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ABSTRACT

Let G be a graph embedded in the Klein bottle with "representativity” at
least four. We give a formuia for the orientable genus of G, which also
implies a poiynomially bounded algorithm. The formula is in terms of the
number of times certain closed curves on the Klein bottle intersect
the graph. In particular, it shows that a cut-and-paste technique for re-
embedding graphs is the best possible.

1. INTRODUCTION

Let ¢ be an embedding of a graph G in a surface Z. We say that ¢ is
an embedding with representativity p if p is maximum such that every
nonnull-homotopic closed curve intersects the image of G at least p times.
The following is a result of [2].

1.1. Let G be a graph embedded in the projective plane with representa-
tivity p = 3. Then the orientable genus of G is [p/2 .

In this paper we prove an analogue of 1.1 for the Klein bottle, which also
yields a polynomially bounded algorithm. Testing genus is NP-complete for
general graphs [5], and therefore it would be interesting to characterize all
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lower ideals for which testing genus is polynomial-time solvable. Our result
can be viewed as a step towards this problem.

If X is a topological space, a closed curve (in X) is a continuous mapping
% S — X, where § is the unit circle in the complex plane C. A closed curve
is called simple if it is 1 — 1. The Klein bottle, denoted by N, is the space
obtained by identifying sides a, b and ¢, d of a square with sides a, b,c,d as
shown in Figure 1. Then the identified sides a,b form a closed curve a;
and the identified sides ¢, d form a closed curve a;; we may assume that
a:(1) = a(1). Given two closed curves a, B with (1) = (1), we define a
closed curve of by

DAN N__J,

it O
afe”) = Emu.._v. -

=<
=t < 2.

Let xo = ai(1) = ay(1). We recall that the fundamental group m(Ny, Xo)
has a presentation in terms of generators {@, @2} and one relation aja?.
For y € m(Na, xo) we say that a closed curve f in N, is a y-curve, if f
is (freely) homotopic to y or y~'. (Warning: sometimes a y,-curve can be
homotopic to a yz-curve for vy, v2 € w(Nz, xo) such that v # v, and
v # y2'). Thus an al-curve (same as a?-curve) separates the Klein bottle
into two Mobius bands.

By a surface we mean a compact connected 2-manifold with (possibly nuli)
boundary. Let (fi, ..., f,) be a family of closed curves in a surface X, We
put M(fi,....f) = {G 2. (20 G, 2) = (,z0,00 €{l,...,n, 22 €
§ and fi(z) = fr(z")}. The family (fi,... ,fn) is said to be finitary if
M(fi, ..., [ is finite. For a finitary family (f. ..., f.) of closed curves we
define cr(fi, ..., f»), the crossing number, as the cardinality of the set

{2, G2} € M{fise.., fu): fio fi cross at (z,2'}},

where closed curves f, h are said to cross at (z,z') if f(z) = h(z') and there
exists a homeomorphism of a neighborhood of f(z) = h(z') onto the unit
disk in C such that the image of f follows the real axis and the image of h
follows the imaginary axis, The family (fi,..., f.) is said to be cross-free if

OH.CJ_. . .,.ﬂav = 0,

a

FIGURE 1

A Lblockage is a finitary I-clement family (f) consisting of an a1 * @z
curve f in Ny, A 2-blockage is a finitary (ordered) pair (fi, f2) of two closed
curves in N; such that f; is an q;-curve (i =1,2). A blockageisa 1-blockage
or a 2-blockage.

Let G be a graph embedded in a surface Z. The G-degree (or simply
degree when no confusion is likely) of a closed curve f in %, denoted by
deg f, is the cardinality of the set {z € S: f(z) € G}, Now let £ = N». The
order of a 1-blockage (f) is [deg /27, the order of a 2-blockage (f1, f2) 18
Ldeg fi/2] + ldeg f2/2 ). We can state our main result now,

1.2. Let G be a graph embedded in Nz in such a way that every q;-Curve
has degree at least four (i = 1, 2), and let g = 4 be an integer. Then the fol-
lowing conditions are equivalent.

(i} G has orientable genus =g.
(ii) Every cross-free blockage has order =g.
Eamﬁézoowmmo:mm o&QNw.

