mo di�ed rule (mirror images of one another) and the net e�ect of the set of rules

w ould b e di�eren t.

W e need to pro v e that our c hoice of P satis�es (4.4). T o do so, w e break (4.4)

in to three cases, dep ending on the degree of the h ub of the cart wheel: degree at

most 6, degree 7 ; : : : ; 11, and degree at least 12. The �rst and last cases can b e

done b y hand, as w e shall see. F or the �rst w e need the follo wing lemma.

(4.5) Let W b e a cart wheel, with h ub w of degree 5 or 6 . F or k = 1 ; : : : ; 32 let p

k

(resp ectiv ely , q

k

) b e the sum of r ( P ) o v er all passes P ob eying rule k and app ear-

ing in W with sink (resp ectiv ely , source) w . Supp ose that no go o d con�guration

app ears in W . Then:

(i) p

1

= q

2

+ q

3

(ii) p

3

= q

4

(iii) p

4

= q

5

+ q

6

, and

(iv) p

5

= q

7

.

Pr o of. W e write 
 for 


W

. Let X b e the set of all triples ( x; y ; z ) of neigh b ours of

w in W suc h that x , y , z are all distinct, y is adjacen t to b oth x and z , and 
 ( x ) = 5.

Th us p

1

= j X j . No w q

2

is the n um b er of ( x; y ; z ) 2 X with 
 ( y ) � 7; and q

3

is the

n um b er of ( x; y ; z ) 2 X with 
 ( y ) � 6 and 
 ( z ) � 6. Since there is no ( x; y ; z ) 2 X
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Figure 4: The rules

with 
 ( y ) � 6 and 
 ( z ) = 5 (b ecause conf (1 ; 1 ; 1), conf (1 ; 1 ; 2) and conf (1 ; 1 ; 4)

do not app ear) it follo ws that q

2

+ q

3

= j X j = p

1

. This pro v es (i).

If 
 ( w ) = 5 then p

3

, p

4

, p

5

, q

4

, q

5

, q

6

, q

7

are all zero and so (ii),(iii) and (iv) are

true. W e assume then that 
 ( w ) = 6.

No w let X b e the set of all triples ( x; y ; z ) of neigh b ours of w suc h that x , y , z
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are all distinct, y is adjacen t to b oth x and z , 
 ( x ) � 6, 
 ( y ) � 6, and 
 ( u ) = 5,

where u is the v ertex di�eren t from w adjacen t to b oth x and y . Th us p

3

= j X j .

But for eac h ( x; y ; z ) 2 X , 
 ( z ) � 6 since conf (1 ; 1 ; 2), conf (1 ; 1 ; 4), conf (1 ; 1 ; 5)

and conf (1 ; 1 ; 7) do not app ear; and so j X j = q

4

. This pro v es (ii).

The pro ofs of (iii) and (iv) are similar and w e omit them. �

F rom (4.5) w e deduce:

(4.6) Let W b e a cart wheel with N

P

( W ) > 0 , and with h ub of degree 5 or 6 .

Then a go o d con�guration app ears in W .

Pr o of. Let w b e the h ub, and de�ne p

k

and q

k

for k = 1 ; : : : ; 32 as in (4.5). Supp ose

that no go o d con�guration app ears; w e shall sho w that N

P

( W ) = 0, a con tradiction.

First, let 


W

( w ) = 5. Then p

k

= 0 for k = 2 ; : : : ; 32 and q

k

= 0 for k = 4 ; : : : ; 32,

and so

N

P

( W ) = 10 + p

1

� q

1

� q

2

� q

3

= 0

b y (4.5) (since q

1

= 10). No w let 
 ( w ) = 6. Then, again b y (4.5),

N

P

( W ) = p

1

+ p

3

+ p

4

+ p

5

� q

2

� q

3

� q

4

� q

5

� q

6

� q

7

= 0 :

In either case w e ha v e a con tradiction. �

No w w e pro v e (4.4) for cart wheels with h ub of degree at least 12. F or that w e

need a di�eren t lemma, the follo wing.

(4.7) Let W b e a cart wheel with h ub w , and let v b e a neigh b our of w . If no go o d

con�guration app ears in W , then the sum of r ( P ) o v er all passes P 2 P app earing

in W with source v and sink w is at most 5.

Pr o of. F or k = 1 ; : : : ; 32 let R

k

b e the sum of r ( P ) o v er all passes P ob eying rule

k , app earing in W with source v and sink w . Let R = R

1

+ � � � + R

32

. W e m ust

sho w that R � 5. W e observ e that for eac h k , R

k

� 2.

First, let 


W

( v ) = 5. Then R

1

= 2, and R = 2 + R

2

+ R

3

. Since conf (1 ; 1 ; 1)

do es not app ear, it follo ws that not b oth R

2

, R

3

= 2, and so R � 5 as required.

No w let 


W

( v ) = 6. Then

R = R

2

+ R

3

+ R

4

+ R

5

+ R

6

+ R

7

:

Since R

3

+ R

5

+ R

6

� 2, R

2

+ R

7

� 2, and R

4

� 2, w e ma y assume that equalit y holds

throughout. Since R

4

= 2 it follo ws that R

7

= 0, and R

2

� 1 (since conf (1 ; 1 ; 3),

conf (1 ; 1 ; 6), conf (1 ; 2 ; 2) do not app ear), con tradicting that R

2

+ R

7

= 2. Th us

R � 5 as required.

If 


W

( v ) � 9 then R = 0, b ecause 


P

( s ) � 8 for the sink s of ev ery pass P 2 P .

There therefore remain the cases 


W

( v ) = 8 and 7.
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Let 


W

( v ) = 8. Then

R = R

28

+ R

29

+ R

30

+ R

31

+ R

32

:

No w R

30

, R

31

, R

32

� 1, and if an y one of them is nonzero then the other t w o are

zero and so are R

28

and R

29

(since conf (5 ; 7 ; 2) do es not app ear). Hence w e ma y

assume that R = R

28

+ R

29

� 3, as required.

