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Graphs without K, and Well-Quasi-Ordering
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Received August 4, 1983

It is proved that given an infinite sequence G,, G, Gs,... of series—parallel graphs
there are indices i < such that G, contains an induced subgraph contractable onto
G,. An example is given showing that for planar graphs the preceding theorem
fails.  © 1985 Academic Press, Inc.

0. INTRODUCTION

By a Kuratowski type theorem for a property P of graphs we mean any
assertion of the form: 1

G does not have P iff H< G for some H in L, where L is a finite list of
graphs and < is a quasi-ordering (i., a reflexive and transitive relation).
Such a theorem exists, e.g., for the properties “to be planar” (the classical
Kuratowski’s theorem) or “to be embeddable in the projective plane” (see
[1,27), where the lists are explicitly known. We are interested not in con-
structing such lists, but in their existence. The connection with the well-
quasi-ordering theory may be stated as follows: If the property P is <-
closed (ie., G has P and H <G implies H has P) and the class of all graphs
is wqo by <, then there is a Kuratowski type theorem for P. In this con-
text, the following conjecture due to Wagner is important: '

Conjecture. The class of all graphs is wqo by the relation<X(G<H if H
contains a subgraph contractable onto G). '

Partial results are due to Kruskal [4], Mader [5], and Robertson and
Seymour [7]. Very recently the existence of a Kuratowski type theorem for
higher surfaces has been proved by Robertson and Seymour.

There are properties, which are not <-closed, for example, the property
P ="“to be a string graph” (see [8]). On the other hand this property P is
= _closed, where = is a strengthening of < (see Sect. 2), and that leads to
a natural question whether the class of all graphs is wqo by =, A negative
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