Since (jii) above is easy to test in polynomial time (hint; consider a lift-
ing of G in the universal covering surface), we have the following algorith-
mic result.

L.3. There exists a polynomial algorithm to solve the following problem.
Instance: A graph G, embedded in N; as in (1.2), and an integer g = 0.
Question: Is the orientable genus of G at least g7

For if g = 0, 1, 2, or 3, we can usé the algorithm of [3}. If g = 4 we .
apply (1.2).

The assumption about the degree of every a;-curve in (1.2) is necessary,
because in the embedding of a graph G shown in Figure 2 every blockage
has order =4 and yet Figure 3 shows the embedding of G in Ss, the ori-
entable surface without boundary of genus 3. In fact, it follows from our
proof of 1.2 that even if the embedding of G into N; does not satisfy the
assumption about the degrec of every a;-curve, then the orientable genus
of G can only be either g or g — 1. We have found a polynomial-time al-
gorithm to decide whether it is g org — 1 (notice that the existence of such
an algorithm does not seem to follow from [3]), but the algorithm is quite
complicated and does not seem to contain any essentially new ideas, and so
is not described here.

We conjecture the following generalization of 1.2. Let N, be the nonori-
entable surface with cross-cap number k, that is, the surface obtained by
identifying k pairs of consecutive sides of a 2k-gon. A blockage (in Ni) is a
finitary n-tuple B = (fi,..., f,) of closed curves such that there exist
closed curves fi, f2,..., [ with the property that f; is homotopic to fi



FIGURE 2

G=1,...,n), M(fl,...,f) = @ and :

A O fio s fa) = the surface Z obtained by cutti

mww_ along all of H_ + f2.. .., fn is orientable. We define res(B), the w&&:“ﬁ

0 ,HS be :woc orientable genus of the surface . We define the order of f;
=1,...,n) by ﬂ

deg f;

N ¥
deg f;

N r

if f; is orientation reversing,

ord(f) =

if f; is orientation preserving,

where acurve g is mw:.a to be orientation reversing (orientation preserving
H.w%no:ég .a passing once around g changes (does not change, SmnooH
tively) the orientation. Finally, we define the order of B as

1e8(B) + M ord(f)).
i=1

4

3
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FIGURE 3

Let k = 2 be a fixed integer and let G be a graph em-

1.4. Conjecture.
bedded in N, with sufficient representativity, and let g = 2k be an integer.

Then the following conditions are equivalent:
(i) The orientable genus of G is at least g.
(ii) Every cross-free blockage has order at least g.
(iii) Every blockage has order at least g.

We end this section with some more terminology. A graph is a pair
G = (U,V), where U is 2 Hausdorff topological space and V CUisa

finite set such that

(iy U — V is the disjoint union of finitely many open subsets, called
edges,

(i} for each edge e, its boundary is a subset of ¥V consisting of one
or two points. If it consists of two points, then the pair (,¢) is
homeomorphic to the pair ({0, 1], (0,1)); if the boundary consists of
one point, then the pair (¢,€) is homeomorphic to the pair

(5,8 - {1,




(il) a subset4 C U is closed (open) if and only if 4 N

for all edges e. eis closed (open)

[Here € denotes the closure of the set e.] We write U(G) = _
mna we denote the set of edges by E(G). The rest of o:m. mvumvwwoﬂmmwo_c ¢
is mﬂmnawa, Wwe remark that paths and circuits have no “repeated” <Q.:oMM
and no repeated” edges. We say that a mapping ¥ is an embedding of
mamnr. Q. Into a topological space X if y: U(G) — X is a :oBmoBoﬁwquM
onto its image. We say that a graph G is embedded in a topological s Moo X
if the .Eo::@ 18 an embedding of G into X, Obviously, if is an oEcman__.:m
of Q. into X, ﬂrms. the image graph (UG, ¢ (V(G))) is isomorphic to G
and is embedded in X, Therefore we shall usually assume that the h i
question is actually embedded in X s
We say that closed curves 1.8 in X are homotopic if there exi
tinuous function 2 § x [0, 1] — X such that Fiz, Smu f(z) and % Mwmw Moﬂwv
for every z € §. A closed curve [ is null-homotapic if it is _.on,uoﬁo mmm to
some constant curve, and is nonnull-homotopic otherwise. P
If f: X — Y is a mapping then J(X) denotes the set {f(x): x € X}, Let
G be a graph embedded in N, and let f be a simple y-curve for w.oEo

W Mizm_a& such that £($) is a circuit in G, We say that f(5) is a y-circuir
n G.

