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1. INTRODUCTION
A path-decomposition of a graph G is a sequence (¥, .., W,,) of subsets
of V(G) (the vertex set of &) such that :
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(i) Wy - u W, =VG), and for every e € E(G) there exists { with
1 €i<m such that W, contains both ends of ¢

(i) forigigjghsm WinW, =

{Graphs in this paper are finite and may have loops or multiple edges;
E((G) denotes the edge set of G.) The path-width of G is the minimum of
max(|W;| — 1 : | i< m), taken over all path-decompositions (W, .., W)
of G. (The null graph has path-width —1.)

In the first paper of the Graph Minors series [5], two of us proved that
for every forest F, there is a number N(F) such that every graph with path-
width = N(F) has a minor isomorphic to F. (A graph H is a minor of G if
H can be obtained from a subgraph of G by contracting edges.) The proof
was elaborate, and gave an upper bound on N(F) which was enormous as
a function of {¥(F)|. In this paper we give a simple proof of a rather
dramatic improvement, the following,

(1.1} For every forest F, every graph with path-width 2 |V(F)| - Vhas a
minor isomarphic to F.

One reason that this simple proof was overlooked in [5] was that at
that time, the concept of a “tangle” had not been developed, and that idea
seems to be crucial. Tangles are obstructions to having small “tree-width”
{see [6,7]), but in Section2 we introduce variants of tangles called
“blockages,” which are obstructions to having small path-width. In Sec-
tion 3 we exploit properties of blockages to prove the theorem. Section 4
contains a discussion of the relationship between blockages and tangles,
and finally in Section 5 we give a second application of our theorems about
blockages, obtaining a short prool of a theorem of Kirousis and
Papadimitriou about graph searching.

We remark that (I.1) is best possible in two senses. First, for every forest
F with V(Fys# ¢, the bound |V(F)l—1 is best possible, for if
[V(F))=n=1 then the complete graph K,_, has path-width [V(F}j—2
and has no minor isomorphic to F. Second, as was observed in [5], if F
is not a forest then there is no number N{F) such that all graphs with
path-width = N(F) have a minor isomorphic to F, for trees :m<m arbitrarily
Em: path-width and all their minors are forests.

2. BLOCKAGES

Let G be a graph, and let V(G)= V. For X< V¥ we denote by att(X) the
set of all ve X with a neighbour in V— X (att stands for “attachments™),
and we write a(.X) = |att(X)|. Two subsets X, X, S V are complementary if
X, U X,=V(G) and att(X,) S X, (or equivalently, att(X,) & X}
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Let n20 be an integer. A blockage (in G, of order n) is a set & such that

{(iy each Xe 4 is a subset of V with a(X) <
(ii) if Ye# and Y= X and «(Y)<n, then Ye B
(iil) if X,, X, are complementary and |X, N X,| <n, then # contains
exactly one of X', X,

We call these the hlockage axioms. The main result of this section is the
following, which may be regarded as a kind of minimax theorem for path-
width,

(2.1} There is a blockage of order n if and only if G has path-width >

In the next section we show that if G has a blockage of order » then it
has a minor isomorphic to each forest with »+ 1 vertices. Our proof of
(2.1) closely resembles the proof of Theorem (4.3) of [6] (see also [1,7]
for related results). We need a series of lemmas. If X< F, we define
X°=(V —X)uatt{X). (Thus (X*)° < X, but equality need not hold.)

(2.2) Let B be a blockage of order n in G, let Xe &, and let YV with
a(Y)<n and (V- Xyouatt(X) <n Then Ye B

Proof. Since X, X° are complementary, |X ~ X°| < a(X)<n, and Xe 2,
it follows from the third blockage axiom that X°¢ 4. Since XYL Y, X° are
complementary and

HXu P NnX | =HY—-X)uatt{X) £
it follows from the same axiom that Yu Ye#. Now «(Y)<n, and so
Ye# from the second axiom. [

Let & satisfy the first two blockage axioms for some given n. A fracture
in # is a sequence C\: vy X,p) with m = 1 such that
(i) forl<gig<m X, eV andalX,)<
(i) X, yﬁm%

