PACKING DIRECTED CIRCUITS EXACTLY
BERTRAND GUENIN AND ROBIN THOMAS

ABSTRACT. We give an “excluded minor” and a “structural” charactetian of digraphsD that have the prop-
erty that for every subdigrapi of D, the maximum number of disjoint circuits il is equal to the minimum
cardinality of a sef” C V' (H) such thatd\T is acyclic.

1. INTRODUCTION

Graphs and digraphs in this paper may have loops and muégides. Paths and circuits have no “re-
peated” vertices, and in digraphs they are directettafisversain a digraphD is a set of verticeg” which
intersects every circuit, i.eD\T is acyclic. Apacking of circuits(or packingfor short) is a collection of
pairwise (vertex-)disjoint circuits. The cardinality ofrainimum transversal is denoted by D) and the
cardinality of a maximum packing is denoted b{D). Clearlyv(D) < 7(D), and our objective is to study
when equality holds. We will show in Section 4 that this is tase for every strongly planar digraph. (A
digraph isstrongly planaiif it has a planar drawing such that for every vertexhe edges with headform an
interval in the cyclic ordering of edges incident wit) However, in general there is probably no nice char-
acterization of digraphs for which equality holds, and ssteéad we characterize digraphs such that equality
holds forevery subdigraphThus we say that a digraph packsif 7(D’) = v(D’) for every subdigraptd’
of D.

We will give two characterizations: one in terms of excludeithors, and the other will give a structural
description of digraphs that pack. We say that an edgea digraphD with headv and tailu is specialif
eithere is the only edge oD with headw, or it is the only edge o with tail u, or both. We say that a
digraphD is aminorof a digraphD’ if D can be obtained from a subdigraphiof by repeatedly contracting
special edges. Itis easy to see that if a digraph packs, thdo all its minors. Thus digraphs that pack can
be characterized by a list of minor-minimal digraphs thahdbpack. By arodd double circuitve mean the
digraph obtained from an undirected circuit of odd lengtheast three by replacing each edge by a pair of
directed edges, one in each direction. The digraplis defined in Figure 1. The following is our excluded

minor characterization.
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FIGURE 1. The digraphF;.

Theorem 1.1. A digraph packs if and only if it has no minor isomorphic to aldalouble circuit orF.

If D is an odd double circuit with vertices thenr(D) = [k/2] > v(D) = |k/2|. Moreover,r(F7) =
3 > v(F7) = 2. Thus odd double circuits anfl, do not pack and the content of Theorem 1.1 is to prove the
converse.

The structural characterization can be stated directherms of digraphs, but it is more convenient to
rephrase it in terms of bipartite graphs, and therefore watgmne its statement until Section 5. Roughly, the
characterization states that a digraph packs if and ontycéim be obtained from strongly planar digraphs by
means of certain composition operations.

Our main tool in the proof is a characterization of bipartjitaphs that have a Pfaffian orientation, found
independently by McCuaig [1] and by Robertson, Seymour hedsécond author [6]. We present the char-
acterization in Section 5. The rest of the paper is orgargzeillows. In Section 2 we mention three related
results. Section 3 reduces the problem to strongly 2-cdedetigraphs. It is shown in Section 4 that strongly
planar digraphs pack. Sections 6-8 show that the propeatydilyraphs pack is preserved under the composi-
tion operations of the characterization theorem, thus detimg the proof of Theorem 1.1. Finally, Section 9

offers some closing remarks.

2. RELATED RESULTS

In this section we review three related results. The firstétaasical theorem of Lucchesi and Younger,

of which we only state a corollary [4](Theorem B).
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Theorem 2.1. Let D be a planar digraph andr be the family of its directed circuits. Then for any set of

weightsw : E(D) — Z we have,

min{ Z w(e)z, : er >1,YC e F,z € {0,1}EP)}

c€E(D) eeC 2.1)
= max{ Z Yo Z yo <wle),Ye € BE(D),y € ZT}.
c:CeF CiecCeF

Thus, in particular, in a planar digraph the maximum carlitynaf a collection of edge-disjoint circuits is
equal to the minimum cardinality of a set of edges whose elehakes the graph acyclic. This relation does
not hold for all digraphs, but there is an upper bound-¢R) as a function of/(D). (A simple construction
— splitting each vertex into a “source” and a “sink,” also dise the proof of Corollary 4.1 — shows that
the same function serves as an upper bound for both the adig@tlas well as vertex-disjoint version of the
problem. Note, however, that this construction does natgmee planarity, but it preserves strong planarity.)
McCuaig [1] characterized all digraph3 with v(D) < 1; the following follows immediately from his

characterization (but there does not seem to be a direcf)proo
Theorem 2.2. For every digraphD, if v(D) < 1, thent(D) < 3.
In general, Reed, Robertson, Seymour and the second adimoled the following.

Theorem 2.3. There is a functiory such that for every digrapP
(D) < f(v(D)).

The functionf from the proof of Theorem 2.3, albeit explicit, grows ratlf@st. The best lower bound
of f(k) > Q(klogk) was obtained by Noga Alon (unpublished). Finally, the uectied analogue of the
problem we study is quite easy. It becomes much harder if i require that the equality = = hold
for all inducedsubgraphs. This problem remains open. However, Ding and) Z2hmanaged to solve
the closely related problem of characterizing graphs foichlit is required that a weighted version of the
relationry = 7 holds. They gave a characterization by means of excludegedisubgraphs, and also gave a

structural description of those graphs. We omit the presiatement.

3. STRONG 2-CONNECTIVITY

Let D be a digraph and a packing of circuits. We will say that uses a vertex if there exists a
circuit C' in C with v € V(C'). Consider a digrapt® that packs. Then some minimum transversal includes
v if and only if 7(D\v) = 7(D) — 1. As D packs,v(D\v) = 7(D\v) = 7(D) — 1 = v(D) — 1. But
v(D\v) = v(D) — 1 if and only if every maximum packing uses Thus we have shown the following.

Remark 3.1. Let D be a digraph that packs. There exists a minimum transvefsal @ntainingv if and

only if every maximum packing ob usesv.
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A digraph isstrongly connecte for every pair of vertices, andv there is a path from to v. A digraph
D is stronglyk-connectedf for everyT C V (D), where|T| < k—1, the digraphD\ T is strongly connected.
If D is not strongly connected, thén(D) can be partitioned into non-empty séfs, X» such that no edge
has tail inX; and head inXs. Let Dy := D\ X, andD5 := D\ X;. ThenD is said to be &-sumof D, and

Ds. Since every circuit oD is a circuit of precisely one ab; or D», the following is straightforward.
Proposition 3.2. Let D be the0-sum ofD; and D,. ThenD; and D pack if and onlyD packs.

SupposeD is strongly connected, but not strongly 2-connected; thasetis a vertex such thatD\v is
not strongly connected. Then there is a partitiod/@D) — {v} into non-empty sets(;, X such that all
edges with endpoints in botki; and X5 have tail inX; and head inXs. Let F' be the set of all these edges.
Fori = 1,2 let D, be the digraph obtained frof by deleting all edges with both endpointsiiz_; U {v}
and identifying all vertices oX3_; U {v} into a vertex called. Thus edges of belong to bothD; andD»;
in D, they have head and in D, they have taib. We say thatD is al-sumof D; andDs.

Let D be a digraph. We denote by + uv the digraph obtained fromv by adding the vertices, v (if
they are not vertices ab) and an edge with tail and head. Let us stress that we add the edge even if
D already has one or more edges with taiand headv. We useD + {ujv1, ugve, ..., ugv} to denote

D 4+ ujv1 + ugvg + - - + upv.

