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1. INTRODUCTION

There are four linear-time planarity algorithms that I am aware of [1, 3, 4, 5, 6], of which
the one in [5] (thereafter referred to as the S&H algorithm) seems to be the simplest. The
purpose of this note is to give a self-contained presentation of this algorithm. In section 2
we prove a structural result that is the basis for the correctness of the S&H algorithm, and
illustrate it by deducing Kuratowski’s theorem from it. The structural result immediately
gives a quadratic planarity algorithm. In Section 3 we show how to implement it to run

in linear time and linear space for 3—connected graphs on a RAM machine.

2. PLANAR GRAPHS

By a graph we mean a finite, undirected, simple graph. This is without loss of generality,
because a multigraph is planar if and only if its underlying simple graph is planar. A graph
is planar if it can be drawn in the plane without crossings. The S&H algorithm proceeds
as follows. First it suitably enumerates the vertices of an input graph G as wy,ws, ..., wy,,
and then iterates n times the following step. For ¢ = 1,2,...,n, let H; be the subgraph of
G induced by {w1,ws,...,w;}. Given a “frame” of H; (defined later) it tries to extend it
to a frame of H;,1, and failing that it produces a Kuratowski subgraph of G as a certificate
of non-planarity. Each iteration takes time proportional to the length of a certain path
that is constructed during this process; moreover, each edge of G is in at most two such
paths, which implies linearity of the algorithm.

Let us now be more precise. The graph with no vertices is called the null graph and is
regarded as being connected. Paths and circuits have no “repeated” vertices. Let G be a
graph. If X is a vertex or a set of vertices, we denote by G\ X the graph obtained from G
by deleting X. If G; and G5 are subgraphs of G we denote by G U G5 the subgraph of G
with vertex-set V(G1) UV (G2), edge-set E(G1) U E(G2) and the obvious incidences. The
graph G1 N G4 is defined analogously. A vertex v of G is a cut-vertex of G if the edge-set
of G can be partitioned into two non-empty sets F; and Fs in such a way that v is the
only vertex of (G incident with edges in both E; and F5. A graph G is a block if it has no
cut-vertex. A subgraph H of a graph G is a block of G if H is a block and is a maximal
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subgraph of G with this property. We denote the set of blocks of a graph G by B(G). Let
S be a subgraph of a graph G, let X C V(G), and let v be a vertex of S. We say that v is
X-exposed for S in G if there exists a path in G with one end v, the other end in X, and
disjoint from V' (S) — {v}. Thus every vertex of V(S) N X is X-exposed for S in G.
Let G be a graph, and let H be an induced subgraph of G. We say that C = (Cp :

B € B(H)) is a frame for H in G if for every B € B(H)

(i) either B has at most one edge, in which case B = Cp, or Cp is a circuit of B,

(ii) B has a planar drawing in which Cp bounds the infinite region, and
(iii) every vertex of B that is (V(G) — V(H))-exposed for B in G belongs to V(Cp).
(In fact, (ii) implies (i), but (i) is included for clarity.) If H is a block then B(H) = {H}
and C = (Cp); otherwise we define Cy = |J{Cp : B € B(H)}. To motivate the next steps

let us make the following observation.

(2.1) Let H be an induced subgraph of a planar graph G and let G\V (H) be connected

or null. Then H has a frame in G.

Proof. Exercise. O

Let H be an induced subgraph of G, and let C = (Cp : B € B(H)) be a frame for H
in G. A (possibly null) path P is called a perimeter path for H and C if P is a subgraph
of Cy. If E(P) = () we define the span of P and the complementary path to P to be itself.
Otherwise, let By, Bs, ..., By € B(H) be all the blocks of H that contain an edge of P.
We call B; UByU---U By, the span of P in H. For ¢ =1,2,...,k, PN Cp, is a path; if
B; has no more than one edge let P, = P;, and otherwise let P/ be the subpath of Cp,
with the same ends as P; and edge-disjoint from it. We say that P{ U Py U ---U P} is the
complementary path to P. Let X,Y C V(H) be sets. A perimeter path P is called an
(X,Y)-path for H and C if

(i) both ends of P belong to X,
(ii) every vertex of the span S of P in H that is X-exposed for S in H belongs to P,
(iii) every vertex of S that is Y-exposed for S in H belongs to the complementary path to
P, and



(iv) no component of H\V(S) contains a neighbor of a vertex of S, a member of X and a
member of Y.