(i) for 1si<m, HX,. —X)vat{X) <
A fracture (X, ., X,,} is simple if in addition X, 2 X, = - g X,,.
(2.3} Let B satisfy the first two blockage axioms. If there is a fraciure
in B then there is a simple fracture.
Proof. Let us choose a fracture (X, .., X,,) such that

{(a) ¥,u{X,)is minimum
{b) subject to (a), 3,|X,| is minimum.
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We show that (X, ..., X,,} is simple. For suppose that X; € X, , for some
iwith 1lg<ism—1.
(1) aX;n X)) >a(X))

Let X/=X,nX,,,, and suppose that a(X/) < «(X}). Then (X, ..., X, _,,
X!, X:\ . X,,) is a fracture, for

X1 =X =X =X €Sn—a(X)<n—alX])
and |[X]—-X,_||s|X,—X._:|sn—a(X,_ ;) (if i=1 we observe, instead,
that X, e 4, since X| < X, €4 and «(X]) < a(X)) <) But this contradicts
either {a) or {b). .
(2) a(X,uX.)zalX, )

Let X/, ,=X,0X,.,, and suppose that a(X/.,)<ea{X,.,} Then
(X, X5y X1y Xigas o X)) is a fracture, for X/, - X=X, - X<
n—a{X,} and

= Xl €1 X — X Ln—alX;, ) sa—a(X, )

if i+1<m (if i+1=m we observe, instead, that. X,°e4, since
Xt Xt ed and a(X,f) < a(X,)<alX,,}<n) But this contradicts (a),
Now it is easily verified that

att{X,n X, watt{X,;u X, satt(X,)uatt(X, . )
att{X. A X, Dratt(X,u X, ) satt(X) matt(X, )

It follows that al X, X, ) ralX,uX, ) salX) +alX,; ), contrary
to (1) and (2). Thus there is no such /, and so (X, .., X,,) is simple, as
required. |

B.n:N\Nm_\%ﬁmmklm:TSm%ImQ:\vmx&\umsnm%nmknaa&
(=YY uatt{Y)s (¥ — Xjuatt{X). :

Proof. Certainly X -—~att{X}c ¥V~att(¥), for if X includes all
neighbours of ve V' then so does Y. Since X°=¥F—(X—att(X)) and
Yo=V—(Y~att(¥)), it follows that ¥°< X°. Moreover,

att(Y¥)ysat{(¥Y)s{¥ - X) uatt(X)

and
X—=Ym=(V—(X—att(X)))—(F—(Y—att{ )

=(Y—ati(¥)) — (¥ —att(X) = (¥ — X) vatt{X).

The lemma foliows, |
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For a given integer n3> 0, a partial blockage is a set 4 satisfying the first
two blockage axioms, with (e 48, such that there is no fracture in 4.

G.&Qﬁ.cma:Wo.mcmc\waw:.&@?n»amm__.hna:g&n\awk_o%nmm&ﬂ
order . .

Proof. Let # be a partial blockage. We assume the result is true for
every partial blockage &' with [#'| > |#|. We may assume that # is not a
biockage of order n.

(1) There exist complementary sets By, B,V with |B,n B3| <n,
such that B, B, ¢ #..

Since # is not a blockage of order n and satisfics the first two blockage
axioms, it does not satisfy the third. Thus there exist complementary
B,. B, < V with |B, n B,| <n such that & contains both or neither B,, B,.
If it contains both, then the 1-term sequence (B,) is a fracture in # (for
BS< B, and hence BSed, since 4 satisfies the second blockage axiom),
which is impossible. Thus B, B, ¢ 4, as required.

Choose B, B, as in (1) with B, minimal.

(2) If X< B, and o(X)<n, then either Xe B, or X=B, or B5e®.

Suppose that X¢ # and X # B,. From the minimality of B,, it follows
that ¥°c %. But B® < X° by (2.4), since X < B|, and so B{e %, as required.

