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The tree-width of a (possibly infinite) graph G is the minimum » such that G may
be decomposed into a “tree-structure” of pieces each with at most n+ 1 vertices. We
prove that if G has tree-width #, then G can be decomposed in such a way that for
every k>0 and any two pieces P and Q of this “tree-structure” either there are k
disjoint paths between P and Q, or there is a third piece R between P and Q with
at most k — 1 vertices. Our proof makes use of a finite version of this result proved
by the second author and a compactness argument.  © 1991 Academic Press, Inc:

1. INTRODUCTION

A graph is a pair G=(V, E), where V is a (possibly infinite) set and E
is a subset of [V]% the set of all 2-element subsets of ¥ (thus we do not
allow loops and multiple edges, but that is without loss of generality). We
write V(G)=V and E(G)=E. A tree-decomposition of a graph G is a pair
(T, W), where T'is a tree and W= (W,:te V(T)) is such that '

(Wl) Ure V(1) W, = V(G),
(W2) every edge ee E(G) has both its endpoints in some w,,

(W3) W,nW,.< W, whenever ¢ is on the path between ¢ and t”
in 7.

* This research was carried out at Charles University, Prague, Czechoslovakia:
t A revised version was written under a consulting agreement with Bell Communications
Research, Inc., 445 South Street, Morristown, NJ 07960.

86
0095-8956/91 $3.00

Copyright © 1991 by Academic Press, Inc.
All rights of reproduction in any form reserved.




‘7 1ySrom jo sadpa
Jo 198 (Kydumo bemmom e Juippe £q '*'g woi psureiqo s ‘g (®B)
Ippe AqQ J

—1—a

eyl yons oq ‘g 391 g S - ST
PS1oNIISu0d Apealfe oAeY am jey) Sutwmnsse pue F="""7 197 'y jo [ 0
Suraueds _JySom wnwirxeur, e JONISUO ISIY 3 |5y U Y| oG 03 1ySem
sy ouyep p Jo {%y 'y} 98pe ue 104 ‘o jo sydeidqns 9jo[dwod [RUIXEW JO
$125-X91I9A 9Y] aI® s2onIoA asoym ydeid o1oidwoo oY) 2q f 19T fooid

"D w1 ydpa3 212]dutod v saomput 'y (1) 4 21 ddzaa 4of 1vyi
yons (M ‘L) uonisoduioodp-a241 v SHupD o udy, (L My fo ddoo amydioutost ou
SUIDIUOD D 1DY] Yons 42323U1 up (y € M puv ydv.8 Jopoyo v 29 D 127  (1°7)

‘sardounid 151y Eod 11 aa01d am inq ‘[ 1] suonisodwossp
reorduwis jo A100y) SUlEH WO pIompap 9q Ued 1nsar Suimof[of sy,

LI0STY NIVIN T

I ‘jooxd
JuaIogIp ® 10] [] eo§ -Furddewr paiisep oy st yowym f Aes ‘yurod 19)snpo
' sey (/) ([7] 9os) souoy ‘wo1oay) S Jjouoysl] Aq joedwod st yomym
2{1‘0} 9oeds [eor3ojodoy oy ur 10U © suof (¥f) wRIshs YL fooud

‘¥ av diaas dof

(D[ =(v)f puv TS SV DYl yons g 138 a11u1f v $181X2 24243 J Sy a11ulf
d4200 40 1oy yons {10} « 7 :f Buddow v sis1x2 240yp usy] ‘Supddow v

aq {10} « ¥V ¥f 191 ‘TS ¥ 125 anuyf 44202 dof puv jas v 2 F 197 {(9'T)
"SMO[[O] SE “BUIT UOI0[OS opey 2Imbar om ‘Af[eurq