A subgraph L of H is called an (X,Y)-link for H and C if the intersection of L with every

component of H is an (X,Y)-path for H and C. The concept of an (X, Y)-link is a tool

for extending frames, as the next lemma explains.

(2.2) Let H' be an induced subgraph of a graph G, let w be a vertex of H', let H = H'\w,
and let C be a frame for H in G. Let X be the set of vertices of H that are adjacent to
w, and let Y be the set of vertices of H that are adjacent to a vertex in V(G) — V(H'). If
there is an (X, Y)-link for H and C, then H' has a frame in G.

Proof. Let C = (Cp : B € B(H)), and let B be a block of H'. If B is a block of H, then
we put C'z = Cp; otherwise w € V(B) and we proceed as follows. If V(B) = {w} we put
C; = B; otherwise there exists a component @ of H with V(Q) N X # 0 such that B is
the union of w, V(Q) N X, all edges between w and vertices in V(@) N X and all blocks D
of () containing at least two distinct vertices that are X-exposed for D in H. Let P be the
intersection of the (X,Y)-link for H and C with @; then P is an (X,Y)-path in Q. Let
C' be obtained from the complementary path to P by adding two edges, each joining one
end of P to w. It is now straightforward to verify that C' = (Cz : B € B(H')) is a frame
for H' in G. O

Next we introduce obstructions to the existence of frames. Let H be an induced
subgraph of a graph G, let C be a frame for H in G and let X, Y C V(H) be sets. An
(X,Y)-obstruction for H and C is either

(i) a quintuple (B, vy, ve, v3,v4) such that B € B(H) and vy, vg, v3, v4 are distinct vertices
of Cp occurring on Cp in the order listed and such that v; and vz are X-exposed for

B in H, and v, and v4 are Y-exposed for B in GG, or
(ii) a quadruple (B, w1, vs,v3) such that B € B(H) and v1,vs,vs are distinct vertices of

Cp such that all of them are both X- and Y-exposed for B in H, or
(iii) a quadruple (v, Hy, Ho, H3) such that v € V(H) and Hy, Ha, H3 are three distinct

components of H\v, each containing a member of X, a member of Y, and a neighbor
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of v.

A Kuratowski graph is a graph isomorphic to a subdivision of K5 or K3 3.

(2.3) Let G,w,H,H',C,X and Y be as in (2.2), and assume that G\V (H) and G\V (H")
are connected. If there exists an (X,Y)-obstruction for H and C, then G contains a

Kuratowski subgraph.

Proof. The proof is straightforward and is left to the reader. O

The following lemma justifies the term obstruction.

(2.4) Let H be an induced subgraph of a graph G, let C be a frame for H in G, and
let X,Y be subsets of V(H) such that every vertex in X UY is adjacent to a vertex in
V(G)—V(H). Then either there exists an (X,Y)-link or an (X, Y )-obstruction for H and
C.

Proof. Let us assume that there is no (X, Y)-obstruction for H and C. We must show that
there exists an (X, Y)-link for H and C. To this end we may assume that H is connected,
for otherwise we apply the same argument to every component of H. For every subgraph
B of H let Xp be the set of vertices of B that are X-exposed for B in H, and let Yp be

defined analogously. We first claim the following.

(1) For every block B of H there exists an (Xp, Yp)-path for B and (Cp).