Proposition 3.3. Let a strongly connected digraph be thel-sum ofD; and D,. ThenD; and D, pack if
and only if D packs.

Proof. SinceD is strongly connected, the digraphs and D5 are minors ofD. So if D packs, so dd; and
D,. Conversely, assume thay and D- pack. Since every subdigraph bfis either a subdigraph db; or
D5, or a 0-sum or 1-sum of subdigraphsiof andD., it suffices to show that(D) = v (D). Letv, X5, Xo,
andF be as in the definition of 1-sum. FoE 1,2 let D} := D;\ F and letC; be a maximum packing db..
Suppose that, far= 1, 2, every maximum packing ab; uses the vertex. It follows from Remark 3.1 that
there is a minimum transversa) of D usingv. LetC be obtained from the union %, C, by removing the
circuit of C; usingv. ThenC is a packing ofD andT := T} U Ty is a transversal oD. Moreover, both have
cardinality7(D}) + 7(D}) — 1, i.e. 7(D) = v(D). Thus we can assume one®f(i = 1, 2), sayC;, does
not use the vertex.

Fori = 1,2, let F; be the set of edgeg of I’ such thatv(D} + f) = v(D}). Consider first the case
whereF, UF, = F. Suppose for a contradictior{ D, + F;) > v(D)) and letF be a corresponding packing.
Clearly 7 uses an edge df;. Moreover as all edgeB of D, share the endpoint, F uses exactly one edge
f of F;. Hencev (D) + f) > v(Dj}), a contradiction. Since (for= 1,2) D] + F; packs it has a transversal
T; of cardinalityr(D}). As Fy U I, = F this implies thafl; U T is a transversal oD. Recall thatC; does
not usev; thusC; U Cq is a packing ofD and|Ty U Tz| = 7(D}) + 7(D4%) = |C1 U Cal, i.e. 7(D) = v(D).
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Thus we may assume there exigts F' — I} — F,. LetC] (i = 1, 2) be a maximum packing db; + f.
EachC/ contains a circuit’; using f. DefineC to be the collection of all circuits afy, C, distinct fromC;
andC; as well as the circuitCy; U C2)\ f of D. LetT; (i = 1,2) be a minimum transversal db;. Then
T =T, UT, U{v} is atransversal oD andC a packing ofD. Moreover,|T'| = 7(D}) + 7(D5) + 1 = |C],
i.e.7(D) = v(D), as desired. O

4. STRONG PLANARITY

Let us recall that a digraph strongly planarif it has a planar drawing such that for all verticesthe
edges with head form an interval in the cyclic ordering of edges incidentiwitdetermined by the drawing.

Corollary 4.1. Every strongly planar digraph packs.

Proof. Let D be a strongly planar digraph with vertex détand edge sef’. We will show thatD packs.
Since subdigraphs of strongly planar digraphs are stropiglyar it suffices to show(D) = v(D). Associate
to every vertexy a new vertex’ and letV’ be the set of all vertices. Associate with every edgec E(D)
with tail « and head a new edge’ with tail v’ and head. We define a digrapi/ as follows: the vertex-set
of HisV UV’, and the edge-set &f consists of all the edgesfor ¢ € E(D) and all the edges of the form
vv’, wherev € V(D). Define weightsv : E(H) — Z as follows:w(e’) = |E(H)| forall e € E(D) and
w(vv’) = 1forallv € V(H). Itis easy to see that the drawing associated to the strquighar digraphD
can be modified to induce a planar drawingtdf Now equation (2.1) stateg D) = v(D), as desired. O

5. BRACES

It will be convenient to reformulate our packing problem abdigraphs to one about bipartite graphs.
Let G be a bipartite graph with bipartitiof4, B), and letM be a perfect matching i6". We denote by
D(G, M) the digraph obtained frort¥ by directing every edge aff from A to B, and contracting every
edge of M. WhenG' is a subgraph of7 and M N E(G’) is a perfect matching of” we will abbreviate
D(G',MNE(G")) by D(G', M). Itis clear that every digraph is isomorphicE(G, M) for some bipartite
graphG and some perfect matching. Moreover, the following is straightforward.

Remark 5.1. Let G be a bipartite graph and 18t be a perfect matching i If G is planar thenD(G, M)

is strongly planar.

A graphG is k-extendable, wherkis an integer, if every matching i@ of size at mosk can be extended
to a perfect matching. A 2-extendable bipartite graph ikedabrace The following straightforward relation
betweenk-extendability and strong-connectivity is very important.

Proposition 5.2. LetG be a connected bipartite graph, 181 be a perfect matching itv, and letk > 1 be
an integer. Thert is k-extendable if and only iD(G, M) is stronglyk-connected.
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Let G be a bipartite graph andif a perfect matching idz such thatD(G, M) is isomorphic toF;. This
definesG uniquely up to isomorphism, and the graph so defined is céleBleawood graph

Let G be a bipartite graph, and letoe an edge of7 with endsu, v. Consider a new graph obtained from
G by replacinge by a path with an even number of vertices and emdsand otherwise disjoint frond:. Let
G’ be obtained frontG by repeating this operation, possibly for different edge&/o We say that?’ is an
even subdivisioof G. The graphG’ is clearly bipartite. Now letz, H be bipartite graphs. We say that
containsH if G has a subgraph such thatG\ V(L) has a perfect matching, atidis isomorphic to an even
subdivision ofH .

A circuit C' in a bipartite graphG is centralif G\V(C) has a perfect matching. Lél, be a bipartite
graph, letC be a central circuit ofy, of length4, and letG,, G2 be subgraphs affy such thatG; U G2 =
Go,G1 NGy = C,andV(Gy) — V(Ga) # 0 # V(G2) — V(G1). LetG be obtained front7, by deleting
all the edges of”. In this case we say that is the4-sumof G, or G5 alongC'. This is a slight departure
from the definition in [6], but the class of simple graphs aihle according to our definition is the same,
because we allow parallel edges.

Let Gy be a bipartite graph, let’ be a central circuit of5, of length4, and letG,, G2, G5 be three
subgraphs of7, such that:G; U G2 U G3 = Gy and for distinct integers j € {1,2,3} G; NG, = C and
V(G;) — V(G,) # 0. LetG be obtained fronG, by deleting all the edges @f. In these circumstances we

say that(7 is atrisumof G, G2, G5 alongC. We will need the following result.

Theorem 5.3. Let G be a brace, and led/ be a perfect matching itr. Then the following conditions are
equivalent.

(i) G does not contaits 3,
(i) eitherG isisomorphic to the Heawood graph, Grcan be obtained from planar braces by repeatedly
applying the trisum operation,
(i) eitherG isisomorphic to the Heawood graph, @rcan be obtained from planar braces by repeatedly
applying the 4-sum operation,

(iv) D(G, M) has no minor isomorphic to an odd double circuit.

Proof. The equivalence of (i), (ii) and (iii) is the main result off @nd [6]. Condition (iv) is equivalent to the
other three by results of Little [3] and Seymour and Thoma$gg See also [1]. O

We will need the following small variation of Theorem 5.3.

Theorem 5.4. Let G be a brace, and led/ be a perfect matching it¥. Then the following conditions are
equivalent.