For i=1, 2, let 9, be the set of all X = B, with a(X) < n We suppose, for
a contradiction, that neither # U B, nor # B, is a subset of a blockage
of order n. Since |#u B> |#} (because B, % —B) and every partial
blockage of greater cardinality than # is a subset of a blockage of order
n, it follows that #u %, is not a partial blockage, and hence there is a
fracture in & w &, From (2.3) we deduce that .

(3) Fori=1,2 there is a simple fracture in B %,

We claim

(4) There is a simple fraciure (X, .., X,) in B B, with X, = B, and
X¢ed,

If BSe# we may set r=1 and X;=5,, and so we may assume that
BS¢#. Let (X,,..X,) be a simple fracture in #ud,. By (2.4},
(X%, X°_,, .. X¢) is also a simple fracture in B U B, for (X{)°e Zu B,
since (X< X, e Zu . Since (X, .., X,) is not a fracture in £ it follows
that one of X, X¢ is not in 4, and by replacing (X, .., X,) by (X7, ... X%)
if necessaty we may assume that X, ¢ #. Hence X, e %, and so X, < 8,,

and by (2), X, = B,. Suppose that X¢¢ #. Then X # &, since J € %, and
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so X7 ¢ X,. Now B, =X, X,, since (X, .., X,) is a simple fracture, and
so X7 & B,. Hence X7 ¢ B w4, a contradiction. We deduce that XZe 4,
as required.

Let (Y, ..., ¥,) be a simple fracture in & v %,. Since there is no fracture
in 4 it follows that onc of ¥, ¥ does not belong to &, and by replacing
(Y, .., Y,) by (Y5,.., ¥7) if necessary, we may assume that ¥, ¢ %.

(5) (Y, —XS)uatt(X) <n.

For (¥, — &%) v att{X$) < (B,—Bj) v att(B,) = B, n B,, and
|Byn B, <n
Now (X7, X7_ ..., X], ¥,, .., Y,) is not a fracture in #, because there is

none. Yet X¢e 4, and for 1 i<r, [(X5— _+LCmEN Jl < a, by (2.4).
Thus, by (3), it follows that Y2¢ 4, and so Yic 5B, Zos

ﬁk ﬂl—....u M_ M\—.:.. M\h- mn. ;M\Hu.:.n \N‘wv
is not a fracture in @. Yet X°e &, B < Y, (because Y5 < B,), and
(X, —BSYuatt(BS)= (B, ~n (B, —att(B,))ywatt(B3) = B, n B,,

and so |[(X|, — B%)watt(B5}} < n, a contradiction.
We deduce that one of Bw B, # U H, is a subset of a blockage of order
1, and hence so is 4, as required. J

Finally, we can prove (2.1).

Proof of (2.1). Suppose that G has path-width <, and 4 is a blockage
of order n. Let (W, .., W) be a path-decomposition, where each || < n.
Since i, V are complementary and & < V, it [ollows from the second and
third blockage axioms that (e . From (2.2), W, ed. For [ £i<n, let
X;=W,u .- W, and choose i maximum with X,ed. Now i#m,
because Vé¢F (for Ge®B, and &, V are complementary). Moreover,
att(X )= W,.,, and so [(X;,, —X)wat{X)|<|W,, . <n By (22),
X, €%, contrary to the maximality of /. This proves the “easy” half of
(2.1).

For the converse, suppose that there is no blockage of order n. By (2.5),
{@} is not a partial blockage, and so there is a simple fracture (X, .., X,,)
in {}. Hence X,, XS =@. For t<ism—1, let W,=(X,, —X)u
att{X,}. Then each |W | <n.

1) Wyw . euW,, .=V, and for every edge of G, one of
Wi, W, _, contains both its ends.

If ve V¥, choose {21 maximum such that vé¢ X,. (This is possible since
X, =@.) (Since X7 = and hence X,, =V, it follows that /< m; hence
ve X, and sove W, Thus W, v .- W, _, =V, Now let ee E() with
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ends u, v, and choose {1 maximum such that {u, v} & X,. Again, i<m,
and we may assume that veX,,,— X, Hence either uelkX,, X, or
ueatt(X,), and in either case {u, v} & W,, as required.