Indeed, Xp UYp C V(Cp) by the third frame axiom. If | Xg| < 1 then the path with
vertex-set X p satisfies (1). We may therefore assume that |Xp| > 2. Since there is no
(X, Y)-obstruction for H and C we deduce that there is no (Xpg, Yp)-obstruction for B
and (Cp). It follows that Cp has a path P with both ends in Xp such that X C V(P),
and such that every vertex of V(P) N Yp is an end of P. Then P is an (Xp, Yp)-path for
B and (Cp). This proves (1).

To prove the lemma we proceed by induction on |V (H)|. If H is a block then Xy = X,
Yy =Y and the theorem follows from (1). We may therefore assume that H has a cut

vertex u. Let Z1,Zs, ..., Z, where k > 2, be the vertex-sets of the components of H\u,
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and for 1 = 1,2,...,k let H; be the subgraph of H induced by Z; U {u}. If more than
two of the sets 21, Zs,..., Zy, say Z1, Zs and Z3 contain vertices of both X and Y, then
(u, Hi\u, Hy\u, H3\u) is an (X, Y)-obstruction for H and C, a contradiction. Thus we
may assume that for ¢ = 3,4, ..., k, Z; is disjoint from one of X or Y.

By the induction hypothesis there exists, for ¢ = 1,2, either an (Xg,, Yg,)-link or
an (Xg,, Yg,)-obstruction for H; and C;, where C; is the restriction of C to H;. Since an
(Xm,, Yn,)-obstruction for H; and C; is easily converted to an (X, Y)-obstruction for H
and C, we may assume that, for ¢ = 1,2, there is an (Xg,, Yy, )-link P; for H; and C;,
which, in fact, is an (Xg,, Yg,)-path for H; and C;, because H; is connected. Notice that
Xg, CXU{u} foralli=1,2,... k. If for some i € {1, 2}, u is not an end of P;, then P;
is an (X,Y)-path for H and C. We may therefore assume that u is an end of both P; and
P,. Then P, U P is an (X, Y)-path for H and C, as desired. O

(2.5) Kuratowski’s theorem. If a graph G is not planar, then it contains a Kuratowski

subgraph.

Proof. Since G is not planar, it has a component that is not planar, and so we may assume
that G is connected. Let H be a maximal induced subgraph of G that has a frame C and
such that G\V (H) is connected. Since G is not planar, H # G. Let w € V(G) — V(H)
be such that G\(V(H) U {w}) is connected, let H' be the subgraph of G induced by
V(H) U{w}, and let X,Y be as in (2.2). By (2.4) there is either a (X,Y)-link or an
(X,Y)-obstruction for H and C. By (2.2) and the maximality of H there is no (X, Y)-link
for H and C, and hence there is an (X, Y)-obstruction for H and C. By (2.3) G has a
Kuratowski subgraph. O

The proof of (2.5) can be easily converted to a quadratic algorithm to decide if a
graph is planar. In the next section we will explain how to implement it more efficiently
for 3-connected graphs. To that end we need a refinement of (2.4). First we prove an easy

lemma.



(2.6) Let G, w, H,C, X andY be as in (2.2), and let us assume that G is 3-connected.
Let v be a cut-vertex of H, let B be a block of H containing v, and let K be a component
of H\v disjoint from B and containing a neighbor of v. Then V(K contains a member of

Y, and hence v is Y —exposed for B in H.

Proof. Since G\{v,w} is connected, we deduce that V(K)NY # (. It follows that v is
Y —exposed for B in H. O

If B is a subgraph of a graph H and Z C V(H), we say that B is Z-active in H if B
contains at least two vertices that are Z-exposed for B in H. The following is a refinement

of (2.4) for 3—connected graphs.

(2.7) Let G, w, H, C, X and Y be as in (2.2), assume that G is 3-connected, and that
for every block B of H there exists a path Pp as in claim (1) of the proof of (2.4). Let L
be the union of all Pg, the union taken over all blocks B of H that are X —active in H.
If every component of L is a path then L is an (X,Y)-link for H and C; otherwise there
exists an (X, Y)-obstruction for H and C.

