PACKING DIRECTED CIRCUITS EXACTLY

BERTRAND GUENIN AND ROBIN THOMAS

ABSTRACT. We give an “excluded minor” and a “structural” characterization of digraphs D that have the prop-
erty that for every subdigraph H of D, the maximum number of disjoint circuits in H is equal to the minimum

cardinality of a set T C V(H) such that H\T is acyclic.

1. INTRODUCTION

Graphs and digraphs in this paper may have loops and multiple edges. Paths and circuits have no “re-
peated” vertices, and in digraphs they are directed. A transversal in a digraph D is a set of vertices 7" which
intersects every circuit, i.e. D\T is acyclic. A packing of circuits (or packing for short) is a collection of
pairwise (vertex-)disjoint circuits. The cardinality of a minimum transversal is denoted by (D) and the
cardinality of a maximum packing is denoted by v (D). Clearly v(D) < 7(D), and our objective is to study
when equality holds. We will show in Section 4 that this is the case for every strongly planar digraph. (A
digraph is strongly planar if it has a planar drawing such that for every vertex v, the edges with head v form an
interval in the cyclic ordering of edges incident with v.) However, in general there is probably no nice char-
acterization of digraphs for which equality holds, and so instead we characterize digraphs such that equality
holds for every subdigraph. Thus we say that a digraph D packsif 7(D') = v(D') for every subdigraph D’
of D.

We will give two characterizations: one in terms of excluded minors, and the other will give a structural
description of digraphs that pack. We say that an edge e of a digraph D with head v and tail u is special if
either e is the only edge of D with head v, or it is the only edge of D with tail u, or both. We say that a
digraph D is a minor of a digraph D’ if D can be obtained from a subdigraph of D’ by repeatedly contracting
special edges. It is easy to see that if a digraph packs, then so do all its minors. Thus digraphs that pack can
be characterized by a list of minor-minimal digraphs that do not pack. By an odd double circuit we mean the
digraph obtained from an undirected circuit of odd length at least three by replacing each edge by a pair of
directed edges, one in each direction. The digraph F7 is defined in Figure 1. The following is our excluded

minor characterization.
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FIGURE 1. The digraph F7.

Theorem 1.1. Adigraph packsif and only if it has no minor isomorphic to an odd doublecircuit or F';.

If D is an odd double circuit with & vertices then 7(D) = [k/2] > v(D) = | k/2]. Moreover, 7(F7) =
3 > v(Fr) = 2. Thus odd double circuits and F7 do not pack and the content of Theorem 1.1 is to prove the
converse.

The structural characterization can be stated directly in terms of digraphs, but it is more convenient to
rephrase it in terms of bipartite graphs, and therefore we postpone its statement until Section 5. Roughly, the
characterization states that a digraph packs if and only if it can be obtained from strongly planar digraphs by
means of certain composition operations.

Our main tool in the proof is a characterization of bipartite graphs that have a Pfaffian orientation, found
independently by McCuaig [1] and by Robertson, Seymour and the second author [6]. We present the char-
acterization in Section 5. The rest of the paper is organized as follows. In Section 2 we mention three related
results. Section 3 reduces the problem to strongly 2-connected digraphs. It is shown in Section 4 that strongly
planar digraphs pack. Sections 6-8 show that the property that digraphs pack is preserved under the composi-
tion operations of the characterization theorem, thus completing the proof of Theorem 1.1. Finally, Section 9

offers some closing remarks.

2. RELATED RESULTS

In this section we review three related results. The first is a classical theorem of Lucchesi and Younger,

of which we only state a corollary [4](Theorem B).
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Theorem 2.1. Let D be a planar digraph and F be the family of its directed circuits. Then for any set of
weightsw : E(D) — Z; we have,

min{ 3 w(e)r.: > w. > 1,VC € Fow € {0, 11PN

e€E(D) e€C 2.1)
= max{ Z Yo Z yo < wle),Ve € E(D),y € ZL}'I}.
C:.CeF C:eecCeF

Thus, in particular, in a planar digraph the maximum cardinality of a collection of edge-disjoint circuits is
equal to the minimum cardinality of a set of edges whose deletion makes the graph acyclic. This relation does
not hold for all digraphs, but there is an upper bound on 7(D) as a function of (D). (A simple construction
— splitting each vertex into a “source” and a “sink,” also used in the proof of Corollary 4.1 — shows that
the same function serves as an upper bound for both the edge-disjoint as well as vertex-disjoint version of the
problem. Note, however, that this construction does not preserve planarity, but it preserves strong planarity.)
McCuaig [1] characterized all digraphs D with v(D) < 1; the following follows immediately from his

characterization (but there does not seem to be a direct proof).
Theorem 2.2. For every digraph D, if v(D) < 1, then 7(D) < 3.
In general, Reed, Robertson, Seymour and the second author [5] proved the following.
Theorem 2.3. Thereisa function f such that for every digraph D
(D) < f(v(D)).

The function f from the proof of Theorem 2.3, albeit explicit, grows rather fast. The best lower bound
of f(k) > Q(klogk) was obtained by Noga Alon (unpublished). Finally, the undirected analogue of the
problem we study is quite easy. It becomes much harder if we only require that the equality ¥ = 7 hold for
all induced subgraphs. This problem remains open. However, recently Ding and Zang [2] managed to solve
the closely related problem of characterizing graphs for which it is required that a weighted version of the
relation v = 7 holds. They gave a characterization by means of excluded induced subgraphs, and also gave a

structural description of those graphs. We omit the precise statement.

3. STRONG 2-CONNECTIVITY

Let D be a digraph and C a packing of circuits. We will say that C uses a vertex » if there exists a
circuit C' in € with v € V(C'). Consider a digraph D that packs. Then some minimum transversal includes
v if and only if 7(D\v) = 7(D) — 1. As D packs, v(D\v) = 7(D\v) = (D) — 1 = v(D) — 1. But

v(D\v) = v(D) — 1if and only if every maximum packing uses v. Thus we have shown the following.

Remark 3.1. Let D be a digraph that packs. There exists a minimum transversal of D containing v if and

only if every maximum packing of I uses v.
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A digraph is strongly connected if for every pair of vertices u and v there is a path from u to v. A digraph
D is strongly k-connected if forevery T' C V' (D), where |T| < k—1, the digraph D\T is strongly connected.
If D is not strongly connected, then V(D) can be partitioned into non-empty sets X1, X2 such that no edge
has tail in X; and head in X5. Let D := D\ X, and Dy := D\ X;. Then D is said to be a O-sumof D and

Dj,. Since every circuit of D is a circuit of precisely one of Dy and D5, the following is straightforward.
Proposition 3.2. Let D bethe0-sumof D, and D,. Then D, and D, packif and only if so does D.

Suppose D is strongly connected, but not strongly 2-connected; thus there is a vertex v such that D\v is
not strongly connected. Then there is a partition of V(D) — {v} into non-empty sets X1, X3 such that all
edges with endpoints in both X; and X have tail in X; and head in X5. Let F' be the set of all these edges.
For i = 1,2 let D; be the digraph obtained from D by deleting all edges with both endpoints in X5_; U {v}
and identifying all vertices of X3_; U {v} into a vertex called v. Thus edges of F' belong to both D; and D;
in Dy they have head v and in D they have tail v. We say that D is a 1-sumof D; and Ds.