(2) For1<i<j<ksm W,AW,cW,

W.n(X,—att(X, )=, and so by (24) W .n{X,—att(X))=,
because X; = X,. Moreover, W, S X, £ X,,,, and so

WinW, e X, —(X;—att(X})) =

as required.
From (1) and (2) we see that (W, .., W,,_ ) is a path-decomposition of
G of width € n -1, as required. |

3, MiInNORsS
In view of (2.1), to prove (1.1) it suffices to prove the following.

(3.1) Let # be a blockage of order n in ,Q, and let F be a forest with
WAF) =n- 1, Then G has a minor isomorphic to F.

Proof. We may assume (by adding edges to F) that Fis a tree. Let the
vertices of F be v, .., v,,, numbered so that for 1 <i<n, exactly one of
vy, ., by is adjacent to v,, ;. We say that X e & is useful if, writing k = a(X),

(i} there is no YeZ with (V)< a(X)and ¥ Y

(ii) there are vertex-disjoint subgraphs C;, .., C, of G, each connected
and with V(C,})€ X and F(C,)natt{X) # &, such that for 1<i<j<k, if
v, and v; are adjacent in F then some edge of G has one end in V(C,} and
the other in ¥{C;}

Certainly &5 is useful, and so we may choose k maximum such that there
is a useful ¥& @ with a(X)=4% Choose such a set X, maximal, and let
C,, .., C, be subgraphs as in (ii). Since each C, meets att(X) and «(X) =k
it follows that att(XYg V(C,)w - w V{C,), and each C, contains exactly
one vertex of att(X).

(1) Thereisno Ye B witha(Y)=kand X< Y.

Suppose that there is such a Y. We claim that there are & mutually ver-
tex-disjoint paths of G from X to Y*. For otherwise, by Menger’s theorem,
there exist compiemeniary sets 4, B< V(@) with ¥ A4, Y°= 5, and
|4 Bl <k, Now Ye®, and so Y¢ 4, from the third blockage axiom.
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Hence B¢ 4, from the second axiom, and so 4 e, from the third, But
att(4)= 4~ B, and so «(A) <k, contrary to the fact that X is useful. Thus
the k disjoint paths exist. Let us choose them minimal, Since each meets X
and Y°c< X°, it follows that each meets att{X), and similarly each meets
att(¥). From the minimality of the paths, we deduce that each path has its
{irst vertex in att{X) and no other vertex in X, its last vertex in att( ¥}, and
all its vertices in (¥ — X)uatt(X), Let the paths be Py, .., P, where the
first vertex of P; belongs to V(C,} (1<i<k). Now

V(CinPYeXn V(P)E V(C),

and so C; P, is null unless = j. Thus, the connected subgraphs C,w P,
(1 i< k) are mutually disjoint, Moreover, there is no Ze & with a(Z) <k
and Y Z, for X< Y and X is useful. It follows that ¥ is useful, contrary
to the maximality of X. This proves (1).

Now k=a(X)<n since Xe B, choose / with 1 <i<k such that v, and
Ue 41 are adjacent in F. Let we V(C)natt(X), and let ve V{G}—X be a
neighbour of w, Let C,,, be the subgraph with ¥(C,, )= {v}
E(C,,)=¢5, and let X'=Xu{v} Suppose that X'c#. Since
a(X'y<k+1, we deduce from (1) that «{X")=k+! and hence
att{X’) = att(X)w {v}. Moreover, from (1) again, there is no Ye % with
X' eV and a(¥)<a(X'). The existence of C,, ..., C,, implies that X" is
useful, contrary to the maximality of & Hence X'¢4. From (2.2), it
follows that «(X)=~r, and so k= ». But then G has a minor isomorphic to
F, as required. ||

4. BLOCKAGES AND TANGLES

In this section we mention a connection between blockages and tangles,
introduced in [6]. A cut of a graph G is a pair (4, B) of complementary
subsets of V{G), that is, such that 4 v B= V(G) and for every e E((G), one
of A, B contains both ends of e. The order of a cut (4, B) is |4 B]. Let
% be a set of cuts of G, all of order < », such that

(i} if (4, B)is a cut of & of order < », then % contains one of (4, B),
{8, 4)

(il)y if{4,, B)), (45, By)eH, then (G1A4,)u(G]A4,)#G (where G| A4
is the restriction of G to A).