Proof. Let Xp, Yp be as in the proof of (2.4). We fist prove the following claim.

(1) For every component K of H, the graph K N L is connected or null.

Indeed, otherwise there exist an integer £ > 1 and distinct blocks By, By, ..., B of K,
and distinct vertices vy, va, ..., v of K such that fori =1,2,...,k, v; € V(B;_1)NV(B;),
both By and By, are X -active in H and Pp, and Pp, are subpaths of different components
of K N L. We may assume that the above blocks and vertices are chosen so that k is
minimum. For ¢ = 1,2,...,k — 1, v;_1 and v; are X—exposed for B; in H; hence B; is
X-—active in H, and thus E(B;)NE(L) # (. On the other hand the minimality of k£ implies
E(B;)NE(L) = 0, and so k = 1. Since v; is X—exposed for both By and B; in H, we
deduce that v; € V(Pp,) NV (Ppg,), contrary to the fact that P, and Pp, are subpaths

of different components of K N L. This proves (1).

(2) If for some component K of H, K N L is not a path, then there exists an (X,Y)—
obstruction for H and C.



Indeed, if K N L is not a path, then by (1) and the fact that L is clearly a forest,
L has a vertex u of degree at least three. Suppose first that Pp,, Pp, and Pp, all have
end u, where Bj, By, B3 are three distinct X-active blocks of H. For ¢ = 1,2,3 let J; be
the component of H\u containing B;\u. Using (2.6) we deduce that (u,Jq, 3, J3) is an
obstruction for H and C, as desired. Thus we may assume that « is an interior vertex of
Ppg,, and belongs to Pp,, where By and By are distinct X-active blocks of H. By (2.6)
u € Yp,, contrary to the fact that Pg, is an (Xpg,,Yp,)-path for By and (Cpg,). This

proves (2).

(3) Every vertex of L of degree one belongs to X .

Indeed, let u be a vertex of L of degree one, and suppose that it does not belong
to X. Let B be an X—active block of H such that u is an end of Pg. Since Pg is an
(XB,Yp)-path for B and (Cp) we deduce that u € Xp, and hence there exists a block
B’ with V(B') N V(B) = {u} and such that Xp — {u} # . Thus B’ is X-active, but
E(B')N E(P) =0, a contradiction. This proves (3).

The result now follows easily from (2), (3) and the definition of L. a

3. A LINEAR-TIME ALGORITHM FOR 3-CONNECTED GRAPHS

Our objective in this section is to give a description of the following algorithm.

(8.1) A planarity algorithm for 3-connected graphs.

Input. A 3-connected graph G.

Output. A valid statement that G is planar, or a Kuratowski subgraph of G (in which
case G is non-planar).

Running time. O(|V(G)|).

We begin with the following “on-line” algorithm. Let C be a circuit, and let X be a
set of vertices of C. By an X-span in C' we mean a subpath P of C' with both ends in X
and with X C V(P). We denote by spc(X) the length of a shortest X-span in C.



(3.2) There exists an “on-line” algorithm with the following specifications.

Input. A circuit C, and a sequence vy, vs, ..., v of vertices of C.

Output. For alli =1,2,...,k, given vi,vs,...,v;, a {v1,...,v;}-span P; of length at most
3spc({v1,v2,-..,vi}).

Running time of step i: O(spe({v1,---,v:i}) — spe({v1,v2,...,v;—1}) + 1).

We leave the description of (3.2) to the reader. a
Let wy,ws, ..., w, be a post-order numbering of the vertices of G relative to a depth-
first search spanning tree (T, w,); that is, wi,ws, ..., w, is an ordering of the vertices of

G and T is a spanning tree of G satisfying conditions (D1) and (D2) below. We say that
a vertex v of GG is a descendant of a vertex u of G if u is a vertex of the unique path in T

with ends v and w,,. The two conditions we require are
(D1) for every edge of G, one of its ends is a descendant of the other, and
(D2) for i =1,2,...,n, if w; is a descendant of w;, then i < j.