(i) G does not contaitk’s 3 or the Heawood graph,

(i) G can be obtained from planar braces by repeatedly applyiegfisum operation,
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(i) G can be obtained from planar braces by repeatedly applyiegitisum operation,

(iv) D(G, M) has no minor isomorphic to an odd double circuitBr.

Proof. This follows from Theorem 5.3 and the fact [6, Theorem 6.3 tlfi G contains the Heawood graph
and is not isomorphic to it, then it contaifi; 5. O

We deduce the following information about a minimal couekample to Theorem 1.1.

Proposition 5.5. Let G be a bipartite graph and\/ a perfect matching irG such that the digraptD :=
D(G, M) has no minor isomorphic to an odd double circuit Bf, and every digraphD’ with [V (D’)| +
|E(D")| < |V(D)|+|E(D)| and no minor isomorphic to an odd double circuit®y packs. Ifv(D) < 7(D),
thend is a brace and there exist bracés , G2, G5 such that(z is a trisum ofGGy, G4, G3 along a circuitC,

and each of7,, G2, G3 can be obtained from planar braces by repeatedly applyiegrisum operation.

Proof. It follows from Propositions 3.2 and 3.3 thakis strongly 2-connected. Thudsis a brace by Propo-
sition 5.2. By Corollary 4.1 the digraph is not strongly planar, and henc¢gis not planar by Remark 5.1.
By Theorem 5.4 the grapty is obtained from planar braces by repeatedly applying tisertr operation.

Sinced itself is not planar, there is at least one trisum operatiwnlved in the construction @¥, and hence

G1,Gs, G3 andC exist, as desired. O

In the next three sections we will prove the following result
Proposition 5.6. Let@, M, andD be as in Proposition 5.5. Then(D) = 7(D).

Proof of Theorem 1.{assuming Proposition 5.6We have already established the “only if” part. To prove
the “if” part let D be a digraph with no minor isomorphic to an odd double cirounif*; such that every
digraphD’ with |V(D’)| + |E(D’)| < |V(D)| + |E(D)| and no minor isomorphic to an odd double circuit
or F; packs. By Proposition 5.6 we have thdD) = 7(D), and henceD packs, as desired. O

We now deduce the structural characterization of digrapasgack.

Corollary 5.7. A digraph packs if and only if it can be obtained from strongdgonnected digraphs that
pack by means ofi- and 1-sums. A strongl2-connected digraph packs if and only if it is isomorphic to
D(G, M) for some brac& and some perfect matchirgd in G, whereG is obtained from planar braces by

repeatedly applying the trisum operation.

Proof. The first statement follows from Propositions 3.2 and 3.3.tke second statement [Btbe a strongly
2-connected digraph. Assume first tHatpacks, and letG be a bipartite graph an#t/ a perfect matching
such thatD is isomorphic toD(G, M). By Proposition 5.2 the grapf' is a brace. By Theorem 1.1 the
digraphD has no minor isomorphic to an odd double circuitfar, and so by Theorem 5& is as desired.

The converse implication follows along the same lines. O
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As we alluded to in the Introduction, the second part of argl5.7 can be stated purely in terms of
“sums” of digraphs. However, three kinds of sum are needeel [8]), as opposed to just one. Therefore the
formulation we chose is clearer, despite the disadvantaaattinvolves the transition from a digraph to a
bipartite graph.

Finally, we deduce a corollary about packifg-alternating circuits in bipartite graphs. Lét be a
bipartite graph, and led/ be a perfect matching id'. A circuit C' in G is M-alternatingif 2|E(C) N
M| = |E(C)|. Letv(G, M) denote the maximum number of pairwise disjaldtalternating circuits, and
let 7(G, M) denote the minimum number of edges whose deletion leav@g-adternating circuit. It is clear
thatv(G, M) = v(D(G, M)) andr(G, M) = 7(D(G, M)). Thus we have the following corollary.

Corollary 5.8. LetG be a brace, and led/ be a perfect matching i&¥. Then the following three conditions

are equivalent.

(i) G does not contaitk’s 3 or the Heawood graph,
(i) 7(G',M'") = v(G', M’) for every subgraplG’ of G such thatM’ = M n E(G’) is a perfect
matching inG’, and

(i) G can be obtained from planar braces by repeatedly applyiegitisum operation.

In fact, the equivalence of (i) and (ii) holds for all bipagtigraphs, not just braces. We conclude this
section with a lemma that will be needed later. The lemmateadlimmediately from [6, Theorem 8.2]. We
say that a graph iseubeif it is isomorphic to the 1-skeleton of the 3-dimensionabeuThus every cube has
8 vertices and 12 edges.

Lemma 5.9. Let G be a trisum ofG, G2, G3 along C, where the graph&:, G», G3 are obtained from
planar braces by repeatedly applying the trisum operatibhen fori = 1,2, 3 we havg E(G;)| > 12 with
equality if and only ifG; is a cube.

The remainder of the paper is dedicated to proving Promoshi.6. ConsideD, G, C as in Proposi-
tion 5.5, and lett be the number of edges af with both ends inV'(C). As M is a perfect of matching
of G, k € {0,1,2}. Proposition 6.2 proves thadt # 2, Proposition 7.2 proves thdt # 1, and finally
Proposition 8.2 proves that+ 0.

6. TRISUM-PART |

LetD,G, M, Gy, G2, Gs,C be asin Proposition 5.5. Foe= 1, 2, 3 let M be the set of edges N E(G;)
with at least one end not it (C), let M, be the set of edges @f that are parallel to an edge 81, and let
M; = MU M,. We say thaf\/; is theimprint of M onG;.
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Proposition 6.1. Let a bipartite graphz be a4-sum ofG; and G, alongC, let M be a perfect matching in
G such that some two edges/df have both ends iV (C), let D = D(G, M), and fori = 1,2 let M; be the
imprint of M on G;. If both D(G4, M;) and D(G3, Ms) pack, thenv(D) = (D).

Proof. Fori = 1,2 let D; = D(GZ,MZ) Then|V(D1) n V(D2)| = 2; let V(Dl) n V(Dg) = {ul,u2}.
Moreover,E(D1) N E(Dy) = {e1,e2}, wheree; has head:; and tailu;, andes has head:; and tailus.
Fori = 1, 2 let D; = Di\{el, 62}.

Claim1. For eachD; (i = 1, 2) one of the following holds:

(1) There exists a maximum packing not using any.pfor us. Every minimum transversal does not
contain any ofu; or us.

(2) For somek € {1,2} the following holds: all maximum packings usg, there exists a maximum
packing not usingis_, and there exits a minimum transversal which contaipdut notus_ .

(3) There exists a maximum packing using bathandus. There exists a minimum transversal using
and a minimum transversal usimg. Moreover, either: (a) there is a minimum transversal coirig
bothuy, us; or (b) there is a packing of siz D;) — 1 not usingu; or us.