Let D be a digraph. We denote by D + uv the digraph obtained from D by adding the vertices u, v (if
they are not vertices of D) and an edge with tail 4 and head ». Let us stress that we add the edge even if
D already has one or more edges with tail u and head v. We use D + {uqv1, uava, ..., ugvg } to denote

D +uyvy + ugva + -+ - + upvg.

Proposition 3.3. Let a strongly connected digraph D bethe 1-sum of D, and D,. Then D; and D, pack if

and only if so does D.

Proof. Since D is strongly connected, the digraphs D1 and Dj are minors of D. So if D packs, so do Dy and
Dj. Conversely, assume that 1) and D; pack. Since every subdigraph of D is either a subdigraph of D; or
Dy, or a 0-sum or 1-sum of subdigraphs of D; and D, it suffices to show that 7(D) = v(D). Let v, X1, X3,
and F be as in the definition of 1-sum. For i = 1, 21let D} := D;\ F and let C; be a maximum packing of Dj.
Suppose that, for ¢ = 1, 2, every maximum packing of D/ uses the vertex v. It follows from Remark 3.1 that
there is a minimum transversal 7; of D} using v. Let C be obtained from the union of Cy, C; by removing the
circuit of Cy using v. Then C is a packing of D and 7" := T3 U T3 is a transversal of D. Moreover, both have
cardinality 7(D}) 4+ 7(D%) — 1, i.e. 7(D) = v(D). Thus we can assume one of C; (1 = 1, 2), say Cy, does
not use the vertex v.

For i = 1,2, let F; be the set of edges f of F such that v(D; + f) = v(D;). Consider first the case
where Fy U F, = F. Suppose for a contradiction v (D} + F;) > v(D}) and let F be a corresponding packing.
Clearly F uses an edge of F;. Moreover as all edges F' of D; share the endpoint v, F uses exactly one edge
f of F;. Hence v(Dj + f) > v(Dj), a contradiction. Since (for ¢ = 1,2) D/ + F; packs it has a transversal
T; of cardinality 7(D}). As F1 U F5 = F this implies that T} U T is a transversal of D. Recall that C; does
not use v; thus C1 U s is a packing of D and |71 U Ta| = 7(Dj}) + 7(D4) = |C1 U Cql, ie. (D) = v(D).
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Thus we may assume there exists f € F — Fy — F5. Let C} (i = 1, 2) be a maximum packing of D} + f.
Each C; contains a circuit C; using f. Define C to be the collection of all circuits of Cy, Cy distinct from C
and Cy as well as the circuit (C7 U C2)\f of D. Let T; ( = 1, 2) be a minimum transversal of D.. Then
T := Ty UT; U{v} is atransversal of D and C a packing of D. Moreover, |T'| = 7(D}) + 7(D}) + 1 = |C|,
ie. 7(D) = v(D), as desired. O

4. STRONG PLANARITY

Let us recall that a digraph is strongly planar if it has a planar drawing such that for all vertices v, the

edges with head v form an interval in the cyclic ordering of edges incident with » determined by the drawing.
Corollary 4.1. Every strongly planar digraph packs.

Proof. Let D be a strongly planar digraph with vertex set V' and edge set . We will show that D packs.
Since subdigraphs of strongly planar digraphs are strongly planar it suffices to show 7(D) = v(D). Associate
to every vertex v a new vertex v’ and let V' be the set of all vertices v’. Associate with every edge e € F(D)
with tail v and head v a new edge e’ with tail v’ and head v. We define a digraph H as follows: the vertex-set
of His VUV, and the edge-set of H consists of all the edges e’ fore € F(D) and all the edges of the form
vv’, where v € V(D). Define weights w : E(H) — Z; as follows: w(e’) = |[E(H)| foralle € E(D) and
w(ve') = 1 forall v € V(H). Itis easy to see that the drawing associated to the strongly planar digraph D
can be modified to induce a planar drawing of H. Now equation (2.1) states 7(D) = v(D), as desired. [

5. BRACES

It will be convenient to reformulate our packing problem about digraphs to one about bipartite graphs.
Let G be a bipartite graph with bipartition (A4, B), and let M be a perfect matching in G. We denote by
D(G, M) the digraph obtained from G by directing every edge of GG from A to B, and contracting every
edge of M. When G’ is a subgraph of G and M N E(G") is a perfect matching of G’ we will abbreviate
D(G',MNE(G") by D(G', M). It is clear that every digraph is isomorphic to D(G, M) for some bipartite

graph GG and some perfect matching 3. Moreover, the following is straightforward.

Remark 5.1. Let G be a bipartite graph and let M be a perfect matching in GG. If G is planar then D(G, M)

is strongly planar.

A graph G is k-extendable, where k is an integer, if every matching in G of size at most & can be extended
to a perfect matching. A 2-extendable bipartite graph is called a brace. The following straightforward relation

between k-extendability and strong k-connectivity is very important.

Proposition 5.2. Let GG be a bipartitegraph, let M be a perfect matching in G, and let £ > 1 be an integer.
Then G is k-extendableif and only if D(G, M) isstrongly k-connected.
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Let G be a bipartite graph and M a perfect matching in G such that D(G, M) is isomorphic to F7. This
defines GG uniquely up to isomorphism, and the graph so defined is called the Heawood graph.

Let G be a bipartite graph, and let e be an edge of G with ends u, ». Consider a new graph obtained from
G by replacing e by a path with an even number of vertices and ends u, v and otherwise disjoint from G. Let
G’ be obtained from G by repeating this operation, possibly for different edges of G. We say that G’ is an
even subdivision of GG. The graph G” is clearly bipartite. Now let G, H be bipartite graphs. We say that G
contains H if GG has a subgraph L such that G\V (L) has a perfect matching, and L is isomorphic to an even
subdivision of H.

A circuit C' in a bipartite graph G is central if G\V(C') has a perfect matching. Let G be a bipartite
graph, let C' be a central circuit of GG of length 4, and let G1, G'2 be subgraphs of G such that G; U G5 =
Go,G1 NGy = C,and V(G1) — V(Ga) # 0 # V(G2) — V(G1). Let G be obtained from G by deleting
all the edges of C'. In this case we say that (& is the 4-sum of G or G5 along C'. This is a slight departure
from the definition in [6], but the class of simple graphs obtainable according to our definition is the same,
because we allow parallel edges.

Let Gy be a bipartite graph, let C' be a central circuit of G of length 4, and let G, G2, G'3 be three
subgraphs of G such that: Gy U G2 U Gz = G and for distinct integers 4, j € {1,2,3} G; N G; = C and
V(G;) — V(G;) # 0. Let G be obtained from G by deleting all the edges of C'. In these circumstances we
say that GG is a trisumof G'1, G, Gz along C'. We will need the following result.

Theorem 5.3. Let G be a brace, and let M be a perfect matching in G. Then the following conditions are

equivalent.

(i) G doesnot contain K3 3,
(ii) ether G isisomorphic to the Heawood graph, or G can be obtained from planar braces by repeatedly
applying the trisum operation,
(iii) either G isisomorphic to the Heawood graph, or G can be obtained from planar braces by repeatedly
applying the 4-sum operation,

(iv) D(G, M) hasno minor isomorphicto an odd double circuit.