I ‘19peorsyy
01 191 st pue sydeid [epIoyo Ul 9SI0ISXD ASBS UB ST Yorym ‘sydeid ojuny I0j
(1) 9a01d 03 ySnoua st 31 sousy Ydeid yons o)UY B $ISIXS OS[e 1Y) Uy}
‘sprey (¢°7) yorgm 10§ ydeid ' SISIX0 9I9U) JI 1Y) U0os AJisea SI )]  fooid

T—u p=140f Y2 (" MY)A Y (XAl wyr yons 9 fo
sydpi3qns &&&&8 Jo ="y Yy =y aouanbas v s151x2 249y (1)
N pup Y usamiaq. o ul syind jurofsip i 15p3] 1w a4v a43yf (1)
‘appainba a4p spuowieIvs Suimogiof ayi uay ] D Jo sydpidqns 213]duioo
2q Y ‘Y 12] pup ‘4282311 uv 2q (V<€ Y 3] Ydv43 [ppLoyd v 3¢ H 19T (S°T)

"BUIWS] SUIMO][O] 3U] PI2U IM
‘v 2 yiSus] Jo 9[0A0 paonpul OU SUIBIUOD N JI [vp4oyd paf[ed st ydeis y

SVWOHL aNV ZIyd - 88

IR

W =109)
wyr yons ()4 31 Sisixa asoyi uayl D fo ydva3gns 212;dwor anu

D 2q Y 13] puv O ydvi3 v fo uonsoduiodap-aa4 v 29 (M ‘L) 127 (¢'1)

' M JO x2143a v Sasn g udy [ "1 puv 1 uaamiaq [ 1
yiod ay1 uo 2y (L) 31 19] puv ““ g puv "4 usemiag o ut yivd v 3G J 1
@I 2% "1 197 ‘D ydvid v fo uonisoduiooap-2a.43.0 2q (M ‘L) 127 (€71)

"Iopeal 3y} 03 19| S puosas a1} jo Jooid oy ‘[¢] WOl BUWWI] ©
1811y oY I, ‘suonisoduooop-2913 Jnoqe SBWWS] 0Mm) SUIMOJ[O] SY3 PadU I
'[6 9] ut punoj aq ues (Z'[) jo SUO)
-eorddy ‘sydeil yepioyo asn 03 [QT] ©9p! s uessewoy ], Iaypin] dojaasp o
1y} 10, ‘A)rodoid ojqeyrioa A[eoo] juseAmnbs Ue puly 1SN oM SyuSWINGT
ssompoedwoo Jo uoneordde 1001p yimm wepqoid & SI 919y} 20UIS JNg ‘JUIT
-ngre ssomorduwros & asn ap (7'1) Jo Jooid ojdums & 2AI8 01 st 1aded sy J
wre 9y 1 ‘(paysiyqnd oq jou [im snyj pue) oses [eidusf oyl ur pajeosrduio
Anressaosuun sem jooid pewiSiio oyl ng ‘[4] ur paroid SI weIoay) 3st
oty sydeis aymury 10 "M ST (4 ‘L) JO YIpIM Y] 1Byl sAes (pM ) A[1es)D

> M1 wys yons ©

pup Y1 uaamaq I ur yind ay] uo ] X3142a v §1 243Y] 40 ‘TY pup 'Y uaamja

yova ‘p ul syiod naofsip 3 a4v 249yl ey ¥ L |0 x| puv ¥ Z |'x| mwy1 yon
0<y dup puv “yY 5% "y S'x duw ([)43% "1 dup 1of (SM)
LI 21 duv sof T+u> 'l (vM)

puv (gM) “(Tm) (1MW) Suidfsuv
(M L) uonisoduiosap-2a41 v S;Uipy 11 Yl M yYipim-aa4 soy o J1 (1)

NS YIPIn-9a4
SOy D UaY] M YIp1m-22.4] spy O ydva3 v fo ydvasgns arpurf yova f1  (1°7)