It is a well-known and easy fact that a spanning tree and a numbering of the vertices
of G satisfying (D1) and (D2) can be found in linear time. For i = 1,2,...,n let H; =
G\{wit1,Wiy2,...,wy}; then G\V(H;) is connected. For i =1,2,...,n — 1 let X; be the
set of all vertices of H; that are adjacent to w;t1, and let Y; be the set of all vertices of H;
that are adjacent to a vertex in {w; o, wiya,...,w,}. We will refer to n, T, w;, H;, X;,Y;
or its subset (i = 1,2,...,n) as a standard notation. If B is a connected non-null subgraph
of G we define the root of B to be the highest-numbered vertex of B. If B is an arbitrary
subgraph of G, its roots are the roots of its components. We need the following easy

lemma.

(3.3) Let G be a graph, and let n, T, w;, H;, X;,Y; (i =1,2,...,n) be a standard notation.
Then for alli = 1,2,...,n, the following statements hold.
(i) If K is a component of H; with root r, then every vertex of K is a descendant of r.

(ii) If K is a component of H; containing a vertex of X;, then the root of K belongs to

X;.



(iii) Let v be a vertex of H; other than a root, and let u be the unique neighbor of v in T
such that v is a descendant of u. Then u € V(H;). Let B be the block of H; containing

the edge uv. Then B is the only block of H; containing v such that v is not its root.

Proof. To prove (i) let K and r be as stated. If r is a descendant of a vertex u € V(G),
then u & V(H;) by (D2) and the definition of r. It follows from (D1) that every vertex of
K is a descendant of r, as desired.

To prove (ii) let r be the root of K and let u € V(K) N X;; that is, u is adjacent to
wi+1. Then u is a descendant of w; 1 by (D1), and u is a descendant of r by (i). It follows
that one of » and w;41 is a descendant of the other, and hence r is a descendant of w;1,
because r € V(H;). Let wy be the next to last vertex on the unique path in 7' from w; 1
to r. Then k < i+ 1 by (D2). On the other hand wy ¢ V(H;) because r is the root of K,
and hence k£ >4+ 1. Thus r is adjacent to wy = w;+1, and hence r € X;, as desired.

To prove (iii) we first notice that clearly u € V(H;). Let B’ be a block of H; containing
v, let 7 be the root of B’ and assume that v # r. Let P be the unique path in T" with ends
v and r; then u € V(P). Moreover, P is a subgraph of H;, and hence it is a subgraph of
B', because B’ U P is a block. Thus u € V(B'), and hence B’ = B, as desired. O

Let v be a vertex of H; that is not a root of H;, and let B be as in (3.3)(iii). We call B
the base block of v in H;.

Let C; be the unique frame for H; in G. The S&H algorithm finds, for every ¢ =
1,2,...,n — 1, either an (X;, ¥;)-link for H; and C;, or an (X, Y;)-obstruction for H; and
C;. In the latter case it uses (2.3) to output a Kuratowski subgraph of G and stops. In the
former case it uses (2.2) to construct a frame C;; for H;y; in G, and proceeds to the next
iteration. Thus all we need to do is to describe how to find either an (X;, Y;)-link for H;

and C;, or an (X;, Y;)-obstruction for H; and C;. We need two lemmas to facilitate this.

(8.4) Let G be a graph, let n,H;, X; (i = 1,2,...,n) be a standard notation, let i €
{1,2,...,n}, let B be a block of H; containing a member of X;, and let v € V(B). Then v
is X;-exposed for B in H; if and only if at least one of the following three conditions holds:

(i) v e X, or
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(ii) v is the root of B, or

(iii) v is the root of an X;—active block of H;.