Let us call such a set % a stoppage of order n. We leave the proof of the
following to the reader.

(4.1) If % is a stoppage of order n, then {A: (A, Bye %} is a blockage
of order n. Conversely, iff B is a blockage of order n, then the set of all cuts
(A, B) of order < n with A€ ® is a stoppage of order n.
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If we replace condition (ii) by the stronger requirement that if (4, B,),
(A,, By), (43, BsYe® then (G| A4,)u (G| 4;)u (G| 4;) # G, the new condi-
tions we produce are equivalent to the “tangle axioms” of [6] (again, we
leave verifying this to the reader), We hope that this _.a:om clarify the
relationship between these concepts.

5. GRAPH SEARCHING

It seems remarkable to us that a minimax formula like (2.1) for an
NP-hard invariant like path-width [3] could be of any real use. But we
have shown one application of (2.1), and to confirm Its nontriviality we
show another in this section, to the problem of searching a graph:

Suppose we have a system of tunnels which we wish to search for some
hapless explorer who has become lost in them and who is now wandering
around unpredictably. We have a map of the tunnels, which is a graph, but
we only have a limited number of searchers at our disposal. We wish to
devise a search plan by which rescue can be guaranteed, This is easy, even
with one searcher, if only the victim would keep still, but we cannot be sure
of this, and we must take care that he does not accidentally aveid us.

More precisely, let us say a search in G is a sequence (X, ... X} of
subsets of ¥(G), such that X, =& and for 1 <i<m, either X, , €4, or
X,=X,,,. (These are the positions occupied by the searchers at each
stage.) Let B, = F(G), and inductively let B, be the set of all vertices v of
G such that there is a path P of G between v m:a some vertex of B,_,, with
V(P)~ X,= (. (B, represents the places where the person we are rescuing
may currently be, if we have not found him yet.) The search is suecessful
if B, = . We want to know if there is a successful search (X, .., X} with
gach |X| <n, for some given n.

A successful search is monotone if B, 28,2 -.- 28, =, in other
words, if no part of the graph is searched twice. The equivalence of (i) and
{iv) in the following theorem is due to Kirousis and Papadimitriou [2, 3],
who deduced it from a difficult theorem of LaPaugh [4]. We show that it
follows from (2.1).

(3.1) For a graph G and integer n =0, the following are equivalent:
P
(i) there is a successful search (X, ... X,,) in G with each | X ;| £
(i)  there is no blockage in G of order n
(ill) G has path-width<n--1

(iv)  there is a monotone successful search (X, .., X..) in G with each
1X, <
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Proof. First we show that (i) implies (ii). Let (X, .., X,,) be a success-
fui search with each | X,/ <#, and let By, .., B,, be as before. Suppose that
# is a blockage in G of order n For each i, let 4,=V(G)— B,; then
att(4,) < X, by definition of B,. Now 4, = e % and A,, = V(G)¢ B, and
s0 we may choose i with 1<i<m such that A,e# and A4, ,¢%. Since
(A, —A)uatt(4,)= X, and |X,|<n, this contradicts (2.2). Hence (i)
implies (ii}.

Now (ii) implies (iii), by (2.1). To show that (iii) implies (iv), let
{(W,,.., W,) be a path-decomposition with each |W/|<n Then
(G W, W AW, Wy, Won W, W,, .., W,) is a successful monotone
search. Finally, that (iv) implies (i) is trivial. |

LaPaugh proved a similar result for a closely related kind of graph
searching [47}, and a similar short proof can be given of her result, See
also [1].
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