Proof of Claim: Observe that for (1)-(3) the statements about transve(eatept for the last sentence) follow
from the statements about maximum packings and Remark 3uppdSe (1) does not hold; then every
maximum packing oD} uses one ofiy, us. In particularv(D;) = v(D}). Suppose for a contradiction there
exists a maximum packing; of D’ not usingu; and a maximum packing, of D} not usingu,. Remark 3.1
implies that no minimum transversal &f, containsu; or us. Since{ey,e2} is the edge-set of a circuit of
D, this implies7(D;) > 7(Dj}), a contradiction sinc®; packs. Thus for some € {1, 2} every maximum
packing of D} usesuy. If (2) does not hold, then all maximum packings usge . If (3)(a) does not hold, no
minimum transversal oD’ uses bothi; andus. This impliesr(D;\{u1,uz2}) > 7(D}) — 1. SinceD; packs
(3)(b) must hold. O

Claim2. Fori = 1,2, letT; be a minimum transversal d; and letC; be a maximum packing ab;. We
can assume one of the following holds:

(a) There exist& € {1, 2} such that’; andCs useuy, butuy & Ty N Ts.
(b) {Ul, UQ} n (Tl U TQ) - @
Proof of Claim: LetT := T} UT5 and letC be an inclusion-wise maximal packing@a U Cs. If (a) does not

hold, thenT'| < |C|. If (b) does not hold, thefuy, us} NT # 0; thusT is a transversal aD. It follows that
7(D) = v(D), as desired. Thus we may assume that (a) or (b) holds. O

We can assume, because of Claim 1 and Claim 2,/thaiD, either both satisfy condition (1) of Claim 1,
or they both satisfy condition (3) of Claim 1 and onelof, DS, say D}, satisfies (3)(b). Consider the latter
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case first. LeT (resp.T:) be a minimum transversal @, (resp.D}) usingu,. LetT := T3 UT5. LetC; be
apacking ofD}\{u1, us} of sizer(D7) — 1 and letC; be a maximum packing ap5. ClearlyC := C; UCs is
apackinginD. Since|Ty UTy| = 7(D})+7(D%)—1and|C| = 7(D}) —1+7(D}), we haver(D) = v(D).
Thus we may assume that bafi, D} satisfy (1). Fori = 1,2, letC; be a maximum packing ab;.
Suppose there is € {1, 2} such that for = 1, 2, 7(D} + uxuz—j) = 7(D}) and letT; be the corresponding
minimum transversal. Thef; intersects allus_,ui-paths of D,. HenceT := T; U Ty is a transversal
of D. Moreover,|T| = 7(D}) + 7(D%) = |C; UCql, i.e. 7(D) = v(D). Thus we can assume there
is for k = 1,2 an indext(k) € {1,2} such thatr(D;,, + upus—x) > 7(Dj,). SinceD, Dy pack
V(D;(k) + upuz—g) > T(D;(k)); let 7y be the corresponding packing. Some ciraljt,) of F,) is
of the form Py ;) + ugus— where P, is auz_ug-path. Fori = 1,2 let T; be a minimum transversal
of D;. Note thatT};, does not interseck, ;). Observe that we cannot havel) = ¢(2) = i € {1,2},
for otherwise there exist both@ us- andugu;-paths inD’ which are not intersected b, and hencel;
does not intersect all circuits d;, a contradiction. Thus we can assumiié) = 1 and¢(2) = 2. Let
C:=F UFRU{PUP}—{C,Cy}. ThenC is a packing ofD andT := Ty UT> U {u; } is a transversal
of D. Moreover|T'| = 7(D}) + 7(D5) + 1 = |C|,i.e.7(D) = v(D), as desired. O

Proposition 6.2. LetG, M, D, wherev(D) < 7(D), andG1, G2, G3, C be as in Proposition 5.5. Then at
most one edge dff has both ends i (C').

Proof. Suppose for a contradiction that two edges\¢thave both ends iV (C). Fori = 1,2, 3 let M; be

the imprint of M onG;. The graph€7, andG2 U G5 are obtained from planar braces by repeatedly applying
the 4-sum operation, and hence the digraphs= D(G1, M;) and Dy = D(G3 U G3, My U M3) have

no minor isomorphic to an odd double circuit B by Theorem 5.4. Thu®; and D, pack, and hence by

Proposition 6.1/(D) = 7(D), a contradiction. O

7. TRISUM-PART ||

Lemma7.1. Let Dy, Dy be digraphs with (D1) NV (D2) = {u1,us,us} and E(D1) N E(D2) = 0. Let
D = D1UDs,a € V(D), By = {uiug, uius, ugus }, By = {usu, uguy, usus}, Z1 = {aus, usa, uia, aus},

andZ, = {aus, uga, auy, usa}, wherea € V(D). Assume that

(a) if, for i = 1,2, C; is a circuit of D;, thenV (C1) NV (Cs) C {u2},

(b) if Cis a circuit of D that uses edges of boifh, and D-, thenC' = P; U P, and there exist integers
i,7 € {1,2,3} suchthat < j and P is au,u,;-path ofD; and P, is au,u;-path of Dy, and

(c) there exist integers, j such that{:, j} = {1,2}, D; + E; packs and is stronglg-connected, and
Dj; + Z; packs.

Thenr(D) = v(D).
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Proof. Suppose for a contradiction thatD) < 7(D).

Claim 1. The digraphD has a packing of size(D; ) + v(D3) — 1.

Proof of Claim: Clearlyv(D2\us2) > v(D2) — 1, and so the union of any maximum packinglof with any
packing of D2\ us of sizev(Dy) — 1is as desired by (a). This proves Claim 1. &

Claim2. The digraphD has a transversal of size at me$D; ) + 7(Ds) + 1.

Proof of Claim: By (c) we may assume from the symmetry tiaf + E; packs. Clearly(D; + E;) <
v(D1) + 1. Thust(Dy + E1) < 7(D1) + 1. LetTy be a transversal db, + F; of size at most(D;) + 1,
and letT» be a transversal db,, of sizet(D2). By (b) 71 UTs is a transversal oD, as required. This proves
Claim 2. <

Fori = 1,2 let F; be the set of all edges € E; such thav(D; + f) = v(D;).

Claim3. Fori =1,2,v(D; + F;) = v(D;).

Proof of Claim: If v(D; + F;) > v(D;), then, since every edge @f; has both ends iu, uz,us}, we
deduce that(D; + f) > v(D;) for somef € F;, a contradiction. This proves Claim 3. <&

Claim4. Leti,j € {1,2,3} be such that < j, and letD’ be a subdigraph ab;. If v(D’ 4+ u;u;) > v(D’),
then there exist a maximum packi@gf D’ and a pathP in D’ from w; to u,; such that every member 6f

is disjoint from P.

Proof of Claim: LetC’ be a maximum packing dp’ + w;u;. SinceC’ is not a packing oD’, some member

of C’, sayC, uses the edge;u;. ThusC’' — {C} andC'\u,;u; satisfy the conclusion of the claim. <&

Claim5. If D;+ F; packs and every maximum packingof + u; us usesus, then every maximum packing

of D usesus.

Proof of Claim: Suppose for a contradiction that every maximum packingoft+ u;us usesus, but some
maximum packing of); does not uses,. Thenv(D; + ujuz) > v(D1). By Claim 4 applied taD’ = D,
there exist a maximum packiryof D, and a pathP of D, from u3 to u; such thatP is disjoint from every
member ofC. Let L be a subdigraph ab; such that

(o) L includesP and every member af,

(8) L includes every member of some maximum packingefthat does not use-, and

() subjectto(«) and(3), E(L) is minimal.

By (a) v(L) = v(D1). We claim that/(L + ujus + usus) > v(L). To prove this claim suppose for a
contradiction that equality holds. Siné& + E; packs we deduce that L + ujus + usus) = v(L). Let

T be a transversal ab + ujus + usus Of sizev(L). From () we deduce that, ¢ 7', but then it follows
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thatT is a transversal of. + ujus, contrary to(«). This proves that (L + wjus + usug) > v(L). Let
S be a maximum packing of + ujus + usus. We may assume that no memlierf S uses both edges
ujusg, ugus, for otherwiseS \ {C} U {C 4 ujus — uyus — usus} is @ maximum packing oDy + uqus
avoidingus, a contradiction. Hence, eithefL + uqyus) > v(L) or v(L + ugus) > v(L), and so we may
assume the former. By Claim 4 applied 8 = L there exists a maximum packidy of L and a pathP’

in L from us to u; disjoint from every member af’. Since the union of” and all members of does not
include a path fromus to u4, there exists an edgec E(P’) that does not belong t& or any member of .
ThusL\e satisfieg«). But L\ e includes every member @f, and hence it also satisfié8), contrary to(+).