Proof. If (i) holds then v is clearly X;—exposed for B in H;. If (ii) holds then by (3.3)(ii)
the path of T' between v and the root of H; shows that v is X;—exposed for B in H;. If (iii)
holds then let B’ be an X;—active block with root v and consider a path P in B’ between
v and u, where u # v is a vertex that is X;—exposed for B’ in H;. Let P’ be a path in H;
with one end u, the other end in X;, and disjoint from B’\u. Then P U P’ shows that v
is X;—exposed for B in H;.

Conversely, suppose that v is X;—exposed for B in H;, and that (i) and (ii) do not hold.
Let P be a path in H with one end v, the other end in X;, and disjoint from V(B) — {v}.
Let B’ be the block of H; containing the edge of P incident with v. Since v belongs to B
and is not its root, we deduce from (3.3)(iii) that v is the root of B’. Moreover, both ends

of the path PN B’ are X;—exposed for B’ in H;, and hence B’ is X;—active, as desired. O

(3.5) Let G be a 3—connected graph, let n, H;, X; (i =1,2,...,n) be a standard notation,
let i€ {1,2,...,n}, let B be a block of H;, and let v € V(B). Then v is Y;-exposed for B
in H; if and only if at least one of the following three conditions holds:

(i) vey;, or

(ii) v is the root of a block of H;, but not a root of H;, or

(iii) v is the root of H;, and it is also the root of at least two blocks of H;.

Proof. By (2.6) a vertex v of B is Y;—exposed for B in H; if and only if either v € Y;, or v
is a cut-vertex of H;. This implies (3.5). O

For the next algorithm we need to explain how frames will be stored. Let C be a frame
for H; in G, and let v be a vertex of V(Cp,). If v is a root of H; we store that information;
otherwise we store pointers to its neighbors in C'g, where B is the base block of v in H;,
and information indicating which of the two neighbors (if any) is the root of B. Moreover,

for every vertex v of H; we store the number of blocks of H; with root v.
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(3.6) Algorithm.

Input. A 3-connected graph G, an integer i € {1,2,...,n — 1}, a frame C of H;, the set
X; C V(Cn,) presented as a list, and a characteristic function of the set Y; C V(Cg,),
where H;, X;,Y; is a standard notation.

Output. Either an (X;,Y;)-link for H; and C, or an (X;, Y;)-obstruction for H; and C.
Running time. O(|V(L)|) if the output is an (X;,Y;)-link L for H; and C, and O(|V(G)|)

otherwise.

Description. For a subgraph B of H; let Xp be the set of all vertices of B that are
X;—exposed for B in H;, and let Yp be defined similarly. We proceed in three steps.

Step 1. We first find, using algorithm (3.2), all the X;-active blocks of H; and for every
X;-active block B of H;, an Xp-span (Qp. Indeed, we begin by putting all the vertices of
X; on a stack. Then we iteratively pop a vertex v from the stack, and if v is not the root
of H; we apply (3.2) to v and Cp, where B is the base block of v in H;. Every time a new
block is encountered we push its root on the stack. By (3.4) all X;—active blocks of H; will
be eventually located. Moreover, the total running time of this step is O(X|V(Qg)]), the
summation taken over all X;—active blocks B of H;.

Step 2. For every X;-active block B of H; we do the following. If every vertex of V(Qp)NY5
is an end of @ p, then Qp is an (Xp, Yp)-path for B and (Cp), and we put Pp = Qp.
This clearly takes time O(|V(Pg)|), because by (3.5) membership in Yz can be tested in
constant time. Otherwise, similarly as in the proof of claim (1) of (2.4), we either find
an (Xp, Yp)-path Pg for B and (Cp), or an (Xp, Yg)-obstruction for B and (Cp). This
takes time O(|V(Cp)|). In the former case V(Cg) — V(Qp) C V(Pg); hence