Finally , let 


W

( v ) = 7. This w e need to break in to sev eral sub cases. Let u

1

and u

2

b e the t w o v ertices adjacen t to b oth v and w , and let 


W

( u

1

) = c

1

and




W

( u

2

) = c

2

. F rom the symmetry w e ma y assume that c

1

� c

2

.

First, let c

1

= c

2

= 5. Then

R = R

8

+ R

9

+ R

10

+ R

11

+ R

12

+ R

13

:

If R

10

� 1, then R

10

= 1, R

8

� 2, R

9

� 1 (since conf (1 ; 4 ; 3) do es not app ear),

R

12

+ R

13

� 1 and R

11

= 0, and hence R � 5 as required. W e assume then that

R

10

= 0, and hence R

12

= R

13

= 0 and R

8

� 1. But R

9

� 2 and R

11

� 1, so R � 4

as required.

Next, let c

1

= 5 and c

2

= 6. Then

R = R

8

+ R

9

+ R

14

+ R

15

+ R

16

+ R

17

+ R

18

+ R

19

:

Not b oth R

16

and R

18

are nonzero, and b oth are zero if R

8

= 2, and so R

8

+

R

16

+ R

18

� 2. Also, R

9

� 1 (since conf (1 ; 4 ; 3) and conf (1 ; 4 ; 5) do not app ear),

R

14

+ R

19

� 1, and R

15

+ R

17

� 1, so R � 5 as required.

Next, let c

1

= c

2

= 6. Then

R = R

8

+ R

9

+ R

20

+ R

21

+ R

22

:

But R

9

� 2, R

8

+ R

21

� 2 (since conf (1 ; 4 ; 3) and conf (2 ; 10 ; 6) do not app ear),

and R

20

+ R

22

� 1, so R � 5 as required.

Next, let c

1

= 5 and c

2

� 7. Then

R = R

8

+ R

9

+ R

18

+ R

19

+ R

23

+ R

24

+ R

25

:

But R

8

� 1, R

9

� 1, R

18

+ R

19

� 1, and R

23

+ R

24

+ R

25

� 1, so R � 4 as required.

Finally , let c

1

� 6 and c

2

� 7. Then

R = R

8

+ R

9

+ R

21

+ R

22

+ R

26

+ R

27

:

But R

8

� 1, R

9

� 1, R

21

+ R

22

� 1, and R

26

+ R

27

� 1, so R � 4 as required.

This pro v es the result if 


W

( v ) = 7, and hence completes the pro of. �

F rom (4.7) w e deduce:
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(4.8) Let W b e a cart wheel with N

P

( W ) > 0 , and with h ub of degree � 12 . Then

a go o d con�guration app ears in W .

Pr o of. Supp ose that no go o d con�guration app ears. Let 


W

( w ) = d and let D b e

the set of neigh b ours of w , where w is the h ub of W . F or eac h v 2 D , let R ( v ) b e

the sum of r ( P ) o v er all passes P 2 P app earing in W with source v and sink w .

Then

P

v 2 D

R ( v ) � 5 d b y (4.7). Hence

N

P

( W ) = 10(6 � d ) +

X

v 2 D

R ( v ) � 10(6 � d ) + 5 d = 60 � 5 d � 0 ;

a con tradiction. The result follo ws. �

In view of (4.6) and (4.8), in order to pro v e (4.4) and hence (2.3) it remains to

pro v e the follo wing.

(4.9) Let W b e a cart wheel with N

P

( W ) > 0 , and with h ub of degree 7 , 8 , 9 , 10

or 11 . Then a go o d con�guration app ears in W .

F or eac h of the �v e cases, w e ha v e a pro of. Unfortunately they are v ery long

(altogether ab out 13 ; 000 lines, and a large prop ortion of the lines tak e some though t

to v erify), and so cannot b e giv en here. Moreo v er, although an y line of the pro ofs

can b e c hec k ed b y hand, the pro ofs themselv es are not \really" c hec k able b y hand

b ecause of their length. W e therefore wrote the pro ofs so that they are mac hine-

readable, and in fact a computer can c hec k these pro ofs in a few min utes. (More

details are giv en in section 7.) Alternativ ely , one can write a computer program to

c hec k (4.9) directly , for it is easily seen to b e a �nite problem.

This concludes our pro of of the 4CT. Of course, w e ha v e not giv en pro ofs of (3.2)

and (4.9), but merely asserted that w e c hec k ed them b y computer. F or the reader

to b e sure of the truth of these t w o statemen ts, he needs to read the computer

programs and then run them on a computer, or to write and use his o wn programs.

T o facilitate this, w e are making all the necessary programs and data (and, in

particular, the pro ofs of the �v e cases of (4.9)) a v ailable on the W orld-Wide W eb

and via \anon ymous ftp" as describ ed earlier. V erifying (3.2) tak es ab out 3 hours

on a Sun Sparc 20 w orkstation, and (4.9) tak es ab out 20 min utes altogether. The

�rst needs ab out one megab yte of RAM, and the second less. W e used w orkstations

for con v enience, but the programs run on p ersonal computers (including laptops)

as w ell.

Ga � sp er Fija v � z, a studen t of one of the referees of this pap er (Bo jan Mohar), has

indep enden tly v eri�ed the truth of (3.2) and (4.9). He wrote his o wn programs (in

P ascal - ours w ere written in C) and ran them on t w o computers with t w o di�eren t

pro cessors (a 486 and a p en tium based PC). No discrepancies w ere found. Also,

Christopher Carl Hec kman, a studen t of Robin Thomas, wrote a P ascal program

to indep enden tly v erify (4.9). His program is a v ailable from anon ymous ftp along

with the other programs.
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5. Modifica tions, Extensions, Comments

W e tried to \optimize" the pro of presen ted here as b est w e could, but what

precisely this means is op en to debate. F or instance, it seems desirable to

(a) mak e the size of the una v oidable set of reducible con�gurations as small as

p ossible;

(b) mak e the n um b er of rules as small as p ossible;

(c) mak e the running time of the computer programs as short as p ossible;

(d) mak e the non-computer parts of the pro of (i.e., what is in this pap er) as

simple as p ossible.