This proves Claim 5. &

Claim6. Leti,j € {1,2,3} with i < j. If wyu; & Fy, thenuju; € F.

Proof of Claim: Suppose for a contradiction thaju; ¢ F1 anduju; ¢ F»>. LetC; be a packing oD; +u;u;
of sizev(D;) + 1, and letC; be a packing oD, + uju; of sizev(D2) + 1. ThenC; includes a circuitC;
containingu,u;, andCs includes a circuiCy containingu;u;. Let C' be the circuit{Cy \u;u;) U (Co\uju;).

If one ofC; — {C4}, Co — {C} does not uses, thenC := (C; — {C1}) U (C2 — {C2}) U{C} is a packing of
D of sizev(Dy) + v(D3) + 1 by (a). Then because of Claim2(D) = v(D) packs, a contradiction. Thus
we may assume that both — {C1}, C2 — {C>2} useus, for all choices of’; andC,. Thusi = 1 andj = 3,
and every maximum packing @, + wjus or Do + ugu; useSus. By (€) we may assume that, + F; and
D+ + 7, packs. Hence by Claim 5 every maximum packindggfusesus. By Remark 3.1D; has transversal
T, of sizev(D1) with uy € Ty, andDs + usuq has a transversdh, of sizev (D) + 1 with us € Ts. By (b)
T, U Ty is a transversal oD of sizev(D;) + v(D3). On the other hand, by deleting one of the circuitg of
that containu, we obtain a packing ab of sizev(D) + v(D2). Thusv(D) = 7(D), a contradiction. This

proves Claim 6. <&

Claim7. The digraphD has a packing of size(D; ) + v(D>).

Proof of Claim: Suppose not. Then far= 1,2 every maximum packing oD, usesu., for otherwise the
union of a maximum packing i®; that does not use, with any maximum packing oDs_; is as desired.
By Remark 3.1 the digrapfv; has a transversdl; of sizer(D;) with us € T;. Let us assume first that
v(D1+4ujus) > v(Dy). Thenv(D2+uguy) = v(D2) by Claim 6. The graptDs + usu, packs (because by
(¢) D2+ E> or Do+ 75 packs), and so(Ds +usuq \us) = 7(Da+uzug\usz). If v(Da+usui\u2) = v(Da),
then letC; be a maximum packing i, 4+ w;us and letC, be a maximum packing in(Ds + usuq \us).
Then some circuit of; uses the edge; us (because/(D; + ujus) > v(D;)), and some circuit of; uses
the edge:su, (because every maximum packing$ usesus). ThusC; andCs can be combined as in the
proof of Claim 6 to produce the desired packingaf Thus we may assume thatDs + usuq \us) < v(Da).
Let T be a transversal i, + ugu; \uz Of sizev(D3) — 1; thenT} U T} is a transversal ith by (b), and its

size isv(D;) + v(D3) — 1, contrary to Claim 1. This completes the case whébR; + wjuz) > v(Dy).
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Thus we may assume thatD, + ujus) = v(D;) andv(Dy + uguy) = v(D2). From the symmetry and
(c) we may assume th#, + Z> packs. Since every maximum packingldf usesuq, andv (D + uzuq) =
v(Ds), we see that(Ds + Z2) = v(D3). SinceDs + Z5 packs, there exists a transverggl of Dy + Z5 of
sizer(D3). SinceTy N V(D) is a transversal D5, we deduce that ¢ T3/, and hence:, € T;/, because
T4 intersects the circuit oDy + Z5 with vertex-set{a, uz}. ThusTy is a transversal oDs + uzuy with
ug € Ty, and soly U T4 is a transversal ob by (b). Moreover|T}, UTY| = 7(D1) + 7(D3) — 1, contrary
to Claim 1. This completes the proof of Claim 7. O

We are now ready to complete the proof of the lemma. We claahdhe ofD; + Fy, D, + F» does not
pack. Indeed, if both of them pack, then by Claim 3 the digrBph- F; has a transversal of sizé€ D, ), and
the union of those sets is a transversabitby (b) of sizev(D1) + v(D2), contrary to Claim 7. Thus we may
assume thab, + F» does not pack.

By (c) the digraphD; + FE; packs and is strongly 2-connected, dngl+ 7> packs. To motivate the next
step, notice that sinc®, + Z> packs, butD; + F; does not, we havesuy, usus € Fy. SinceD; + E;
packs, so doeB; + Fi, and hence by Claim 3 there exists a transversah Dy + Fy of sizeT (D).

We claim that the séf; is a transversal i), + F; +uyus Or D1+ Fy +usus. TO prove this claim suppose
for a contradiction that this is not the case. We deduce teaetexist aiou-path Py and ausus-path P in
Dy, both disjoint fromT}. SinceT; intersects every circuit aby, it follows thatV (Py) NV (Ps) = {u2}.
SinceD; + E; is strongly 2-connected, there exists a p@tm D, from V (Py) — {uz} to V(P;) — {uz}; we
may assume that no interior vertex@fbelongs to’ (P, ) UV (P). Let H be the digraphP, U P, UQ + Ei;
thenv(H) = 1 < 2 = 7(H), contrary to the fact thab, + E; packs. This proves our claim th@ is a
transversal inD, + I + ujus Or Dy + Fy + usus.

From the symmetry we may assume tlfiatis a transversal iD; + Fy + ujus. Let F§ = Fy — {ujus}.
SinceDs + Z5 packs, so does its mindp, + F3, and so by Claim 3 the digraph, + F} has a transversal
T, of sizeT(D3). By (b) the setl} U T is a transversal irD, and its size is-(D;) + 7(D2), contrary to
Claim 7. O

Proposition 7.2. Let G, M, D, wherev(D) < 7(D), andG1, G2, G3,C be as in Proposition 5.5. Then
either none or exactly two edgesif have both ends i (C).

Proof. Let A, B denote a bipartition of5. Let vy, v}, v2,v3 be the vertices of” (in that order), where
v1,v9 € A. Fori = 1,2, 3 letm; be the edge of/ incident withv,;. Suppose for a contradiction that, is
the only edge of\/ with both ends i/ (C'). We may assume that. is incident withv},. Thusm,,ms are
distinct and are incident with vertices not 6h We may also assume that;, m3 € E(G1) U E(G2). For
1 =1,2,3let M, be the imprint ofM on G, (see the paragraph prior to Proposition 6.1 for a definitihe}
J1:= D(G1UG,, M1 UDMs5), let@ be a cube such thét is a subgraph o) and otherwisé) is disjoint from
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G3, and let]; := D(G3 U Q, M}), wherel} is a perfect matching af's U @ with M3 C M/ that does not
use an edge joining; andvs. Such a matching is unique, and it has a unique elementnganot incident
with a vertex ofGG3. Leta denote the vertex aof; that results from contractingyg, and in bothJy, J> let
u1, us, ug denote the vertices that result from contracting the edgadent withvy, vo, v3, respectively.

