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ABSTRACT

Let [ and k be positive integers, and let X = {0,1,...,I1*1}. Is it true that for every
coloring § : X x X — {0,1,...} there either exist elements zog < x; < ... < z; of X with
d(xg,x1) = 6(w1,22) = ... = d(xy_1,27), or else there exist elements yg < y; < ... < yx of X with
(yi—1,Yi) # 0(yj—1,y;) for all 1 <1i < j < k? We prove here that this is the case if either [ < 2,

or k <4, orl > (3k)?*. The general question remains open.



1. INTRODUCTION

Erdés and Szekeres proved in [2] that every sequence of I2 + 1 real numbers contains a monotone
subsequence of length [ + 1. Further extensions of this simple and elegant statement have been
extensively studied and some of these extensions form combinatorial folklore today. We start
with one such statement. Throughout this paper, X will denote a linearly ordered set with linear

ordering <.

(1.1) Let k,1 > 2 be integers, and let § : X x X — {1,2,...,k—1}. If |X| > 1¥~1 +1 then there
exist elements xo < x1 < ... < x; such that §(xg,x1) = d(x1,22) = ... = 0(x;_1, 7). Moreover,
the number I¥=1 + 1 is best possible in the sense that there exists a linearly ordered set X with

|X| = 1k for which the above fails.

Proof. We begin with the first half of the statement. Suppose that the required elements zy < 1 <
... < x; do not exist. For z € X let ®(x) = (I1,lo,...,lx—1), where l; is maximum such that there
are elements o < 1 < ... < y;, = x of X with 0(zg,z1) = §(z1,22) = ... = 6(x1,-1,21,) = 1.
Then 0 <l; <l—1fori=1,2,...,k —1. Moreover ®(z) # ®(z’) for x < ', because ®(x) and
®(x2') differ in the §(x, 2')-th coordinate. Thus |X| < I*~1  a contradiction.

To prove the second half let X consist of all vectors (I1,l3,...,lx—1) with 0 < [; <1 —1 for
i=1,2,...,k —1, and let < be a linear ordering on X with the property that if {; < I} for all
i=1,2,...,k—1, then (I1,ls,...,lk—1) < (I1,15,...,1;,_1). Now let x < 2’ be elements of X, say
x=(l1,la,...,lk—1) and 2’ = (11,15,...,1;,_;). Then there is an index i such that 1 <i < k—1 and
l; < 1;. We choose one such index ¢ and define §(x,z’) = i. We deduce that if zg < 21 < ... <z,

are elements of X with §(xg,z1) = 6(z1,22) = ... = d(xp_1,7}), then p <, as desired. m|

In this paper we shall be concerned with the following attempt to generalize (1.1). Let A
be an arbitrary infinite set. The elements of A will be referred to as colors. Let [,k be positive
integers, and let f(l,k) be the least integer with the property that if |X| > f(l,k) + 1, then
for every mapping 6 : X x X — A either there exist elements z¢p < x1 < ... < x; of X with
d(xg,x1) = 6(z1,22) = ... = §(wy_1, 1), or else there exist elements yo < y; < ... < y of X
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with §(yi—1,9:) # 0(yj-1,y;) for all 1 < i < j < k. That such an integer indeed exists may be
deduced from the Canonical Ramsey Theorem of Erdds and Rado [1]. The bound obtained this

way, however, is not a good one. We conjecture the following.
(1.2) Conjecture. For all positive integers | and k, f(l,k) = [*~1.

It follows from the second part of (1.1) that f(I,k) > [*~!. Thus the number (*~! in (1.2) is best

possible. In this paper we prove the following.

1.3) Let [,k be positive integers.
(1.3) : p g
(i) If 1 <2, then f(l,k) = k-1
(i) If k < 4, then f(l,k) = [F~1.

(iii) If 1 > (3k)2k, then f(I,k) = 1*~1.

Parts (i) and (ii) are proved in Section 2, part (iii) in Section 3. An immediate consequence of (iii)

is the following.

(1.4) For every positive integer k there exists an integer ¢y such that for every positive integer I,

fl k) <11 4 ¢y

Another generalization of (1.1) was obtained by Tuza [5], who proved that if | X| > [¥=1 + 1,
then the conclusion of (1.1) holds for every mapping 6 : X x X — A with the property that for
every v € X, theset {0(y,z} |y € X,y <z }U{d(x,y)|y € X,y >z} has at most k— 1 elements.