Proof. The equivalence of (i), (ii) and (iii) is the main result of [1] and [6]. Condition (iv) is equivalent to the

other three by results of Little [3] and Seymour and Thomassen [7]. See also [1]. O
We will need the following small variation of Theorem 5.3.

Theorem 5.4. Let G be a brace, and let M be a perfect matching in G. Then the following conditions are

equivalent.

(i) G doesnot contain K5 3 or the Heawood graph,

(ii) G can be obtained from planar braces by repeatedly applying the trisum operation,
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(iii) G can be obtained from planar braces by repeatedly applying the 4-sum operation,
(iv) D(G, M) hasnho minor isomorphicto an odd doublecircuit or F.

Proof. This follows from Theorem 5.3 and the fact [6, Theorem 6.7] that if G contains the Heawood graph

and is not isomorphic to it, then it contains K3 3. O
We deduce the following information about a minimal counterexample to Theorem 1.1.

Proposition 5.5. Let G be a bipartite graph and M a perfect matching in G such that the digraph D :=
D(G, M) has no minor isomorphic to an odd double circuit or F7, and every digraph D’ with |V (D")| +
|E(D")| < |V(D)|+]|FE(D)| and no minor isomorphicto an odd doublecircuit or F7 packs. If v(D) < 7(D),
then GG isa brace and there exist braces GG, G2, G5 such that G isatrisumof GGy, G5, G3 along a circuit C,

and each of G'1, G'2, G5 can be obtained from planar braces by repeatedly applying the trisum operation.

Proof. It follows from Propositions 3.2 and 3.3 that D is strongly 2-connected. Thus G is a brace by Propo-
sition 5.2. By Corollary 4.1 the digraph D is not strongly planar, and hence G is not planar by Remark 5.1.
By Theorem 5.4 the graph G is obtained from planar braces by trisumming. Since G itself is not planar,
there is at least one trisum operation involved in the construction of G, and hence G, G2, G'3 and C' exist, as

desired. O
In the next three sections we will prove the following result.
Proposition 5.6. Let G, M, and D beasin Proposition 5.5. Then v (D) = 7(D).

Proof of Theorem 1.1 (assuming Proposition 5.6). We have already established the “only if”” part. To prove
the “if” part let D be a digraph with no minor isomorphic to an odd double circuit or F7 such that every
digraph D’ with |V(D')| 4+ |E(D’)| < |V(D)| + |E(D)| and no minor isomorphic to an odd double circuit
or F; packs. By Proposition 5.6 we have that (D) = 7(D), and hence D packs, as desired. O

We now deduce the structural characterization of digraphs that pack.

Corollary 5.7. A digraph packs if and only if it can be obtained from strongly 2-connected digraphs that
pack by means of 0- and 1-sums. A strongly 2-connected digraph packs if and only if it is isomorphic to
D(G, M) for some brace G and some perfect matching M in G, where GG is obtained from planar braces by
repeatedly applying the trisum operation.

Proof. The first statement follows from Propositions 3.2 and 3.3. For the second statement let D be a strongly
2-connected digraph. Assume first that DD packs, and let G be a bipartite graph and M a perfect matching
such that D is isomorphic to D(G, M'). By Proposition 5.2 the graph G is a brace. By Theorem 1.1 the
digraph D has no minor isomorphic to an odd double circuit or F7, and so by Theorem 5.4 G is as desired.

The converse implication follows along the same lines. |
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As we alluded to in the Introduction, the second part of Corollary 5.7 can be stated purely in terms of
“sums” of digraphs. However, three kinds of sums are needed (see [6]), as opposed to just one. Therefore
the formulation we chose is clearer, despite the disadvantage that it involves the transition from a digraph to
a bipartite graph.

Finally, we deduce a corollary about packing A -alternating circuits in bipartite graphs. Let G be a
bipartite graph, and let M be a perfect matching in G. A circuit C in G is M-alternating if 2|E(C) N
M| = |E(C)|. Let v(G, M) denote the maximum number of pairwise disjoint M -alternating circuits, and
let 7(G, M) denote the minimum number of edges whose deletion leaves no M -alternating circuit. It is clear

that v(G, M) = v(D(G, M)) and 7(G, M) = 7(D(G, M)). Thus we have the following corollary.

Corollary 5.8. Let G beabrace, andlet M be a perfect matching in G. Then the following three conditions

are equivalent.

(i) G doesnot contain K3 3 or the Heawood graph,
(i) 7(G',M') =v(G', M') for every subgraph G’ of G suchthat M’ = M N E(G") isa perfect matching
inG’,and

(iii) G can be obtained from planar braces by repeatedly applying the trisum operation.

In fact, the equivalence of (i) and (ii) holds for all bipartite graphs, not just braces. We conclude this
section with a lemma that will be needed later. The lemma follows immediately from [6, Theorem 8.2]. We
say that a graph is a cubeif it is isomorphic to the 1-skeleton of the 3-dimensional cube. Thus every cube has

8 vertices and 12 edges.

Lemmab.9. Let G be a trisum of G, G5, G3 along C, where the graphs G4, G5, G3 are obtained from
planar braces by repeatedly applying the trisum operation. Then for i = 1, 2, 3 we have | E(G;)| > 12 with
equalityif and only if GG; isa cube.

6. TRISUM-PART I

Let D, G, M, G4, G2, G3, C be as in Proposition 5.5. Fori = 1, 2, 31et M/ be the set of edges M N E(G;)
with at least one end not in V(C'), let My be the set of edges of C' that are parallel to a member of M, and let
M; = M} U My. We say that M; is the imprint of M on G;.

Proposition 6.1. Let a bipartitegraph G bea4-sumof G; and GG along C', let M be a perfect matching in
G' such that some two members of M have bothendsin V(C), let D = D(G, M), andfor i = 1, 2 let M; be
theimprint of M on G;. If both D(G1, M1) and D(G2, M5) pack, thenv (D) = 7(D).

Proof. Fori = 1,2 let D; = D(G;, M;). Then |V(Dy) N V(Dy)| = 2; let V(D) N V(Dy) = {us, uy}.
Moreover, E(D1) N E(D3) = {e1, ez}, where €1 has head u, and tail u;, and e; has head u; and tail us.
Fori = 1,21et D} = D;\{e1,ez2}. O
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Claim 1. For each D] (i = 1, 2) one of the following holds:

(1) There exists a maximum packing not using any of u; or us. Every minimum transversal does not
contain any of u1 or us.

(2) For some k € {1,2} the following holds: all maximum packings use ug, there exists a maximum
packing not using u3—_, and there exits a minimum transversal which contains ux but not u3_.

(3) There exists a maximum packing using both u; and uy. There exists a minimum transversal using
and a minimum transversal using u5. Moreover, either: (a) there is a transversal containing both w1, us;

or (b) there is a packing of size 7(D}) — 1 not using u; or us.

