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A Menger-like Property of Tree-Width:
The Finite Case*
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The notion of tree-width was introduced by Robertson and Seymour. A graph
has tree-width <w if it admits a tree-decomposition of tree-width <w. We prove
here that if G is finite and has tree-width <w then it admits a tree-decomposition
of tree-width <w which satisfies a certain Menger-like condition. This result will
be used in a future paper on well-quasi-ordering infinite graphs of bounded
tree-width,  © 1990 Academic Press, Inc.

1. INTRODUCTION

In this paper graphs are finite unless stated otherwise, and may
have loops and multiple edges. A graph is a minor of another if the first
can be obtained by contraction from a subgraph of the second. A
tree-decomposition of a graph G is a pair (T, X), where T is a tree and
X=(X*:1te V(T)) is a family of sets such that

(W1) U V(T) X'=V(G), .
(W2) for every edge e of G there is ¢t e V(T) such that e has both its
ends in X*,

(W3) whenever ¢, ¢, "€ V(T) and ¢’ is on the path between ¢ and ¢”
then X'n X" = X"

The tree-width of the tree-decomposition is

max (] X -1).

te V(T)

* The final version of this paper was written while the author was visiting the University
of Reading and supported by a grant from the Science and Engineering Research Council
(GR/D/62854).

t Present address: School of Mathematics, Georgia Institute of Technology, Atlanta,
GA 30332.
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