These ob jectiv es unfortunately con
ict. F or instance, w e could replace rules 14,

15 and 17 b y one rule, simpler than all of these, at the cost of increasing the size

of the una v oidable set b y ab out 20. Also, there are sev eral trade-o�s b et w een (a)

and (d), as w e explain b elo w.

What w e ha v e presen ted is a somewhat uneasy compromise, and w e w ould lik e

to explain here some of the reasons w e c hose it, and what could ha v e b een done

di�eren tly . Concerning (b), w e could see ho w to mak e the rules a little simpler,

but not m uc h. (This is not to sa y that no b etter c hoice of rules exists; no doubt it

do es.) The place where w e sacri�ced the most w as in the c hoice of w a ys to pro v e

con�gurations reducible. As far as w e kno w, there are basically four w a ys to pro v e

that con�gurations do not app ear in minimal coun terexamples: sho wing they are

(i) D -reducible; this is p erfectly acceptable and normal;

(ii) reducible b ecause there is a con tract in our sense, of size � k sa y; let us call

this b eing k -reducible;

(iii) C -reducible, in the sense of Heesc h [11] and App el and Hak en [5]; this means

that the con�guration cannot app ear, b ecause if it did it could b e replaced

b y something smaller, thereb y pro ducing a planar triangulation that is not

4-colourable, smaller than the supp osedly \minimal" one ;

(iv) blo c k-coun t reducible, in the sense of A. Bernhart (unpublished), Cohen [8]

and Gismondi and Sw art [10]; this is the same as b eing C -reducible, except

that the de�nition of \consisten t" is c hanged to something signi�can tly more

restrictiv e.

Using them all, w e found an una v oidable set of size 591. But w e decided to

abandon (iv). This w as a wrenc h, b ecause sev eral useful con�gurations w ere blo c k-

coun t reducible, and w e could not reduce them in an y other w a y (sho wn in �gure 5).

(The �rst of these w as sho wn blo c k-coun t reducible b y Gismondi and Sw art [10],

and p erhaps also b y Bernhart, but the others seem to b e new.) W e w ere originally

hoping that ev ery \reasonable" con�guration (de�ned later) migh t b e blo c k-coun t

reducible, but with exp erimen t our faith in this has declined.

The reason w e dropp ed this metho d w as that blo c k-coun t reducibilit y tak es a lot
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Figure 5: Blo c k-coun t reducible con�gurations

of computing time, and also it seemed to b e incompatible with getting a p olynomial

time algorithm to 4-colour a planar graph, whic h is the ob jectiv e of the next section.

Second, general C -reducibilit y . This giv es an una v oidable set of size 609, but the

metho d is highly complicated and dangerous. It is v ery imp ortan t to v erify that

if y ou replace a piece of a triangulation b y a smaller piece, y ou do not in tro duce

lo ops. There are t w o sources of complication, �rst that the free completion of the

con�guration ma y not app ear in the triangulation, and second, that replacing the

con�guration b y something smaller often in v olv es iden tifying v ertices on the ring

of the free completion; and these t w o can conspire to create lo ops in most devious

w a ys. (F or instance, let a , b , c , d b e v ertices of the ring, in order, but not necessarily

consecutiv e. Supp ose that � ( a ) = � ( b ), where � is the corresp onding pro jection,

and � ( c ) is adjacen t to � ( d ) in the triangulation, though c and d are not adjacen t

in the free completion. No w supp ose that the \smaller piece" has a iden ti�ed with

d and b with c ; then making this substitution creates a lo op.) Of course, this can

b e con trolled, with care, but w e w an ted to do this \safet y c hec k" part of the pro of

b y hand, and it seemed to us to o dangerous and complicated. So w e decided not

to regard as reducible ev erything that w e could pro v e C -reducible, but only those

for whic h the safet y c hec k w as easy .

A t the other extreme, the safet y c hec k is v acuous for D -reduction (whic h is a

sp ecial case of C -reduction), and v ery easy for k -reduction, where k � 3. No w

conf (1 ; 1 ; 4) is 4-reducible and not 3-reducible, but it has an easy safet y c hec k, and

has b een kno wn to b e reducible since 1948 [6], so it seems silly to exclude it. W e

decided therefore to accept this and a handful of other useful small con�gurations.

There is an una v oidable set of con�gurations, all 1-reducible except for our handful,

but it w as rather large, ab out 900. (W e exp ect that our handful could b e eliminated

if necessary; indeed, w e exp ect that there is ev en an una v oidable set of D -reducible

con�gurations, but ha v e not tried to �nd it.) If w e had stopp ed at 3-reducibilit y , the

set w ould ha v e size ab out 700. W e tried allo wing ev erything that w as 4-reducible,

and it turned out b y acciden t that all mem b ers of the optimal subset had an easy

safet y c hec k, giv en in (3.5), so that seemed v ery satisfactory , and w e �xed on it. If

w e had gone to (sa y) 8-reducibilit y , the una v oidable set w ould ha v e had size ab out

618, but the analogue of (3.5) w ould b e m uc h more complicated.

Inciden tally , giv en a con tract for a con�guration, it is easy to v erify that it really

is a con tract { but ho w did w e �nd it in the �rst place? W e did nothing clev er here,

although there are clev er metho ds a v ailable (see [1]). W e just tried all p ossibilities.

Another natural question { wh y did w e insist that con tracts w ere sparse? Because

ev erything w e needed and could reduce with a \non-sparse con tract" (i.e. a set of
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edges con taining 3, 1 or 0 edges from eac h �nite region) w e could also reduce with

a sparse one of at most the same size, so it w as a free w a y to simplify the pap er.

A third question; while it is straigh tforw ard to c hec k that the set of the App endix

w orks, ho w did w e �nd it? F or that, w e need to discuss a conjecture of Heesc h [11],

that guided us.