2. DISJOINT PATHS IN THE KLEIN BOTTLE

.H: this .moo:.oz we prove three results that we shall need for the proof of 1.2
in Section 3. We start with a well-known and casy lemma,

2.1. Letfi, f, be two nonnull-homotopic closed curves i ;
i : n Ny, th .
tive plane, Then fi(S) N f3(5) = @. 1, the projec

A Em:&m.&\:.:&mx is a surface obtained from a sphere by deleting wﬁ.oz.oa
of two regions R, R, homeomorphic to closed discs with R; 1 R, finite.
We refer to the boundaries of R, and R as the boundary components.

N.N.. Letk = 1be an integer and let G be a graph embedded in a pseudo-
ow::aoﬂ Z. Then either there exists a simple nonnuli-homotopic closed
curve fin X of degree <k separating the two boundary components, or else
nm_ovm@ are k disjoint paths in G, each joining the two boundary components
of Z.

Proof. This follows easily from Menger's theorem. 1
The following is the first result of this section.

2.3. Let k = 0 be an integer and let G be a graph embedded in N, in
such a way that every cross-free 1-blockage has order =k. Then there
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exist disjoint circuits Cy,...,C; in G such that C, separates C,; and Ci.
(i =2.....,&k — 1) and one of the following conditions is satisfied:

(a) C,is an a,-circuit and C; is an af-circuit (i = 2,...,k);

(b) C, is an a;-circuit and C; is an ai-circuit (¢ = 2,...,k);

(€} C;is an af-circuit (i = 1,...,k).

Proof. Let (k) be a cross-free 1-blockage withn = |{z € §: 4(z) € U(G)}]
minimum. Then » = 2k — 1. Let vy,..., v, (in this order) be the inter-
sections of A with U(G). We cut open along # and thus obtain an embed-
ding of a graph GG’ in a pseudocylinder £ with, say, vertices xy,...,x, (in

this order) on one boundary component, and say vertices y,, ...,y (in this
order) on the other boundary component, so that & is obtained from &'
by identifying x; and y; into v, ({ = 1,...,n). There is no simple closed
curve ' in £ separating the two boundary components of G'-degree < n,
because after pasting the two boundary components together, (A') becomes
a 1-blockage in N,. Hence by 2.2 there are » disjoint paths in G, each join-
ingx; and y;iy (i = 1,..., n). It follows that j(j{i}} = i, and therefore, after
pasting the two boundary components together, the paths P, ..., P, be-
come the desired & disjoint circuits. 1

The proof of the following lemma is left to the reader.

24. Let G be a graph embedded in N, the projective plane, with repre-
sentativity = 1. Then there exists a nonnull-homotopic simple closed
curve A in N; such that A(S) is a circuit in G,

Let X be a topological space. A curve (in X) is a continuous mapping
f: I — X, where [ is the closed unit interval [0,1].

Let f be a nuli-homotopic simple closed curve in N,. Then f bounds a
disk with interior U, Let £ = Ny — U. Then % is a Mobius band and f is
called a houndary curve of =. A curve k: I — X is called a chord (in Z) if
A(0) and k(1) belong to the boundary of Z. A chord #: 7 — 2 is called essen-
tial if the closed curve g is nonnull-homotopic in N,, where

A

€ = h((t — £)/(ty — o)), ifto =t <ty
8= fem, if1, <1< 10+ 2

and to, ¢, are such that f(e") = A(0), f(e") = A(1), |to — 11| = 2w and £, < ¢/,
The following lemma follows easily from 2.1.

2.5. Let T be the Mobius band and let ki, i, be two essential chords
with k(I N hy(1) = &. Then A,(0), h:(0), /,{1), and k(1) occur on the
boundary of X in this {or reverse) order.