V(CB)| < V(QB)|+|V(CB) = V(QB)| < 3spc, (XB) + |V(PB)| < 4V (PB)],

and so the running time is O(|V(Pg)|). In the latter case the (Xp, Yg)-obstruction for B
and (Cp) is an (Xj, Y;)-obstruction for H; and C, and so if we find it, we output it and
stop. That can clearly be done in time O(|V(G)|). We may therefore assume that the
above process yields an (Xp, Yp)-path Pg for B and (Cp) for every active block B of H;.
The total running time of this step is then O(X|V(Pg)|), the summation taken over all
X,—active blocks B of H;.
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Step 3. Let L be the union of Pg, over all X;-active blocks of B of H;. If every component
of L is a path, then L is an (X;,Y;)-link for H; and C by (2.7); we output it and stop.
This takes time O(|V(L)|). Otherwise we proceed as in the proof of (2.7) and find an
(X;, Y;)-obstruction for H; and C, which can clearly be done in time O(|V(G)|). This
completes the description of (3.6). O

We are now ready to complete the description of (3.1).
Description of (3.1). Let G have n vertices. If G has more than 3n — 6 edges, then G
is non-planar. We therefore read at most 3n — 5 edges of G from the input and call the
resulting graph G. Ignoring the remaining edges does not affect the planarity status of G.

We find a spanning tree T' of GG, and a numbering w;, wa, ..., w, of the vertices of G
satisfying (D1) and (D2). Let H; be the subgraph of G with vertex-set {w;} and no edges,
and let C; be the unique frame for H; in G. We initialize the data structure described
prior to (3.6), and iterate steps (1)—(4) for i =1,2,...,n — 1.
(1) We apply (3.6) to find either an (X;, Y;)-link L; for H; and C;, or an (X, Y;)-obstruction
for H; and C;. In the latter case we use (2.3) to find a Kuratowski subgraph of G, we output
it and stop.
(2) We use L; as in (2.2) to construct a frame C;11 of H;11 = G\{w;12,wir3,...,wn}.
It is worth pointing out that a block of H;,, is either a block of H;, or has root w;1.
This step can be implemented to run in time O(|V(L;)|). It involves, for every component
P of L;, the use of the complementary path. However, it is not necessary to scan the
entire complementary path; it suffices to update O(k) pointers, where k is the number of
blocks comprising the span of P. Since k = O(|V(P)|), the running time of this step is
O(IV(Ly)))-
(3) For every vertex v of H;y; we update the number of blocks with root v. This only
changes for w;;1 and the roots of X;-active blocks of H;, and can be done in time
O([V(Ls)))-
(4) If : = n — 1 then we output the statement that G is planar and stop. Otherwise we

increase i by one and return to (1) for the next iteration.

Let L1, Lo, . . ., L be all the links resulting from applications of (3.6) in step (1). Thus
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either k =n —1, or k <n — 1 and the application of (3.6) during iteration k + 1 yielded a
Kuratowski graph. We need the following claim.

(¥) Every edge of G belongs to at most two of the graphs Ly, Lo, ..., Lg.

Indeed, let e be an edge of G. Let us say that e is i—singular if there exists a block of
H; with edge-set {e}. If e € E(L;) and e is i-singular, then e is j—singular for no integer j
with i < j < n. If e € E(L;) and e is not i-singular, then for all integers j with 7 < j < n,
e ¢ E(Cp,), and hence e ¢ E(Lj;). The claim (x) follows.

The bound on the running time of the algorithm now easily follows from () and the

running time bound of (3.6). a

4. CONCLUSION

There are two reasons why the algorithm (3.1) is not completely satisfactory. The first one
is the requirement that G’ be 3—connected. One way to remove this restriction would be to
apply the algorithm of [2] to decompose the input graph G into “3—connected components,”
and then apply (3.1) to each of these components. The graph G is planar if and only if
each of its 3-connected components is planar. It is also possible to formulate the S&H
algorithm so it runs in linear time for all input graphs regardless of their connectivity, but
a formal exposition is technically more complicated.

The second unsatisfactory feature of (3.1) is that it does not return a planar embedding
if the input graph is planar. That, too, can be remedied, but only at the expense of more
technical complications.

The reader can perhaps work out these technical improvements. Hopefully we will

include them in a future version of these notes.
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