Let us sa y a con�guration K is r e asonable if

(i) 


K

( v ) � d ( v ) + 3, for ev ery v ertex v , and

(ii) no 3-v ertex blo c k of G ( K ) has t w o v ertices of degree 2 in G ( K ).

Heesc h made the conjecture that ev ery minimally reducible con�guration is rea-

sonable. This is still op en, though it is pro v ed for D -reducibilit y (Whitney and

T utte [15] pro v ed (i), and w e pro v ed (ii), unpublished). But w e b eliev ed Heesc h's

conjecture enough that w e almost nev er tested an y con�guration for reducibilit y

unless it w as reasonable. (In fact, w e think that condition (ii) can b e replaced b y

the stronger condition that G ( K ) has no blo c k with at most three v ertices.) So

no w, ho w did w e �nd the 633 con�gurations? W e simply examined all cart wheels

W with h ub of degree 7 ; : : : ; 11 with N

P

( W ) > 0, and for eac h suc h W listed all the

reasonable con�gurations it con tained, found whic h w ere minimally reducible, and

discarded the others. Th us, for eac h cart wheel w e had a set of con�gurations. Then

w e needed to c ho ose another set meeting eac h cart wheel set, as small as p ossible.

F or this w e used a heuristic.

Inciden tally , the app ealing feature of Heesc h's conjecture ab o v e is in the rev erse

direction; most reasonable con�gurations seem to b e reducible. W e examined in

total 15165 reasonable con�gurations, and w e could reduce (b y D - or C -reducibilit y)

14051 of them.

There is another helpful observ ation, due to Allaire [1]. Let K b e a con�guration,

and let S b e its free completion, with ring R . Let C

�

b e the set of all edge-colourings

of R , and let C b e all restrictions to E ( R ) of tri-colourings of S . Let C

1

b e the

maximal consisten t subset of C

�

� C , and let C

2

b e the maximal consisten t subset

of C

�

� C

1

. Th us, C � C

2

, but equalit y need not hold. If C

2

= C , K is said to

b e symmetric al ly D -irr e ducible (SDIR). Allaire observ ed that there is a v ery close

corresp ondence b et w een b eing SDIR and b eing irreducible (b y D - and C -reduction).

Of our 15165 con�gurations, 1086 of them are SDIR, and as far as w e kno w only

one of them is reducible; and of the remainder, w e can reduce all except 29. Allaire

(somewhat bra v ely) conjectured that ev ery non-SDIR con�guration w as in fact D -

or C -reducible.

Finally , let us p oin t out that the existence of a set of rules lik e those in �gure

4, con tained in the \second neigh b ourho o d" of b oth the source and sink, con�rms

another conjecture of Heesc h [11].

6. A Colouring Algorithm

In this section w e con v ert the pro of of the 4CT to an algorithm that �nds a v ertex

4-colouring of a dra wing T , in time O ( j V ( T ) j

2

). The t w o computer-searc h results,
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(3.2) and (4.9), are of course still needed, but they are not part of the algorithm;

they are part of the pro of that ev ery step of the algorithm can b e carried out.

It is su�cien t to �nd a v ertex 4-colouring of a triangulation, since if w e wish to

4-colour a dra wing that is not a triangulation, it is easy to mak e it a triangulation

b y adding edges. In view of this, it su�ces to �nd a tri-colouring rather than a

v ertex 4-colouring, b ecause it is easy to con v ert one to the other.

A �rst attempt at an algorithm w ould b e:

Step 1: Find a short circuit in T if there is one, or conclude that T is in ternally

6-connected.

Step 2: If there is a short circuit C , adapt the pro of of (2.1) to construct a tri-

colouring of T from tri-colourings of the restrictions of T to the t w o discs b ounded

b y C .

Step 3: If there is no short circuit, lo cate a go o d con�guration that app ears in

T , and the appropriate con tract X ; �nd a tri-colouring mo dulo X ; and con v ert it

to a tri-colouring of T b y adapting the pro of of (3.7).

Steps 2 and 3, whic h migh t seem the non-trivial parts, can easily b e done al-

gorithmically . The problem lies in step 1; w e don't kno w ho w to do this in linear

time. So w e are forced to pro ceed more deviously . Instead, w e go ahead directly

with step 3, assuming there is no short circuit; then if at some stage something

go es wrong, it is b ecause there was a short circuit, and no w w e can �nd it and go

to step 2 instead.

A w ord on data structure; w e assume that the triangulation is input in a form

comprised of a n um b er n � 0, a v ector ( d

1

; : : : ; d

n

) of non-negativ e in tegers, and

for all v with 1 � v � n , a v ector ( u

v

(1) ; : : : u

v

( d

v

)) of in tegers all b et w een 1 and

n . The n um b er of v ertices will b e n , and for 1 � v � n , d

v

will b e the n um b er of

edges inciden t with v , and u

v

(1) ; : : : ; u

v

( d

v

) will b e the ends of these edges di�eren t

from v , en umerated in clo c kwise cyclic order around v of the edges in the natural

sense. This input has size O ( j V ( T ) j ), b ecause j E ( T ) j � 3 n � 6. (The inequalit y

j E ( T ) j � 3 n � 6 is true ev en for triangulations with parallel edges.)

T o input a near-triangulation, w e observ e that there is essen tially a unique w a y

to add a v ertex v

0

in the in�nite region and add edges inciden t with v

0

, to mak e a

triangulation. Th us, w e can regard a near-triangulation on n v ertices as a triangu-

lation on n + 1 v ertices with one v ertex distinguished; and this is the data structure

w e use.

W e need algorithmic v ersions of (2.1), (3.1) and (4.1). Let us do them in rev erse

order.

(6.1) Algorithm.

Input: A triangulation T , and a v ertex w of T .

Output: Either a cart wheel app earing in T with h ub w , or a short circuit of T .

Running Time: O ( j V ( T ) j ) .



THE F OUR-COLOUR THEOREM 25

This is easy , and w e omit the details.