Let us establish some terminology. By a path we mean a sequence g, 1, ..., T, of elements
of X such that g < 21 < ... < x,. The number p is the length of the path. (Thus we really mean
“monotone path”, but we skip the word monotone, because we do not consider paths in graphs.)
The element x is called the tail of the path, whereas the element x, is called its head. Let ¢ :
X xX — A. We say that a path g, x1,..., 2, is a flash if 6(zg, x1) = 0(z1,22) = ... = 0(zp_1,Zp),
and we say that it is a rainbow if the colors 6(x,z1),6(x1,22),...,d(xp—1,x,) are all distinct. A
flash of length p is called a p-flash (in X), whereas a rainbow of length p is called a p-rainbow (in

X). With this terminology (1.2) can be reformulated by saying that if | X| > [*~! 4 1, then there
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exists either an [-flash or a k-rainbow. Let o € A. We say that a path zg,x1,...,z, uses « if

d(xi—1,2;) = « for some 1 <7 < p.

2. SMALL | OR SMALL k

In this section we prove (i) and (ii) of (1.3). We begin with (i). Since it clearly holds for [ = 1, it

is enough to prove it for [ = 2. To do so we prove the following stronger result.

(2.1) Let k be a positive integer, let | X| > 2¥~1 4+ 1, and let § : X x X — A be such that there is

no 2-flash. Then there exists a k-rainbow with head max(X).

Proof. We proceed by induction on k. The statement is obviously satisfied for k = 1. Let & > 1
be given, and assume that (2.1) holds for k — 1. Let |[X| > 2¥"! 4+ 1, andlet 6 : X x X — A
be such that there is no 2-flash. Let a = max(X), and let b = max(X — {a}). Let o = d(b,a),
and let A be the set of all x € X such §(z,y) = « for some y € X with z < y. Then b € A and
a ¢ A. Assume first that |A] > 2¥=2 + 1. Then by the induction hypothesis applied to the set
A there exists a (k — 1)-rainbow xg,x1,...,Tp_1 with xg,..., 251 € A and xp_; = b. We claim
that 0(z;—1,2;) # « for every i with 1 < i < k — 1. Indeed, suppose that §(z;_1,2z;) = « for
some ¢ with 1 <47 < k —1, and let y € X be such that x; < y and 6(z;,y) = a. Such a y exists
because x; € A. Then x;_1,x;,y is a 2-flash, contrary to our assumption. This proves our claim
that §(z;—1,2;) # « for every i with 1 < i <k —1. It follows that xg,x1,...,zk_1,a is the desired
k-rainbow.

Now assume that |A| < 2¥~2. By the induction hypothesis applied to the set (X —A—{a})U{b}
there exists a (k — 1)-rainbow xg, x1,...,xx_1 with zg,...,zp_o ¢ A and x;_1 = b. It follows that

d(xi—1,2;) # « for all ¢ with 1 <¢ <k — 1, and hence xg, z1,...,2x_1,a is as desired. O
We now turn to the proof of (ii). We first establish that it is enough to prove it for k = 4.
(2.2) Letl>1 and k > 2 be integers. If f(I,k) = 1¥=1 then f(I,k — 1) = ¥72.

Proof. We know from Section 1 that f(I,k — 1) > [*=2. Assume that f(I,k — 1) > [*~2. Thus

there exist a linearly ordered set X with |X| > (*=2 4+ 1 and a coloring § : X x X — A such that
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there is neither an [-flash, nor a (k — 1)-rainbow. Let Y = X x {0,1,...,l— 1} with linear ordering
defined by saying that (x,p) < (2/,p’) if either x < a’, or z = 2’ and p < p’. Let a € A be such

that o # 0(x,y) for all z,y € X. We define v: Y x Y — A as follows:

/ . ’
7(('%7]))7(%/,]9,)) = {5($7$) if © <:L‘
o otherwise.

It follows that in Y there exists neither an [-flash nor a k-rainbow. Thus f(I,k) > [*71, as desired.

O

Now we are ready to finish the proof of (ii) of (1.3). For z € X we put §*(z) = {6(z,y)|y €

X,y >z}
(2.3) For every positive integer [, f(1,4) = [3.