Proof of Claim: Observe that for (1)-(3) the statements about transversals (except for the last sentence) follow
from the statements about maximum packings and Remark 3.1. Suppose (1) does not hold; then every
maximum packing of D} uses one of u1, ug. In particular v(D;) = v(D). Suppose for a contradiction there
exists a maximum packing C; of D} not using u; and a maximum packing C; of D} not using u. Remark 3.1
implies that no minimum transversal of D} contains uy or ug. Since {e1, e3} is the edge-set of a circuit of
D; this implies 7(D;) > 7(D}), a contradiction since D; packs. Thus for some £ € {1, 2} every maximum
packing of D uses ug. If (2) does not hold, then all maximum packings use us_. If (3)(a) does not hold, no
minimum transversal of D} uses both u; and u,. This implies 7(D;\{u1, ua}) > 7(D}) — 1. Since D; packs

(3)(b) must hold. <&

Claim2. Fori = 1,2, let T; be a minimum transversal of D} and let C; be a maximum packing of D;. We

can assume one of the following holds:

(a) There exists k € {1, 2} such that C; and C; use ug but ux, & Th N T>.
(b) {ur,us} N (TyUTy) = 0.

Proof of Claim: Let T' := T} U T3 and let C be an inclusion-wise maximal packing in C; U Cz. If (a) does not
hold, then |T'| < |C|. If (b) does not hold, then {u1, us} NT # @; thus T is a transversal of D. It follows that
7(D) = v(D), as desired. Thus we may assume that (a) or (b) holds. &

We can assume, because of Claim 1 and Claim 2, that D1, D- either both satisfy condition (1) of Claim 1, or
they both satisfy condition (3) of Claim 1 and one of D}, Dy, say D1, satisfies (3)(b). Consider the latter case
first. Let Ty (resp. T3) be a minimum transversal of D} (resp. D)) using uy. Let T := Ty U T5. Let Cy be a
packing of D} \{u1, uz} of size 7(D}) — 1 and let C2 be a maximum packing of Dj. Clearly C := C;UCy isa
packing in D. Since [T UTy| = 7(D}) + 7(D4) — L and |C| = 7(D}) — 1 4 7(D4), we have (D) = v (D).

Thus we may assume that both DY, D}, satisfy (1). For i = 1,2, let C; be a maximum packing of D;.
Suppose there is k € {1, 2} such that fori = 1, 2, 7(D} 4+ ugus_x) = 7(D}) and let T; be the corresponding
minimum transversal. Then 7T; intersects all us_gug-paths of D;. Hence T' := Ty U T} is a transversal

of D. Moreover, |T| = 7(D}) + 7(D4) = |C1 U Cql, ie. 7(D) = v(D). Thus we can assume there
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is for k = 1,2 an index (k) € {1,2} such that 7(Dy ) + ugus—x) > 7(Dj). Since Dy, Dy pack
I/(D;(k) + upus_g) > T(D;(k)); let Fi(x) be the corresponding packing. Some circuit Cy(x) of Fyx) is
of the form Pt(k) + uius_g where Pt(k) is a uz_gug-path. For ¢ = 1,2 let T; be a minimum transversal
of Dj. Note that T} () does not intersect P;(x). Observe that we cannot have #(1) = #(2) = i € {1,2},
for otherwise there exist both a uqus- and usui-paths in D} which are not intersected by 7T; and hence T;
does not intersect all circuits of D}, a contradiction. Thus we can assume #(1) = 1 and ¢(2) = 2. Let
C:=F1UF,U{P1U Py} — {C1,C>}. Then C is a packing of D and T' := Ty UT> U {uy} is a transversal
of D. Moreover, [T| = 7(D}) 4+ 7(D4) + 1 = |C|, i.e. 7(D) = v(D), as desired.

Proposition 6.2. Let G, M, D, where v(D) < 7(D), and G1, G, G3, C be asin Proposition 5.5. Then at
most one member of M hasbothendsin V' (C).

Proof. Suppose for a contradiction that two members of M have both ends in V' (C). For ¢ = 1,2, 3 let M;
be the imprint of M on G;. The graphs GG1 and G2 U G3 are obtained from planar braces by repeatedly
applying the 4-sum operation, and hence the digraphs D; = D(G1, M1) and D2 = D(G3 U Gs, M3 U M3)
have no minor isomorphic to an odd double circuit or F7 by Theorem 5.4. Thus D7 and D5 pack, and hence

by Proposition 6.1 v(D) = 7(D), a contradiction. O

7. TRISUM-PART II

Lemma7.1. Let Dy, Dy bedigraphswith V(D1) N V(D2) = {u1,us, us} and E(D1) N E(Dy) = 0. Let
D = D1UD2, a ¢ V(D), E1 = {U1UQ, Uu1us3, U2U3}, E2 = {u2u1, usul, USUQ}, Z1 = {au2, u2a, u14a, ClU3},
and Z> = {auy, usa, auy, uza}. Assume that
(a) if,fori = 1,2, C;isacircuit of D;, then V/(C1) N V(C2) C {u2},
(b) if C isacircuit of D that uses edges of both D; and D, then C = P, U P, and there exist integers
i,j € {1,2,3}such thati < j and P; isa u;u;-path of Dy and P isa u;u;-path of Dy, and
(c) there exist integers i, j such that {i,5} = {1,2}, D; + E; packs and is strongly 2-connected, and
Dj + Zj packs
Then 7(D) = v(D).

Proof. Suppose for a contradiction that (D) < 7(D).

Claim1. The digraph D has a packing of size v (D) + v(D3) — 1.

Proof of Claim: Clearly v(D3z\uz) > v(D3) — 1, and so the union of any maximum packing of D, with any

packing of Da\u3 of size v(D3) — 1 is as desired by (a). This proves Claim 1. &

Claim2. The digraph D has a transversal of size at most 7(D1) + 7(Dz2) + 1.
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Proof of Claim: By (c) we may assume from the symmetry that Dy + Fy packs. Clearly v(Dy + E1) <
v(D1) + 1. Thus (D1 + E1) < 7(D1) + 1. Let Ty be a transversal of Dy + F; of size at most 7(Dy) + 1,
and let T3 be a transversal of Dy of size 7(Dz). By (b) T1 U T is a transversal of D, as required. This proves

Claim 2. <
For i = 1,2 let F; be the set of all edges f € E; such that v(D; + f) = v(D;).
Claim3. Fori=1,2,v(D; + F;) = v(D;).

Proof of Claim: If v(D; + F;) > v(D;), then, since every edge of F; has both ends in {u1, uz, us}, we
deduce that v(D; + f) > v(D;) for some f € F;, a contradiction. This proves Claim 3. <

Claim4. Leti,j € {1,2,3} be such that i < j, and let D’ be a subdigraph of D;. If (D' 4 u;u;) > v(D'),
then there exist a maximum packing C of D’ and a path P in D’ from u; to u; such that every member of C

is disjoint from P.

Proof of Claim: Let C’ be a maximum packing of D’ + u;u;. Since €’ is not a packing of D', some member

of C’, say C, uses the edge u;u;. Thus C' — {C'} and C'\u;u; satisfy the conclusion of the claim. <&

Claim5. If Dy + E; packs and every maximum packing of Dy + u1us uses ug, then every maximum packing

of Dy uses us.