(jooxd payrdun
® 10J [or] 10 ‘[8] 99 ouo 3SIy 9y} I0J) SWDIOAY) OM) FuIMO[[0] 2
paroxd ‘eseo ayugur oy o3 sydeid aymur Surroplo-isenb-[jom U0 INOWAD
puUEB UO0SI2QOY JO SINSAI 3Y} PudlXe 01 I9PIC UL ‘Sn JO AU SUOTIBIIISIAL
oruyrogie swos ur pue Arooy) Surroplo-isenb-[fom o) UI 31 pasn O
[¢] mow4ag pue wos1I2qOY 3 P2ONPOIIUI SBM [IPIM-921) JO UOLIOU YL,
‘U YIPIM-991) sey (pIreoqssay
u x u oy} Jo ydeid Kouosoelpe oy3) puS u x u ) pue | — u YIPIM-921) SBY
ydeid ayordwoo ay ], "souo [o[ered-sorIos oY) o1 7> YIPIM-2211 ynm sydes
‘815010 oy} Afesard a1e [ YIPIM-9a1) yum syderd 1ey) umoys aq ues Jf
"M YIPIM JO UO!
-HmomESov 2011 ® W:Evm D 1By} YONs 1a8ojur o>:mwoc -UOU JSBI[ 9Y} ST M
M yipim-2241 sey H ydeid y -psumgapun st 31 asmmiIaylo ‘a)ury st dns oy} ag
papiaoad 7 — |’ 4| “ 2 'dns s1 (4 <7) uonsoduwiosap-0a1) 3yl JO yIpim Y,

LS ALIAdOdd TATT-YEONANW FLINIINI



CL6T “I0R MIN

‘elIoA-108unidS L7 [OA “YEIN Ul S1X9], ajenpein) ‘ASojodo], [erousn), ‘AFTIY T f T
'§TT9TT (¥961) 91 uuy Yo

‘woydein (1oUdIpUSUN Jopo ISYDNpus) Iefigelaq usSunfigireyz Sreizidwns NITVH Y I

SAINTITITY

: I (z2) 4q
(sm)-(1m) Suifjsnes uonisoduwiooap-221} € SeY H sny) pue ($'7) Aq 2Insop
-y Ue sey O Uyl ‘M yIpim-231) jo ydeis v oq 9197 (¢'1) fo foouq
J paasap se ‘9 ur soudy
pue ‘¢ | H ur (%y)4 pue ("y)4 usemioq syjed jurofsip  1sixe axey) | O
Jo aansopo-py ue st ¥ gy sours pue ¥ gy jo sydeidqns fje ore *g < Vg oy Ty
JeY) YONS F S 19S 9)IUY © SISIXe 9Ioy) UaL "H ur g < ‘'g syred jurof
-sIp ¥ q pawrof are (°y)4 pue ('Y)4 1ey) yons 1o3ojur ue 0Ly pue g Jo
sydeidqns 9191dwoo om] oq y pue Ly 19] ‘9dUBISUI IO "D JO 2INSOP-Jy UL
ST { 1ey) AJiroa o} £sea st 31 woy [, ‘T =({a n})/ 18y yons {a ‘n} so3ps pur
(D)4 1s-xa119A yim yde1s gy aq g 9] pue (9°'7) Ul se aq {1 0} « 7 :/ 11

"2SIMISY10 0l anrw
Y urjusoelpe area‘n Ji Lv =({a )’/

£q {1 ‘0} « p : ¥/ Surddew ® suysp
SM V| D Jo Vi amsop-py ue (£7) £q SISIXS 219Y) F S 198 Uy AI9Ad
104 [(D)4]1=7 191 pue ‘a0 yipm-9a1) jo ydeisd e oaq H 10T fooid

"24NSOJO-Py UD SUY Yipim-3241 1uulf fo ydpid Lazdaq  ($°7)

‘P Ul 39S QWOS JO SJUSWISMO 9JB YOIGM SIONIAA [[B AQ paonpul H Jo
ydeiSqns oy | H £q 910uep oM [ (D)4]15 ¥ pue ydei§ g oq H 197