(6.2) Algorithm.

Input: A near-triangulation H , a circuit R , a function � wrapping R around

H , and a tri-colouring � of H .

Output: A set of tri-colourings of H including � , suc h that their lifts b y � are

all distinct and form a consisten t set.

Running Time: O ( j V ( H ) j ) , if j E ( R ) j is at most a constan t.

Description. W e start with C

1

= f � g and b egin the �rst iteration. In general,

at the start of the i th iteration, w e ha v e a set C

i

of tri-colourings of H including

� , so that their lifts b y � are all distinct. W e test if this set of lifts is consisten t,

and if not, �nd �

0

2 C

i

and j 2 f� 1 ; 0 ; 1 g so that there is no signed matc hing M

satisfying

(a) the lift of �

0

j -�ts M , and

(b) ev ery edge-colouring that j -�ts M is the lift of some mem b er of C

i

.

This tak es constan t time, if j E ( R ) j is at most a constan t. If the set is consisten t,

w e output C

i

. If not, w e adapt the pro of of (3.1) in the natural w a y to obtain from

�

0

(in linear time) a new tri-colouring �

i

of H whose lift is di�eren t from the lifts

of all mem b ers of C

i

, set C

i +1

= C

i

[ f �

i

g , and return for the next iteration. The

n um b er of iterations is at most a constan t if j E ( R ) j is at most a constan t, since

jC

i

j = i and all the lifts of C

i

are distinct. �

T o obtain an algorithmic v ersion of (2.1) w e need t w o lemmas, the follo wing. If

� , �

0

are edge-colourings of a circuit R , they are e quivalent if there is a p erm utation

� of f� 1 ; 0 ; 1 g suc h that for ev ery e 2 E ( R ), �

0

( e ) = � ( � ( e )). This is an equiv alence

relation, and it is easy to c hec k that ev ery consisten t set is a union of equiv alence

classes. The follo wing (due to Birkho� [7]) is pro v ed b y easy case analysis, and w e

omit the pro of.

(6.3) Let R b e a circuit of length 4 , with edges e

1

, e

2

, e

3

, e

4

in order. Let C

0

b e the set of all edge-colourings equiv alen t to (0 ; 0 ; 0 ; 0) (that is, the edge-colouring

� with � ( e

i

) = 0 ( i = 1 ; : : : ; 4 )). Similarly , let C

1

, C

2

, C

3

b e the sets equiv alen t

to (0 ; 1 ; 1 ; 0) , (0 ; 1 ; 0 ; 1) , (0 ; 0 ; 1 ; 1) resp ectiv ely . Ev ery non-empt y consisten t set of

edge-colourings of R includes one of C

0

[ C

1

, C

1

[ C

2

, C

2

[ C

3

, C

3

[ C

0

.

Similarly , w e ha v e (also due to Birkho� [7])

(6.4) Let R b e a circuit of length 5 , with edges e

1

, e

2

, e

3

, e

4

, e

5

in order. F or

1 � i 6= j � 5 , let A

ij

b e the equiv alence class of edge-colourings of R equiv alen t

to � , where � ( e

i

) = 1 , � ( e

j

) = � 1 , and � ( e

k

) = 0 for k 6= i; j . F or 1 � i � 5 , let

C

i

= A

ij

[ A

ik

[ A

j k

, where e

j

; e

k

6= e

i

are the t w o edges with a common end with

e

i

. F or 1 � i � 5 , let the edges di�eren t from e

i

b e e

a

, e

b

, e

c

, e

d

in order, and let

D

i

= A

ac

[ A

ad

[ A

bc

[ A

bd

. Finally , let E = A

12

[ A

23

[ A

34

[ A

45

[ A

15

. Ev ery

non-empt y consisten t set that meets E includes one of C

1

; : : : ; C

5

, D

1

; : : : ; D

5

, E .
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Pr o of. Again, this is just case analysis; but since the pro of is easy to giv e and not

so easy to �nd, w e giv e it. Let C b e a consisten t set.

(1) If A

12

� C , then C includes one of A

13

, A

15

and one of A

23

, A

25

.

F or let � = ( � 1 ; 1 ; 0 ; 0 ; 0) 2 C , with the natural notation for edge-colourings.

Since C is consisten t, there is a signed matc hing M suc h that � ( � 1)-�ts M , and

C con tains all edge-colourings that ( � 1)-�t M . Since � ( � 1)-�ts M it follo ws that

M is one of

f ( f e

2

; e

3

g ; � 1) ; ( f e

4

; e

5

g ; 1) g

f ( f e

2

; e

5

g ; � 1) ; ( f e

3

; e

4

g ; 1) g :

If M is the �rst of these, then the edge-colouring ( � 1 ; 0 ; 1 ; 0 ; 0) ( � 1)-�ts it and so

b elongs to C , and hence A

13

� C ; and otherwise, ( � 1 ; 0 ; 0 ; 0 ; 1) b elongs to C and

hence A

15

� C . Also, there are only t w o signed matc hings M

0

suc h that � 1-�ts

M

0

, and the second conclusion follo ws similarly .

(2) If A

13

� C then C includes one of A

23

, A

35

.

The pro of is similar.

No w, let C b e a consisten t set that meets E . Th us, one of A

12

, A

23

, A

34

, A

45

,

A

15

is included in C , but w e ma y assume that not all of them are, for if so, then

E � C as required. F rom the symmetry w e ma y assume that A

12

� C and A

23

6� C .

F rom (1), A

25

� C . If A

15

� C , then C

1

� C and the theorem holds, so w e assume

that A

15

6� C . By (1), A

13

� C . By (2), A

35

� C , and so D

4

� C , as required. �

No w let us put these pieces together.

(6.5) Algorithm.

Input: A triangulation T .

Output: A tri-colouring of T .

Running Time: O ( j V ( T ) j

2

) .

Description. First w e test if T has t w o parallel edges. (This tak es time O ( j V ( T ) j ).)