Proof of Claim: Suppose for a contradiction that every maximum packing of D1 + ujus uses uz, but some
maximum packing of D; does not use uy. Then v(Dy + ujuz) > v(D;). By Claim 4 applied to D' = Dy
there exist a maximum packing C of D; and a path P of D; from u3 to u; such that P is disjoint from every

member of C. Let D’ be a subdigraph of D; such that

(a) D' includes P and every member of C,

(8) D' includes every member of some maximum packing of Dy that does not use uz, and

(v) subject to () and (8), E(D') is minimal.
By (@) v(D') = v(D;). We claim that v(D' 4+ uyuz + uguz) > v(D’). To prove this claim suppose for
a contradiction that equality holds. Since Dy + F; packs we deduce that 7(D’ + ujug + ugus) = v(D’).
Let T be a transversal of D' 4+ ujug + ugus of size v(D'). From () we deduce that uz ¢ T, but then it
follows that T is a transversal of D’ + uj ug, contrary to (a). This proves that v( D' 4+ uyug +ugus) > v(D').
Since uju2, uaus have a common end u5 and every maximum packing of D1 4 uqug uses uy, we deduce that
either v(D' + ujuz) > v(D') or v(D' + usus) > v(D’'), and so we may assume the former. By Claim 4
there exists a maximum packing C’ of D’ and a path P’ in D’ from us to u; disjoint from every member of
C’. Since the union of P and all members of C does not include a path from w5 to uj, there exists an edge
e € E(P’) that does not belong to P or any member of C. Thus D’\e satisfies (a). But D’'\e includes every
member of C’, and hence it also satisfies (3), contrary to (). This proves Claim 5. &
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Claimé. Leti,j € {1,2,3} withi < j. If uju; ¢ Fy, then uju; € F.

Proof of Claim: Suppose for a contradiction that u;u; ¢ Fy and uju; € F5. Let Cq be a packing of D1 +u;u;
of size v(D1) + 1, and let C; be a packing of Dy + u;u; of size v(Dy) + 1. Then C; includes a circuit Cy
containing u;u;, and Cs includes a circuit C'y containing u;u;. Let C' be the circuit (Cq\u;u;) U (Co\uju;).
If one of C; — {C4 }, Ca — {C3} does not use uz, then C := (€1 — {C1}) U (C2 — {C2}) U {C'} is a packing of
D of size v(D1) + v(D2) + 1 by (a). Then because of Claim 2, 7(D) = v(D) packs, a contradiction. Thus
we may assume that both C; — {C1}, C2 — {C2} use u for all choices of C; and C2. Thus ¢ = 1 and j = 3,
and every maximum packing of Dj 4+ ujus or Dy + usu; uses us. By (¢) we may assume that Dy + F4
packs, and hence by Claim 5 every maximum packing of D; uses uy. By Remark 3.1 D; has transversal T}
of size v(Dy) with uy € T, and D3 + ugu; has a transversal Ty of size v(D3) + 1 with uz € Ty. By (b)
Ty U T; is a transversal of D of size v(D1) 4+ v(Dz). On the other hand, by deleting one of the circuits of C
that contain uy we obtain a packing of D of size v(D1) + v(D3). Thus v(D) = 7(D), a contradiction. This
proves Claim 6. <

Claim7. The digraph D has a packing of size v(D1) + v(Ds).

Proof of Claim: Suppose not. Then for ¢ = 1,2 every maximum packing of D; uses uz, for otherwise the
union of a maximum packing in D); that does not use uy with any maximum packing of Ds_; is as desired.
By Remark 3.1 the digraph D; has a transversal T; of size 7(D;) with ug € T;. Let us assume first that
v(D1+ujus) > v(D1). Then v(D2+uzuq) = v(Dz) by Claim 6. The graph D, 4 usu packs (because by
(¢) Da+ F3 or D2+ 73 packs), and so v( Dy +ugui\uz) = 7(Dz+usui\ug). f v(Dytusui\uz) = v(D2),
then let C; be a maximum packing in Dy + ujugz and let C; be a maximum packing in v( Dz + uguq\uz).
Then some circuit of C; uses the edge uqug (because v(D;y + ujus) > v(D1)), and some circuit of Cy uses
the edge uzuy (because every maximum packing of Dj uses uz). Thus C; and C; can be combined as in the
proof of Claim 6 to produce the desired packing of D). Thus we may assume that v( Dz +uzui\ug) < v(Ds).
Let Ty be a transversal in Dy + uzuy\ug of size v(D3) — 1; then Ty U Ty is a transversal in D by (b), and its
size is v(D1) + v(D3) — 1, contrary to Claim 1. This completes the case when v (D + ujus) > v(Ds).
Thus we may assume that v( D1 + ujus) = v(D;) and v (D3 + uzuy) = v(Dz). From the symmetry and
(c) we may assume that Dy 4+ Z5 packs. Since every maximum packing of Dy uses uz, and v(Dq + usuy) =
v(Dz3), we see that v(Dz + Z2) = v(D3). Since Dy + Z; packs, there exists a transversal T3 of Dy + Z; of
size 7(D3). Since T4 NV (D2) is a transversal of Dy, we deduce that a ¢ T4, and hence uz € T4, because
Ty intersects the circuit of Dy + Z5 with vertex-set {a, us}. Thus Ty is a transversal of Dy + usuq with

ug € T4, and so Ty U Ty is a transversal of D by (b). Moreover, [Ty U Ty| = 7(D1) + 7(D2) — 1, contrary

to Claim 1. This completes the proof of Claim 7. o

We are now ready to complete the proof of the lemma. We claim that one of D + F7, Dy + F> does not

pack. Indeed, if both of them pack, then by Claim 3 the digraph D; + F; has a transversal of size v(D;), and
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the union of those sets is a transversal in D by (b) of size v(D1) + v(D>), contrary to Claim 7. Thus we may
assume that Dy + F» does not pack.

By (c) the digraph D1 + E packs and is strongly 2-connected, and D 4+ Z5 packs. To motivate the next
step, notice that since Dy + Z5 packs, but Dy 4+ F5 does not, we have usuq, usus € Fy. Since Dy + F4
packs, so does Dy + Fy, and hence by Claim 3 there exists a transversal T3 in Dy + Fy of size 7(D).

We claim that the set 77 is a transversal in D + Fy4+ujuy or D1+ Fy+ugus. To prove this claim suppose
for a contradiction that this is not the case. We deduce that there exist a usuj-path P; and a uzuq-path P, in
D, both disjoint from T}. Since T} intersects every circuit of Dy, it follows that V(P1) NV (Py) = {uz}.
Since D1 + F; is strongly 2-connected, there exists a path () in D from V (Pz) — {uz} to V(Py) — {uz}; we
may assume that no interior vertex of () belongs to V(P1) UV (P;). Let H be the digraph Py U P,UQ + E1;
then v(H) = 1 < 2 = 7(H), contrary to the fact that Dy + F; packs. This proves our claim that 77 is a
transversal in D1 + F + uqug or Dy + F1 + usus.

From the symmetry we may assume that T} is a transversal in Dy + Fy + uquq. Let Fj = Fy — {ujuz}.
Since Dy + Z5 packs, so does its minor Dy + F3, and so by Claim 3 the digraph Dy + F} has a transversal
T3 of size 7(Dz). By (b) the set T3 U T5 is a transversal in D, and its size is 7(D;) + 7(Dz2), contrary to
Claim 7. |

Proposition 7.2. Let G, M, D, where v(D) < 7(D), and G, G2, G3,C be as in Proposition 5.5. Then
either none or exactly two edges of M have both endsin V' (C).