Let D, be obtained fromy; by deleting the edges @f, and letD, be obtained fromy, by deleting the
vertexa and edges auC'. We wish to apply Lemma 7.1 to the digrapbis andD,. Sinceu, is a source and
ug is a sink of D5, we see immediately that (a) and (b) of that lemma hold. Weshidw thati = 1 andj = 2
satisfy (c). Sincé&r; andGs are braces, so 5§, UG+, and thus/, is strongly 2-connected by Proposition 5.2.
To show thatD; + F; packs we first notice thdDd, + E; is isomorphic ta/;. ButG; U G5 is obtained from
planar braces by repeatedly applying the trisum operatond, hence/; has no odd double circuit af;
minor by Theorem 5.4. Moreovell/ (J1)| + |E(J1)| = |E(G1 U G2)| < |E(G)| = |V(D)| + |E(D)| by
Lemma 5.9, and hencg (and thusD; + E;) pack by the hypothesis of Proposition 5.5. Finall + 75
is a subdigraph of/,, and hence it packs, by the argument of this paragraph. Thily = 7(D) by

Proposition 7.1, a contradiction. O

8. TRISUM-PART Il

Let D1, D5 be edge-disjoint subdigraphs of a digraphlet X C V(D) NV (D), and letC' be a circuit
of D. We say that” passes fronD; to D, throughX if there is no vertex € V(D) — X such that the edge
of C with headv belongs taD, and the edge of’ with tail v belongs taD-.

Lemma8.1. Let D; andD- be digraphs with/ (D1) NV (D3) = {u1, uz, ug,uqs} andE(D1)NE(D2) = ().
Let D = Dy U Ds, let By = {ujusg, uzug, usug, uyug}, and letEy = {uguy, usus, ugus, ugug }. Assume
that

(1) fori=1,2, D, + E; packs,

(2) every circuit ofD; is disjoint from every circuit oD,

(3) every circuit of D passes fronD; to D, through{uy,u3}, and it passes fronD, to D; through

{ug, uq}.

Moreover, assume that for every pair, e2 € E; of independent edges one of the following holds:

€) V(Di +e + 62) > I/(Dl) + 2,

Proof. Suppose for a contradiction thatD) < 7(D).

Claim1l. Leti =1 ori =2, and letF' C E;. Then one of the following holds:
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(i) Thereis an edge € F such thav(D; + ¢) > v(D;),
(i) 7(D; + F) = 7(D;), or
(iii) there existindependent edges e> € F' such that
v(D;)=v(D;+e1) =v(D; +e3) <v(D;+ e+ ea).

Proof of Claim: Suppose (ii) does nothold, i.e(D; + F) > 7(D;). AsD;+ E; packsy(D; + F) > v(D;).
Now if (i) does not hold then (iii) must hold since if two edgese, € I appear in the same circuit then

e1, eo are independent. O

Claim2. D has atransversal of sizd D) + v(D3) + 1.

Proof of Claim: If 7(D; + E;) < 7(D;) + 1 for some: € {1, 2}, then take the corresponding transversal,
and union it with any transversal dbs;_; of sizet(Ds_;). The resulting set is a transversalin of size
v(D1)+v(D2)+1 by (3), as desired. Thus we may assume &, + E;) > 7(D;)+ 2 fori = 1, 2. Since
v(D; + E;) = 7(D; + E;) we may assume that there is a packing of siZB, ) in D; and two disjoint paths
disjoint from the packing joining., to us anduy to uy, respectively. Likewise, we may assume that a similar
situation occurs iy, but with paths joining:s to u4 andu; to us. (If the paths join the other pairs we geta
packing of size/(D;) +v(D3) +2, a contradiction, because the union{af,, us }, any transversal ab; and
any transversal ab is a transversal ab of the same size.) Now we use the fact thatsatisfies (a), (b) or
(c) for the edgessus andugu, . If (@) holds, then we have a packinginof sizev(D; )+ v(D2) + 2, and so
we may assume from the symmetry that (b) holds, where usus. LetT, be the corresponding transversal.
We may also assume thatD; + usus + uius) < v(D1) + 1, for otherwise we produce a packing bfof
sizev(D1) + v(D2) + 2. It follows thatv(D; + usug + uius + urug) < (D7) + 1, because a packing of
D1 + usug + urus + uyug that usesiyug cannot useusuy or ugue. Hencer(Dy + usug + uqug + uruyg) =
v(Dy + usug + urus + uiug) < 7(D1) + 1. LetTy be a corresponding transversal. THEnU T5 is a
transversal inD of sizev(D1) + v(D3) + 1 by (3), as desired. <&

Let F; be the set of all edgesc E; such that-(D; + ) > 7(D,).

Claim 3. The reversal of no edge if; belongs taFs.

Proof of Claim: Otherwise we can construct a packingof sizev(D;) 4+ v(D3) + 1, contrary to Claim 2.
<

Claim4. The digraphD has a packing of size(D; ) + v(D3).

Proof of Claim: The union of any maximum packing @#; with any maximum packing aDs is as desired
by (2). &

Claim5. Forsome € {1, 2}, F; includes two independent edges.
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Proof of Claim: Suppose for a contradiction that g includes two independent edges. It follows from
Claim 3 that there exist adjacent edggse, € E; — F; and adjacent edges, ey € E> — F5 such that
es, eq are the reverses of the edgesih — {e1,e2}. Sincee;,es ¢ F; we deduce from Claim 1 that
7(D1 + €1+ e2) = v(Dy + e1 + e2) = v(Dy) and similarlyr(Ds + e3 + e4) = v(D2). But the union of

the corresponding transversals is a transversal of sizev (D, ) + v(D2), contrary to Claim 4. &

Claim6. At most one ofF1, F, includes two independent edges.

Proof of Claim: If both of them do, then (a) holds for those pairs, and we getcking in D of size at least
v(D1) + v(Ds2) + 1, contradicting Claim 2. O

By Claim 5 we may assume tha} includes two independent edges. We wish to define &'setF;, — F3.

If By = F5, thenFy = () by Claim 3, and we puf’ = E;. Otherwise we proceed as follows. I # (),
then it includes a unique edge by Claim 3, Claim 6 and the fsat &> includes two independent edges.
Let e be the unique member df;. If F; = (), then we select € F; such that its reverse does not belong
to F». In either case the reverse efdoes not belong td,. We putF = E; — {e}. This completes the
definition of . We apply Claim 1 taD; andF'. Then (i) does not hold, becaugen Fy = (). If (ii) holds,
then letT; be the corresponding transversal, andlletbe a transversal of size(D-) in D if e does not
exist, and inD, with the reverse ot added otherwise. Théeh, U T3 is a transversal irD by (3) of size
v(D1) +v(D2), contrary to Claim 4. Thus (iii) holds. That is, there exisiépendent edges, e> € F such
thatv (D1 4+ e1 +e3) > v(D1). Letes, eq € E; be the reverses @f, eo. SinceF5 includes two independent
edges we deduce from the choicefofthates, ey € Fy. Thusv(Ds + es + e4) > v(D2) + 2 by (). By
combining the resulting packings we get a packinglrof size at least/(D;) + v(D2) + 1, contrary to
Claim 2. O

Proposition 8.2. LetG, M, D, wherev(D) < 7(D), andG1, G2, Gs, C be as in Propositiors.5. Then at
least one edge a¥/ has both ends i (C).