Proof. We proceed by induction on [. The statement of (2.3) is obviously satisfied if [ = 1. Now
let [ > 1 and assume that (2.3) holds for [ — 1. Let 6 : X x X — A be such that there is neither
an [-flash, nor a 4-rainbow. We will show that |X| < 3. To this end we define subsets L, M, R of

X as follows:

R = {z € X| there are no y,z,w € X withz <y <z and z < w
such that §(z,y) # 6(y, z) = §(z,w)},
L = {x € X| there is no (I — 1)-flash with head z},
M=X—(RUL).
We claim that
1) LI =-17%
For this follows from the induction hypothesis applied to the set L.
Now we claim that
(2) |R| < 3l—2.
For let @ = max(X). Then certainly a € R. We are going to construct a mapping ¢ :
R—{a} — {0,1,2}, and distinct colors ag, a1, as € A such that for every i € {0,1,2} the following

two conditions are satisfied.



(i) If x € R—{a} is such that ¢(x) = i, then there exists y € R with y > 2 such that d(z,y) = «y,
and
(ii) if z1,29,...,2p € R—{a} are all the elements of R — {a} with ¢(z;) =i (j =1,2,...,p), and

1 < xg < ...<xp, then §(x;_1,2;) = a; for all j with 2 < j <p.

For the construction we shall proceed in terms of an algorithm. At the beginning of the
algorithm we set g = max(R — {a}), ¢(rp) = 0 and ay = d(rg,a); the remaining variables are
undefined. Now assume that x € R — {a} is such that ¢(z) is undefined and ¢(y) has already been
defined for all y € R — {a} with y > x in such a way that (i) and (ii) are satisfied. For i = 0,1, 2,
if p~1(i) # () we denote by y; the smallest element of ¢~1(i), otherwise y; is undefined. Note that
Yo is well-defined, because 9 € ¢~1(0). To define ¢(z) we distinguish three cases.

Case 1. There exists an i € {0, 1,2} such that =1 (i) # 0 and 6(z,y;) = a;. In this case we choose

the smallest such ¢ and define ¢(x) = i.

For the remaining two cases we may therefore assume that
() for every i € {0,1,2}, if 71 (i) # 0 then §(x,y;) # .

Case 2. $71(1) =0. We let 1, = z,¢(x) =1 and a; = §(ry,79). We claim that a; # ap. Indeed,
if a1 = o let y > yo be such that d(yo,y) = ap. Since d(x,yp) # ap by (%), we deduce that the
elements yg,y, o contradict the fact that € R. This proves our claim that a; # ag.

Case 3. ¢~1(1) # 0 and ¢=1(2) = (). Then y; is well-defined. We let ry = z, ¢(z) = 2 and
ag = 0(rg,71). We claim that as ¢ {«ag,a1}. Indeed, if as = «; (i =0 or 1), let y > y; be such
that d(y;,y) = ;. Since d(z,y;) # «; by (x), we deduce that the elements y;,y,r; contradict the
fact that = € R.

To complete our construction we must show that the three cases above are exhaustive, that is,
that under the assumption (x) one of ¢~1(1), ¢~1(2) is empty. For suppose that both ¢~—1(1)
and ¢~ !(2) are nonempty. Then yo,y1,y2 are well-defined. Since §(ro,m1) = ag,6(r1,79) =
a1,0(rp,a) = agp are all distinct, we deduce from the fact that no 4-rainbow exists that §(z,r2) €
{ag,a1,as}. Let §(x,ry) = «;, where i € {0, 1,2}, and let y > y; be such that §(y;,y) = «;. Since
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d(z,y;) # a; by (%), we deduce that the elements of y;,y, s contradict the fact that z € R. This
completes the construction.

Now we are ready to finish the proof of (2). Let i € {0,1,2} and let z,...,2, € R — {a} be
all the elements of R — {a} with ¢(z;) =i (j =1,2,...,p) and let 1 < x5 < --- < x;,. Then, by
(ii), d(xj_1,2;) = a; for all j with 2 < j < p, and, by (i), there exists x,11 € R with z,41 > x,
such that 6(xp,,zp41) = ;. Hence p < [ — 1, because no [-flash exists. Since ¢ takes on values
0,1,2 we deduce that |[R — {a}| < 3(I —1). Thus |R| < 3] — 2, which proves (2).

To complete the proof of (2.3) we must show that [M| < 3(I—1)2. This will be done in several
steps. We say that a set My C M is nice if, writing zo = max(M,),

(a) there exist elements yg, z9, wp € X and distinct colors «, 3 € A such that x¢ < yo < 29,20 <
wo, 6(w0,y0) = a and 6(zo, wo) = §(yo, 20) = B3, and
(b) either
(bl) every (I — 1)-flash with head in M, uses neither « nor 3, or
(b2) there exists v € A — {«, #} such that for every x € My there is an (I — 1)-flash with head
2 which uses 7.