Proof. Let A, B denote a bipartition of G. Let v1, v}, v3, v3 be the vertices of C' (in that order), where
v1,v9 € A. Fori = 1,2, 3 let m; be the edge of M incident with v;. Suppose for a contradiction that ms is
the only member of M with both ends in V (C'). We may assume that m is incident with v45. Thus my, mg
are distinct and are incident with vertices not on C'. We may also assume that mq, ms € E(G1)UE(G2). For
t = 1,2, 31et M; be the imprint of M on G; (see the paragraph prior to Proposition 6.1 for a definition). Let
J1:= D(G1UG2, M1UM3), let @ be a cube such that C'is a subgraph of ) and otherwise @ is disjoint from
G'3, and let J3 := D(G53 U Q, M}), where M} is a perfect matching of G'3 U ) with M5 C MY that does not
use an edge joining v; and v3. Such a matching is unique, and it has a unique element, say mg, not incident
with a vertex of G'3. Let a denote the vertex of .J, that results from contracting mg, and in both Jy, Js let
u1, U2, u3 denote the vertices that result from contracting the edges incident with v, v2, v3, respectively.

Let D; be obtained from .J; by deleting the edges of (', and let Dy be obtained from .J, by deleting the
vertex a and edges of QUC'. We wish to apply Lemma 7.1 to the digraphs 121 and D. Since w4 is a source and
u3 is a sink of Dy, we see immediately that (a) and (b) of that lemma hold. We will show that: = 1 and j = 2
satisfy (c). Since 1 and G5 are braces, so is G1 UG, and thus J is strongly 2-connected by Proposition 5.2.
To show that Dy + F packs we first notice that Dy + E is isomorphic to J;. But G’y U G2 is obtained from

planar braces by repeatedly applying the trisum operation, and hence .J; has no odd double circuit or F»
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minor by Theorem 5.4. Moreover,

V)| + [E(J)] = [E(G1 U Gy)| < [B(G)| = [V(D)| + |E(D)| by
Lemma 5.9, and hence J; (and thus Dy 4+ F1) pack by the hypothesis of Proposition 5.5. Finally, Dy + 75
is a subdigraph of J3, and hence it packs, by the argument of this paragraph. Thus v(D) = 7(D) by

Proposition 7.1, a contradiction. |

8. TRISUM-PART III

Let Dy, D be edge-disjoint subdigraphs of a digraph D, let X C V(D) NV (D3), and let C be a circuit
of D. We say that C' passes from Dy to D, through X if there is no vertex v € V(D) — X such that the edge
of C' with head v belongs to 11 and the edge of C' with tail » belongs to D>.

Lemmas.1l. Let D; and D, bedigraphswith V(D1)NV (D3) = {u1, uz, us, us} and E(D1)NE(D3) = 0.
Let D = Dy U Dy, let E1 = {ujusg, usus, usug, ujuq}, and let Eo = {uguy, usus, usus, ugu; }. Assume
that

(1) fori= 1,2, D; + F; packs,

(2) every circuit of Dy isdigoint from every circuit of D5,

(3) every circuit of D passes from D¢ to D, through {u1,us}, and it passes from D, to D; through

{ua, ua}.

Moreover, assume that for every pair e1, e € E; of independent edges one of the following holds:

(@) v(Di+e1+e2) > v(Ds) +2,

(b) 7(D; +e1) = 7(D;), or

(©) 7(Dj + e2) = 7(Dy).

Then 7(D) = v(D).
Proof. Suppose for a contradiction that (D) < 7(D). O

Claim1. Let¢ = 1 or¢ = 2, and let ¥ C F;. Then one of the following holds:
(i) There is an edge e € F such thatv(D; + ¢) > v(D;),
(i) 7(D; + F) = 7(D;), or
(iii) there exist independent edges e1, e2 € F such that

v(D;) =v(D;+e1) =v(D;+e3) <v(D;+ e+ e2).

Proof of Claim: Suppose (ii) does not hold, i.e. 7(D;+F) > 7(D;). As D;+ E; packs, v(D;+ F) > v(Dj).
Now if (i) does not hold then (iii) must hold since if two edges e1,e2 € F appear in the same circuit then

e1, e2 are independent. O

Claim2. D has a transversal of size v(D1) + v(D3) + 1.
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Proof of Claim: If 7(D; + E;) < 7(D;) + 1 for some ¢ € {1, 2}, then take the corresponding transversal,
and union it with any transversal of Ds_; of size 7(Ds—;). The resulting set is as required by (3). Thus we
may assume that 7(D; + E;) > 7(D;) 4+ 2 fori = 1, 2. Since v(D; + E;) = 7(D; + E;) we may assume
that there is a packing of size v(D1) in D; and two disjoint paths disjoint from the packing joining u; to ug
and u4 to uj, respectively. Likewise, we may assume that a similar situation occurs in D+, but with paths
joining ug to u4 and u; to u,. (If the paths join the other pairs we get a packing of size v(D1) +v(D2)+2, a
contradiction, because the union of {u1, us}, any transversal of D; and any transversal of Dy is a transversal
of D of the same size.) Now we use the fact that D satisfies (a), (b) or (c) for the edges u2u3 and uqu;.
If (a) holds, then we have a packing in D of size v(D1) + v(D2) + 2, and so we may assume from the
symmetry that (b) holds, where e; = uyus. Let T be the corresponding transversal. We may also assume
that v(D1 4+ ugug+uiuz) < v(D;)+ 1, for otherwise we produce a packing of D of size v(D1)+v(D2) +2.
It follows that v (D1 + ugus+uiuz +uius) < v(D1)+1, because a packing of Dy 4+ ugug+ujug+uquy that
USes 1 g Cannot use uzig Or Uy ug. Hence 7( Dy + usug +urug +uiug) = v(D1 4+ usug +urug +ujug) <
7(D1)+1. Let T} be a corresponding transversal. Then 77 UT5 is a transversal in D of size v(D1)+v(D3)+1
by (3), as desired. <&

Let F; be the set of all edges e € F; such that 7(D; + ¢) > 7(D;).

Claim3. The reversal of no edge in ¥ belongs to Fb.

Proof of Claim: Otherwise we can construct a packing in D of size v(D1) + v(D3) + 1, contrary to Claim 2.
&

Claim4. The digraph D has a packing of size v(D1) + v(Ds).

Proof of Claim: The union of any maximum packing of D with any maximum packing of D5 is as desired

by (2). O

Claim5. For some i € {1, 2}, F; includes two independent edges.

Proof of Claim: Suppose for a contradiction that no F; includes two independent edges. It follows from
Claim 3 that there exist adjacent edges e1,ey € E; — Fy and adjacent edges e3,eq4 € Fy — F5 such that
€3, €4 are the reverses of the edges in Ey — {e1,e2}. Since e1,e2 ¢ F; we deduce from Claim 1 that
T(D1 4+ e1 +e3) = v(Dy + e1 + e2) = v(D1) and similarly 7(D3 + e3 + e€4) = v(D2). But the union of

the corresponding transversals is a transversal in D of size v(D1) 4+ v(D-), contrary to Claim 4. <

Claim6. At most one of F, Fy includes two independent edges.