If so w e go to the short circuit subroutine describ ed later. Otherwise, T is simple

and hence 3-connected (unless j V ( T ) j � 3, whic h is trivial).

W e test if ev ery v ertex has degree � 5. (This tak es time O ( j V ( T ) j ).) If not, the

neigh b ours of the o�ending v ertex form a short circuit (unless j V ( T ) j � 5 whic h

is trivial) and w e go to the short circuit subroutine. Otherwise, T has minim um

degree 5.

F or eac h v ertex v , w e compute N ( v ), de�ned as 10( d ( v ) � 6) + a � b , where a , b

are the sums of r ( P ) o v er all passes P � P app earing in T with sink (resp ectiv ely ,

source) v . F or eac h v and eac h rule of �gure 4, this tak es time O ( d ( v )), so the total

running time is O ( j V ( T ) j ).

No w, as in the pro of of (4.2),

X

( N ( v ): v 2 V ( T )) = 120 :
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Note that this do es not require that T b e in ternally 6-connected; the only place

that h yp othesis w as used in the pro of of (4.2) w as to apply (4.1), whic h w e are

not doing here. Consequen tly , w e can c ho ose a v ertex w with N ( w ) > 0, in time

O ( j V ( T ) j ).

W e apply (6.1) to T and w . This tak es time O ( j V ( T ) j ). If w e �nd a short circuit,

w e go to the short circuit subroutine. Otherwise, w e ha v e a cart wheel W app earing

in T with N

P

( W ) > 0.

By (4.4), some go o d con�guration app ears in W . W e �nd suc h a con�guration

K , in time O ( j V ( T ) j ). Th us, K app ears in T .

W e construct the free completion S of K with ring R ; then j E ( R ) j � 14. W e

construct the corresp onding pro jection � of S in to T . If K is D -reducible, let X

b e an y singleton subset of E ( S ) � E ( R ). Otherwise, let X � E ( S ) � E ( R ) b e the

set of edges thic k ened in the App endix. Let X

0

= � ( X ). (This all tak es constan t

time.)

W e test if there is a circuit C of G with j E ( C ) � X

0

j � 1. If so, w e use the

ob vious algorithmic v ersion of (3.5) to �nd a short circuit of T , and go to the short

circuit subroutine. (This tak es time O ( j V ( T ) j ).)

W e construct the triangulation T

0

obtained from T b y con tracting ev ery edge in

X

0

and deleting an edge from an y t w o parallel edges that b ound a region. W e call

(6.5) to �nd a tri-colouring of T

0

. W e con v ert this to a tri-colouring �

1

of T mo dulo

X

0

.

Let H b e the planar dra wing obtained from T b y deleting V ( G ( K )) and desig-

nating as in�nite the region including V ( G ( K )). Let �

2

b e the restriction of �

1

to

E ( H ); then �

2

is a tri-colouring of H . Let  b e the restriction of � to E ( R ). W e

apply (6.2) to H , R ,  and �

2

, to obtain a set C of tri-colourings suc h that all their

lifts b y  are distinct and form a consisten t set D , with �

2

2 C .

No w the lift of �

2

b y  is the restriction to E ( R ) of a tri-colouring of S mo dulo

X , b y the c hoice of �

1

. Since X is a con tract for K b y (3.2), D con tains the

restriction to E ( R ) of some tri-colouring of S . W e �nd suc h a tri-colouring �

3

;

com bine �

2

and �

3

to obtain a tri-colouring � of T ; and return � .

It remains to describ e the short circuit subroutine. F or this, the input is T

together with a short circuit C of T .

First, if j E ( C ) j � 3 w e test if C is an induced circuit of T , and if not w e �nd

another short circuit of smaller length and put it in place of C ; w e rep eat this un til

either j E ( C ) j = 2 or C is induced. (This tak es time O ( j V ( T ) j ).)

W e �nd all connected comp onen ts X

1

; : : : ; X

k

of T n V ( C ). (Necessarily k � 2,

since T is a triangulation; and in fact if j E ( C ) j � 3, then k = 2, as is easily seen.)

F or 1 � i � k , w e construct the dra wing H

i

consisting of X

i

, C and all edges with

one end in V ( C ) and the other in V ( X

i

).

Supp ose �rst that j E ( C ) j = 2. Let E ( C ) = f f ; g g , and for eac h i , w e use (6.5)

to obtain a tri-colouring �

i

of the triangulation H

i

n g , suc h that �

i

( f ) = 0. W e
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de�ne � b y: � ( e ) = �

i

( e ) if e 2 E ( H

i

) � E ( C ), and otherwise � ( e ) = 0. Then � is

a tri-colouring of T .

Henceforth w e ma y assume that j E ( C ) j � 3, and hence k = 2 and C is induced,

and in particular ev ery edge of T b elongs to H

1

or to H

2

. If j E ( C ) j = 3 w e use (6.5)

to �nd tri-colourings of H

1

and H

2

that agree on E ( C ), and piece them together

to form a tri-colouring of T . The cases j E ( C ) j = 4, 5 are more complicated. Let

the edges of C b e e

1

; : : : ; e

d

in order, where d = j E ( C ) j , and let the v ertices b e

v

1

; : : : ; v

d

, where e

i

has ends v

i

, v

i +1

(1 � i � d ) and v

d +1

means v

1

.

First, supp ose that j E ( C ) j = 4. Add an edge to H

1

with ends v

1

, v

3

, forming

a triangulation T

1

; apply (6.5) to obtain a tri-colouring of T

1

, and hence a tri-

colouring � of H

1

suc h that � ( e

1

) 6= � ( e

2

). Apply (6.2) (with � the iden tit y and

R = C ) to obtain a set of tri-colourings B of H

1

, suc h that � 2 B , and the

restrictions of the mem b ers of B to E ( C ) are all di�eren t and form a consisten t set

C . By (6.3) and symmetry , w e ma y assume that either C

0

[ C

1

� C or C

1

[ C

2

� C

(using the notation of (6.3)). If C

0

[ C

1

� C , construct T

2

from H

2

b y deleting e

3

and e

4

and iden tifying v

2

with v

4

; then apply (6.5) to T

2

, to obtain a tri-colouring

�

2

of H

2

with �

2

( e

1

) = �

2

( e

4

). Consequen tly , the restriction of �

2

to E ( C ) is in

C

0

[ C

1

� C , and so there exists �

1

2 B suc h that �

1

( e ) = �

2

( e ) ( e 2 E ( C )). Then

piece �

1

and �

2

together to obtain a tri-colouring of T . On the other hand, if

C

1

[ C

2

� C , add an edge to H

2

with ends v

1

, v

3

, and pro ceed similarly .