B (z2) £q a1nsopo-zy ue sey )1 2OUSH
‘[L] ut pasoxd (1) jo uorszea ayuy ayy £q (SM)-(1M) Surkysnes (4 L)
uonsodwioosp-0013 € SHWPE M YIpim-021) Jo ydeid oyuy A1oag  fooid

“2ns0p2-py uv svy ydvi8 apurf dwvag  (€'7)

B paxsop se ‘T ¥y pue Oy usomieq
o ur syred jurofsip y IsIX9 210y} 9ousy pue ‘'*Yy pue Oy ucomipnq H
ur syzed jurofsip ¥ 3s1%0 239y} 1yl (G ) woyy smofjo) i (H wr ydeid ooid
-wod ® saonpur Yy AI10A0 20uls) pue ‘f Jo wonmuyep 9yl Aq y < "ty Uiy
osfe uayl THu“p=1 J0] y<|x| Jeyy yons s1os oq. ‘Y S'H'y
“Tx% 19] pue ‘Ie8ajur ue 9q ¥y 39 (u T =1) “L ="y 9] Y w yred
® oq (¥)A 2" “ “1a 191 ‘paopu] "(SAL) SAUSHILS 1 1BYL AJLISA SO 9M ‘M >
yIpa Jo H jo uopsodwodsp-2a1y e St (f YY) ueqlL ((¥)4 34 ") =X pue

SYWOHL ANV Z[¥ 06

RiR

S {py=opueii=4 M cc_@k
(24 1 i
n
pue %y Aq paureiqo snyj 9513 oY) 0UAP ‘7 XalIeA B £q' [ JO 2 98p3 Ut
IpIAIPANS 3A “CT Y Ou Sureluoo fy asneosq ‘M > YIpIM Sey pue H JO UO
-1s0dw00ap-2911 ® A[SNOIAQO ST (4 I) Uy *(1'7) ul se g Jo uonisodwods

-201) oy} 9oq {M ‘L) 19] ‘D JO 2anso-zy U aQ I 19] ISIBAUOD dY}) I0]
(€°1) £q %1 pue "1 usamiaq (L)1 31 1049 10§ ¥ < |41 | 9sneoaq 9 ut (<y),
pue (1Y) usomaq syred JUIOfIp 181X 919y (SM) Ad M S (H)A pU
"M S ("Y)A vey yons ()4 3% 71 s901n10A I81xa 219y ($'1) Ag H ur (%),
pue (1y)4 usamiaq syred 1urofsip ¥ sIe 9193 3ey) yons Ja8ajur ue (£ y pu
& 1o sydeidqns s19pdwoo om) aq &y pue 'y 19 "¢y ou surejuod g et
(') woIj smo[[o} 31 PUB ‘TepIOYd SI { 18y} 208 0) ASed ST 1 (TM) £q H
ydeidqns e st H uay[ (L)4 27 swos 10} 'y 5a ‘n d1eym {a ‘n} WI0J oY) J
sa8ps 12 ynm pue (D)4 108 xouea yim yders ayi oq H 197 (sM)(TA

Suikpsnes (4 °z) wonisodwrodsp-saI) ® SBY O 1BYL 18I dWnssy  fooud

(s M)—(TM) Surdfsuvs (4 L) uonisoduwosap-2241 v siuipv 11 fi dju
PUD fi 2NSOp-py UD SDY O UYL "M YIp1m-2243 o ydvi3 v ag 9 197 (T'T)

(%¥)4 pue ('Y)4 uesmiaq H ul syjed jurofsip y are s1oyy uayy (Cy),
pue ('y)4 wsamipq g ur syjed jurofsip y a1e s1eyl Ji ‘9 <€y 198aur Au
pue g jo &y pue 'y syderSqns ojeidwoo om) Lue 10] pue ¢*+*"y jo Adc
orydIOWOSE OU SUIBIUOD ff JI D JO 24ns0jo-py UL ST [ 1oy} ABs oM “H yde
repioyd e jo ydeidqus & oq O 19[ puB M YIpmm-331) Jo ydeid € oq H 1977