Proof of Claim: If both of them do, then (a) holds for those pairs, and we get a packing in D of size at least
v(D1) + v(D2) + 1, contradicting Claim 2. <
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By Claim 5 we may assume that I, includes two independent edges. We wish to define a set F' C Ey — Fy.
If F3 = F, then F; — ) by Claim 3, and we put F — F;. Otherwise we proceed as follows. If F; # {,
then it includes a unique edge by Claim 3, Claim 6 and the fact that F; includes two independent edges.
Let e be the unique member of Fy. If F; = (J, then we select e € E; such that its reverse does not belong
to Fy. In either case the reverse of e does not belong to F5. We put F = E; — {e}. This completes the
definition of F'. We apply Claim 1 to D; and F. Then (i) does not hold, because F N Fy = (). If (ii) holds,
then let 77 be the corresponding transversal, and let T3 be a transversal of size 7(D3) in Dy if e does not
exist, and in D, with the reverse of e added otherwise. Then Ty U T5 is a transversal in D by (3) of size
v(D1) + v(D3), contrary to Claim 4. Thus (iii) holds. That is, there exist independent edges e1, ez € F such
that v (D1 4 e1 +e2) > v(D1). Let es, e4 € E be the reverses of eq, e3. Since F» includes two independent
edges we deduce from the choice of F that e3,e4 € Fo. Thus v(D3 + €1 + e3) > v(D2) + 2 by (a). By
combining the resulting packings we get a packing in D of size at least v(D1) + v(D2) + 1, contrary to
Claim 2.

Proposition 8.2. Let G, M, D, where v(D) < 7(G), and G, G2, G5, C be asin Proposition 5.5. Then at
least one edge of M hasboth endsin V' (C).

Proof. Let A, B denote a bipartition of G. Let uq, us, us, u4 be the vertices of C' (in that order), where
u1, uz € A and ug, uqg € B. Suppose for a contradiction that no edge of M has both ends in V' (C), and let the
edges of M incident to vertices of C' be mq = uqufj, mo = uguh, ms = uguk, mqy — uquy. Fori =1,2,3,4
we will use u; to also denote the vertex of D that results from contracting m;. Let () be a cube such that C'
is a subgraph of @), and @ is otherwise disjoint from G; U G2 U G'3. Since G is a brace, we may assume
(by renumbering G'1, G2, G3) that {m1, ma, m3, ms} C E(G1), or {m3, ms} C F(G1) and {mq, ma} C
E(G3). In the former case we may also assume that |E(G)| < |E(G3)|. If {m1, mq, m3,ms} C E(G1)
and |E(G1)| > 12, then let H; = G4 and Hy = G5 U G; otherwise let H; = G U G2 and Hy = Gi.
Thus |E(H)| > 12 by Lemma 5.9. Then both H; and H are obtained from planar braces by repeatedly
applying the trisum operation. Let J; = D(Hy, M), and let D; = J;\ E(C). Let .J; be obtained from H,
by directing every edge from A N V(Hz) to BN V(H3), and then contracting every edge of M N E(H3),
and let Dy = J2\ F(C). Let us notice that u1, ug are sources, and uy, u4 are sinks of Dy. Thus conditions
(2) and (3) of Lemma 8.1 hold.

We now prove that condition (1) holds. The graph H; is obtained from planar braces by repeatedly
applying the 4-sum operation. By Theorem 5.4 the digraph .J; has no minor isomorphic to an odd double
circuit or F7. Moreover |V (J1)| + |E(J1)| < |V(D)| + |E(D)| by Lemma 5.9, and so J; packs by the
hypothesis of Proposition 5.5. But .J; is isomorphic to D)y + E, and hence D; + E; packs. To prove that
Dy + E; packs we first notice that Dy + F is a subdigraph of D(H2UQ, M2), where M, is a perfect matching
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of H, U @ that includes E(H,) N M and no edge with both ends in V' (C'). But D(H2 U @, M3) packs by the
hypothesis of Proposition 5.5 and the fact that | F(Hy)| > 12. Thus conditions (1)—(3) of Lemma 8.1 hold.

Next we show that for z = 1, 2, and for every pair e1,e2 € E; of independent edges one of (a), (b), (c)
holds. We first do so for ¢ = 2. It suffices to argue for e; = uguy and e; = uqug. Since D(H; U @, Mz)
packs by the previous paragraph, we see that D) = Dy + {uuy, usus, usus, ugus} also packs. But clearly
T(D4) > 7(D2), because uy, ug are sources and uy, u4 are sinks of Dy, and {u1, uz, us, us} is the vertex-set
of a circuit of Dj. If v(D4}) > v(D3) + 2, then (a) holds. Thus we may assume that 7(Dj) = 7(D3) + 1.
Let T be a corresponding transversal. Since {u1, ug, u3, u4} is the vertex-set of a circuit of Dj, and |T| =
v(D3) + 1, we see that [{u, ug, uz,us} NT| = 1. Let T" = T — {uy, ug, uz, ua}. fug € Torug € T,
then T’ shows that (c) holds and if uz € T or uq € T, then T’ shows that (b) holds, as desired. This proves
that one of (a), (b), (c) holds forz = 2.

It remains to show that one of (a), (b), (c) holds for i = 1. Let M be the union of M N E(H;)
and two edges of (): one with ends adjacent to u; and us, and the other with ends adjacent to us and uy.
Let us consider the digraph D} := D(H; U Q\E(C), M1). Then D] is isomorphic to the graph D; +
{u1a, auz, ab, ba, uzb, buy }. If D} packs, then one of (a), (b), (c) holds: clearly 7(D7) > 7(D;) because D
has a circuit disjoint from D;. If v(D}) > v(D;) + 2, then (a) holds; if 7(D}) = 7(D1) + 1, then let T
be a corresponding transversal. The set 7'M V(D;) proves that (b) or (c) holds. Thus we may assume that
D)/ does not pack, and so by the hypothesis of Proposition 5.5 we see that | E(H>)| < |E(Q)|. Thus Hj is a
cube by Lemma 5.9. In particular, H, = G's and Hy = GG1 U (3. The definition of H; and H, implies that
{m1, ma, mg, ma} € E(G1) or |E(G1)| = 12.

FIGURE 2. Two digraphs.

Let us first assume that {my, mz, mg, ms} C E(G1). Then |E(G1)| = 12, and so G is a cube. Since
|E(G2)| < |E(G3)| and G3 = H, is a cube, we deduce that Gy, G2, G5 are all cubes. It follows that D is
isomorphic to one of the digraphs depicted in Figure 2, but both those digraphs satisfy v(D) = 2 = (D),
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a contradiction. Thus we may assume that {m, ma, mg, ms} ¢ F(G1), and so {ms3, ms} C F(G1) and

{m1, m2} C F(G3). Moreover, H; = G1 UG3. Fori=1,21let L; = D(G;, M). Then

(%) wuyis asource and uz is a sink of L1, and ug is a source and ug4 is a sink of L.

Claim1. For i = 1, 2, the digraph L; does not have two disjoint paths, one joining u; and u3 and the other

joining uy and u4.

Proof of Claim: We may assume that i = 1, and suppose for a contradiction that the paths exist. By () they
join u4 to ug and uy to uz. Let L denote the union of the two paths. The digraph D(G1 U Q, M) packs
by Theorem 5.4, Lemma 5.9 and the hypothesis of Proposition 5.5. Let D’ be obtained from L by adding
a new vertex w and edges uauy, uyus, uzw, Wiy, wuy, and ugw. Then D’ is isomorphic to a subgraph of
D(G1 U@, M), and hence packs. But that is a contradiction, because D’ has an odd double circuit minor

(contract all but one edge of each path comprising L). <

We now show that one of (a), (b), (c) holds for the pair of edges u1u4 and uzusy. Indeed, suppose that none of
(a), (b), (c) hold. Then D; has a path P from u to us disjoint from a maximum packing, and a path P, from
uy4 to uy disjoint from a maximum packing. Since P; and P, are disjoint from any minimum transversal, we
deduce that their union is acyclic. By (*) we may assume that, say in G'2, a subpath P| of P; goes from u;
to u4, and that a subpath Pj of P; goes from us to u;. We see that P and P} are disjoint, because P; U P,
is acyclic. The existence of P; and Pj contradicts Claim 1.