No w supp ose that j E ( C ) j = 5. Let T

1

b e obtained from H

1

b y adding a new v er-

tex adjacen t to v

1

; : : : ; v

5

. By (6.5) and (6.2) w e construct a set B of tri-colourings

of H

1

, suc h that their restrictions to E ( C ) form a non-empt y consisten t set C meet-

ing E , using the notation of (6.4). By (6.4), one of C

1

; : : : ; C

5

, D

1

; : : : ; D

5

, E is

included in C . If sa y C

1

� C , let T

2

b e obtained from H

2

b y deleting e

4

and iden-

tifying v

3

with v

5

. If D

1

� C , let T

2

b e obtained from H

2

b y adding t w o edges

with ends v

2

v

4

, v

2

v

5

. If E � C , let T

2

b e obtained from H

2

b y adding a new v ertex

adjacen t to v

1

, v

2

, v

3

, v

4

, v

5

. In eac h case w e apply (6.5) to T

2

, and thereb y obtain

a tri-colouring �

2

of H

2

whose restriction to E ( C ) is in C and therefore equals the

restriction to E ( C ) of some mem b er �

1

of B . By piecing �

1

and �

2

together w e

obtain a tri-colouring of T .

This concludes the short circuit subroutine. It is an easy exercise to c hec k that

(6.5) has running time O ( j V ( T ) j

2

). �

7. The Ma chine-Checkable Pr oofs

In this section w e describ e in more detail the structure of our pro of of (4.9).

W e use a branc h-and-b ound approac h; in other w ords, w e start with a totally

general cart wheel, that w e wish to sho w satis�es (4.9), and w e rep eatedly break the

problem in to cases un til in eac h case the cart wheel is su�cien tly restricted that w e

can \see" that it satis�es (4.9). Th us, as w e pro ceed, w e ha v e partial kno wledge of

the cart wheel, increasing as w e go deep er in to sub cases, and b efore w e can explain

an ything else w e m ust explain ho w this partial kno wledge is represen ted.

Let W b e a cart wheel, and let 
 = 


W

. The v ertices of G ( W ) are of four kinds:
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the h ub, w sa y; the neigh b ours of w , called sp okes ; v ertices di�eren t from w adjacen t

to t w o distinct sp ok es, called hats ; and the other v ertices, called fan v ertices. Eac h

fan v ertex is adjacen t to a unique sp ok e. F or eac h sp ok e v , the fan over v is the set

of fan v ertices adjacen t to v (if 
 ( v ) � 6) or the edge joining the t w o hats adjacen t

to v (if 
 ( v ) = 5).

Cho ose a subset X of the sp ok es, and delete from G ( W ) the fan o v er v for eac h

v 2 X ; let the resulting near-triangulation b e K . F or eac h v ertex v of K , let

a ( v ) 2 Z

+

[ f1g and b ( v ) 2 Z

+

suc h that

5 � b ( v ) � 
 ( v ) � a ( v ) ;

and suc h that b ( v ) = 
 ( v ) = a ( v ) if either v = w or v is a sp ok e not in X , and

b ( v ) 6= a ( v ) for v 2 X . W e call the triple ( K ; a; b ) a p art, �tting W . This is what w e

mean b y \partial kno wledge" of a cart wheel; w e shall kno w a part that �ts it. A

giv en part ma y �t man y di�eren t cart wheels. A part is suc c essful if ev ery cart wheel

W that it �ts in whic h no go o d con�guration app ears satis�es N

P

( W ) � 0.

W e de�ne the h ub, sp ok es, hats and fans of a part in the natural w a y . A part is

trivial if a ( v ) = 1 and b ( v ) = 5 for ev ery v ertex v except the h ub (and consequen tly

it has no fans and all its hats are pairwise non-adjacen t). The trivial part with h ub

of degree k (it is unique up to isomorphism) �ts (an isomorphic cop y of ) ev ery

cart wheel with h ub of degree k , and consequen tly , to pro v e (4.9) it su�ces to pro v e

the follo wing.

(7.1) F or k = 7 ; 8 ; 9 ; 10 and 11 , the trivial part with h ub of degree k is successful.

Let us sa y a part ( K

0

; a

0

; b

0

) is a r e�nement of a part ( K ; a; b ) if K is a sub dra wing

of K

0

with the same h ub, and

b ( v ) � b

0

( v ) � a

0

( v ) � a ( v )

for eac h v ertex v of K . Tw o particular re�nemen ts are of sp ecial imp ortance. Let

( K ; a; b ) b e a part, and let v b e a v ertex of K with a ( v ) 6= b ( v ). Let c b e an in teger

with b ( v ) � c < a ( v ). Let ( K

1

; a

1

; b

1

) b e the part de�ned as follo ws. If v is a sp ok e

and b ( v ) = c , let K

1

b e a near-triangulation obtained b y adding to K a ( c � 4)-edge

path b et w een the t w o hats adjacen t to v , and making ev ery in ternal v ertex of this

path adjacen t to v ; and otherwise let K

1

= K . F or v

0

2 V ( K

1

), let a

1

( v

0

) = 1

and b

1

( v

0

) = 5 if v

0

2 V ( K

1

) � V ( K ), let a

1

( v

0

) = a ( v

0

) and b

1

( v

0

) = b ( v

0

) for

v

0

2 V ( K ) � f v g , and let a

1

( v ) = c and b

1

( v ) = b ( v ).