2.6. Let G be a graph embedded in the M&bius band X with distinct ver-
tices u, v on the boundary of X. Then either there exists a closed curve of



degree < 1, homotopic to the boundary curve or else Soﬂm exi
: : XIStS an essen-
tial chord % in T such that R(0) = u, h(1) = v, and h(I) is a path in G.

uu.waa.m Let G be as stated and assume that every closed curve homo-
topic to the boundary curve has degree = 2. Let G’ be the graph obtained
from G .5 identifying the vertices u and v; the embedding of G induces an
embedding of ﬂ_ in N1. By 2.4 there exists a nonnull-homotopic simple
closed curve fin N; such that f(8) is a circuit in G”, let C be the circuit
or .ﬁmﬁw generated by £(S) in G. It follows from the assumption that there
exist two disjoint paths in G from {u, v} to C, combining these paths with a
suitable segment of C yields the desired chord. §

The following is the second result,

27. howﬁ be a graph embedded in N, in such a way that every simple
closed af-curve has degree at least 2. Then there exists an o az-circuit in G,

Proof. m.:vvom@, if possible, that the theorem fails and let G be a counter-
example with [V(G)| minimum. Then there exists a simple - a-curve A
with degree 2, let u, v be the intersections of 4 with U(G). We may assume
that u, v € V(G). When we cut open along 2 we obtain two M&bius bands
Mﬁ wu. By N% there exists an essential chord hi in Z; with 4,0) = u,

i) = v, and such that (/) isapathin G (j = 1,2). It i i
D s anmu.wwa.ﬂ v- p ( 2). It is easily seen that

For an orientable surface, the last result of this section would follow
from a theorem of Schrijver [4]. However, his theorem is still open for
nonorientable surfaces, We say that curves fig: I = N, are equivalens if
there exists a continuous mapping F: 7 x | — N, such that F(1,0) = f(1)
F(,1) = g(1), F(O,1) = £(0) and F(1,5) = f(1) for all 1 € 1. u

2.8. Let f; be a simple e-curve in N, (i = 1,2), assume that fi, f; cross
each o,EoH. and that (f;, f;) is finitary, Then there exist ¢, £y, 1, £ with
|ty — 1] < 2mr, (2 = ta] < 2ar, 1) < ti,t, < ¢5 such that Ji, fa cross at
(", €") and at {¢*}, e"?) and such that if we define, for ¢ € [0, 1]

gi(t) = fifeMt-o+iny
gar) = fy(e™ti-nriti-2mey
hi(t) = fofetelt-niny
ha(t) = fo(ghet-nii-2miy

then there exist i, j € {1,2} such that g; is equivalent to Ay,

Proof. Letu,,...,u, © N, be the points where f; and f; cross. We cut
open m_gm hi m.ua obtain a Mobius band ¥, with say, vertices x,, ..., x.,
Y15 -+, ¥a (in this order) on the boundary, where x;, y; are obtained by split-

ting u;. The segments of f; become disjoint chords in Z. By 2.5 at least one
of these chords is not essential (otherwise each chord would join x; and y;,
which is impossibie, since f> is a closed curve). The theorem now follows
from the definition of an essential chord. #

3. MAIN RESULT

We shall prove 1.2 by proving (i) = (ii) = (iii) = (i). We denote by S, the
orientable surface without boundary of genus g.

3.1, Let G be a graph embedded in N,. If there exists a cross-free block-
age of order = g, then the orientable genus of G is at most g.

Proof. We prove the result by an elementary technique called “surgery.”
Let B be a cross-free blockage of order = g. We first assume that B is a
1-blockage. Let B = {f), and let vy, ..., v: (k < 2g) be the intersections (in
this order) of f with [/{(G). We cut open along f and split each v; into two
vertices x; and y;, to obtain another graph G’ embedded into a pseudocylin-
der X with the vertices x1, ..., x; (in this order) on one boundary compo-
nent, and the vertices yi,..., ¥ {in this order) on the other boundary
component. It is easily seen that we can add =< g handles to Z, to obtain an
orientable surface S, of genus g, and identify verticesx; andy; (i = 1,...,k)
along the added handles. Thus we can produce an embedding of G into §,.