In the next three claims Mj is a nice set with xg, yo, 20, wo, @, 8 as in the above definition.
(3)  For every x € My there exists an (I — 1)-flash with head x which uses neither a nor [3.

For this is clear when (b2) holds. Assume then that (bl) holds. Since z ¢ L there is an

(I — 1)-flash with head z, which is as desired by (b1l). This proves (3).

(4) For every x € My there exist elements y,z € X with x < y < z such that either §(x,y) = «

and 6(y,z) = 3, or §(x,y) = 8 and §(y, z) = a.

For this holds for z = ¢ by (a). So let x € My — {xo}. From (3) and the fact that no [-flash
exists it follows that there exists an 2’ € X with 2’ < x such that 6(2’,x) is distinct from a, 3
and 0(x,z9). We deduce that §(z,xg) € {«a, 3}, for otherwise z’,x, z¢, yo, 20 is a 4-rainbow. If
d(z,x0) = @ we put y = ¢ and z = wo; if §(z,z9) = B we put y = xo and z = yo. Then (4) is

clearly satisfied.



(5) Let x,y € My with x < y. Then é(x,y) € {«, 3}.

For by (3) and the fact that no I-flash exists there exists ' € X with 2’ < x such that 6(z2’, z)
is distinct from 6(x,y),a, 3. By (4) there exist y',y” € X with y < 3y’ < y” such that either
5(y,y") =caand 0(y',y") = B, or §(y,y’") = B and §(y',y"”) = . In either case d(x,y) € {«, 3} for
otherwise z’, z,y,y’,y" is a 4-rainbow.

(6) Every nice set contains at most (I — 1)? elements.

To prove (6) we claim that M, contains no (I — 1)-flash. If (b1) holds then this follows from
(5). Suppose now for a contradiction that (b2) holds and that « € Mj is the head of an (I —1)-flash
F contained in My. By (5), F uses a or #. From the symmetry we may assume that it uses «. Let
2’ be the next-to-last element of F'; then 2’ < x and 6(2’, x) = a. By (b2) there exists 2" € X with
2" < x' and §(2”,2") = ~. Since x € M there are y,z,w € X such that x < y < 2, z < w, and
d(x,y) # d(x,w) = §(y, z). Since there is an (I — 1)-flash with head = which uses «, and one which
uses 7, we deduce that §(z,y),d(x,w) € {«, 8}. Then ", 2’ x,y, z is a 4-rainbow, a contradiction.
This proves our claim that My contains no (I — 1)-flash. Claim (6) now follows from (5) and (1.1).

Now we are ready to show that |[M| < 3(l — 1)2. Let 2o = max(M), and let wg, yo, 20 € X be
such that z¢ < yo < 20, ©o < wo and §(zg, yo) # 0(xo,wo) = 6(yo, 20). Let a = d(xg,yo) and let
B = (zo,wo) = d(yo,20). We define

My = {x € M] there exists an (I — 1) — flash with head = which uses a},

Ms = {x € M] there exists an (I — 1) — flash with head = which uses 3},

Mz = {x € M| every (I — 1) — flash with head = uses neither a nor }.
Clearly M7 U My U M3 = M.
(7) M3 is nice.
For we claim that o € Mj3. Indeed, every (I — 1)-flash with head x( uses neither « nor g,

because «, 3 € §7(zg) and no [-flash exists. Thus o = max(M3), and M3 satisfies (a) and (b1)

with xg, Yo, wo, @ and 3. This proves (7).

(8) M, and M, are nice.



From the symmetry it is enough to argue for M;. Let x, = max(My). Since xf, € M there exist
elements y(), 2y, wy € X such that z{ < yy < 2, x5 < wy, and §(x(, y,) # 6(xy, wy) = 6(yg, 20)-
Let o = d(x(,y) and ' = d(x), w)) = 6(y(, 25)- As there is an (I — 1)-flash with head z( using
a, and o', 3 € 6t (xp), and no [-flash exists, we deduce that o/ # « # (’. Thus M; satisfies (a)
and (b2) with y{, 2, w(, o', §', and v = a. This proves (8).