Let ( K

2

; a

2

; b

2

) b e de�ned as follo ws. If v is a sp ok e and a ( v ) = c + 1 let K

2

b e a near-triangulation obtained b y adding to K a ( c � 3)-edge path b et w een the

t w o hats adjacen t to v , and making ev ery in ternal v ertex of this path adjacen t to

v ; and otherwise let K

2

= K . F or v

0

2 V ( K

2

), let a

2

( v

0

) = 1 and b

2

( v

0

) = 5 if

v

0

2 V ( K

2

) � V ( K ), let a

2

( v

0

) = a ( v

0

) and b

2

( v

0

) = b ( v

0

) for v

0

2 V ( K ) � f v g , and

let a

2

( v ) = a ( v ) and b

2

( v ) = c + 1.

It follo ws that ( K

1

; a

1

; b

1

) and ( K

2

; a

2

; b

2

) are b oth re�nemen ts of ( K ; a; b ); w e

call them a c omplementary p air of re�nemen ts of ( K ; a; b ). Moreo v er, for an y
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cart wheel W suc h that ( K ; a; b ) �ts W , if 


W

( v ) � c then ( K

1

; a

1

; b

1

) �ts an

isomorphic cop y of W , and if 


W

( v ) � c + 1 then ( K

2

; a

2

; b

2

) �ts an isomorphic

cop y of W ; and so it follo ws that:

(7.2) Let ( K ; a; b ) b e a part, and let ( K

1

; a

1

; b

1

) ; ( K

2

; a

2

; b

2

) b e a complemen tary

pair of re�nemen ts of ( K ; a; b ) . If they are b oth successful then ( K ; a; b ) is successful.

This constitutes the \branc h" mec hanism of our branc h-and-b ound pro of of (7.1).

W e shall ha v e some curren t part, and if w e cannot see directly that it is successful,

w e c ho ose a complemen tary pair of re�nemen ts, pro v e individually that they are

successful, and infer from (7.2) that our original part is successful.

No w w e m ust explain what w e mean b y \seeing directly" that the part is success-

ful. Here w e use only three kinds of argumen t. In increasing order of complexit y ,

they are:

A r gument 1: symmetry . Our part is a re�nemen t of an isomorphic cop y of a

part that has already b een sho wn to b e successful.

A r gument 2: r e ducibility . F or ev ery cart wheel W that the part �ts, some go o d

con�guration app ears in W . F or instance, if 
 ( w ) = 7, and w has neigh b ours

v

1

; : : : ; v

7

in order, and a ( v

1

) = a ( v

5

) = 5, and a ( v

2

) = a ( v

3

) = a ( v

4

) = 6, w e

can infer (all the other v alues of a and b are irrelev an t) that one of conf (1 ; 4 ; 3),

conf (1 ; 4 ; 5), conf (1 ; 6 ; 1), conf (1 ; 5 ; 5), conf (1 ; 7 ; 5) app ears. V erifying this in-

v olv es case-c hec king, but generally not m uc h, and it can easily b e done b y hand.

A r gument 3: hub c ap b ounds . Here w e argue ab out N

P

( W ). Let W b e some

h yp othetical cart wheel that our part �ts, with h ub of degree k , and in whic h no

go o d con�guration app ears. F or eac h sp ok e v , let R ( v ) (resp ectiv ely , S ( v )) b e

the sum of v alues of all passes P � P app earing in W with source v and sink w

(resp ectiv ely , source w and sink v ), and let T ( v ) = R ( v ) � S ( v ). W e m ust sho w

that N

P

( W ) � 0, that is, that

X

v

T ( v ) � 10( k � 6) :

When this argumen t is to b e applied, w e are giv en a hub c ap , that is, a list

( x

1

; y

1

) ; : : : ; ( x

k

; y

k

)

of pairs of sp ok es so that ev ery sp ok e app ears in the list x

1

; y

1

; : : : ; x

k

; y

k

exactly

t wice. F or eac h pair ( x

i

; y

i

), w e en umerate all com binations of passes from P that

migh t app ear sim ultaneously in W , with source either x

i

or y

i

and sink w . (A set

of sim ultaneously app earing passes m ust agree with eac h other on the degree of

v ertices of W that app ear in more than one of them, m ust b e compatible with the

giv en part, and m ust not force the app earance in W of a go o d con�guration; so

suc h sets are not v ery big, and are easy to en umerate, particularly when the part is

quite highly re�ned, whic h is usually the case when this argumen t is applied.) Of

all these com binations w e see whic h has T ( x

i

) + T ( y

i

) the largest; and this giv es an

upp er b ound on T ( x

i

) + T ( y

i

). By summing this o v er all pairs ( x

i

; y

i

) in the h ub cap
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(and dividing b y t w o) w e obtain an upp er b ound on

P

v

T ( v ). So, in summary , the

third argumen t metho d is: w e are giv en a (carefully selected) h ub cap; w e use it to

compute an upp er b ound on

P

v

T ( v ); and deduce that

X

v

T ( v ) � 10( k � 6)

and hence that the part is successful.

No w w e can explain the mac hine-c hec k able pro of. Let 7 � k � 11; w e need to

sho w that the trivial part with h ub of degree k is successful. A t eac h step of the

pro of w e ha v e a \curren t" part, that w e are trying to sho w successful. The pro of

either sp eci�es a complemen tary pair of re�nemen ts of the curren t part (whereup on

it pro ceeds to tac kle them b oth separately) or it states that the curren t part can b e

sho wn to b e successful via one of argumen ts 1, 2 and 3 (and giv es some helpful hin ts,

suc h as the h ub cap for argumen t 3). Of course there is some b o ok-k eeping required,

to mak e sure that ev ery time the pro cess branc hes b oth branc hes are completed,

but this is straigh tforw ard. F urther, more tec hnical details are a v ailable with the

data.
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Appendix: The una v oid able set of reducible configura tions.
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