Now if B is a 2-blockage, say B = (f:, f2), we proceed similarly. Let
vi,..., v be the intersections of f, with U(G), and let v,...,u be the
intersections of f3 with U(G). We first cut open along f; and split each v,
into x; and y;, and then cut open along f, and split each v into x; and y;.
We obtain a graph ' embedded into a pseudocylinder with vertices
Xlseevs Xk, Y15+, Y& (in this order) on one boundary component, and with
verticesx1,..., Xk, ¥1,..-, Y& (in this order) on the other boundary compo-
nent. Again, by adding at most |k/2] + |k'/2] = g handles, we can iden-
tify x; and y; ({ = 1,...,%), and x{ and y; ({ =1,...,k") to obtain an
embedding of G into S;. 1

3.2. Let G be a graph embedded in N; as in 1.2 and let B be a blockage of
order g = 0. Then there exists a cross-free blockage of order = g.

Proof. Let us choose a blockage B of order = g with cr(8) minimum,
and subject to that with |M(B)| minimum. We suppose that cr(B) > 0 and
seek a contradiction. Let B = (fi,..., f.) (so that n = 1 or 2) and let H be
the pair (f1(S), {fi(z): {(1, 2}, (1, z")} € M(f,) for some z' € §}). Then H is
a graph unless f; is simple.

(1) If fi is not simple then every a;-curve has H-degree = 1, and ifn =1
then every az-curve has f-degree = 1.
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For this follows from 2.1,

(2) If £, is not simple then there exi .
X1StS 2_ : .
H-degree at most 1. a simple aj-curve 4 in N, with

For otherwise there exists b i
; y 2.7 a simple @ az-curve f in N, with
f(8) S U(H). Then (f) is a cross-free blockage of oaﬁ.wm g Am._mw_wm

obvious if n =1, and if n = 2 then i
: 1 = t follows from th
G-degree = 4), a contradiction. © fact that f; has

(3) n =2 and f,, f, are simple.

For suppose that either » = 1 (in which case £, is not si .
cr(B) > o.vu or that f is not simple. The curve A Wwa 2 moww.mm@%owm%
two Mobhius vmmmm 2, Z;. We may assume that the notation is n:om.w: 50
z_:: .Mh. nms:::m an a;-curve. By (1) and 2.4 there exists a simple a;-curve
fi1 with f; A,,S m \%wv M Zi. If n =1 then similarly there exists a simple
ap-curve fr with f3(S) C fi(S) N 3, but then (f1, £3) is a cross-free block-
age of order = 8 a contradiction, If n = 2 then B’ = (f}, fa) is a blockage
MmMMMoM “..m W EM: cr(B') < cr(B) and |[M(B')| < |[M(B)|, a contradiction,
m.::v_a. i ﬁmww< % vawav_o. We deduce from the symmetry that f; is aiso

We deduce :.Eﬂ frand f; cross each other and so we may apply 2.8. We
E.“H.M assume Ma::o& loss of generality that (using the notation of 2.8)
f1 = 3,81 = 1, and that g, and 4, are equivalent. We may ailso assume that

ft € (0,1): g1 (1) € UGH =< [{t € (0,1): k(1) € U(GY).
Let

file _,.J.
fale),

It follows that f; is homotopic to f; and that its G-degree is at most the
G-degree of f,. We can shift f; slightly into a closed curve [z of the same
G-degree and homotopic to f; such that (f;, f3) is finitary and cr(f,, f3) <
cr{f1, f2). This is a contradiction, because (f,, f3) is a blockage of o&ﬂ.: <g

1

ity =t <1y;

fale") = o
it =i<t + 27,

We require the following result of Battle,
Youngs [1]. & attle, Harary, Kodama, and

3.3. Let the graph G be a disjoint union of graphs G, and G. Then the

Mu.noswmwwm genus of G is g + g,, where g, is the orientable genus of G;
P =1, . h

Tz
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34. Let Gy, G, be two disjoint connected graphs of genera gy, g2 = 1, re-
spectively, embedded in S, .4, Then there exists a simple closed curve hin
8,,+4, Separating the surface into two surfaces 2, 2, with common boundary
in such a way that 3, contains G, and Z; contains G; (and therefore the

orientable genus of 3 is g;).