Now we have
|X| < |L| + |M| + |R| < |L|+ | M| + |Ms| + |Ms| + |R| < (I - 1)*4+3(1-1)*+31-2=1

by (1), (6), (7), (8) and (2), as desired. m|

3. LARGE [

We start with the following generalization of (1.1) which follows from a theorem of Gallai [3]. The

proof can also be obtained by a slight variation of the proof of (1.1).

(3.1) Letd: X xX — A, let o« € A, and let n,m be integers. If | X| > n-m then either there exist
elements xg < 1 < ... < x,, of X such that 6(x;_1,z;) = « for every integer i with 1 <i < n, or
else there exist elements yo < y1 < ... < ym of X such that 6(y;,y;) # « for all integers i,j with

0<i<j<m.
We need the following weak form of (1.2).
(3.2) Let I,k be positive integers, let |X| > (*"1 + 1, let 6 : X x X — A be such that there is

no l-flash, and let A C A with |A| < k — 1 be such that every 2-flash uses an element of A. Then

there exists a k-rainbow.

Proof. We may assume that |A| = k — 1. Let A = {aq,as ...,a5_1}. For x € X let ¢;(x) be
maximum such that there exists a ¢;(x)-flash with head x which uses a;. Let X; C X be such
that [X1| > 2171 + 1 and [{¢1(z)|z € X1}| < 2. Let X» C X; be such that [X5| > (%)QZIC_1 +1
and [{¢2(z)|x € X2} < 2. We continue in the same way and finally choose X;_1 C Xj;_o such
that |X,_1] > 2871 + 1 and [{¢p_1(z)|x € Xj_1}| < 2. We claim that X _; contains no 2-

flash. For suppose that z,y,z € Xp_; are such that z < y < z and §(x,y) = d(y,2). Then
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dz,y) =0(y, 2) € A, say d(x,y) = d(y,2) = a;. But ¢;(x) < ¢;(y) < ¢i(2), contrary to the choice
of X;. This proves our claim that X;_; contains no 2-flash. Thus there exists a k-rainbow in X;_4

(and hence in X) by (2.1). m|

Let Y C X. We say that an element x € Y is left k-special relative to Y if for every o € A
there exists a (k — 2)-rainbow in Y with head x which does not use a. We say that an element

x € X is left k-special if it is left k-special relative to X.

(3.3) Let k,l,r > 2 be integers. If there is neither an l-flash nor an r-rainbow in X, and
1X| > rl+ (rl)> + ...+ (r))*2

then there exists a left k-special element in X.

Proof. Let | > 2 be fixed. We proceed by induction on k. If & = 2 every element of X is left
k-special, and so the statement clearly holds. Now let k > 3 be an integer, and assume that (3.3)
holds for k — 1. Assume that there is no left k-special element in X. Then for every element z € X
there exists a color a(x) € A such that every (k — 2)-rainbow in X with head = uses a(x). For
a € A let Y, be the set of all elements y € X for which there exists an element x € X with x > y,
a(z) = a and 6(y, z) # a. We claim that

(1) |Yo| <I(rl+ (rD)?2 + ...+ (r))k=3).

To prove (1) we apply (3.1). Indeed, there is no I-flash in Y, because there is none in X.
Moreover, let Z be a subset of Y, with the property that 0(z,2’) # « for all 2,2’ € Z with z < 2/.
We claim that no z € Z is left (k — 1)-special relative to Z. For suppose that z € Z is left
(k — 1)-special relative to Z. Since z € Y,, there exists an element x € X with > z, a(z) = o and
d(z,z) # a. Let g, x1,...,T5_3 be a (k— 3)-rainbow in Z with head z which does not use J(z, z).
Then xg,x1,...,25—3,2 is a (k — 2)-rainbow in X with head x which does not use «, contrary to
a(x) = a. This contradiction proves our claim that no z € Z is left (k — 1)-special relative to Z.
Hence

1Z| <rl+ ()2 + ...+ (r))F3
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by (3.3) applied to Z and k — 1. Now (1) follows from (3.1).

For a € A let Z, be the set of all z € X such that either z € Y,, or a(z) = a. We claim that
(2) | Za| SUA+rl+ (rD)? + ...+ (r)F73).

For if z,2" € Z, — Y, with z < 2’ then 0(z,2") = a. Thus |Z, — Y,| < [, because no [-flash
exists, and (2) follows from (1).