I ‘possap se st (4 ‘L) eyl () wioyy smof[o} I

L Jo Ape

-IXBW 9y} O} UOHOIPBNU0d & ‘T+¥ < 1ySom Jo sa8pa & Yum “y pue
usomiaq g ur yied e ssixo a1eyy n o3 pardde (¢°1) Ag "y pue Ty usomia
o ur syyed juofsip |+ Isxe oxoy) sousy pue ‘{a} —*y pue {a} -1
usamiaq ,0H ur syred jurofsip ¥ Is1xa 2191y jey) ,H o3 paydde (¢'7) wo
20Npap M ‘@ Yim Juoprour se8pa [[e pue a Fundpp Aq H WO PoUIRIC
ydeis oy1 oq ,0 191 pue {1 —u ‘=1 :["*yuly|[juu =y 197 (9)4 3
Swos I10] pue [—u “"‘g=1 e 10] 'y —"yulysa jeql yons j ur yje
® JO $901119A 9y} oI (g €u) “y “ 1y 1y uonopenuoo & 10§ ssoddng

(eM) sarfsuos (y L) (1)

((L)a 213} =M 197 'F Jo I 901 Suruueds g Jo S35
JO 198 oY1 SI %7 1By} SMOJ[0] 11 ‘T— 4> 1ySoem sey p Jo 98ps £19Ad oou

AQV pue A.Nv 0] uOOﬁDrDm [eWIXBW SI N.m AOV
pue “OMO%O B UIBIUO 10U S20p mm‘ An—v

68 ALYIdOud IAIT-JIDONINW ALINIINI



wnidjog ‘983n1g 0008-4 ‘T Jouppdway, “pry ‘ssaid duNSIRD Aq patulld

6861 10X MON “10§ ‘PBOY JIOX MON ‘GSS [OA “I9S PEIY HI0X MIN
uwy ‘ITp-gop 'dd {('spH ‘YOMAd[BIN T PUB ‘weyeiD " Y ‘wooid ‘S D) 5861
30USISJUOD) [BUONBUINU] PIf 001d ‘SONBWSYIBW [BLIOJRUIQWOD),, ¥! ‘IoqUNU ONBUWOIYD

10 Kyanoouuod ‘es1fop wmwruru ofie] jo sydeid ur suoneindyuo) ‘NASSVWOH] D

"E1E-6LT (6861) TIE 208 YW “dauip

‘supdf ‘1ourws reue(d syuy usppiqioj yum sydeid ayuyur Suspio-senb-jop ‘SYWOHL "I
1dirosnuew

paysiqndun  ‘syderSradAy 10] wwei0syl ssoupdBdWIOd IPIM-991) AYJ SYWOH] Y

‘9L-L9 (066T) 8% &

12§ 403y [ WIqUIOD “f “9SED IUY YL, 'YIpIM-0o1 Jo A11odoid oNI-10BUSIN Y ‘SYWOHY Y

‘woneonqnd 10§ papnuqns

“qIpIA-9911 10} WAIOSY) Xeuruul & pue Surgoress ydelny ‘SVWOHL Y ANV ¥NOWAIS ' 'd °

"vo-6v (¥861) 9€ g 428 Ai0ay]

‘:.S.EQU L yipm-sen Ieueld ‘[ slouru ydein “4NOWAIS ' "d ANV NOSLYAEOY ‘N -
7961 ‘TY ‘90USPIACL] “00§ Wi "W ‘syde1n jo A103YL,, ‘WO 'O -

'$81-LL1 (0661) I8 YA
21240817 ‘ssouoedwIod pue suonsoduroosp-s21} ‘swins-onbi[) ‘SYWOHL " ANV ZI¥Y T

16 ALY3d0dd IAIT-YHONIW JLINIANI

't