Proof. Let A, B denote a bipartition of7. Let u;,us, us, uqy be the vertices of” (in that order), where
ur,uz € A andug,uy € B. Suppose for a contradiction that no edgeléfhas both ends i (C), and
let the edges ofM/ incident to vertices of” be m; = wiu}, me = ugub, ms = uguf, my = usu).
For: = 1,2,3,4 we will useu; to also denote the vertex dp that results from contractingu;. Let Q
be a cube such that is a subgraph of), and(@ is otherwise disjoint fronG; U G2 U G3. SinceG is a
brace,|V(G;) \ {u1,...,us}| is even fori = 1,2,3,4. As each ofmny, ms, ms, ms have exactly one end
in C, we may assume (by renumberitg, G2, G5 anduy, us, us, uqs) that{my, ma,ms, ms} C E(G1),
or {ms,ms} C E(Gy1) and{my,m2} C E(G2). In the former case we may also assume {fdG5)| <
|E(G3)|. If {m1,ma,ms,ms} C E(Gy) and|E(G1)| > 12, then letH; = G, and Hy = G2 U G3;
otherwise letd; = G; U G, andHy = G5. Thus|E(Hy)| > 12 by Lemma 5.9. Then both/; and H,
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are obtained from planar braces by repeatedly applyingribienh operation. Let/; = D(H;, M), and let

D, = J;\E(C). Let J; be obtained frontl, by directing every edge from NV (H,) to BNV (Hz), and

then contracting every edge 8f N F(H-), and letD, = Jo\E(C). Let us notice thati;, us are sources,
andus, uy are sinks ofD,. Thus conditions (2) and (3) of Lemma 8.1 hold.

We now prove that condition (1) holds. The graph is obtained from planar braces by repeatedly
applying the 4-sum operation. By Theorem 5.4 the digrdpihas no minor isomorphic to an odd double
circuit or Fz. Moreover|V (J1)| + |E(J1)| < |V(D)| + |E(D)| by Lemma 5.9, and sd; packs by the
hypothesis of Proposition 5.5. Buj is isomorphic toD; + F;, and henceD, + E; packs. To prove that
D>+ E, packs we first notice thdD, + E- is a subdigraph oD (H.UQ, M), wherelMs is a perfect matching
of H, UQ thatincludess(H;) N M and no edge with both ends¥a(C). But D(H; U Q, M) packs by the
hypothesis of Proposition 5.5 and the fact tha¢/, )| > 12. Thus conditions (1)—(3) of Lemma 8.1 hold.

Next we show that foi = 1,2, and for every paiey, e, € E; of independent edges one of (a), (b), (c)
holds. We first do so foi = 2. It suffices to argue foe; = usuy andes = uqus. SinceD(Ha U Q, M)
packs by the previous paragraph, we see tat= Dy + {uguy, ugus, uqus, ujug } also packs. But clearly
7(D%) > 7(D2), becauses;, us are sources and , uy are sinks ofDs, and{u,, us, us, us} is the vertex-set
of a circuit of D}. If (D)) > v(D2) + 2, then (a) holds. Thus we may assume th@}) = 7(Ds) + 1.
Let T be a corresponding transversaliof. Since{us,uq, us,us} is the vertex-set of a circuit ab’, and
IT| = v(Ds2) + 1, we see that{uy, ug,us,us} NT| = 1. LetT’ = T — {uy,uz,us,usa}. If uy € T or
us € T, thenT” shows that (c) holds andif; € T oru, € T, thenT’ shows that (b) holds, as desired. This
proves that one of (a), (b), (c) holds foe= 2.

It remains to show that one of (a), (b), (c) holds foe= 1. Let ey, es be independent edges as in
Lemma 8.1; for the purpose of this paragraph we may take adgamf symmetry and assume that= u; us
andes = uguy. Forj = 1,2,3,4letu;v; denote the edges 6f with exactly one end iV (C). Let M, be the
union of M NE(H;) and two edges af), one with ends, v, and the other with ends,v4. Let us consider the
digraphD} := D(H,UQ\E(C), My). ThenD} isisomorphic to the grapP, +{u1a, aus, ab, ba, uzb, bus}.

If D} packs, then one of (a), (b), (c) holds: clearlyD}) > 7(D;) becauseé)} has a circuit disjoint from
Dy. If v(D}) > v(D;1)+2, then (a) holds; if-(D}) = 7(D1) + 1, then letT be a corresponding transversal.
If a € T thenT NV (Dy) U {us} proves (b). Ifo € T thenT NV (D3) U {us} proves (c). Thus we may
assume thabD’ does not pack, and so by the hypothesis of Proposition 5.%ee¢hat E(H.)| < |E(Q)].
ThusH, is a cube by Lemma 5.9. In particuldl, = G3 andH; = G1 U G». The definition ofH/; and H,
implies that{my, ma, m3, ms} € E(G1) or |[E(Gy)| = 12.

Let us first assume thdtn, ma, m3, ms} € E(G1). Then|E(G1)| = 12, and soG is a cube. Since
|E(G2)| < |E(G3)| andG3 = Hs is a cube, we deduce that , G2, G5 are all cubes. Let, b (resp.c, d)
denote the edges 8f \ C'in G (resp.Gs). ThenD is isomorphic to one of the digraphs depicted in Figure 2.
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FIGURE 2. Two digraphs.
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For both (a) and (bXu1a, aus, usus }, {usb, bug, usus}, {cd, de} is a packing of circuits anla, us, ¢} is a
transversal. In particular(D) = 3 = 7(D), a contradiction.

Thus we may assume théitny, ma, ms, my} € E(G1), and so{ms,ms} C E(G1) and{my,ma} C
E(G2). Moreover,H; = G; U Gs. Fori = 1,2 let L; be obtained frontz;\ E(C') by orienting all the edges
of G;\E(C) from A to B and by contracting all edges 8f N E(G;). Then

() uq is a source ands is a sink ofL1, andug is a source and, is a sink ofLs.

Claim 1.

(1) The digraphl,; does not have disjoint path§ from u; to ug and P, from wuy to us.

(2) The digraphl, does not have disjoint patif§ from us to u; and P, from s to uy.

Proof of Claim: We may assume that = 1, and suppose for a contradiction th@at, P, exist. For the
cube @ we haveV(Q) = {u1,us,us, uq,v1,v2,v3,04} aNd E(Q) = C U {uv; : i = 1,2,3,4} U
{v1va, vaus, v3vg, v4v1 }. Let M) = M U {uqivi,usva, vsvs}. Let @ be the graph obtained fro® by
replacing every edge af by two parallel edges. TheR(G;, U Q’, M’) contains as a subdigraph a digraph
D’ which is obtained froni.; by adding a new vertew and edgesisuy, uius, usw, wiy, wu, andusw.
But that is a contradiction, becauB2 has an odd double circuit minor (contract all but one edgexoheath
comprisingL;) and by Theorem 5.4, Lemma 5.9 and the hypothesis of Prapo$t5, D(G1 U Q', M)
packs, and hence so doBs. O

We now show that one of (a), (b), (c) holds for the pair of edggas, andusus. Indeed, suppose that none
of (a), (b), (c) hold. ThemD; + w;us has a packing of size(D;) + 1. This packing includes a circuit
containing the edge;u4. Hence,D; has a packing of sizev(D;) and a pathP; from u, to u; disjoint

from everyC' € C. Similarly, D, has a packing’ of sizev(D;) and a pathP, from us to u3 disjoint from
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everyC e C'. SinceP; and P, are disjoint from any minimum transversal by we deduce that their union
is acyclic. By(x) we deduce thaP; can be decomposed into eithes) Gubpaths?] from us to u; of Ly and
P/’ from u; to ug of Ly, or (8) subpaths? from wus to ug of Ly and P}’ from uy to uz of L. Similarly, P,
can be decomposed into either'’ subpathsP; from wuy to us of Ly and Py from wus to uy of Lo, or (5)
subpathsP; from w4 to ug of Ly and Py from ug to uy of Ly. If («) and @) occur then the pathB,” and
Pj contradict Claim 1(1). If §) and (3’) occurs then path®] and P}’ contradict Claim 1(2). All other cases
contradict the fact thaP; U P, is acyclic.