Proof There exist simple closed curves #1,...,R, in Sgg, such that
UL, h(S) separates the two graphs. Let us choose such a system with
n minimum. It follows that none of the curves is null-homotopic and by
3.3 each separates the surface. Hence n = 1 and the partition is as desired,
again by 3.3, 1

3.5, Let G be a graph embedded in N; as in 1.2 and assume that every
blockage has order = g, where g = 4 is some integer. Then G has orientable

genus = g.

Proof. Suppose for a contradiction that G is a graph that satisfies the
hypothesis but not the conclusion of the theorem with [V(G)| minimum.
We shall assume that {a} of 2.3 occurs, for the case (b} is symmetric and
{c) is handted similarly and is in fact easier. So let Cy,...,Cpbeasin 2.3(a).
Let p; = 4and p, = 4 besuch that |p; /2] + [p2/2] = g and such that every
as-curve in N; has degree at least p;. Let us choose a simple af-curve f with

the following properties:

(i) Im f separates C|,, o5 and Cy 2141

(i) Imf N V(G) = &,

(iii) [Im f N U(G)] is minimum subject to (i) and (if).
Let E be the set of edges intersected by Im f, and let Ge be the graph ob-
tained from G by deleting alt edges from E. The curve f separaies N; into
two Mobius bands £, 2, such that £, contains C,, and it separates Gy into
two disjoint subgraphs G, and G, Let G, be the one that contains Ci. Let
3, = 3 — U, where I is homeomorphic to N, and U, is an open disk in
3. Then the embedding of G into N induces an embedding of G; into A
(i =12).

(1) The orientable genus of Gy is at least [p1/2] — 1.

For we consider the embedding of G, in Z,. Let 4 be a nonnull-homo-
topic closed curve in ¥, then 4 can be regarded as an a;-curve in Ny; and
if 4 intersects an edge from E, or if it intersects G, then it meets C, at least
once, and each of Ca, . .., Cy,, ) 4t least twice. Since / has G-degree = p, it
follows that it has G-degree = 2|p;/2] ~ 1. Hence G, is embedded in =
with representativity = 2|p:/2] — 1 and thus its orientable genus is =

le1/2) — 1 by L1,

(2) The orientable genus of G is at least [p2/2].
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For this follows similarly as (1).
(3) The graphs G; and G, are connected,

For leti € {1,2}. We consider G, as being embedded in 3. By the argu-
ment of (I) and 2.4, G; contains 3 nonnull-homotopic circuit; let G| be the
component of G, containing this circuit, By 2.1 every other component B of
G contains no nonnull-homotopic circuit and is therefore contained in a
disk. It follows from the choice of fthat B is a component of G, which is
impossible by the minimality of ViG)l.

Let G” be the graph obtained from G by contracting G, to a vertex Vo
{(4) The orientable genus of G’ is at least [p, /2.

For the embedding of G, in 3 has the property that all endpoints of
edges of E that are in V(G 1) lie on the boundary of the face containing U7,
Therefore we can construct an embedding ¢' of G' into 3| by choosing
¥'(vo) E Uy and ¢'(e) fore = E(G") - E(Gy) appropriately. We claim that
the representativity of this embedding is at least 2lp1/2]. For suppose,
if possible, that % is a nonnuil-homotopic simple closed curve in =z of
G'-degree < 2p, /2| < p1. Then A intersects neither vg, NOr any edge in
E, for otherwise it would have to intersect each C, (i = 2, ... e /2]) at
least twice and C, at least once, which would be = 2|p, /2] intersections
altogether. But now it follows that £ can be regarded as an «,-curve in N
of G-degree < p,, a contradiction, Hence no such # exists and (4) follows
from 1.1,

Now suppose for a contradiction that there exists an embedding ¢ of G
into Sg_.. By (1), (2), (3), and 3.4 there exists a simple closed curve % in Sey
separating S,_, into two surfaces 3| and Z; such that ¥ has genus
lp1/2] — 1 and contains the image of G,. Hence G4 has an embedding #,
into Z; with the property that all end points of edges of £ that belong to
V{(G)) lie on the boundary of the face incident with A(S). Similarly, as in
the proof of (4} we deduce that G* has an embedding into S, ; 4, contrary
to (4). 1§
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