Now we finish the proof of (3.3). Clearly X # (. Let 27 = max(X) and let o = a(xy). If
X = Z,, we stop, otherwise let zo = max(X — Z,,) and let as = a(x3). We remark that oy # as.
If X =Z2,, UZ,, we stop, otherwise we let x5 = max(X — (Z,, U Z,,)) and let a3 = a(z3). Then
as ¢ {ai,as}. We continue this process until X = Z,, U Z,, U...U Z,, for some ¢ < r, or until
we construct x1,xa,...,Tr41.

The latter is impossible, because ©, 41, Z,, ..., 2,1 would be an r-rainbow in X (since ;41 ¢
Y., and a(z;) = a; we deduce that 6(z;1,7;) = o), which we are assuming does not exist. Hence

X =2y UZy,U...UZ,, for some i <r and the theorem follows from (2). m|
We deduce

(34) Let k > 2 and | > 2 be integers. If there is neither an l-flash nor a k-rainbow, and

|X| > (2k*=2 — 2)I*=2, then there exists a left k-special element in X.

Proof. This follows from (3.3) by setting r = k. m|
In this section we prove the remainder of (1.3), which we now restate.

(3.5) Let I,k be positive integers with | > (3k)?*. Then f(I,k) = [*~1.

The proof of (3.5) is complex and will be divided into several steps, which will occupy the remainder
of the paper. We proceed by induction on k. We know from (2.2) and (2.3) that (3.5) holds when
k < 4. Solet k> 5, let | > (3k)% and assume that (3.5) holds for l and k—1. Let 6 : X x X — A
be such that there is no I-flash nor a k-rainbow. We must show that | X| < ¥,

Let z € X be left k-special. We denote by A(z) a minimal subset of A with the property that

for every o € A there exists a (k — 2)-rainbow with head = using only colors from A(x) — {a}.
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(3.6) |A(x)| < (k—1)(k —2) for every left k-special element x € X.

Proof. Let o € A. There exists a (k — 2)-rainbow with head x which uses only colors from
A(z) — {a}; say it uses a1, aq,...,ap_2 € A(x) — {a}. For every integer i with 1 <i < k — 2 there
exists a (k — 2)-rainbow with head = which uses only colors from a set A; C A(z) — {«;} such that
|A;| = k — 2. By the minimality of A(z), A(z) C {a1,a2,...,a5_2} U Uf;f A;. But the latter set

contains at most (k — 1)(k — 2) elements. O

(3.7) Let x € X be left k-special, and let y,z € X be such that z < y < z and §(y,z) ¢ A(x).

Then [{v € X |v>az}]| <2kF21F2,

Proof. Let x,y,z € X be as stated.

(1) Let u € X be such that x < v < max(X). If §(z,u) ¢ A(x) or 6T (u) — A(z) # () then
0% (u) = {o(z, u)}.

Forlet a = §(w,u). If 6 (u)—A(z) # 0 we choose v’ € X with v/ > u such that §(u,u’) € A(x),
otherwise we choose v’ € X with v/ > u arbitrarily. Let o/ = 0(u,v'); then {o,a'} Z A(z). Now
a = o, for otherwise there exists a (k — 2)-rainbow xg,z1,...,xr_2 with head = using none of
a,a’, in which case xg, 1, ..., Tk_2,u,u’ is a k-rainbow, a contradiction which proves (1).

(2) There exists u € X such that x < u < max(X) and d(z,u) ¢ A(z).

Indeed, if x = y we put u = z. If z < y we put v = y and deduce from (1) that é(x,u) =
d(y, z) ¢ A(z). This proves (2).

Let u € X be minimum with z < u < max(X) and d(x,u) ¢ A(x). Let a = 6(z,u).

(3) Hv e X|z <v <u}| < (2kF2 - 2)1F-2,

For let Y = {v € X|z < v < u}. We claim that no element of Y is left k-special relative
to Y. We first notice that if v,0" € Y with v < ¢/, then 6(v,v") € A(z), for otherwise d(x,v) =
d(v,v") ¢ A(x) by (1), contrary to the choice of u. Now suppose for a contradiction that v € Y is
left k-special relative to Y. Then there exists a (k — 2)-rainbow xg, z1,...,Z5—2 in Y with head
v not using d(v,u) (and using only colors from A(z) by the fact which we noticed above). Let
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u’ € X be such that v/ > u. Then §(u,u’) = a by (1). Thus zg, z1,...,Tk—2,u,u is a k-rainbow,
a contradiction which proves our claim that no element of Y is left k-special relative to Y. Now
(3) follows from (3.4) applied to Y.
(4) Hv e X|v>u,aedt(v)} <l

For let vg = u < v < ... < v, be such that o € % (v;) for all ¢ with 0 < ¢ < p. Then
d(vi—1,v;) = a for all i with 1 <4 <p by (1), and so p < [, as desired.