It remains to show that one of (a), (b), (c) holds for the pagagesu;us andusu,. Suppose it does not.
ThusD; + usuy has a packing of size(D;) + 1. This packing includes a circuit containing the edge.,
and henceD; has a packing of sizev(D;), and a pathP from w4 to us disjoint from every member af.

It follows from () and Claim 1 tha” is a subgraph of.;. SinceC does not use:s or us (because every
member ofC is disjoint from P) we deduce that at most one circuit®intersects bottE'(L,) and E(Ls).
Thus either (letting’ = v(D;) and using(x))

(A) v(L1 +usug) +v(La) >v+1,0r

(B) v(L1 + uguy + usgug) + v(La + ugug) > v + 2,
where (A) (resp. (B)) occurs when no (resp. exactly one)udiraf C intersects both®' (L) and E(Ls).
Similarly, either

(C) v(La +uyus) +v(L1) > v+1,0r

(D) v(La + ujus + ugus) + v(Ly 4+ uzug) > v+ 2.

By (%) v(L1) + v(L2) < v. Thusif (A) and (C) hold we deduce that

v(Dy + uyus + ugug) > v(Ly + ugug) + v(Le +ujus) =20+ 2 —v(Ly) —v(La) > v+ 2,

where the first inequality follows fron«). It follows that (a) holds, a contradiction. Assume now t2)
and (D) hold. Clearly/(Ly + ujus + uqus) > v(Lo + uius), v(L1 + uguys + U3U4) > v(Ly + usuy) and
(L1 4 uguy + ugug) + v(La + ugus + ugus) < v+ 2. Therefore

20+ 4> v(Ly + uguy + usug) + v (Lo + ugua) + v(La + urug + uguz) + v(Ly + uzuy) > 2v + 4.

Thus equality holds throughout, and, in particuleil; + usuy 4+ usus) = v(L1 + usuy). Sincev(Lq) >
v(La + ujuz) — 1 we have

v(L1 4+ usug) + v(Lo) > v(Ly + ugug + uszug) + v(Lo +ujug) —1 > v+ 1
by (B), and so (A) holds. Thus we have shown that if (B) and (@§ihthen (A) holds as well.

To complete the proof we may assume that either (A) and (O bothat (B) and (C) hold. By symmetry

we may assume that the former case occurs and that (C) dobsldotVe need two claims.

(E) V(LQ + U1UQ) S V(LQ)
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To prove (E) we subtract the negation of (C) from (A), and tmefact that/ (L1 + usus) < v(Lp) + 1. We
find thatv (Lo + wius) < v(L2), which is (E).

(F) V(LQ + U4U3) S V(LQ)

To prove (F) we use the fact thafL, + usug) + (L2 +uguz) < v+ 1. (Otherwise those packings could be
combined to produce a packing Iy of sizev + 1.) By subtracting this inequality from (A) we obtain (F).

Let LY = Lo + {uja, aus, usb, bug, ab, ba, usuz}. Let Q' be obtained fron) by adding a three-edge
path P’ joining ug andu4, and otherwise disjoint fron&” U Q. Let M/ be a perfect matching af; U Q’
that includes\/ N E(G>), two edges of’, and two edges ap\ V' (C): one with ends adjacent ig andus,
and the other with ends adjacenttpandu,. ThusL) is isomorphic taD (G2 U Q'\E(C'), M}). The graph
G2UQ' is a subgraph of a bradé in such a way thatl \ V (G2 UQ’) has a perfect matching atflis obtained
from planar braces by trisumming. By Theorem 5.4 the digrBjphas no minorisomorphic to an odd double
circuit or F7. By Lemma 5.9 the digraph), satisfiedV (L})| + |E(L5)| < |V(D)| + |E(D)|, and hencd},
packs by the hypothesis of Proposition 5.5. We will show t{dt,) > v(Ls2) + 2 andv (L) < v(Ls) + 1.
This is a contradiction that will prove the proposition.

We first show that (L}) > v(L2) + 2. Indeed, suppose for a contradiction tiigthas a transversal of
size at most/(L2) + 1. Since{b, us, us} is the vertex-set of a circuit af’, one of those vertices belongs to
T.IfbeT,thenT —{b}is atransversal of.s + ujus + ugus of sizev(Lq). Thusy(Ls 4+ ujus + usug) +
v(Ly + uzug) < v(La) + v(L1 + uguy) < v+ 1, contrary to (D). Ifb € T', thenus € T oruy € T, and
a € T, becausda, b} is the vertex-set of a circuit af,. ThenT — {us, u4,a} is a transversal of; by (x)
of sizev(Ls) — 1, a contradiction. This proves thatL},) > v(Lz) + 2.

Finally, it remains to prove that(L}) < v(L2) + 1. To this end suppose for a contradiction tfias a
packing inL), of sizer(Ls) + 2. Choose a circui€ € C such thab € V(C). If such a choice is not possible
chooseC with a € V(C), and if that is not possible choo&garbitrarily. It follows that the packing — {C'}
uses at most one afandu4, and hence the packing— {C'} proves that either(Ls + uqug) > v(Lz), Or
v(Ls + uuz) > v(Lg), contrary to (E) and (F). This proves thatL’,) < v(Ls) + 1, and hence completes
the proof of the proposition. O

9. CONCLUDING REMARKS

Consider a digraptD with weight functionw : V(D) — Z,. The weight of a subséf C V(D) is
defined asy |, . w(v). The value of the minimum weight transversal is writte{D, w). The cardinality
of the largest familyC of circuits with the property that for every € V(D) at mostw(v) circuits of C
usev, is denotedv(D,w). Lete : V(D) — Z. wheree(v) = 1,Vv € V(D). Thenr(D) = 7(D,e)
andv(D) = v(D,e). Observe that for every digraph and for all positive weight functions we have

T(D,w) > v(D,w). A natural extension of Theorem 1.1 would be to charactesizieh are the digraphs
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FIGURE 3. DigraphD with 7(D,w) > v(D,w).

D for which 7(H,w) = v(H,w), for every subdigraptif of D and for every weights : V(D) — Z,.
This class of digraphs is closed under taking minors, and ttaes not contait; or odd double circuits.
However, there are other obstructions as is illustratedhieydigraphD of Figure 3. Next to each vertex

we indicate the weight(v). Here we hav® = 7(D, w) > v(D,w) = 2, andD does not contaitf’; or an
odd double circuit as a minor. In fact many other obstructioan be obtained by a similar construction. A
related problem is to study the class of digraphs for whitP, w) = v(D,w) forallw : V(D) — Z but
without requiring that the same property hold for every sgkaph. This can be formulated as a hypergraph
matching problem where the vertices of the hypergraph ae¢htices of the digraph and the edges are the
vertex set of circuits oD. There is a long list of obstructions to this property. Hoexethe problem has been

solved for the special case whénis a tournament [8] or a bipartite tournament [9].
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