It remains to show that one of (a), (b), (c) holds for the pair of edges u1u2 and uzu4. Suppose it does not.
Thus Dy + uzuy4 has a packing of size v(D1) + 1. This packing includes a circuit containing the edge uzus,
and hence D; has a packing C of size v(Dy), and a path P from u4 to ug disjoint from every member of C.
It follows from () and Claim 1 that P is a subgraph of L. Since C does not use ug or u4 (because every
member of C is disjoint from P) we deduce that at most one circuit of C intersects both F(L+) and E(L,).

Thus either (letting v = v(D1) and using (x))
(A) v(L1+ ugug) +v(L2) > v+ 1,0r
(B) v(L1 + uguq + ugus) + v(Ly + uqug) > v+ 2.
Similarly, either
(©) v(Ly + uruz) +v(L1) >v+1,0r
(D) v(Ly + uruz + usus) + v(L1 + uzus) > v+ 2.
By (%) v(L1) + v(L2) < v. Thus if (A) and (C) hold we deduce that

v(D1 4 uyug + ugug) > v(L1 + usug) + v(Le +ugug) =20+ 2 —v(Ly) —v(La) > v+ 2,

where the first inequality follows from (). It follows that (a) holds, a contradiction. Assume now that (B)

and (D) hold. Clearly J/(L2 + ujug + U4U3) Z IJ(L2 + U1U2), I/(Ll —+ uquq + U3U4) Z V(Ll + U3U4) and
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v(L1 + uguy + usug) + v(L2 + urug + uguz) < v+ 2. Therefore
4v+4 > v(L1 + uous + uzus) + v(La + wiug) + v(La + urus + usus) + v(L1 + usus) > 4v + 4.

Thus equality holds throughout, and, in particular, v (L1 + uguy + ugus) = v(L1 + uzuy). Since v(Lz) >

v(La + urug) — 1 we have
v(L1 + usug) + v(L2) > v(L1 + uguy + usug) + v(Lo + ugug) — 1 > v + 1,

and so (A) holds. Thus we have shown that if (B) and (D) hold, then (A) holds as well.

To complete the proof we may assume that (A) and (D) hold, but (C) does not. We need two claims.
(E) I/(L2 + U1U2) S V(Lg)

To prove (E) we subtract the negation of (C) from (A), and use the fact that v(L1 + uzus) < v(L1) + 1. We
find that v(Lg + uquz) < v(L3), which is (E).

(F) I/(L2 =+ U4U3) S I/(Lg)

To prove (F) we use the fact that v( L1 + ugus) + v (L2 + uguz) < v+ 1. (Otherwise those packings could be
combined to produce a packing in D of size v 4 1.) By subtracting this inequality from (A) we obtain (F).

Let Ly, = Loy + {uia, aus, usb, bua, ab, ba, usus}. Let @)’ be obtained from () by adding a three-edge
path P’ joining us and w4, and otherwise disjoint from G'U @. Let M} be a perfect matching of G2 U Q'
that includes M N F(G2), two edges of P’, and two edges of Q\V (C): one with ends adjacent to u; and us,
and the other with ends adjacent to u3 and u4. This L is isomorphic to D(G2 U Q'\E(C), M}). The graph
G2UQ)' is a subgraph of abrace H in such a way that H\V (G'2UQ)’) has a perfect matching and H is obtained
from planar braces by trisumming. By Theorem 5.4 the digraph L% has no minor isomorphic to an odd double
circuit or F7. By Lemma 5.9 the digraph L satisfies |V (L})| + |E(L4)| < |V(D)| + | E(D)|, and hence L,
packs by the hypothesis of Proposition 5.5. We will show that 7(L%) > v(Lq) + 2 and v(L%) < v(Lg) + 1.
This is a contradiction that will prove the proposition.

We first show that 7(L5) > v(Lz2) + 2. Indeed, suppose for a contradiction that L}, has a transversal 7" of
size at most v(Lz) + 1. Since {b, us, us} is the vertex-set of a circuit of L}, one of those vertices belongs to
T.Ifb € T, then T — {b} is a transversal of Ly + ujug + ugusz of size v(L3). Thus v (L2 + uyug + ugus) +
v(L1 4 uzug) < v(Lg) + v(L1 + ugus) < v+ 1, contrary to (D). If b ¢ T, then uz € T or uy € T, and
a € T, because {a, b} is the vertex-set of a circuit of L. Then T' — {us, u4, a} is a transversal of L, by (%)
of size v(L3) — 1, a contradiction. This proves that 7(L5) > v(Lg) + 2.

Finally, it remains to prove that v(L%) < v(Ly) + 1. To this end suppose for a contradiction that C is a
packing in L}, of size v(L,) + 2. Choose a circuit C' € € such that b € V(C'). If such a choice is not possible
choose C' witha € V(C'), and if that is not possible choose C' arbitrarily. It follows that the packing C — {C'}

uses at most one of ¢ and u4, and hence the packing C — {C'} proves that either v (L3 + uqus) > v(Ls), or
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v(La + uyuz) > v(Ls), contrary to (E) and (F). This proves that v(L}) < v(Lz) + 1, and hence completes
the proof of the proposition. |

9. CONCLUDING REMARKS

Consider a digraph D with weight function w : V(D) — Z. The weight of a subset T' C V(D) is
defined as ), . w(v). The value of the minimum weight transversal is written 7(D, w). The cardinality
of the largest family C of circuits with the property that for every v € V(D) at most w(v) circuits of C
use v, is denoted v(D, w). Lete : V(D) — Z; where e(v) = 1,Vv € V(D). Then (D) = 7(D,e)

2

FIGURE 3. Digraph D with 7(D, w) > v(D, w).

and v(D) = v(D,e). Observe that for every digraph D and for all positive weight functions w we have
(D, w) > v(D,w). A natural extension of Theorem 1.1 would be to characterize which are the digraphs
D for which 7(H, w) = v(H,w), for every subdigraph H of D and for every weights w : V(D) — Z.
This class of digraphs is closed under taking minors, and thus does not contain F7 or odd double circuits.
However, there are other obstructions as is illustrated by the digraph D of Figure 3. Next to each vertex v
we indicate the weight w(v). Here we have 3 = 7(D, w) > v(D, w) = 2, and D does not contain F7 or an
odd double circuit as a minor. In fact many other obstructions can be obtained by a similar construction. A
related problem is to study the class of digraphs for which 7(D, w) = v(D, w) forall w : V(D) — Z but
without requiring that the same property hold for every subdigraph. This can be formulated as a hypergraph
matching problem where the vertices of the hypergraph are the vertices of the digraph and the edges are the
vertex set of circuits of D. There is a long list of obstructions to this property. However the problem has been

solved for the special case when DD is a tournament [8] or a bipartite tournament [9].
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