(5) Hv e Xv>u,ad¢dt(v)} <1F2

For the above set contains no (k — 1)-rainbow. Indeed, if vy, vo,...,v; was one, then u,vy, ...,

v would be a k-rainbow (because d(u,v1) = « and §(v;—1,v;) # « for all i with 2 <1 < k by (1)),
a contradiction. Hence (5) follows from the induction hypothesis that (3.5) holds for k£ — 1.

From (3), (4), and (5) we deduce the statement of (3.7). m|

Let L be the set of all left k-special elements x € X with |[A(y)| > k for every left k-special

element y € X with y < x.
(3.8) |L| < (e(k — 1))**~ k=2,
Proof. Let a = min(L). Suppose for a contradiction that |L| > (e(k — 1))2(1%1) k=2,
(1) |6%(z)] < k —1 for every z € L — {a}.

For suppose that |61 (xp_1)| > k for some z,_1 € L — {a}, let 79 < 21 < ... < x)_2 = a be
a (k — 2)-rainbow with head a not using d(a,zx_1), and let xx > x;_1 be such that §(zr_1,xx) is
different from all of 6(x;_1,x;) (i =1,...,k—1). Then g, z1, ...,z is a k-rainbow, a contradiction.
(2) 6t (z) C A(a) for every v € L — {a}.

For otherwise |[{y € X|y > a}| < 2k*=21%=2 by (3.7), and |{y € X|y < a}| < 2kF~2[*=2 by
(3.4) because no y < a is left k-special. Thus |L| < (e(k — 1))2(1%1) 1*=2 a contradiction.

Since |A(a)| < (k—1)(k —2) by (3.6), and

(4= 062 (=06 (D62 e
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there exists a set L' C L with [L/| > (e(k — 1))" " 1¥=2 such that 6+ (z) = 6+ (2') for all z,2’ € L'
Forz € L' let B, = {§(x,y) |y € L',y > x }. Similarly there exists a set L” C L with |L"| > [F¥—2

such that B, = B, for all z,2’ € L. Let B denote this set.
(3)  |Bl<k-2

For suppose that |B| > k — 1. Then |B| =k —1 by (1). Let x = min(L"). Since |A(z)| > k
there exists a (k — 2)-rainbow 2y < 1 < ... < zy_o = z with head = which uses a color not
in B. Let xx_1 € L' be such that z;_1 > xp_2 and xg,x1,...,2x_2 does not use §(zrg_2,Tr_1)-
Let 2 € X be such that xy > xp_; and zg,z1,...,25_2,Tk—1 does not use d(xx_1,2x). Then
To,X1,...,T 1S a k-rainbow, a contradiction.

From (3) and (1.1) applied to L” we deduce that |L”| < I*~2 a contradiction. m|

We say that an element z € X is right k-special if for every a € A there exists a (k — 2)-
rainbow in X with tail x which does not use . If z € X is right k-special we denote by B(z) a
minimal subset of A with the property that for every o« € A there exists a (k —2)-rainbow with tail
x using only colors from B(z) — {a}. By symmetry we deduce “mirror image” versions of (3.4),

(3.6), (3.7) and (3.8). Now we are ready to prove (3.5).

Proof of (3.5). Since [ > (3k)?* we deduce that
(1) 2KF2R2 4 (e(k — 1)) R < Lk

We may assume that |X| > [¥=1 for otherwise we are done. Then by (3.4), (3.8) and (1) there
exists a left k-special element z € X with |[A(z)| < k — 1, and from the symmetry there exists a
right k-special element y € X with |B(y)| < k— 1. Let a be the minimum left k-special element of
X with |A(a)| <k —1 and let b be the maximum right k-special element with |B(b)| < k —1. We
deduce from (3.4), (3.8), their mirror image versions and (1) that a < b. From (3.7) and its mirror
image version we deduce that A(a) = B(b), and that if §(z,2’) ¢ A(a) = B(b) for some z,z’ € X
with < 2/, then < @ and 2’ > b. Thus we may apply (3.2) with A = A(a) = B(b) to deduce

that | X| < I*~1 as desired. O
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